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ABSTRACT. In this paper, we employ the techniques developed for second order
operators to obtain the new estimates of Virtual Element Method for fourth
order operators. The analysis bases on elements with proper shape regular-
ity. Estimates for projection and interpolation operators are derived. Also,
the biharmonic problem is solved by Virtual Element Method, optimal error
estimates were obtained. Our choice of the discrete form for the right hand
side function relaxes the regularity requirement in previous work and the er-
ror estimates between exact solutions and the computable numerical solutions
were proved.

1. Introduction. Virtual Element methods are designed on polygonal/polyhedral
meshes, see [2]-[5]. It gives us the flexibility to use a wide range of meshes which is a
great advantage especially in computational mechanics. And the computation cost
is less than weak Galerkin finite element method, which can also employ general
shape elements, see [17]-[14]. Virtual Element Methods for second order problems
are well studied in [2]-[5], also the stability and error analysis for these methods
are obtained. New techniques based on the shape regularity and discrete norm for
virtual element functions are developed in [7]. Virtual Element Methods for fourth
order problems are analyzed in [10, 11], however, the stability and error analysis
are not completed.

The motivations for this paper are: firstly, apply the techniques in [7] to higher
order problems, getting the basic estimates; secondly, to improve the error analysis
for biharmonic equation. If we modify the virtual element method slightly then the
regularity requirement for right hand side function f can be relaxed; thirdly, since
the numerical solutions uj, of virtual element methods can’t be computed directly,
to overcome this drawback, we present two ways to get the approximations of uy
preserving the same convergence rate, and the computation of the approximations
is much more efficient.

The paper is organized as follows: In Section 2, 2.1-2.3, the definition of two
dimensional virtual element with the shape regularity is given. The projection in
2.2 is the same as in [11]. Compared with the definition of local virtual element space
in [10, 11], our method has the right hand side polynomial g,(= A%v) € Py (D) not
Py_4(D) or Py_o(D). This new definition provides more degrees of freedom which
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is necessary to denote the L? projection from virtual element function space to
Pr(D). In Section 2.4, a semi-norm ||| - |||x,p similar as in [7] is presented. The
local estimates for the projections H,ﬁD and H%D are obtained. In Section 2.5-2.6,
a piecewise C'! polynomial w depending only on the values on 9D is constructed
and the local interpolation error is proved. In section 3, we get the error estimates
between uy, its approximations and the exact solution for biharmonic equation. In
Section 4, we draw the conclusions.

2. Local virtual element spaces in two dimensions. Let D be a polygon in

R? with diameter hp. For a nonnegative integer k, P, is the space of polynomials

of degree < k and P_;, = {0}, k > 1. The space Py (D) is the restriction of Py, to D.
The index (r, s) related to the degree of k > 2 is defined by

r>max{3,k}, s=k—1, m=k—4.

A natural choice is r = max{3, k}, however, r can be greater. The set of edges of
D is denoted by Ep and Pg(e) is the restriction of Py to e € Ep. Then we define
P, s(0D) as

P,.(0D) = {v|eePr<e>, o

3 € Py(e),Ve € Ep, and v, Vv € C(9D),
n

€

values of v,Vv at each vertex of D are given degrees of freedom}.

2.1. Shape regularity. Here the shape regularity assumptions are the same as in
[7]. Let D be the polygon with diameter hp. Assume that

le] > php for any edge e of D, p € (0,1), (1)

and
D is star shaped with respect to a disc B with radius = php. (2)

The center of B is the star center of D.

