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PLANAR VORTICES IN A BOUNDED DOMAIN WITH A HOLE
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ABSTRACT. In this paper, we consider the inviscid, incompressible planar flows
in a bounded domain with a hole and construct stationary classical solutions
with single vortex core, which is closed to the hole. This is carried out by
constructing solutions to the following semilinear elliptic problem

—AY =AY — = n )\)i, in Q,

P =px, on 90g, 1)

P =0, on 9,
where p > 1, k is a positive constant, p) is a constant, depending on A,
Q= Q0 \ Op and Qop, Op are two planar bounded simply-connected domains.
We show that under the assumption (In ) < py < (InA\)1~7 for some o > 0
small, (1) has a solution ¥, whose vorticity set {y € Q : ¥ (y)—r+pan(y) > 0}
shrinks to the boundary of the hole as A — +o0.

1. Introduction. In this paper, we consider a planar incompressible flow in a
bounded smooth domain

Q= Qo \ Oy,

where Oy, {2y are two bounded simply-connected open subsets of R2, such that
Og C Qp. A simple model describing this flow is

Vi -Vw=0, inQ,

—AY = w, in Q, @)
1 = constant, on 90,
d’ii 07 on.aflo,

where ¥ and w are the stream function and the vorticity of this flow, respectively,
and V14 := (021), —011)). For a detailed presentation of this model, we refer the
readers to [9)].
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An existence result obtained by Smets and Schaftingen [15] via a variational
method shows that (2) has a solution (1, wy), such that ¢y = px on 90y,

8%
— =0,
/800 ov

and wy = A(¢n — qr)", where 1 < p < 400, gy = ¢+ £ In A with ks > 0 and ¢ is a
harmonic function in 2. Moreover, as A — +00, the total vorticity

/w,\—>/£,
Q

and the vorticity set {y € Q| wy(y) > 0} shrinks to a point in 2, which is a critical
point of the Kirchhoff-Routh function corresponding to x and g. For flows past
obstacles, we refer the readers to [11, 12, 13, 14] for other results.

Note that in [15], the value py of ¥\ on 90y is as a lagrangian multiplier, which
is unknown. In this paper, we assume that p, is a prescribed constant, and we
remove the condition

W _y
80 51/
The first equation in (2) suggests that ¢ and w are functionally dependent. So, for
simplicity, we consider the following elliptic equation

—AYp = Ay — I 1In )\)ﬁ, in Q,
¢ = Px; on 8007 (3)
¥ =0, on 0¥,
where 1 < p < 400, kK > 0 is a constant, and py > 0 is a constant, depending on .
In this paper, we mainly focus on the solvability of (3), and the effect from the
constant py on the location of the vorticity set Qy := {y € Q|(y) > £ InA}. We
expect that for large p) > 0, the vorticity set 2, concentrates near the boundary

of Op, as A — +oo.
Let n be the unique solution of the following problem

An=0inQ, n=1o0n00qy n=0 ond. (4)

1—-p
Making the change of 1) = %u + pan, € = A2 (%) > and A\; = fl—”)\pA, (3) can
be changed into
—e?Au = (u— K+ At in Q, (5)
u =0, on 0f).

Now we want to find a solution to (3) by constructing a solution for (5), whose
vorticity set is close to the boundary of Oy. For this purpose, the following assump-
tion can be imposed on py:

(Hy) There is a small constant o > 0, such that

(InA\)? < py < (In A7,
It is easy to see that if py satisfies the condition (H) ), then \. satisfies the condition:
(H.) There are constants v and 7y, with 0 < 1 < 2 < 1, such that

1
<A< .
| Ine| [Inegm

Before we state the main result, we give the following definition.
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Definition 1.1. Let f: R — R be a continuous function. We call I = [a.b], a < b
a minimum interval of f, if f(¢1) = f(t2) for any t1,¢2 € I, and there is oy > 0 such
that for 0 < o < 09, f(a— o) > f(a) and f(b+ o) > f(b).

Our main result of this paper can be stated as follows.

