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ABSTRACT. This paper is concerned with the tempered pullback dynamics for
a 3D modified Navier-Stokes equations with double time-delays, which includes
delays on external force and convective terms respectively. Based on the prop-
erty of monotone operator and some suitable hypotheses on the external forces,
the existence and uniqueness of weak solutions can be shown in an appropriate
functional Banach space. By using the energy equation technique and weak
convergence method to achieve asymptotic compactness for the process, the
existence of minimal family of pullback attractors has also been derived.

1. Introduction. The three dimensional incompressible Navier-Stokes equations
is expressed as

%quu+(UoV)u+Vp:f, (1)

V-u=0,
which was proposed by Navier and Stokes respectively for the motion of incom-
pressible viscous fluid with very small velocity gradient. Since last century, many
mathematicians and physicists have studied the existence, uniqueness, regularity
and long time behavior of Navier-Stokes equations deeply, and have obtained a
series of significant results (see [1, 3, 19, 21, 24, 29, 33]). However, for the 3D
Navier-Stokes model, the uniqueness of weak solution and the existence of strong
solutions have not been solved as our best knowledge.
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In the 1960s, Ladyzhenskaya [22, 23] relaxed the limitation of small fluid velocity
gradient, and derive several modified Navier-Stokes equations, one of which reads
as

up — div[(uo + muvuugg(m)m} +(u-V)u+Vp=f,
V-u=0, (2)
Du = Vu + VuTl,

and reduced to

{6 = (o + |Vl g0+ (u- V)u+ Vp = J,
(3)
V.ou=0
by Lions, see [27]. Note that it reduces into the classical Navier-Stokes equations
(1) when w1 = 0. Lions [27] proved the existence and uniqueness of global weak
solutions for the initial boundary value problem of the model (3) by using the
Faedo-Galerkin method. In 2008, Dong and Jiang [10] studied the optimal upper
and lower bounds of the decay for higher order derivatives of the solution of (3).
Under some assumptions on the external force and initial data, the existence and
structure of uniform attractors of the system (3) were proved in [9]. Recently, Yang
and Feng et al [37] considered the pullback dynamics of (3), and proved the existence
of minimal and unique family of pullback attractors, and also presented the finite
fractal dimension of pullback attractors. In addition, the upper semi-continuity
of pullback attractor was also studied in [37] when the perturbed external force
disappears as parameter tends to zero.

The Navier-Stokes equations with delays were firstly considered by Caraballo and
Real in [5], then there are a lot of works concerning asymptotic behavior, stability,
the existence of pullback attractors and the fractal dimensional of pullback attrac-
tors for time-delayed Navier-Stokes equations (see, e.g., [6, 7, 15, 30, 38]). It is worth
to be pointed out that Garcia-Luengo, Marin-Rubio and Real [15] obtained that the
existence of pullback attractors for the 2D Navier-Stokes model with finite delay.
Furthermore, the bounded fractal and Hausdorff dimension of the pullback attrac-
tors for 2D non-autonomous incompressible Navier-Stokes equations with delay was
studied in [38]. The above work is to study the time delay which only exists in the
external force. Later on, Planas et al [17, 32] considered Navier-Stokes equations
with double delays and proved the exponential stability of stationary solutions. For
the double time-delayed 2D Navier-Stokes model, the existence of pullback attrac-
tors was proved in [12]. As far as we know, there are less results on the research
for 3D modified Navier-Stokes equations with double time delays till we know now.
Motivated by the results [12, 15, 37, 39], this paper is concerned with the pullback
dynamics for a three dimensional modified Navier-Stokes equation with double time
delays defined on (7, 00) x Q, which can be described as

Gt — (o + i [Vl T2 o)) Au + (u(t = p(t)) - V)u+ Vp = f(,t) + g(t,us),
V-u=0, (t,x) € (1,00) x Q,
u(t, x)|an = 0, t € (r,00),
u(t, z)|i=r = u (), T €1,
ur(s,z) =u(rt +s,2) = ¢(s, 2), s € (—=h,0),z € Q,
(4)

here Q € R? is a bounded domain with sufficiently smooth boundary 0%, u =
(u1,us2,us) is the velocity field of the fluid, p is the pressure, po > 0 and p; > 0 are
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the kinematic viscosities of the fluid, f(z,t) is a generic external force, g(t,u;) is
a external force with some hereditary characteristics and h > 0 is a fixed positive
constant. The function u; appeared in the delay term g(¢,u;) is defined on (—h,0)
by the relation u¢(s) = u(t + s), s € (—h,0). Assume that the delay function p in
the convective term satisfies p(t) € C*(R;[0,h]) and p/(t) < p* < 1 for all t € R,
where p* is a constant.

The main features and results of this paper can be summarized as follows:

(I) By using the Galerkin approximated technique and compact argument, we
can prove the existence of global weak solution. Using the energy equation approach
similar as in Ball [2], the pullback asymptotic compactness of the process can be
shown, which leads to the existence of pullback attractors together with pullback
dissipation of our problem. In addition, based on different universes, we can present
the minimal family of pullback attractors on functional Banach space.

(IT) Since the topic in [16] only contains the delay on external force, the result in
this paper is a further extension of our former result [16]. Moreover, the problem
(4) has a delay function p in the convection term, hence, there are more difficulties
to achieve well-posedness and pullback asymptotic compactness, which also require
appropriate restriction on the delay function p.

