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ABSTRACT. We consider the two-dimensional MHD Boundary layer system
without hydrodynamic viscosity, and establish the existence and uniqueness of
solutions in Sobolev spaces under the assumption that the tangential compo-
nent of magnetic fields dominates. This gives a complement to the previous
works of Liu-Xie-Yang [Comm. Pure Appl. Math. 72 (2019)] and Liu-Wang-
Xie-Yang [J. Funct. Anal. 279 (2020)], where the well-posedness theory was
established for the MHD boundary layer systems with both viscosity and re-
sistivity and with viscosity only, respectively. We use the pseudo-differential
calculation, to overcome a new difficulty arising from the treatment of bound-
ary integrals due to the absence of the diffusion property for the velocity.

1. Introduction. In this work we study the existence and uniqueness of solution to
the two-dimensional magnetohydrodynamic (MHD) boundary layer system without
viscosity which reads, letting Q := T x Ry = {(z,y) € R% x € T,y > 0} be the
fluid domain,

Oru + (udy + 0y )u — (fOr + gdy) f + Bup = 0,

O f + (uOpf +v0y) f — (fOr + gOy)u — .Uﬁjf =0,

O0rg + (u0z + v0y)g — ﬂ@ig = fO,v — gOyu,

Bpu+ 8yv =0, Opf +Byg =0, (1)
(Uvayf7g)|y:0 = (07070)7 yllgll}oo(u’ f) = (UaB)7

u|t:0 = Uuo, f|t:O = fo

where (u,v) and (f,g) stand for velocity and magnetic fields, respectively, and p
is resistivity coefficients, and U, B and p are the values on the boundary of the
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tangential velocity, magnetic fields and pressure, respectively, in the ideal MHD
system satisfying the Bernoulli’s law:

U + Ud,U + 8,p = B9, B, )
{&B +U8,B = Bo,U. (2)

Note the MHD boundary system with a nonzero hydrodynamic viscosity will reduce
to the classical Prandtl equations in the absence of a magnetic field, and the main
difficulty for investigating Prandtl equation lies in the nonlocal property coupled
with the loss of one order tangential derivative when dealing with the terms v9,u.
The mathematical study on the Prandtl boundary layer has a long history, and there
have been extensive works concerning its well/ill-posedness theories. So far the two-
dimensional (2D) Prandtl equation is well-explored in various function spaces, see,
e.g,[1,2,4,5,6,7,9,10,11, 13, 14, 22, 23, 24] and the references therein. Compared
with the Prandtl equation the treatment is more complicated since we have a new
difficulty caused by the additional loss of tangential derivative in the magnetic field.
So far the MHD boundary layer system is mainly explored in the two settings.

e Without any structural assumption on initial data the well-posedness for 2D
and 3D MHD boundary systems was established in Gevrey space by the first
author and T. Yang [15] with Gevrey index up to 3/2, and it remains inter-
esting to relax the Gevrey index therein to 2 inspired the previous works of
[4, 12] on the well-posedness for the Prandtl equations in Gevrey space with
optimal index 2.

e Under the structural assumption that the tangential magnetic field dominates,
i.e., f # 0, the well-posedness in weighted Sobolev space was established by
Liu-Xie-Yang [18] and Liu-Wang-Xie-Yang [16] without Oleinik’s monotonic-
ity assumption, where the two cases that with both viscosity and resistiv-
ity and with only viscosity are considered, respectively; see also the work of
Gérard-Varet and Prestipino [8] for the stability analysis of the MHD bound-
ary layer system with insulating boundary conditions (i.e. f|y=¢o = 0). These
works, together with the essential role of the Oleinik’s monotonicity for well-
posedness theory of the Prandtl equations (see, e.g., [1, 19, 20]), justify the
stabilizing effect of the magnetic field on MHD boundary layer, no matter
whether or not there is resistivity in the magnetic boundary layer equation.

The aforementioned works [18, 16] investigated the well-posedness for MHD
boundary layer system with the nonzero viscosity coefficient. This work aims to
consider the case without viscosity coefficient, giving a complement to the previous
works [18, 16]. To simply the argument we will assume without loss of generality
that 4 = 1 and (U,B) = 0 in the system (1) since the result will hold true in
the general case if we use some kind of the nontrivial weighted functions similar to
those used in for the Prandtl equation. Hence we consider the following 2D MHD
boundary layer system in the region Q2 =T x Ry

(8,5 4+ uly + v3y)u —(f0r +90y)f =0,

(0r + udy + v0, — 8;)]” — (fOz + g0y)u =0,

(8,5 + udy +v0y — 3§)g = fO,v — gO,u,

Opu + Oyv = O f +0yg =0,

(v,9yf,9)ly=0 = (0,0,0), (u, f)|y—+oc = (0,0),
(u, f)lt=0 = (uo, fo)-
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By the boundary condition and divergence-free condition above, we have

u(t,z,y) = /autxy)dy, g(t,z,y) = /8ftmy )dy.