Theorem 1.2. Let k be a given positive number. Suppose that py satisfies (H)).
Then there is a constant Cy > 0, such that for any A > Cy, (3) has a solution ¢y,
such that o

{y € Qualy) > Eln)\} C B%(ﬁ)\%

where x) € Q and L > 0 is a constant independent of \.
Moreover, as A — 400,

dist(zy,00Q) — 0,
K
)\/Q(w)\ — Eln)\)i — K.

In particular, if I is a minimum interval of W defined for x(s) € 09, then
as A — +oo,
dist(zy,x(I)) = 0.

As a result of Theorem 1.2, we obtain a flow in §) with single non-vanishing
anti-clockwise vortex, which concentrates on the boundary of Op. Let us point out
that we can also construct a planar Euler flow with single clockwise vortex, which
nears the boundary of €. This is carried out by considering the problem (3) with
nonlinearity A(¢ — = In A% replaced by —A(—1 — f=InA)%.

Theorem 1.2 is proved via the following theorem.

Theorem 1.3. Let k be a given positive number. Suppose that . satisfies (H).
Then there is a constant g > 0, such that for any 0 < € < g¢, (5) has a solution
us, such that

{y € Q| us(y) — KT+ )‘677(1/) > 0} C BLs|1ne\pT_l (xE),

where . € ) and L > 0 is a constant independent of €. Moreover, as € — 0,
dist(x.,00) — 0.

In particular, if there is a minimum interval I of W defined for x(x) € 01,
then as € — 0,
dist(ze,x(I)) — 0.

To prove Theorem 1.3, we will use a finite reduction argument as in [6, 7, 8, 9].
Since we consider the vortex nears the boundary, it turns out that more delicate
estimates are needed in the proof of Theorem 1.3 than those estimates in [6, 7, 8, 9].
In particular, we need the estimates of the functions 7 and G near the boundary,
where G is the Green’s function for —A in  with zero boundary condition, written

as
1 1

G(y,x) = 5 In =2l
and H(y,z) is the regular part of the Green’s function. Recall that the Robin’s
function is defined by ¢(x) = H(z, x).

The stationary incompressible Euler equations have been studied by many au-
thors, see for instance [1, 4, 5, 6, 7, 8, 9, 10, 3, 15, 16, 17] and references therein.
Roughly speaking, there are two commonly used methods to study the existence

—H(y,z), z,y €9, (6)
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of the stationary incompressible Euler equations: the vorticity method and the
stream-function method. The vorticity method was first established by Arnold [2]
and further developed by Burton [4, 5] and Tukington [16]. This argument roughly
consists in maximizing the kinetic energy under a constrained sublevel set of w. In
this paper, we will use the stream-function method.

This paper is organized as follows. In section 2, we construct approximate solu-
tions for (5). We will carry out a reduction procedure in section 3 and the results
of existence will be proved in section 4. In appendix A, we give the estimates for
the radius of vortex core.

2. Approximate solutions. In this section, following [10], we will construct an
approximate solution for (5).
For p > 1, there is a unique solution ¢ for the following problem:

~Ap=¢" 6>0, ¢ € Hy(Bi(0)). (7)
Moreover, ¢ is a radial function and satisfies
m(p+1
[ oen =T e [ g <amp).
B1(0) B1(0)
Let R > 0 be a large constant, such that for any = € Q, Q CC Br(z). Now we
consider

—e?Au= (u—a)t, ye€ Bgr(0), ()
u =0, yeaBR(O),
where a > 0 is a constant. Then, (8) has a solution U, ,, which can be represented
by

2
p—1
ooy =0+ (£)7 oW, bl <. o
aln f/In %, se < |yl <R,

where and ¢(y) is a radial solution of (7), and s. is a constant, such that U, , €
CY(Bgr(0)). So, s. is determined by

() o) = (10)

Se In

which gives an expansion for s. as follows

5o = ('“”') e|lnel "z <1 + O(h|11|$€|)> . (11)

a

For any = € Q, define Ug 4 ,4(y) = U o(y — ). Because Ug 5, does not vanish on
082, we need to make a projection. Let PU, ; , be the solution of

*EZAU = (Us,z,a - a)g-a RS Qa
u =0, y € 0N.

Then

a
PUs,m,a(y) = Us,m,a(y) - lniﬁg(yﬂr)v (12)

where g(y,z) = InR + 2w H (y,z) and H(y,z) is the regular part of the Green’s
function G defined by (6).