(ITI) The upper semi-continuity of pullback attractors as perturbed delay can not
be shown easily similar as in [16] since the lack of regular estimate in appropriate
phase spaces.

The structure of this paper is arranged as follows. In Section 2, we give the
definitions of some usual functional spaces and operators. Moreover, Some lemmas
used later are also given in the end of the section. In Section 3, we first give the
needed assumptions on the external forces, then show the abstract equivalent form
of the system (4), and establish the well-posedness of the global weak solutions for
system (4). Finally, the existence of the minimal pullback attractors for the abstract
non-autonomous system is showed in Section 4.

2. Mathematical setting.

2.1. Some usual functional spaces and operators. Denote
E = {ulu € (C5*(Q))3, divu = 0}

and H is the closure of E in (L?(Q2))? topology. The inner product and norm in H
are represented by (-,-) and | - | respectively, which are defined as

3 b
(u,v) = Z/ﬂul(x)vl(x)dm, |u|2 = (u,u), Yu,v€ (LZ(Q))S.

V is the closure of E in (H}(Q2))? topology. The inner product and norm in V are
represented by ((+,-)) and || - || respectively, which are defined as

3
((u,v)) = Z/QVuz'(JU)VW(x)d% [ull® = ((u,w)),  Vu,v € (Hy())*.

Then we have ||ul| = [|Vul|(z2(q))s = |[Vu| for all u € V, and it is easy to verify that
H and V are Hilbert spaces. Let H' and V' be dual spaces of H and V respectively.
Then thereis V << H = H' < V', where the injections are dense and continuous.
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Let || - ||« be the norm in V’, (-,-) be the dual product in V" and V', where || - ||« is
defined as

Ifle=sup [{fv)l, VfeV" (5)
vev,lul=1

P denotes the Helmholz-Leray orthogonal projection from (L?(£2))% onto the
space H (see [11, 34]). We define A; := —PA as the Stokes operator on D(4;) =
(H%2(Q))> NV, then Ay : V — V' satisfy (Aju,v) = ((u,v)), and A; is an isomor-
phism from V into V'. Thereis [[Ajull. = sup [(Aju,v)|= sup |((u,v))] <

veV,||v||=1 veV,|v||=1
lull, i-e., ||A1]] < 1. Let {\;}$2, be the eigenvalues of the operator A; with Dirichlet
boundary condition, which satisfies 0 < A\; < Ay < ---. By the property of the Stokes
operator, the corresponding eigenfunctions {w; }$2; form an orthonormal complete
basis in H. In addition, at this time we have the following Poincaré inequality

1
Jul* < )\TIIUIIZ, VueV. (6)

In order to deal with the nonlinear term u1||Vu||iz(Q), we define the operator
Ag iV = V' as Agu = —M1||VU||%2(Q)AU, which satisfies

(Azu,v) = | V|72 (—Au,v) = pa|lul*((u,v)),  Vu,v0 € V. (7)

It is easy to verify that (Asu — Ayv,u —v) > 0 for any u,v € V, that is, Ay is a
monotone operator. We can obtain from (5) and (7) that

[Agull = sup  [(Agu,v)| = sup pullul?((u,0)) < mllul®, YueV. (8)
veV,[|v)=1 veV,|lv)=1

We also introduce the bilinear operator
B(u,v) = P((u-V)v), Yu,veV

and trilinear operator

3
b(u,v,w) = (B(u,v),w) = Z /Quig?wjdx, Yu,v,w € V.

ij=1

2.2. Some functional spaces with delay. We define some functional Banach
space as

Cy = C(]—h,0]; H) with the norm ||@||c,, = sup |9
s€[—h,0]

and some Lebesgue spaces on delayed interval as LY, = LP(—h,0; H) and L}, =
LP(—h,0; V). The inner product and norm in L% are defined as

0 0
()i, = [ (s olods, ully, = [ juGe)Pds. v e L,

The inner product and norm in L are defined as

0 0
)iy = [ (@)0@))ds, July = [ Jue)lPds, Ve e L.



WELL-POSEDNESS AND PULLBACK DYNAMICS 4141

2.3. Some Lemmas. The following lemmas are used to prove the existence of
weak solutions.

Lemma 2.1. ([24, 34]) The bilinear operator B(u,v) and trilinear operator b(u, v, w)
satisfy the properties

[B(u, v)||l« < Cllullllv]l, Vu,veV,
b(u,v,v) =0, Yu,v €V,

b(u,v,w) = =b(u,w,v), Yu,v,w €V,
b(u, v,w)| < Cllullllv]l|w],  Yu,v,weV,

| <
[b(u, v,w)| < Clul [lull 3 o llJw|Fllwll ¥, Vu,v,w € V.

Lemma 2.2. ([41]) Suppose that A be a nonlinear monotone operator from a sep-
arable Banach space V to V' satisfying conditions
(i) For allv eV,

IA@)]« < CllollP,

where 1 < p < oo and C is a positive constant independent of v.

(i) (semi-continuous) for allu,v,w € V and A € R, (A(u+Av),w) is a continuous
function of A.