FIGURE 1. A subdomain

The polygon in Figure 1 is an example of D, we denote by Tp the corresponding
triangulation of D. We will use the notation A < B to represent the inequality
A < (constant) B, where the positive constant depends only on k and the parameter
p, and it increases with k and 1/p. The notation A &~ B is equivalent to A < B and
A > B.
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Lemma 2.1. [6] Bramble-Hilbert Estimates. Conditions (1)-(2) imply that we have
the following estimates:

;gwfl 1€ = qlampy < hlf{l_m|§|Hl+l(D)a (3)
for any ¢ € HHY(D), 1 =0,--- ,k, and 0 <m < L.
Details can be found in [8], Lemma 4.3.8.
Lemma 2.2. [1] Sobolev Imbedding Theorem 4.12. From (1)-(2), we have:

245

I€llcipy < Zhlﬂl\ﬂmwy V¢ € H*H(D), j=1,2. (4)
1=0

Lemma 2.3. [16] The Generalized Poincaré Inequality. From (1)-(2), suppose
hp =1, we have:

aé. 2 2
||5||H2<D)<|5|H2<D>+Z( dx) +< | ¢ dx) . vee BYD). (5)

oD 8331

Proof. The proof is similar as the one in [16], Section 1.1.6. O

2.2. The projection H,ﬁ p- By the generalized poincaré inequality from Lemma

2.3, the Sobolev space H?(D) is a Hilbert space with the inner product (((-)))
denoted as:

((&v) = o +Z( [ % ) ( [ = dx)

()

0% 0% ) )
(&= | S G ey b 1= LE =L

where

for any &,v € H(D).
The discrete operator H,ﬁD : H%(D) — Py(D) is denoted with respect to (((+)))
as:

(Mg p& a))p = (((€.0)))p, ¥a € P(D), (7)
in (7), let ¢ = 1, we have (8), let ¢ = x then ¢ = y, we have (9), with the help of
(8) and (9), the definition of HﬁD in (7) can be simplified as (10),

/ g péds = £ ds. (8)
oD oD
/ Vg péde = Ve ds, (9)
oD oD
(M2péa)p = (( &9)p, V& € HX(D), Vg € Px(D), (10)

from now on we will use (8)-(10) instead of (7).

On the domain D, with boundary 0D, we denote by n = (n1,ns) the outward
unit normal vector to D, and by t = (¢1,%2) the unit tangent vector in the coun-
terclockwise ordering of the boundary. For u € H?(D), we define

0%u 0%u  O%u 0%u )

DQU: U1, U22,U12,U21) = | == 7 5y = v =  ~
( ’ ’ ’ ) 3x%’ 89337 6561(91‘2’ (91’281‘1
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We then denote by Up,,(D?u) := > wu;;nin; the normal bending moment, by
4,
Unt(D?u) := > wuijn,t; the twisting moment, and by Q,(D?u) = > %1;7' n; the
irj g
normal shear force, and Ua (D?u) = AZu.
After applying integration by parts twice, we have

(w,0)p = /DUA(DQu)U da;+/aD U,m(DQu)g—Z ds

— /w (Qn(DQu) + W”i,giy”)) v ds. (11)

2.3. Local VEM space Qj(D). Then, for k > 2, the local VEM space QF(D) €
H?(D) is defined as: v € H?(D) belongs to Q(D) if and only if (i) v|sp and trace
of % on 9D belongs to P, ;(0D), then (ii) there exists a polynomial g,(= A%v) €
Py (D) such that

((’U,UJ))D = ((vaw)a Vw € Hg(D)v (12)
and (iii)

I po — g pv € Pe_y(D), (13)

where II}) 1, is the projection from L?(D) onto Py (D).

Remark 1. It’s obvious that Py (D) is a subspace of Q¥(D). From (13), we have
Hg)Dv = HkA,Dv, k=2,3.

The choice (ii) can be replaced by g,(= A?v) € Pr_5(D) in [11], also Lemma 2.9-
Lemma 2.15, and Corollary 1-Corollary 2 are valid. The reason we chose ¢, € Py(D)
is that it helps to get the same error estimate with less smooth right hand side f.
For k = 2,3, we only require f € L?*(Q), while in [11], f € H*(Q) for k = 2, and
f e H?(Q) for k= 3.