We remark that the equation for ¢ in (3) can be derived from the one for f and
the main difficulty in analysis is the loss of z-derivatives in the two terms v and g.
As to be seen in the next Section 2, The system (3) can be derived from the MHD
system

Ot + (uf - V)us — (H® - V)H® + VP° =0,
OH* + (u - V)H® = (H® - V)u® + eAH®, (4)
V.uf=V.-H =0,

where u® = (u®,v%), H® = (f¢, ¢°) denote velocity and magnetic field, respectively.
The MHD system (4) is complemented with the boundary condition that

Vly=0 =0, (9yf% 9)ly=0 = (0,0).

It is an important issue in both mathematics and physics to ask the high Reynolds
number limit for MHD systems, and so far it is justified mathematically by Liu-
Xie-Yang [17] with the presence of viscosity and the other cases remain unclear.
Notation. Before stating the main result we first list some notation used frequently
in this paper. Given the domain Q = TxR, we will use ||-|| 12 and (-, ). to denote
the norm and inner product of L? = L?(£2) and use the notation || - ||z2 and (-,-) ..
when the variable x is specified. Similar notation will be used for L>°. Moreover, we
use LL(L]) = LP(T; LY(R4.)) for the classical Sobolev space. Let H™ = H™ () be
the standard Sobolev space and define the weighted Sobolev space H;" by setting,
for £ € R,

H = {f@,y): Qo R Sl = >0 1) 050) (2, )13 < +oo},

i+j<m

where here and below (y) = (1 + |y|2)1/2. With the above notation the well-
posedness theory of (1) in weighted Sobolev space can be stated as below. Here
the main assumption is that the tangential magnetic field in (1) dominates, that is,

f#0.

Theorem 1.1. Let £ > % and § > €+ % be two given numbers. Suppose the initial
data uo, fo of (3) lie in H}(Q) satisfying that there exists a constant co > 0 such
that for any (z,y) € Q,

fola,y) > co ()™ and >~ [0] folz,)| < gt ()7 (5)

Jj<2
Then the MHD boundary layer system (3) admits a unique local-in-time solution
u, f € L=([0,T]; Hy)

for some T > 0. Moreover a constant ¢ > 0 exists such that for any (t,x,y) €
[0,T] x Q,

() = efy)™ and Y2107t )| < )

J<2
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Remark 1. The solution in Theorem 1.1 lies in the same Sobolev space as that
for initial data, different from the previous works [15, 16, 18] where the loss of
regularity occurs at positive time. Here the tangential magnetic field is allowed to
decay polynomially at infinity, and this relaxes the condition in [16, 18] where the
infimum of the tangential component is strictly positive.

Remark 2. The result above confirms that the magnetic field may act as a sta-
bilizing factor on MHD boundary layer. The stabilizing effect was justified by [18]
for the case with both viscosity and resistivity, and by [16] for the case without
resistivity.

2. Derivation of the boundary layer system. This section is devoted to de-
riving the boundary layer system (1). We consider the MHD system in 2

ou + (u® - V)u® — (H® - V)H® +Vp* =0,
0H® + (u®-V)H® — (H® - V)u® — ueAH® =0,
V-u*=V- -H®=0, (6)
uli=0 = uo, HE|i=0 = bo,
where u® = (u®,v), H® = (f¢, ¢°) denote velocity and magnetic fields, respectively.
The above system is complemented with the no-slip boundary condition on the

normal component of velocity field and perfectly conducting boundary condition on
the magnetic field, that is,

U ly=0 = (0),  (8yf%, 9%)ly=0 = (0,0). (7)

A boundary layer will appear in order to overcome a mismatch on the boundary
y = 0 for the tangential magnetic fields between (6) and the limiting equations by
letting € — 0. To derive the governing equations for boundary layers we consider
the ansatz