If u, € LP([0,T],V) with 1 < p < 0o such that

Up, = u  weakly in LP([7,T],V),
A(up) — ¢ weakly in L¥ ([7,T), V")
with % + ﬁ =1, and

T T
lim (A(un),un>dt§/ (Y, u)dt,

n—oo T

then
P = A(u).

3. Global well-posedness. The following assumptions on the external forces are
imposed for our results.
(Hy) Let the function g : R x Cy — H satisfies the following properties:

(a) The function g(-,€) is measurable for any £ € Cy and g(-,0) = 0.

(b) There exists a constant Ly > 0 such that for all {,n € CH,

lg(t,§) —g(t,n)| < Lyll€ —nllcy, Y7 <t

(c) There exists a constant Cy > 0 such that for all u,v € C([r — h,t]; H),

t

t
/ l9(s,us) — g(s,v0)|2ds < C2 / fuls) = v(s) s, v <,

T—

(Hf) The function f € LiC(RV’) satisfies that there exists some o € (0, uoA1)
such that

t 4
/ (s, )| ds < 00, Vr<t.

— 00
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Based on the previous definitions of operators P, A; and As, the system (4) can
be written as the following abstract equivalent form
9u t jipAyu + P(Asu+ B(u(t — p(t)),u)) = Pf(z,t) + Pg(t, up),
(t,z) € (1,00) x £,
V-u=0, (t,z) € (1,00) x £,
u(t, z)|oq = 0, t € (1,00),
u(t, x)|i=r = u" (x), x €8,
ur(s,x) =u(r + s,x) = ¢(s, x), s € (—=h,0),z € Q.

Definition 3.1. Let 7' > 7, assume that the initial data (u™, ¢) € H x (CygNL%) £
4

My, fe L} (R, V') and g satisfies the assumption (Hy), a function u = u(t,z) €
C([r —h,T); H)YN L*(7,T; V) is called a weak solution to problem (4) if

57 (1, 0) + po(Avu, v) + (Azu, ) + b(u(t — p(t)), u, v)

= (f(),v) + (9(t,w),v),

u(r,z) = u"(x),

ur(s,x) =u(t+s,z) = ¢(s,x), se€(—h,0)
holds for all v € V' in the sense of D'(7,T).

Theorem 3.2. For any T > 7, if the initial data (u™,¢) € My = H x (Cy N L%),
4
fe L} (R V') and g satisfies the assumption (Hy), then problem (/) possesses a

loc

unique weak solution u(t,z) € C([t — h,T|; H) N L*(1,T; V).

Proof. Step 1. Local approximating sequence.

From the property of the Stokes operator A;, we can see that the sequence
of characteristic functions {w;}32; C D(A;), satisfying Ajw; = Aw;, constitutes
a complete orthogonal basis in H. Let H,, = span{wi,- - -,wn}, and projection
P,, : H— H,, is defined as

m

Pu= Z(u,wi)wi, Vuec H.
i=1

m

Let wnm(t) = > him(t)w; be the approximated solutions satisfying the following
i=1

Cauchy problem

(%5 wi) + o (Artim, ;) + (A2, wi) + 0w (t = p(1)), tm, wi)
= <f(t)’w’i> + (g(t7umt)’w’i)v

(9)

U (T, 2) = ul () = Ppu”,
Umr(8,2) = dm (s, 2) = Ppd(s,x) for s € [—h, 0.

The problem (9) is equivalent to a system of functional differential equation with

respect to the unknown variables {hi,,(t), hom (t), - - - hmm (t) }. According to The-

orem Al in the appendix of [5] for the Cauchy problem of functional differential

equation, the system (9) possesses a local solution on the interval [r,¢,,], that is,
m

there exists a solution wu,(t) = Y him(t)w; satisfying the approximation problem
i=1

(9) on [, 2.

Step 2. The priori estimates for {u,,} and {2=}.
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Multiplying (9) by A (t), and then summing from ¢ = 1 to ¢ = m, in view of
Young’s inequality and the embedding V' — H, we obtain

%Ium(lﬁ)l2 + 2410 [[um (1)1 + 2411 [[um (1)
= 2(f (1), um () + 2(g(t, wme), um (1))

< 2 f (O lum )] + 2u0Mfum (07 + 5——

<(

1 2
t m

D801 + g (6 +2uollum(t)|\2 + 5 lg(t umd) . (10)

1
16411 2001

Integrating (10) with respect to the variable ¢t from 7 to ¢, using the definition of
operator P, f € Lloc(R, V') and the assumption (H,), we have

tn ()2 + i1 / lum(s) [ 4ds

/ 1765 ||3ds+—/ 905 1) s
< ‘r2 Cg 2d 2d
Wy ([ s+ [ (o)
m /nf ) as
g 2
T /T i (5)2ds.