For completeness, we recall the definition for degrees of freedom in [10], employ
the following notation: for 7 a nonnegative integer, e an edge with midpoint x.,
length h., the set of i + 1 normalized monomials is denoted by M

2 %
e . T — Te T — Te T — Te
Mi T {17 he a( he ) ) 7( he ) }

And for domain D with diameter hp and barycenter xp, the set of (i 4+ 1)(i +2)/2
normalized monomials is defined by MP

MP = {(””;;D) o <¢},

where « is a nonnegative multiindex o = (a1, a2), |a| = a1 + a2 and x* = 27232,
In D the degrees of freedom are denoted as:

e The values v at each vertex of D. (
e The values Vv at each vertex of D. (
e For r > 3, the moments h% [.a(s)v ds, Vg € MS_,, Ye € dD. (
e For s > 1, the moments hi /. q(s)g—z ds, Vg € M$_,, Ve € OD. (
e For m > 0, the moments ﬁ [p a(x)v(z) dz, Vg € ME. (

N — Y —
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Lemma 2.4. Given any g € P, ,(0OD) and f € Pr(D), there exists a unique function
v € H?(D) such that (i) v =g, % = ngL on 0D and (ii)
/ D?v-D%*w dz = / fw dz, Yw € Hi(D).
D D

Proof. Similar as in [7], let § € H?(D) be a C!, Py piece-wise polynomial con-
structed in Section 2.6.1, such that v = g, % = ngL on 0D. Then the unique

v € H?(D) is given by ¢ + g, where ¢ € HZ(D) is defined by

/ D2¢-D?*w dz = / fw dz — / D?G-D*w dz, VYw € HZ(D).
D D D
The proof is completed. O

Lemma 2.5. We have (i) dim QF(D) = dim P, (0D) + dim P, (D), and (ii)

v € QF(D) is uniquely determined by v|ap, g%”aD and TI)_, pv.

Proof. Following [7] and [10], let

ok = {v € H*(D),v|op, 9| ¢ P, .(0D) and A%v € IP’k(D)}
on|yp

The linear map v — (v|sp, %|8D , A%v) from Q% to P, (0D) x Py(D) is an iso-
morphism by Lemma 2.4.

The linear map v — (v|sp, %L?D ,H274,Dv+ (Hg)D 71_[274’[))(0 fHkA,Dv)) from
Q%(D) to P, 4(0D) x Px(D) is also an isomorphism. Suppose v € null space, then
9 _, pv=0,

ov

=0.

v|op an anl,,

With (10)-(8) and (11), we have HﬁDv =0, so that by (13),
0=1I3_4 pv =1 pv € Pe_yg(D).
In (12), let w = v € Q¥(D), then we have
\U\%Q(D) =0=v=0.
This completes the proof. O

Lemma 2.6. Discrete Estimates. From Conditions (1)-(2), and the equivalence of
norms on finite dimensional vector spaces, for any u € Py, we have the following
estimates:

ou
ID%ull 2y < ullzopy  and H

< ho1/2 2
ot ~ e ||uHL (e)s

L2(e)

MHlUAD* W)l 2py +  [1Unn(D?u)| 22Dy

0, (D%u) + OUni (D)

3/2
+ hy 2

S ||D2UHL2(D)-
L2(0D)
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2.4. Estimates of ||| |||x,p. The semi-norm ||| -|||x,p for £ € H*(D) is defined by

= IR pélltep) +ho D I &1 7a )

ecép
+hh Y

HO 6£
ecfp,i=1,2

r— leaxZ L2().

There is an obvious stability estimate from (10)

2 pélm2(p) < |Ela2py, V& € HA(D).
We define the kernel of operator H,ﬁ p as:

KerIl j, := {v € Q"(D) : TIg pv = 0}.
And for any v € Q¥(D), we have

S olieey = Ioliom)
ecép
2
m 61) B ov
O L N L .
e€Ep illL2(e) ¢11L2(8D)

Lemma 2.7. For any v € QF(D), we have the equivalence of norms:

ov
[olllk,p = ||H2—4,D§H%2(D)+hD||UH%2(6D)+h3DZ £
i=1,2 tiL2(oD)
v
~ My péll72(p) + hollvlizom) + b n
L2(6D)

Proof. Suppose hp = 1, by the discrete estimates from Lemma 2.6, we have

< vllz2opys

L2(8D)
and
2
H ‘ Ov Ov
~ )
L2(0D) on L2(0D)  —1.0 O L2(dD)

so that the equivalence is obtained.