Take
1 T2

di=—" gy= 2
YT meA TP Jnela’

(13)
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where 0 < r; < 79 are two fixed constants, which will be determined later, and set

S = (800)112 \ (800)1117 (14)

where (00¢)q, = {y € Q| dist(y,000) < d;} is the neighborhood of d0y. Denote
d(z) = dist(z,000) and take & € 00q such that d(z) = |z — Z|. Define

r(z) = |lne|Ad(z). (15)
Then we can rewrite S as follows
S={zxe:r <r(z)<r}. (16)

In the rest of this paper, we assume that x € S. We want to construct solutions
for (5) of the form
u = PUe,x,aE + we, (17)
where w, is a perturbation term. To make PU, , . a good approximate solution,
we need to require that a. and s. satisfy

£ Pt / _Ge e Ge
(5)  om= w=na@ s e )

Let us now show that (18) is solvable for € > 0 small. From the Taylor expansion
we have

@) =@~ 22 + 0@ (@) =1 - 28 aa) 4 0@ (@),

where v is the outward unit normal of 9. On the other hand, the following
expansion for Robin’s function is proved in [15] Appendix B:

1
¢(x) = 5-In 2d()

2
Then by our assumption on A, as in Lemma 2.1 in [6], we can solve (18) to obtain
ac(z) and sc(z). For simplicity, we use a. and s. instead of a.(z) and s.(z),
respectively. Then for y € Bp,_(x), where L > 0 is any fixed constant, we have

1

+0(d(z)).

a
PU; 3,a. (y) — &+ Aen(y) =U: z,a. (y) — K+ An(y) — Tgﬁg(ya )

=U57x7a5 (y) —as + )\5 <V77(x)a Y- $> (19)

[ .

where 0 < o < 1 is a small constant.

Remark 1. It is not difficult to get the following expansions:

1 1 A
o2 )
WE 4" <|ln5|2)

B InR on() K 1 1
a5—<1+|1n6|>1€ Ae + Ae £y d<x)+|1n6|1n2d(1:)+0 e )

(20)

where o > 0 is a small constant and

-1 -1
p2 ln|ln5|—|—lnR—|—LlnL.

2 (1)

A =|lne| -
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Moreover, in view of 3“°(x) O(%) we can prove that
Oa. 0sc )
a(; —0(\), a; =0 (\so), =12 (21)
7 7

By (9) and (21), we have the following expansion, which will be used in the rest
of this paper,

Qe ly —z[\zi—yi 1
ou, (y) ¢'(1) In Rd)( Se )|y—x\ Se +O(“n6|>
B e yeB.(), (22
‘ e Ti—Yi >\51H|y—1’|)
+ 0 , € O\ B .
In £ Jy — z[? < |Ine| 4 \ Bs. (@)

3. The reduction. In this section, we reduce the problem of finding a solution for
(5) of the form (17) to a finite dimension problem.

Define
OPU, . . .
Beo={usuc Wr@nm@), [ua®=mmay—o i-12},
and

Fs,z:{u;ueLP(Q),/Q %d —0, 1:1,2}.

For any u € LP(Q)), define the following projection

OPU. 4.q.
Q.u =: u—i—Zb 2N Tae oz,
j=1
where b; and by are the constants such that Q.u € F; ;. Thus b; and by should
satisfy
P z,a x,a P x,a
Zb Q/Va Ueisae 0P UE”E:/U%. (23)
89@ o) 8:51-
The existence of b1 and by can be obtained by the following estimate
apUe T,ae Va Us,x,ag
O 8.’E] a.’El
U, da. \ OPU,
— U i p—1 E,T,0e £ £,T,0¢ 24
p/Q( & Tae a5)+ < al'j ij aZL’Z ( )
=c(dij + 0(1))W,

where ¢ > 0 is a constant, d;; = 1, if ¢ = j and d;; = 0, if ¢ # j.
Set
Leu = —e*Au—p(PUc ya. — K+ Asn)i_l u. (25)

We have the following result for the operator Q.L.