Thus, it follows from Gronwall’s inequality that

< uy,

| 2
m

<C+

t
ot (£) + / lum(s)|*ds < C, T<t<T,

which implies t,,, =T and
{t, (1)} is uniformly bounded in L>(7,T; H) N L*(7,T; V). (11)

In particular, the sequence of functions {u,,(t — p(t))} is bounded in L?(7,T;V).
Furthermore, approximate equations (9) can be rewritten as

Ouyy,

S = Pof () + Png(t, i) = Pr(Azi)

- Pm(,UOAlum) - PmB<um(t ( ))a UM)' (12)

We notice that || Py | 2wv,vy < 1 and P;, = Py, then ||P,| ¢/ vy < 1. By the
assumption (H,), in particular, we get

t t
/ 195 tme)|2ds < C2 / i () [2ds < C. (13)
T ’ T—h

which implies that g(s, ) is bounded in L5 (7, T; V").
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For the convective term with delay, the desired estimation can be obtained by
using Lemma 2.1 and Young’s inequality. Indeed, it holds that

[ 1Bt = o)) s < / (Clum(t = p(O)I)? s
2
<X / it = p(0) s + 5 [ s
(11

ie.,, B(um(t — p(t)), us,) is bounded in L%(T, T;V'). By virtue of [|A1] < 1, it is
easy to verify from (8) and (11) that

Ay, and Agu,, are bounded in L3 (7,T; V). (15)

Combining (13)-(15), f € LlOC(R7 V') and (12), we can get

{8:;—;"} is uniformly bounded in L3 (1, T;V"). (16)
Step 3. Compact results and strong convergence.
Let
4 Ou 4 /
W =A{ulu e L*(1,T;V); a5 € Ls(r, T;V}.
Now, applying the Aubin-Lions Lemma, we can derive
W s L*(7,T; H). (17)

By using (11) and (15)-(17), we deduce that there exist a subsequence (still denote
it by {uy,}) and w € L®(r — h,T; H) N L*(7,T; V) such that

U — u strongly in L4(7,T; H),

g(t, ume) — g(t,uy) strongly in L?(r,T; H),

Um (t — p(t)) — u(t — p(t)) strongly in L?(7,T; H),

Uy, — u weakly * in L®°(r,T; H), (18)
U — u weakly in L4(7,T; V),

Qum @ weakly in L%( LTV,

t
Ay () — ¢ weakly in Lz (,T; V"),

and
U (T) = P — u(1) = u” in H, ¢p(s) = Pno(s) — é(s) in Cy N LE.
Next, we prove that
U, = u in C([7,T]; H). (19)

Let u,, and u,, be two solutions to the approximated system corresponding to initial

value (ul,, dm) and (ul, ¢y, ) respectively, and set w(t) = wy, (t) — u, (t), then we can

get
Ow
2t toArw + Aoty — Agtin + B(um(t — p(t)), um) — B(un(t — p(t)), un)

= g(t,ume) — g(t, une). (20)
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We observe the fact that
B(um(t = p(t)), um) — B(un(t = p(t)), un)
= B(w(t — p(1)), um) + B(un(t — p(t)),w). (21)

Multiplying (20) by w(t), then integrating the resultant over Q and applying (21),
we obtain
10, 4 2,
3 g W+ sollwll” + (A2t — Azun, tm—un) + b(w(t = p(t), tm, w)
= (g(t7 umt) - g(ta unt)7w)'

Thanks to the assumption (H,) and the monotonicity of operator A,, we can deduce
from Lemma 2.1 and Young’s inequality that

10

5371l + Hollwl® < [b(w(t = p(8)), wm, )| + (9t ume) = 9t wnr), @)

< Cluw(t = p(E) [lw(t = p(t)) | [l [ ] ]
+1g(t; wme) = g(t, unt) |||

1 3 3
< Cllwellé,, lumllllw(t = pO)[F lwl|* + Lgllwt | cp lw]

ct 4 3¢
< s llwe & Nl |* + 7 et = p@)Hwll + Lgllwtllc o]
ct ) 4 9e? 9
< Sl ol + e ott = o)
Ho
+ ?HWH2 + Lyllw [l e |w]- (22)

Here ¢ is a positive number, which is determined later. Note the fact that |w(s)| <
lwsllcy, - Integrating (22) with respect to time s on [, ¢], it holds that

|w(t)|? +M0/ l|w(s)||?ds

< o [ ol s + S [ ts = plop P
w21, [ ol do + )P

With the help of a change of variable in the integral of w(s—p(s)) and p’(t) < p* < 1,

we can deduce by choosing ¢% = w pé that

W < () + o / sl i () [ 4
s [ e+ 2L, / a2, ds

< el o0 [ et

ct

t
+ (g5 +2L0) [ (lum()*+ Dl ds.



4146 PAN ZHANG, LAN HUANG, RUI LU AND XIN-GUANG YANG

For simplicity, we set that C’ = (% +2Lg). If t > 7+ h, it holds that t + 60 > 7
for all § € [—h,0] and

o6+ OF < lerl, + 1o [ () s

t46
€ [ Q)+ Dl ds.
Consequently, it follows that for all ¢ > 7 + h,

||umt - unt”%}H < H(bm - (anZCH + /LOH(bm - (bn”%%/

t
+ C'/ ([ ()" + Dlltms — ns |12, ds, (23)
which, by the Gronwall inequality, implies

[ume = wntllE, < (16m = dnlly, + Hollém — nll72)

o ol C (lum()[*+1)ds. (24)

Since ¢, — ¢ in Cy N L%, (24) indicates that {u,,} is a Cauchy sequence in
C([r — h,T); H). Thus we complete the proof of (19).

Step 4. Passing the limit and uniqueness.