O

Lemma 2.8. For any p € Py_4, k > 2, there exists q € Py, such that A%q = p and

lgllz2oy < lIPlle2o

Proof. From [7], we know that A maps Py to IF’k 2, so that A? = AA maps P, to
Pj,_4. Then there exists an operator (A%)" : P, _, — Py such that A2(A2)T is the

identity operator on Py_,. We define the norm of p as

Il = nf A 1l L2(py.-
Since we have .
q= Z ciyriry and A%q=p,
i,j=0;i+j<k

the minimization problem

Ipllazyr = inf [lg]l 2(p),
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is solvable. So, there exists ¢ = (A?)"p such that

lallz2py = lIpll a2yt

By the equivalence of norms on finite dimensional vector space, we have

Ipll a2yt < lIpllz2(Dys
then the result is obtained. O

Lemma 2.9. For any v € KerHﬁD, we have

2

@
on

2
|HU|||£,D %h’D ||UHL2(6D)+h3D .
L2(oD)

Proof. Suppose hp = 1. For k < 4, H2_47Dv = 0, the equivalence is trivial. For

k>4, letve KeerA’D, by (10), (11), and using the same p, ¢ in Lemma 2.8, we
have

/Dv(Azq) dz = /aD <Qn(D2q) + W) v ds— /é)D Unn(qu)g—Z ds. (21)

By lemma 2.6, we have

OU,+(D?%q
Q2+ 22 D, <l
L2(8D)
and HU””(DQq)HL2(8D) < llgllz2(py. Then, by Lemma 2.8,
ov
o da| < (1ol + | lall 2oy,
‘/D < L2(8D) on L2(o0) (D)
so that
M spollioey = max | [ (1000 @/plia0) da

ov

< Mwllpzop) + H ;
(D) on L2(0D)
which means
ol
0 2 2
Iy, pvl122(p) < IVll7200p) + n o)
with Lemma 2.7, we get the result. O

Remark 2. Same as in [7], we have

2 2

v
ot

ov

h3
+D3n

L2(dD)

, Yve KeerA’D,
L2(dD)

I1o[1[%,p = kD

where /0t denotes a tangential derivative along 9D.

There is also a stability estimate for HkA, pé in HY(D) norm in terms of the semi-
norm |[[[ - [[[x,p-
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2.5. Estimates of I, and II}, ;.
Lemma 2.10. We have
||HkA,D§||L2(D) +hD|HkA,D§|H1(D) + h2D|HkA,Df\H2(D) < €Mk, p, V€ € H*(D). (22)
Proof. Suppose u = HﬁDf and hp = 1, by (10), (11), we have
‘HkA,Df‘%{Z(D) = ((HkA,vaf))D
3

2114 2/17A
[ UaDAipe)E dot [ U, DA0R06) 5 s

6 i 2 A
- /w (QH(DQU(HﬁDg)H Uy (D <Hk,D£>>> -

ot

then, by Cauchy-Schwarz inequality, Lemma 2.6 and (19), we have
0 p€l3r2 () < MR pél a2y lllélllko < NIENE, b- (24)
By (8)-(9), and Lemma 2.3, we have

2 A 2 2
2 ¢||2 < T2 ¢ )2 > aHk’ng 2 ¢ d 25
I, p€ll 720y S My, p€lr2(py + p, )T b mpé ds ) (25)
i=1 ¢

oD

also we have

oA
/ k’DE ds = ¢ ds
oD 8951 oD (3':111
o¢ o¢ oc P\
ds| < / g, —— ds| < m_, . ) (26)
oD 6l‘i EEZSD e 8%‘1 EEZSD 81‘, Lz(e)