Proposition 1. There are constants g > 0 and oy > 0, such that for any € €
(0,60), x € S, u € B with Q.Leu =0 in Q\ Brs_(x) for some large L > 0, then
2— 2
Se ¥

2 1QeLeullno(ps,. @)) 2 oollull (o

As a consequence, Q:LL. is one to one and onto from E. ; to Fetw.
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Proof. Suppose to the contrary that there are €,, — 0, z, € Sy, up € E;, 5, with
Qe L, un =0in Q\ Brs, (), and [[uy|[ L~ o) = 1, such that

22
Sen ¥ 1
22 1Qe, Le, unllzr(py.., en)) < - (26)

First of all, we estimate by ,, and by, in the following formula:

2

Qe Le, tn = Le un + Y bjne2 A
j=1

8PU571, 35T, Qey,

et 2)

where by, and by ,, satisfy

2 b 2 / vapUEnawnaazn VapUEnywnyaen / 8PU5717I71;015" L 28
E in€ = —_— Up, -
= Jmen Q al‘j ox; Q ox; e ( )

From (19), (21) and Lemma A.1, we have

/ OPUsyinianyy / wr, PUesna,
Q Ox; ' Q Ox;

-1 aUE Ty ,a 8@5
— U _ p nyTn,ley n
p/Q |: ( EnyTn,0ey, a5n>+ ( axl axl

p—1 aPUEn7In7a5n
+ &L‘i :|Un
1 OUL

nsTn Qe
:p/Q |:(U5n>m"’a5n o aE")"r T
p-1 OPUe, 4, a. Acue,
_ (UEn,CDnyasn — Qe + O()‘EnSEn))+ T}Um + (@) <1n&~np—1
o et
O \Ulng, Pt )
Then by (24), (28) and (29), we obtain

bjn =0 (A, 82 |Ine,|?). (30)

En“enp

— (PUsmxm — K+ )\Enn)

Qg

(29)

Write
,5iAun = p(PUEmmmaEn — K+ /\Enn)filun + fn, (31)

where
2
OPU,
2 EnyTn ey,
fro=Qe, Le, un — Z bj,nanTja
Jj=1
Define

Un(y) :Un(ssny‘i’xn)a fn(y) = fn(ssny‘i’xn)'
Then we have
82 ~ —1 82 ~
—Aﬂ,n :p% (PUE,“zn,aE” — K+ Aanﬁ)i an + % 2.n- (32)
gn 671
From (26), (30) and Lemma A.1, we find

OPU,

EnsTn,0ey

8xj

2 2
S¢ ~ 2_2

% n||L? — On 1 O( pH bnA )
e2 If ”LZOC(RZ) on(1) + O se, ;:1 3, Lo ()
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Since the right hand side of (32) is bounded in L (R?), @, is bounded in
W2P(R?). By the Sobolev embedding, i, is bounded in C{_(R?) for some o > 0.

loc
So, we can assume that 4, converges uniformly in any compact set of R? to

@ € L*(R?*) N C(R?). It is easy to check that @ satisfies

—Ad—pw?'a=0, inR? (34)
where
b S 17
wly) = ¢I(|y|) ||
¢'(Wnfyl, [yl >1.
So there exist constants b; and b (see [10]), such that
ow ow
U=>by— +by—. 35
u 182{1 + 28y2 ( )

From u,, € E,,, ;,, we see that

/ ¢p*1%a =0, j=1,2.
B.1(0) y;

So we get by = bs = 0. That is, u = 0. Then we find
Up = 0,(1), in C(Brs,., (zn))- (36)
By our assumption,
Qc, L, up =0, in Q\ Brs, (2n).
We find that
Au, =0, inQ\ Brs, (25).
However, u, = 0 on 92 and u, = 0,(1) on 0Brs_ (z,). By the maximum
principle,
Up = 0,(1), inQ\ Br,, (7).
So, we have proved that
HunHL"C(Q) = on(1),
which contradicts ||u,[| 1) = 1.
Using the same argument as in Proposition 3.2 in [6], it is not difficult to prove

that QcLL. is one to one and onto from E ; to F, .. Therefore, we complete the
proof. O

We now want to find a solution for (5) of the form PU; ;4. +w. Then w should
satisfy