In order to pass the limit of (9), we need to discuss the convergence of nonlin-
ear terms b(Upm, Um, w;) and (Ast,,w;). Using the properties of trilinear operator
b(u,v,w), Lemma 2.1, and the fact that w; is an eigenfunction of the Stokes operator,
we obtain

[ bt = ple)) ) = blut = p(t)). )l ds

T
< [ bt = p(0) = ult = o)) 5,0
- Ib(u(t — (1)), i, — )| ds
T
1
<C [ funlt = p(6) = ult = () um(t = p(0)
— u(t = p(t))[|% [t | ¥ || ¥ ds
T
+C / [t — p(E) ¥t — p(O)1¥ [t — ul ¥ || — ul| ¥ ds
2L+ I (25)
We use the Holder inequality to give
1
Iy < Cllum(t — p(t)) — ult = p(O) | F2 ooy 1um (E = p(2))
3 1 3
_u(t - p(t))||22(7—7T;V)||umH[4,2(7-,T;Hg||um||£2(7—7T;V)?
1 5
I < ”u(t - p(t))Hz?(-r,T;H) Hu(t - p(t))”fﬂ(q—,T;v)
1 3
X ||Um - UHEZ(T,T;H) ||Um - UHEZ(T,T;V)’
which, together with (18)1, (18)3 and (25), yields that

T
/ [b(trmny Uy wi) — b, u, w;)|ds — 0,  as m — oo. (26)
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By a similar technique to the proof of Lemma 3.2 in [35], we can deduce

T T
lim <A2(um),um>dt§/ (¥, u)dt. (27)

n— oo T

Moreover, it is easy to verify that the operator A, satisfies the conditions (i) and
(1) of Lemma 2.2. Combining (18)5, (18)7, (27) and Lemma 2.2, we get

) = Az(u). (28)

Now, passing to the limit of (9), by combining (18)-(19), (26) and (28), we can infer
that u is indeed a weak solution to problem (4).

Last, we consider the uniqueness of solutions for our problem. Let w,v be two
weak solutions with the same initial (u7, ¢) and set w = u—v. By a similar technique
as proving (23), we can obtain that for ¢ € [r,T],

t

lue = vell2,, < C'/ (lum(I* + Dllus = vsl12,, ds.

T

By Gronwall’s inequality, it yields w(t) = 0, i.e., the solution is unique. Similarly, we
can also verify that the solution is continuously dependent on the initial value. [

4. Pullback dynamics for (4). In this section, we shall obtain the existence of
pullback attractors for the process associated to (4).

4.1. Preliminaries for pullback attractors. Let (X,dx) be a given metric
space, and we denote RZ = {(t,7) € R? : 7 < t}.

A process on X is a mapping U(+,-) such that R2 x X > (t,7,z) — U(t,7)x € X
with U(r,7)z = x for any (7,2) € R x X, and U(t,r)U(r,7)z = U(t,7)x for any
7<r<tandall z € X. A process U(-,-) is said to be continuous if for any pair
T <t U(t7): X — X is continuous. A process U(-,-) is said to be closed if for
any 7 < t, and any sequence {z,} C X, if z, -z € X and U(t, )z, = y € X,
then U (¢, 7)x = y. Clearly, every continuous process is closed.

Let P(X) be the family of all nonempty subsets of X, and consider a family of
nonempty sets parameterized in time Dy = {Do(t) : t € R} C P(X). Let D be a
nonempty class of families parameterized in time D = {D(t) : t e R} C P(X). The
class D will be called a universe in P(X).

Definition 4.1. (1) A process U(+,-) on X is said to be pullback ﬁo—asymptotically
compact if for any ¢ € R and any sequences {7,,} C (—o0,t] and {x,} C X satisfying
Tn — —oo and &, € Dy(7,) for all n, the sequence {U (¢, 7, )z, } is relatively compact
in X.

(2) Further, we say that a process U(:,-) on X is pullback D-asymptotically
compact if it is pullback D-asymptotically compact for all D € D.

Definition 4.2. Dy = {Dy(t) : t € R} C P(X) is pullback D-absorbing for the
process U(+,-) on X if for any ¢ € R and any D = {D(t) : t € R} € D, there exists
a 7o(t, D) <t such that

U(t,7)D(7) C Do(t), V7 < 10(t,D).

Observe from the above definition that ﬁo does not belong necessarily to the class
D.
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Denote

A(Do,t) = U(t,T)DO(T)X, Vt e R,

— X
where {-- -} is the closure in X. We denote by distx (X7, X2) the Hausdorff semi-
distance in X between two sets X1 and X5, defined as

distx(X1,Xs2) = sup inf dx(z,y), VX;,XeCX.
reX, YEX2

In order to get our result, we need to use a classical theorem in [14, 15].

Theorem 4.3. Consider a closed process U : R3 x X — X, a universe D € P(X),
and a family Dy = {Dy(t) : t € R} C P(X) which is pullback D-absorbing for U,
and assume also that U s pullback ﬁo—asymptotically compact. Then, the family
Ap = {Ap(t) : t € R} is a family of pullback D-attractors which is defined by

— =X
Ao(t)= (J AD.1) . teR,
Dep
and has the following properties:
(a) for any t € R, the set Ap(t) is a nonempty compact subset of X, and Ap(t) C
A(Dog,1).
(b)Ap is pullback D-attracting, i.e.,
lim_distx (U(t,7)D(7), Ap(t)) = 0, VD eD, teR.

T

(c)Ap is invariant, i.e., U(t,7)Ap(T) = Ap(t), Vr <t.