Similarly,

2
( /a MRyt ds> < 3 Mg 30, (27)

ee€p

From (23)-(27), the following inequality is valid

I péll 2oy < IEIN- (28)

The proof is completed. O

Lemma 2.11. For any £ € H*(D), we have

11lllk.0 < €llL2 (o) + hplélai (o) + hBIE 2 (D) (29)
and there exists € € Py, such that
1€ = Ellle,0 S PDIEl (D) (30)
where
Vé dz = V¢ dz,
aD aD
€dr = & dx.

oD oD
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Proof. Assume hp = 1, then by trace theorem

23
8$i

< W€llz2 oy €l 0y +El 2 (D) -

€M1k, < 1€ll2o)+HIE N L2opy+ D
L2(8D)

i=1,2

So that we have (29), and by Lemma 2.3

: aE-8)  \ ’
=l < le=El < B+ (] an) +( [ ¢-€ar)
E=¢lllk.p < 1€=EllE2 () < I€lE2(0) ; o O -
with the definition of &, we arrived at

1€ = Elllk.p < 1€l a2y

The proof is completed. O

Corollary 1. We have

1€ =T péll2py S BE'Elmrpy, VE€ HTN(D), 1<1<k, (31)
€ =12 pélmpy < hplégip), YEeHTY(D), 1<I1<k,  (32)
€ =T pélmepy < WM Elmpy, VE€ HPY(D), 1<1<k  (33)

Proof. From Lemma 2.1, Lemma 2.10, and Lemma 2.11, for any ¢ € P;, £ €
H™1(D) we have

1€ = T2 péllr2(py S 1€ = allz2py + TR o (@ — Ollzzpy S B3 €l oy,

so as the H' and H? error estimates. O

For the L? operator H%D, from [7], we have

15 péllzeoy < I€llezpy, MR pélarpy S €lmrpy,  VE € HY(D), (34)
and

€ =110 b€l (py S By |Elmisapy, V€€ HTY(D), 1<1<k. (35)

Lemma 2.12. The estimates of H%D satisfy

€l 2 (py, V€ € H*(D), (36)
Wl genpy, V€€ HTY(D), 1<1<k. (37

10D pél2(p)
€ — 0}, pél (D)

Proof. Here, suppose ¢ € H?(D), then by (20), (32), (35) and the inverse inequality,
we have

<
<

< ) pE - 102 €l 2 (py + g €l ()
S h51|H2,D§ —§+&— HkA,DﬂHl(D) + 1€l 52 ()
IIPE19)

109, pél ()

which completes the proof. O
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2.6. An inverse inequality.

Lemma 2.13. The following inequality is valid
vl m2(py < €l m2(D)s (38)

for any v € QF(D) and & € H*(D) such that £ = v on 0D, 9 — 90 on HD, and
on on
I p(§ —v) = 0.

Proof. In (11), let u be v, v be £ — v, the second and third terms at right hand side
can be eliminated. Also § satisfies IT), (& —v) = 0, and Ua(D?v) € Px(D) so that
((v,€ —v))p =0. Then by (10) and (11), we have

((v,€ =)D = ((v,€))D — |vlFr2(p) = 0
And hence,
€132 (py = 1€ = vl () + [v[F2 Dy
which means
[v| 2Dy < 1€l E2(D)-

So the proof is completed. O

Next, we will consider the relation between |v]g2(py and |[|v]||x,p, Yo € QF(D).

2.6.1. Construction of w. The degree of freedom of v € QF(D) is defined in [10],
from (4.7)-(4.11). For k > 2, we will employ the triangulation 7p to define a
piecewise polynomial w which has the same boundary conditions as v. On each
internal triangle, we employ a P, macroelement, which is defined in [12], Section 1.
Suppose k = 2,3, in Figure 2, on each internal triangle, the function is defined by
P3 macroelement as in Figure 3. All degrees of freedom within D are 0.