L.w=1. 4+ R.(w), (37)
where
ls = (PUs,m,aE — K+ /\677)3_ - (Us,x,ag - as)ﬁ-a (38)
and
Re(w) = (PUs g 0. +w—k+A)! = (PUs g0, — 6+ A —D(PUs 3,0, —/{—i—)\gn)ﬁflw.
(39)
From (37), we see
@E]LEW = Qsls + @sRs(UJ)- (40)
Fot w € E. ,, using Proposition 1, (40) is equivalent to
w=Gw=: (QLc) ' Qc(lc + Rc(w)). (41)

We have the following estimates for [. and R.(w).
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Lemma 3.1. It holds

2
Ae s:r
lellr (o @n = O\ Tzt
and if [|w| L) = O(s:), then
2
s& 9
||R5(W)HLP(BLSE(m)) =0 WHWHLW(Q)

Proof. For any y € Brs_(x), from (19), we have
le| =[(PUez,a. — £+ Al = (Ueg,a. — ae)|
=|(Ue,z,0. — @ + O(\ese)) — (Uepa. — a2)t|
<C ()\ $e(Ue 4,0, LLE)+ + (Aese)P )

)\586
|Ingfp—1"
So we get
142
2 A
||ls||Lp(BLSE(x)) < sf ||ls||Loo(BLsE(ac)) < CW.

Similarly, using (19) and Lemma A.1, it ie east to see that

2

SP
[Re@)llLr(By., (2) < ClwllZ oo o) I(PUsz,ac —r4Aen) HLP(BL (@) < C@”“H%w(g}y
So we complete the proof. O

Using Lemma 3.1, we can solve (41) in a standard way and obtain the following
proposition.

Proposition 2. There is €9 > 0, such that for any € € (0,e0) and x € S, (40) has
a unique solution w. o, € E. ., with

||wa a:”LOO(Q O(Acse).

Furthermore, w, , is a C' map from z € S to E. ;.

4. Proof of main results. In this section, we will prove our main results.
Define
u— K+ An)P,
=5 [var = [

F(l‘) = I(PUe,z,aE +We,w);

where z € S and w,, is found in Proposition 2. It is well-known that if z is a
critical point of F', then PU; ;. + we , is a solution of (5).

and set

Lemma 4.1. There holds:

2.4
F(z) = I(PUeyo.) + O (“) .

[Inelp—1
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Proof. Since w, , € F¢ ;, then we have the following energy expansion

-[(-PUve,z,aE + We,z)
1 ~

=I(PUszac) + (I'(PUsiac ) wer) + 5 (I (PUe 0. Jwe,z, We o) + Re(we.z)
:I(PUE,:E,G.E) — / lsws,z + 1/ ws,z]sts,z + Rs(ws,z)
Q 2 Q
2
]. 2 6PU5 x,a S
:-I(PUE,Z,EE) - / lsws,z + 7/ ls + Ri(ws,z) - b'E Aiyys ws,m + Ri(ws,m)
Q 2 Jq ; ! Ox;

1 1 -
:I(PUe,w,ae) - § /Q lsws,w + 5 \/Q Rs(ws,w)ws,m + Rs(ws,m)7

where
7 1
Rewen) = = g [ [(PUsas e = m b At = (PUeia, = 54 A)
1 —
0 DU = ot At e = PO (PUe e dem) ]
One sees
B, )\355
-2 3
|Be(wea)| = C /Q (PUe 0. =+ A w2, < Oppiens.

Then by Lemma 3.1, we can easily check that

A2t
F(ZL’) = I(PUg,m,aE) + O <|h’15|p_1> .

Lemma 4.2. We have

Tre> on(z) K 1 g2
I(PU€7‘/E7G€) = CE + AE <2)\5 o d(l’) + m In Qd(aj)) + O (|1n€2+”) s

where o > 0 is a small constant, A. is given in Remark 1, and C. is a constant,
depending on €.