(d) if Dy € D, then Ap(t) = A(Do,t)  Do(t) ., Vit €R.
Moreover, family Ap is minimal in the sense that if C = {C(t) : t € R} C P(X) is
a family of closed sets such that for any D = {D(t) : t € R} € D,
Er_n distx (U(t,7)D(71),C(t)) = 0,

T

then Ap(t) C C(t).

Remark 1. If D, € D, Dy(t) is closed for any ¢ € R and D is inclusion-closed, then
Ap € D and Ap is unique family in D that satisfies (a), (b) and (c) above.

Let Dif be the universe of fixed nonempty bounded subsets of X, i.e., the class

of all families D of the form D = {D(t) = D : t € R} with D a fixed nonempty
bounded subset of X.

Lemma 4.4. ([14]) Under the assumptions of Theorem 4.3, if the universe D con-
tains the universe D3, then both attractors, .AD? and Ap, ezist, and the following
relation holds:

4.2. The process and pullback dissipation. In view of Theorem 3.2, here we
take the phase space My = H x (Cy N L%) equipped with the norm ||(¢, ¢)||ar,, =
€0z +1Bllcw + Bl L2, for (€, ¢) € M. It is easy to verify the following proposition.
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4
Proposition 1. Consider given g : R x Cy — H and f € L} (R;V') sat-
isfying assumptions (Hy) and (Hy). Then the solution of problem (1.1) gener-
ates a bipara-metric family of mappings U(t,7) : Mg — My by U(t,7)(u", @) =

(u(t; T, u™, @), u (57, u”, @), which is a continuous process.

In order to prove the existence of pullback attractors for the process U, we need
the following assumption:
(Hy) For every u € L?(t — h,T;V), there exists a value o € (0, uoA1) which is
independent of u such that

t t
/ e”®lg(s,us)ds < Cj/ e*lu(s)|?ds, Vt<T.
T T—h

Lemma 4.5. ¢ :RxCy — H and f € LZ%OC(R; V') satisfy assumptions (Hg), (H1)

and (Hy). Then, for any (u”,$) € My, there exists a value o € (0, uoA1) such that
the solution u of (/) holds the estimates

¢

wlt 2 <C€70(t77) UT2+
lu(t)]” < (JuT] o

11lz3,)

27 1

t 4
5 ,—0t os E 2
+0(716u1)3e /Te £ (s)2 ds, (29)

2

¢ C
2 2 g
dr < + s
Mo/s [u(r)[[Pdr < |u(s)| o [[wsll 2,
Cg

HoA1

2

ot [uPar+ (e [fe)ian @0

and
2

¢ C
" / o)l dr < Ju(s) 2 + —2 2,

poA1
02 t 27 . t 4
g *d g 2dr. 31
= [P+ (e [isola ey

Proof. Multiplying (4) by v and integrating the resultant over 2, using integration
by parts and Young’s inequality, we have

S Lo + pollu(t)? + )]
= (7). u(0) + (glt, ), (1)
17 sl + gt ) )

1,27 . i
3 (g HIFOIE + B e

+ gt u )P + L (o) (2)

Now multiplying (32) by 2e’t and applying Poincaré’s inequality (6), one has
d d
(7 @) = o u(t)* + e u(t)?
< (0 + por)e” [u(t)* — 2uol|u(t)||*e”*
27 1 ot

4 e
+ (=) e f@O)|I2 + ——
(e e IR + - —

+

IN

IA

|g(t7 ut)|2
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< (5 = mo)llu®) e

+ (2 )Se”tl\f()II%Jritl (b up) ? (33)
16 * ,UO)\lg ) Ut .

We integrate (33) over the interval [r,t] with respect to ¢, use o € (0, poA1) and
assumption (H;), to conclude

1 t
Hu(t)? < TP+ —— / ¢7*lg(s, us)ds
poAr J-

27 1 (7 1
(et [ elslias

02 t
Se”u72—|—7g/ e*lu(s))|?ds
|u”| o ) [u(s))]

21 1 [ o 4
o) [ e lslias

02 0 t
<e TR+ 2 (e”/ |p(s)|>ds +/ e |u(s)|*ds)
toA1 —h T

+

27 1 [! s 4
o)t [ e lselias

2 C; 0 2 2
<e"(lu” —|——/ ds) / e”’lu(s)|"ds
(Pt [ oGP+ [ emuts)
27 1 K os H
et [ e lelias (3)

On account of the assumption (Hy), we apply the Gronwall inequality to (34) to
derive

+(

2

C 0
U u(t)[? < e (juT? + / 6(s)|2ds) +
oA J_p

2 ¢ 4
o) [ el s
which means

(t—7) &
t 2 < C —o(t—7 T2 g
lu(t)|” < Ce (Ju"| oo l#llzz,)

2 1 t R
C(F;l)gefdt/‘r egs||f(3)||§d5’ vt 2 -

Consequently, the estimation (29) is proved. Thanks to (32) and (6), we obtain

TSIl @)

Integrating (35) over the interval (s,t), and using the assumptions on g, we can get

()2 + o / () |2dr + o1 / ()| *dr

/ 1) dr

02
+7g/ us(r dr—|—/ u(r)|*dr). 36
NO/\I( 3 |us(r)] Ju(r)[? (36)

d 2 2 4 1 2
—u(t)|” + t 4 < ——1g(t
g OF + pollu)? + (@) < - =gt ue) o

< fu(s)
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Thus, (30) and (31) are obtained immediately from (36). Now we complete the
proof. O

Definition 4.6. (Universe) We will denote by DM# the class of all families of
nonempty subsets D = {D(¢) : t € R} C P(Mg) such that

(& )3r,) =0

lim (e sup |
T (&.9)€D(7)
Remark 2. According to the above definition and the notation Dﬁf , it is obvious
that DX# € DM# and that both are inclusion-closed.