= u’(t,z,y) +u’(t,2,5) + O(VE),

(t,z,y) =
vty y) = 0Ot @, y) + Ve (t e, §) + O(e),
[tz y) = Ot y) + fO(t 2, §) + O(Ve), (8)
g°(t,x,y) = ¢°(t,2,y) + Veg"(t, z,7) + O(e),
pe(t.z,y) = p°(t, 2, y) + p°(t, 2, §) + O(Ve),

where we used the notation §j = y/1/z. We suppose u’, f°, and p® in the expansion
(8) polynomially trend to zero as § — +oo, that is, as ¢ — 0. Similarly for the
expansion of the initial data.

us(t,z,y

Boundary conditions. Taking trace on y = 0 for the second and the fourth
expansions in (8) and recalling the boundary condition (7), we derive that

vly=0 = ¢’ly=0 =0, (9)
and using again the second and the fourth equations in (8) and letting & — 0, we
get that

v’ly=0 = §"ly=0 = 0. (10)
Moreover observe

1
0=20yfly=0 = 8yf0|y:0 +—=

V@%ﬁbﬂ+dU-
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This gives
b -
O3 lg—0 = 0. (11)

The governing equations of the fluid behavior near and far from the
boundary. We substitute the ansatz (8) into (6) and consider the order of €. At

the order e=1/2 we get
agpb =0.
This with the assumption that p® goes to 0 as § — +oo implies
p’ = 0. (12)

At the order €%, letting § — +o00 (¢ — 0) and taking into account (9) and fact that
u?, f, and p’ polynomially trend to zero as e — 0, we see the limiting system is
the ideal incompressible MHD system:

ou’ + (u® - V)u® — (H® - V)H® + Vp° =0,
OH? + (v - V)H® — (H? - V)u' =0, (13)
V-u'=V -H"=0,

complemented with the boundary condition (9) and initial data w9, and HY, , where
u’ = (u0700)7 H’ = (f0790)'

Next we will derive the boundary layer equations. Let u’ = (u°,0°), H® =
(f°,¢°) be the solution to the ideal MHD system (13). By Taylor expansion we
write u®(t, z,y) as

2
u’(t,z,y) = u(t, x,0) + yd,u’(t,z,0) + %85110(75,3:,0) +---

= u0 4 /e§o,ud + O(e),

where here and below we use the notation h to stand for the trace of a function h
on the boundary y = 0. Similarly,

’Uo(t,,ﬂ?, y) = \/ggayvo + 0(6)’ fo(t7x7y) = F_F \/ggﬁyfo + 0(6)’
9°(t,2,y) = VEgo,g° + O(e), p°(t,x,y) =p° + Vegdyg® + O(e).

Now we compare the order £° for the resulting equation by substituting the ansatz
(8) as well as the above Taylor expansion of u® = (u® v°%), HY = (f°, ¢°) into (6);
this gives, by virtue of (12) and (13) ,

D (u0 + ub) 4 (u0 + ub)dy (u® + u®) + (§ - Iyv° + v°) - Dy
— (fO+ 0 (O + ') = (- Dyg® + ") - 05f" + 0up® = 0,
0 (fO+ f°) + (W0 + u")u (O + f°) + (5 - 0,00 + ") - 9y f° (14)
— (fO4 ")02(u® +u’) = (5 - yg® + ¢") - Ogu’ — pd; f* =0,
0 (W0 + 1) + 0y (7 - yo® + 0*) = 0u(fO+ f°) + 0y (5 - 0,97 + ") = 0.
Denoting

u(t,z,§) =u0 +u’(t,z,9), v(t,z,§) = §o,° + (¢, z,7),
ftz,9) =+ f'(tz,9), gt z,9) =50,9° + ¢°(t, . 7),

and recalling u®, f* polynomially trend to 0 as § — +oc, we combine (14) and the
boundary conditions (9)—(11) to conclude that all equations except the third one in
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(1) are fulfilled by u, v, f, and g. For simplicity of notation, we have replaced § by
y. Note that the third equation in (1) can be derived from the second one and the
boundary condition 9, f|,—o = 0 by observing that

g(t,z,y) = /aftxz

Finally we remark the Bernoulli’s law (2) follows by taking trace on y = 0 for the
ideal MHD system (13).

3. A priori energy estimates. The general strategy for constructing solutions to
(3) involves mainly two ingredients. One is to construct appropriate approximate
solutions, which reserve a similar properties as (5) for initial data by applying the
standard maximum principle for parabolic equations in the domain Q (see [19,
Lemmas E.1 and E.2 | for instance). Next we need to deduce the uniform estimate
for these approximate solutions. For sake of simplicity we only present the following
a priori estimate for regular solutions, which is a key part to prove the main result
Theorem 1.1.