Proof. We have
82/ |VPU5,:c,aE|2
Q
_ / (= APU. 4.0.)PUs s,
Q
:/ (Ue,a:7ag _a5)iPU5’$’a5
Q

:/Q (Uves,LaE - aa){):_l + as/Q (Ua,m,aa - aa)i - lnaf}/ﬂ g(y,x) (UE,I,CLE - aa)i
A

2
mp+1) 5[ ae o Qe o

= 2 — A .
R T + 27e lnﬁ(fi Aen(z)) + O Tnelr

Se Se
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On the other hand, by (19)

/ (PUE’I,GE — K+ Aen)f’fl :/ (Ue,z,ai —ae + O()\gse))pﬂ
Q Q

Then we get that

[Inelr
Therefore, since A satisfies (H.), it is not difficult from Remark 1 to see that
Tke? on(z) K 1 g2
I(PU. ;. )=C 2\ d In—— O ————,
(PUez,a.) et A, ( ) () + [Inel . 2d(ac)> + (|ln52+")

where ¢ > 0 is a small constant, A. is given in Remark 1, and

C. = 7;162 (W + (H—)\E)((I—F ﬁﬁ)n—xa)) .

2
W(p - 1) Qe a A Sg
I(PUega.) = — g? <ln R) + me? mEE (k — Aen(z)) + O ( z .

Proof of Theorem 1.3. By Lemma 4.1 and Lemma 4.2, we have that for z € 5,
Tre? on() K 1 g2

F(x) = 2\ d In —— — . 42

(@) =Ce+ =1 < o 4O+ g n2d(x))+0(|ln€2+”) (42)

Consider the following minimization problem

min{F(x): z € S}.

(43)
Let

on(z) K 1
=2\ d — In——. 44
ple) = D=5 =d@) + o nogs (44)
The Hopf lemma shows that for any y € 90y, % > 0. Define

Kk Oon(y), K Mmy) -1
mi =g min{(=5 =)k me =g max{(—5 =)

and choose 1,79 € R, such that 0 < ;1 < my < mg < ro. Then there exists zg € S,
such that

e =5 (M)

where r(z) is given in (15). So

_ oy 9n(Zo) K 1
plao) =2Ac v d(z0) + |Ine| . 2d(xo)

K 1 '
= (14+In——— +1In(A|l .
[Inel ( + n27‘(x0) +In(Ac| n5|)>

4239
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For z € 0S5, r(x) = r1, we have

on(z) K 1
=2 1
p(z) Ae o d(z) + |Ine| n 2d(z)

2 On(z) K 1 K

= In — 4+ —— In(A:]|1
|lne| v " [Ine] n2r1 + [Ine] n(As|Inel) (46)
> | hlfs| (;1 + In % + In(Ac| ln€|)>
2 1

>h($0)7

if 0 < 71 < m; small enough.
Similarly, for = € 95, r(x) = r, we have

V

1
plx) > n (1“2 +1In — 4 In(\]| 1n5|)>
27’2

[Ine| \ mq

>h(.’E0),

(47)

if 79 > mgy large enough.
Therefore, from (42), (46) and (47), for any z € 9.5, we have

F(xg) < F(x).

Thus there is a minimum point . € S of F(x) in S, which is a critical point. As a
result, u. = PUc 4_ 4. + We 4. is a solution of (5).
By our construction, we find

Bsg(l—Lsg)(Is) C{yeQ: u(y) —r+An(y) 20} C Bsg(1+L5g)(xs)7

and as ¢ — 0, dist(xz.,00q) — 0.

We remark that if there is a minimum interval I of W for z(s) € 00y, then
we can find a critical point z. of F', which nears z(I). O

Appendix A. The estimate for the radius of vortex core. In this appendix,
we give the estimates for the radius of vortex core. The proofs of such results can
be found in [6] Lemma A.1.

In the following, we assume that x € S, where S is given in (14).

Lemma A.1. Let 0 < 0 < 1 be a constant. Then there are eg > 0 and L > 0 large
enough, such that for any € € (0,¢9),

PUs,w,aa (y) — K+ )‘577(3/) > 07 Yy < Bss(lfLsg)<x)a
while
PUE,m,aE (y) — K+ )\577(31) < Oa Yy € Q \ Bss(1+Lsg)(x)'
Lemma A.2. Suppose that w satisfies
[wllzee @) = O (se) -
Then there is L > 0 large enough, such that
PU: 0. (y) +w(y) — £+ An(y) >0,  y € B, (1-Ls) (),

while
PUe,a:,ag (y) + w(?/) — K+ )\57](9) <0, ye Q \ Bss(lJrLsg)(x)'
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