Based on the above universe and Lemma 4.5, we can present the pullback dissi-
pation in My. Let Bx (0, R) be the closed ball with zero as the center and R as
the radius in X.

Proposition 2. Suppose that g : R x Cy — H and [ € LI%OC(R; V') satisfy as-
sumptions (Hy) , (Hy) and (Hy). Then, the family Do = {Dy(t) : t e R} C My is
defined by

Dy(t) = B (0, Rir) x (Boy (0, Rey ) N Bz (0, Rz )

is pullback DM -absorbing for the process U(t, ) on My and lA)o € DMu_ yhere

27 5 ,—o(t— ! os H
Rb(t) = 1+ C- ()30 [ e o) fas,
1 202h
R, (t)=— |(1+—2
L%’() Ho ( HoA1

27 1
2 1 .
R+ (g0 IIf(r)IILS(t_MV,)} .

Proof. Fix t € R, we derive from (29) that there exists a pullback time 7(D, ) <
t — 2h such that

T 27 1 —0 ! ags ’é
utran )P <14C- (ybe [ el pe)ltas

< R%(t), VD e DMu(t)

holds for all ¢ > 7 with 7 < 7(D,t) and (u", ¢) € D().

In particular, we observe that |u|lc, < R%(t). Now, putting s = ¢t — h in
the estimate (30) and using (29), we deduce immediately that ||ut|\2L%/ < R%%/ (t).
Moreover, in view of the above estimates, (Hy) and the definition of universe, we
can see clearly the fact that 130 belongs to DXM# . Therefore, the proof is done. [

4.3. Pullback asymptotic compactness. To use Theorem 4.3, we also need to

establish the asymptotically compact of the process. We give the following result.
4

Theorem 4.7. Assume that g : R x Cyg — H and f € L} (R; V') satisfy assump-

tions (Hy) and (Hy). Then, the process U(t,T) defined in proposition 1 is pullback

DM _qsymptotically compact.

Proof. Fix a value t € R and consider a family D € DM# | let {r,} C (=00, t] with
Tn — —oo and {(u™,¢"}) with {(u™,¢™)} € D(7,) be two sequences for all n,
then we denote {(u™,u})} € D as a sequence with u"(-) = u(-; 7, u™, ¢™).
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In the same way as Proposition 2, by using the estimations in Lemma 4.5, we
obtain that there exists a pullback time Tl(ﬁ7 t) <t —4h — 1 such that the subse-
quence {u" : 7,, < 71(D,t)} is bounded in L>(t —4h —1,¢; H) N L4(t —3h—1,t; V).
By virtue of the equation (12) and the embedding theorem, we have that

n\/
1€u™) HL%(t—Qh—l,t;V/)
= ’uO”un”L%(t—Qh—l,t;V) + pllu” 22100
n n
118 o gy 17 = 0D -7
+ Cllg(t, ui)| L2 (t—2n—1,6m)-

By applying a similar technique as proving (16) in Theorem 3.2, we derive from the
assumption (Hg) that {(«"”)'} is uniformly bounded in L3(t—2h—1,t;V'). Thanks
to the Aubin-Lions Lemma, the assumptions on ¢ and the diagonal procedure,
there exists a subsequence (still denote it by {u"}) and a function v € L™ (t — 4h —
1, t; H)N LAt — 3h — 1,¢; V) such that

u™ — u weakly * in L>®(t —4h — 1,t; H),

u™ — u weakly in L4(t —2h — 1,t; V),

(u™) — o weakly in L3 (t — 2h — 1,8 V'),

u™ — u strongly in L*(t — 2h — 1,t; H),

u™(s) = u(s) strongly in H, a.e. s € (t —2h —1,1),
g(-,ult) — g(-,ug) strongly in L?(t —h — 1,¢; H).

(37)

From the above convergences, we derive that u € C([t — 2h — 1,¢]; H) is a weak
solution for problem (1.1) in the interval (¢ — h — 1,¢) with u;—p—_1 as initial data.
By using the same technique as proving (19) in Theorem 3.2, we can get
u"™ — u strongly in C([t —h — 1,t]; H).

Consequently, we obtain that for any sequence {s,} C [t — h — 1,t] with s, — s.,

u"(sn) — u(s,) weakly in H. (38)
Now, our goal is to obtain that

[u™(sn) — u(s«)] = 0 as n = +oo.