Theorem 3.1. Let ¢ > % and 6 > 0+ % be two given numbers, and let u, f €

L>([0,T); H}) solve the MHD boundary layer system (3) satisfying that a constant
¢ > 0 exists such that for any (t,z,y) € [0,T] x €,

ft,z,y) > c<y>_5 and Z ’a;if(t,ﬂﬁ,y)‘ <! <y>—6—j.
Jj<2

Then there exists a constant C > 0 such that

+ /OtD(s)dS < C(E(O) + /Ot (5(8) —1-5(5)2) dS)a

where here and below
E(t) = u(®) s + 1 FO s, DE) = 10, £8) . (15)

We will present the proof of Theorem 3.1 in the next two subsections, one of which
is devoted to the estimates on tangential and another to the normal derivatives. To
simplify the notation we will use the capital letter C' in the following argument to
denote some generic constants that may vary from line to line, and moreover use
C. to denote some generic constants depending on a given number 0 < ¢ < 1.

3.1. Energy estimates: Tangential derivatives. In this part, we will derive the
estimate on tangential derivatives, following the cancellation mechanism observed
in the previous work of Liu-Xie-Yang [18].

Lemma 3.2. Under the same assumption as in Theorem 3.1 we have, for any
t € 0,17,

> (1) Oz + 1 ) 22D

+Z/|| 0.0, £()|[3ads < C(£(0) + /Ot(5(3)+5(s)2)ds).

<4

Recall € is defined in (15).
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Proof. Without loss of generality we may consider i = 4 , apply 92 to the first
second equations and 92 to the third equation in (3), respectively, this gives

(0 + udy + v0y) Ogu — (fOr + g0y) 0 f = —(Oyu)Ogv + (9, f)Iag + Fu,
(8t + u0y + v0y — 35)3§f — (f@x + gay)a;lu = 7(63,]”)3;11) + (%u)@ﬁg + Py, (16)
(8t + u0, +v0y — ﬁj)agg = fOtv — g0tu + Qu,

where
4
Fi= Y () (@nozs-@iwoi i + 3 (1) [0da)0k20,1 - @ivot0,u).
p <
4
Z( ) (0205~ (@0 7]
- 3
+Z< ) 7 9)02 7 dyu — (830)92 779, f]
and
3
=3 (3 1eznoro - @mao. - 3 (3 020t g + @299
j=1

3

(3 tznais+ @t =3 (3 ommory + @lgorl.

1 j=1

M- 1

J

In order to eliminate the terms 92v and 9%g where the fifth order tangential deriva-
tives are involved, we introduce, observing f > 0 by assumption,

v Eoif+ jf = —fo, (af ), ¢ = dbu+t 8%629. (17)

Multiplying the third equation in (16) by (9, f)/f and then taking summation with
the second one in (16), we obtain the equation solved by 1, that is,

(8t+u8x+v3y—8§)w* (f0z 4+ 90y)p = L, (18)
where
L= o+ 2 g - 90 gt (100 9, (0,5)11) 0k
20,/)03  (0:00,f 20,0  (0,w0.f
L D iy

with P, and Q4 given in (16). Similarly we multiply the third equation in (16) by
(Oyu)/f and then add the resulting equation by the first one in (16), to obtain

au

(6t —&—u(’“)w—i—vﬁy)cp— (f(“)w—i—gay)z/) f



4250 WEI-XI LI AND RUI XU

where
M _ 9(9yu) 4 90y f) | (Oyw)yf 1.4
My =Fy + 22 Qq — T 0t 4 | 505 4 S0 ol
(0y )0 f I 90y f)? _ (9yf)*Oyu _ (0zu)0yu _ g(ayu)Q}OS
f f? f? f f? !

with Fy and Q4 given in (16). Note that (18) is complemented with the boundary
condition that
dytly=0 = 0.

Thus we perform the weighted energy estimate for (18) and (19) and use the fact
that

((f0s +90y) W) 0 (W) 0) o + ((£0:+99y) (W) 0, (W) 9), =0

to get

2 (1) 0l + 1" el32) + 1, () ) 3

= () Lay W) 0) 0+ (W) Ma, @) 9) . — () ((04w)/ DOy, W) @),
+ ([00y, W), W) ) — (02, W0, @ V) . — (1995, W) e, W) V)L
+ ([v3y, W)Te. W) ¢) . — 99y, )10, W) ¢) 20

20
where here and below we use [T;, 72| to denote the commutator between two oéer?
ators 71, 72, that is

[Th, T2l =TT — ToTh. (21)
Observe the derivatives are at most up to the fourth order for the terms on the
right of (20). Then by direct compute we have

() Lay ) %) 0+ () My, (y >%)L2 - (< > (Byuw)/F)yw, W) ),
+ ([vdy, W), W) ), — (02 ) ‘) = (190, W)e, W) V),
+ ([00y, ®) e, W) ) 2 — (90, < >1w, W) 9) s
< 10, () )3 +C (€ +€2).

Substituting the above estimate into (20) and then integrating over [0,t] for any
0 <t<T gives

@) w3 + 1 ) )3 +/ 10y ()" ¥)|I72ds
sc(5(0)+ /0 (£s) + E()?) ds). (22)

Next we will derive the estimates for f,u from the ones of ¥, ¢. In fact in view of
the representation of ¢ given in (17), we use Hardy-type inequality (cf. [19, Lemma
B.1] for instance) to conclude

-1 ¢
1{y)" " 93gllze < Cll {y)" |l L2
As a result, using the representation of 1) and ¢ given in (17) and the fact that
0y1)/ I S (w) ™" gives

1) 02 fllre < Cll () ™" B3gllez + 1 () Wiz < Cll ) e
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and

1) Dgullz < Clly) " B3gllez + 1) @llre < Ol Pllez + | () ll -

Moreover, using again (17),

1) 0,08 fllre < Cll (W) 8y [((9y£)/ )OIz + I () Byl
< C0y () ¥)| 2 + CEY2.

Combining these inequality with (22) we conclude
t
1) OFu()lI72 + 1l () 92 £ ()72 +/0 () 030, f72ds

< c(e(o) + /Ot (E(s) + £(s)?) ds).

Note the above estimate still holds true if we replace 92 by 9 with i < 4. This
gives the desired estimate in Lemma 3.2, completing the proof. O

3.2. Estimate for normal derivatives. In this part, we perform the estimate for
normal derivatives. Compared with [18] a new difficulty arises when dealing the
boundary integrals because of the absence of the hydrodynamic viscosity.

Lemma 3.3. Under the same assumption as in Theorem 3.1 we have, for any

t 10,7,

> (1) oso5ulize + 11 ) 0205 £ )13 )

i+j<4
jz1

t o t t
+ / S 1) 0503 f(s) 3ads < e / D(s)ds+C. (£(0)+ / (E(s)+E2(5))ds ).
0, j<4 0 0
i
Recall £,D are defined by (15).
Proof. Step 1). We first consider the case of i = 0 and j = 4. In this step we will
prove that, for any ¢ > 0,
t
() au®) Iz + | () T 05 F@32) + / )+ 05 £(s)][72ds
t t t
5/ (/(a;f)(fajazu)|y:0dx)ds+s/ D(s)ds+C€<€(O)+/ (E(s) + E2(s))ds).
0 T 0 0 (23)

Applying ()™ d, to (3) yields that
(0 + udy +v0y) () 0w — (0, + 90y) (y) T OLf
= [udy +v0y, (y) " Olu—[f0, + g0y, (y) T OLf
and
(9 + udy + 00y — 32) (y) THOLf — (£0u + 99,) (y) T Otu
= [ud, + 08y, ()T O — ([0, + 90y, ()T Ou— (02, (y) T B)f.
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Recall [-,] is given by (21), standing for the commutator between two opera-

tors. Taking inner product with (y>£+4 6;111 to the first equation above, and with

<y>£+4 8;* f to the second one, and then taking summation and observing

(70 +90,) )" 911, ()" 0) |

+ ((£0:+99,) () ogu. )T 05F) =0,

we obtain
1d (4 g4, 112 44 gd ¢)12 9 4 gd ) 12
53 () ajulita + 1L ) 031132 ) + 110, () 051) 132
= —/(8§f)8§f\y:0dx+R4 (24)
T
with
Ry = ([ud; + 00, ()" Olu— (10 + 90, () T O)1F. ) o)

+([wdatody, () O~ 0utgDy, (1) Ou—[02, () D11, ()" 031)

Direct computation shows

Ra < 510,(() 0D +C (€ +€%). (25)