First of all, we can conclude from the weak convergence (38) that

lu(ss)] < hH_l)iIlf [u™(sn)]- (39)

Furthermore, in view of the energy equality (32), we infer that for all t — h — 1 <
s1 <82 <%,

S2

1 52
Sl a0 [ )P+ [yl

S1 S1
1 So S92
= S0P+ [+ [ ot u)n (40)
s1 s1
where y can be u and all ©”. Hence we can define the continuous functions on the
interval [t — h — 1,¢] as

7)== [ G [ (gl utr)ar
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and

S S

UWWWWM—/' (g(r, ul), u" () dr.

t—h—1

Iu(s) = gh (o) = |

—h—1

It is clear that 7 and 7, are non-increasing functions. In addition, the convergences
(37) indicates that

TIn(s) > T (s) ae. se(t—h—11).
Therefore, it is possible to choose a sequence {sx} C (t — h — 1,t) satisfying that

lim s; = s, and
k—o0

lim J,(si) = J(sk), k.

n—oo

Since J(s) is continuous, for Ve > 0, there exists k. € N such that
€
| T (sk) — T (s4)] < 2’ Vk > k.. (41)

Because J,(s) is uniformly continuous with respect to time s, there exists n(k.)
such that

Sk. < Sny |Tn(sk.) — T (s1.)

< %, Vn > n(ke). (42)

According to the non-increasing property of all 7,, and (41)-(42), we derive that for
all n > n(k.),

TIn(sn) = T (8:) < Tn(sk) — T (s4)

< [Tn(sk.) = T (s4)]
< |Tn(sk) = T (s )| + 1T (sx.) = T (s:)] < e
Because of the arbitrariness of €, we have that limsup J,(sn) < J(s«), which, by
virtue of (37) again, implies THOO
limsup |u” (s,)] < |u(s4)]- (43)

n—oo

Therefore, combining (38), (39) and (43), we conclude that
u"(sn) = u(s«) strongly in C([t — h,t]; H). (44)

By using again the energy equality (40) satisfied by u and «", the convergences
in (37) and (44), we can deduce that

||un||L2(t—h,t;V) - ”uHLz(t—h,t;V)v
which, together with the weak convergence already proved in (37), gives
u"(sn) — u(s.) strongly in L%(t — h,t; V). (45)

Combining (44) with (45), we derive that the process is pullback DM# -asymptotically
compact. Thus we finish the proof. O
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4.4. Existence of pullback attractors. In this subsection, by using the results
obtained in subsection 4.2 and subsection 4.3, we shall establish the main result of
the paper as follows.

Theorem 4.8. Assume that g : R x Cy — H satisfies (Hy) and f € L (R; V")

loc

fulfills conditions (Hf) and (Hy). Then, there exist the minimal pullback Dy -
attractor

‘ADQ/’H = {‘AD?fH (t): t e R}
and the minimal pullback DM -attractor
‘AD(J,WH = {A,D(I:IH (t) : t € R},

for the process defined in Proposition 1. The family A my € DMu qnd the following
relation holds:

AD?H (t) C AD},”H (t) € Do(t), VteR. (46)
Moreover, the pullback attractor .ADMH is unique (in the sense of Remark 1).

Proof. From Proposition 1, we observe that the process U is continuous in Mp.
Furthermore, we can also obtain that there exists a pullback absorbing family
lA)o € DMu from Proposition 2 and the process U is pullback DM#-asymptotically
compact from Theorem 4.7. Consequently, by using Theorem 4.3 and Lemma 4.4,
we derive that the pullback attractors A,DtlvaH and ADfH exist and

‘ADfH (t) C ‘ADQ{H (t), Vvt € R. (47)

Since Dy € DM Dy (t) is closed for any t € R and DXM# is inclusion-closed,
we conclude from Remark 1 that Ay belongs to DM and Apumy is unique.

Moreover, in view of the property (d) in Theorem 4.3 , we can get
A,DMH (t) C D()(t), vVt € R,

which, along with (47), gives (46). The proof is complete. O

Appendix: Background of the modified fluid flow models. In the Appen-
dix of Ladyzhenskaya [23], the classical incompressible Navier-Srokes equations is
approximated by using a class of regular Navier-Stokes systems which are described
as

uy — vodiv [(1 + EQQ)Du} + (u-Vu+ Vp = f(t,x),
V-ou=0, (48)
Du = Vu+ Vul', 4% = ||Du|j2.,
and its special case (2), which reflects the physical phenomena that || Vu(z,t)||z2(q)
should not be too large or infinite. In this line of work, Smagorinsky in 1960s

proposed a similar approximating equation, known as Ladyzhenskaya-Smagorinsky
model

{ut —div [(VO + V1||Du||1;(2m)Du + (u-Vu+ Vp = f(t,x), (49)

V-u=0, Du=Vu+ Vu'.
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However, even for these systems, the uniqueness and stability are still open questions
when Reynold number is large. To overcome this difficulty and simplify Ladyzhen-
skaya models, Lions [27] replaced Du by Vu, and thus deduced another two systems
as

"9 ou
—wlAu -y 2 =(Vuf ' o=) + (u- V)u+ Vp = f(t,2),
uy — voAu Vlizlc?‘:vi(l ul 8:52-) (u-V)u+Vp=f(tz) (50)
V-u=0
and
Up — U En —a (\Vu\pfl—au)qt (u-V)u+ Vp= f(t,x)
izlaxi 8.731' ’ ’ (51)
V-u=0.

Lions [27] proved the existence of weak solutions to systems (50) and (51) for p >
1+ 2n/(n + 2) and the uniqueness of solutions to system (50) for p > (n + 2)/2.
However, the uniqueness of the system (51) is still an open problem.
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