2

It remains to deal with the boundary integeral on the right of (24). We first apply
0y to the second equation in (3) and then take trace on y = 0; this together with
the boundary condition in (3) gives

ag:jf|y=0 = 2(0yu) 0z fly=0 — f020yuly—o. (26)
By virtue of the above representation of 85’ fly=0, we compute directly that
9y fly=0 = 95 (O f + udy f +v0y f — fOyu — gdyu)| _,
= {u(’)wagf — f&v@;’u — 4(8Iu)8§’f — 7(818yu)8§f + 4(8mf)83u

+ 8(0,u)0,02 — u(02. )0, 0, + uf 20,0 — 2u(Dyu)0] + 2f(Dyu)0u }|

=0
(27)
As a result we combine (27) with Sobolev’s inequality to conclude
= [@400 81,0tz < [ £(011)(0.000)|-ods + 2D+ C. (£ + €2) .
T T
Substituting the above inequality and (25) into (24) and then integrating over [0, t]

for any t € [0,T] we obtain the desired estimate (23).

Step 2). In this step we will treat the first term on the right of (23) and prove
that

/Ot (A(aﬁf)(faj’amu)Iy:o dx)ds < E/OtD(s)ds +C. /Ot £2(s)ds (28)

holds true for any ¢ > 0. To do so we recall some facts on the Fourier multiplier.
Let k € Z be the partial Fourier dual variable of € T and let AJ,o € R, be the

Fourier multiplier with symbol (1 + k2)0/2, that is,

Fo(ALf) (k) = (L+ K> P Fo(f) (k)
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where F, stands for the Fourier transform with respect to x variable:

F) = [ f@e i, ez
T
Similarly we define |D,|?, 0 > 0, by setting

Fo(|Dx|” £)(k) = |” Fo (f) (F).-

4253

Given a C! function p of 2 € T with bounded derivatives, we have, for 0 < o < 1,

VweLy, [[IDa]”, plwlrz < Co(lpllz= + 10spll o) [lwl|L2

(29)

with C, a constant depending only on o, recalling the commutator [|D,|7, p] is
defined by (21). Note the counterpart for € R of (29) is clear, see, e.g., [3, Pages
702-704], the estimate (29) can be proven in a similar inspirit and we omit it for
brevity and and refer to [21] and references therein for the comprehensive argument
on the extension of the classical pseudo-differential calculus in R to the torus case

zecT.
With the Fourier multipliers introduced above we use (29) to compute

| /T (0410000 y=o da| < 1Y 20ul,=o | 2 IAY2(FO )]0l 2

< C||AY?03uly—oll 12 (|| 1D (FOLF)ly=oll 22 + ||(f5§f)|y:o|\L§>
< CIAY203ulymoll 2 (100 fll= + |1 fll o) |AY 202 fly=o]l 22
< el AY20; fly=oll72 + C=E[AL* D} uly=o|72 -

On the other hand, using the fact that
1/243 2 e 1248 1/2 54
(4205u(2.0)) = =2 [ (AY20}u(o. ) AY200u. )y,

we compute

“+o0
A2 = =2 [ ([ (A20]u(e. ) AY200u(r.y)dy)do

R
+oo
= —2/ (/ (Aiﬂ&‘;’u(:ﬂ,y))A;/28§u(m,y)dm)dy
0 R
+oo .
<2 [ 08t lz0fuC o) rady < €
0
A similar argument gives

“+o0
IAY20% f (2,03, <2 / 1A F )l 2 105 £ () 2 dy < D.

Substituting the two inequalities above into (30) yields

| / (O41)(f030,) =0 d| < AL 203l 2 IAY(SOL )13 < D+ CLE2
T

(30)
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This gives the desired estimate (28).
Step 3). We combine (23) and (28) to obtain

(1 OOl + 1) 03 @)1 ) + [ 1) 37 s

ge/otp(s)dwce(g(ow/ot (E(s) + €%(5)) ds).

Observe the above inequality still holds true if we replace (y)*** d; by ()t 0.0]
with i + j < 4 and use the boundary conditions (26) and 9, f|,=0 = 0. Since the
argument is straightforward we omit it for brevity. The proof of Lemma 3.3 is
completed. O

3.3.

Completing the proof of the energy estimate. Combining the estimates

in Lemmas 3.2-3.3 and letting ¢ be small enough we obtain the desired energy
estimate, completing the proof of Theorem 3.1.
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