FIGURE 2. Local d.o.f. for the lowest-order element: k =

2, (r,s,m) = (3,1,—2) (left), and next to the lowest element:
k=3, (r,s,m)=(3,2,-1) (right).
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FIGURE 3. P3 macroelement

From the definition of w, we have
2

ow
HU’H%?(D) ~ h%|w|12q2(p) ~ hDHw”%?(BD) +hd an
L2(8D)
ovl|?
= hD”’UH%Q(SD) +h an (39)
|l L2(aD)

Lemma 2.14.
|20y < B2 0ll|k.p, Yo € Q¥(D).

Proof. Following [7], it suffices to prove when hp = 1. Let ¢ be a smooth function
supported on the disc B with radius p, such that

/ngdx:l.

By the equivalence of norms on finite dimensional spaces, we have
Iplle) < [ o9 do, vp e B
D

Let w € H?(D) be the piecewise polynomial constructed in Section 2.6.1, and let
& = w+ po for p € Py, such that

/(§—v>qu=o7 Vg e Py,
D

or equivalently

/ pqo dr = / (v—w)qgdr = / (1Y pv — w)q dz, Yq € Py. (40)
D D D
Let ¢ = p in (40), then
[Pl 22(py S IR pv — wll2(py S TR pollr2cpy + llwllL2(p),
and by Lemma 2.10,
||H27DU||%2(D) = ||H2—4,DU||2L2(D) + (I p — H2—4,D)UH%2(D)

||H274,DUH%2(D) + ||HkA,DUH2L2(D)

N

2

N

L2(dD)

ov
I 0l + oo +
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From (39), we have

2

v
40y < Il + Il + | o (1)
L2(8D)
Also, by Lemma 2.13,
vlr2(p) < I€lm2(D)-
By (39) and (41),
ov |2
€1 2(py < [wlirzpy + POl H2(py < TR _a pollZ2(py + 0] 720y + ‘ I :
L2(9D)
Then, Yv € QF(D), we have
ov?
[0l3r2py S TR _s pll72(py + 0172000y + Han .
L2(8D)
By Lemma 2.7, we arrived at the estimate. O

Corollary 2. For any v € Q%(D),
[0l z2(py + hp vl (o) + Bblola2(D) < |l[v]llk,p-

Proof. From Lemma 2.10, Corollary 1 and Lemma 2.14, we have

[y < llv =T pvlr2m) + MR pollz2p) S W lolazp) + [lolllk,D,
hD|U|H1(D) < hD‘U - HﬁDU‘Hl(D) + hD‘HkA’D’U|H1(D) < h2D|U|H2(D) + |||U|Hk,D-
The proof is completed. O
2.7. Estimate of interpolation operator. The interpolation operator I p :
H3(D) — QF(D) is defined by the conditions that ¢ and Iy p¢ have the same
value for each degree of freedom of I, p&. It is clear that

I =¢, V¢ e Q¥(D) or V€ € P(D).

Lemma 2.15. The interpolation errors are listed below, V¢ € HH‘l(D)7 1 <1<k,
we have

1€ = Te.p€ll 2oy + 1€ = TR pIe.p€llz2py S W E (), (42)
€ — In,p&l oy + € =R plepélimpy S holélm+i(py, (43)
€ — In,p&lm2(py + € — g ple.pélizpy S W5 €l (- (44)

Proof. Suppose hp = 1, by Trace theorem, Lemma 2.2, Lemma 2.10 and Corollary
2, we have

11k, 0|l 2Dy + 1T p Ik, D€l 20y < Ik, Dél|
Lo, p€l i oy + Mg p Lol oy S |1k, p€ll
[, €l 20y + Mg pLepéla2 oy < |1k, DE]|

k0 S €l 1Dy

k.0 < €l a1 Dy,

k0 S €l e (D)

The results follow from Lemma 2.1, and I pg = ¢q,Vq € P;. O
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3. The biharmonic problem in two dimensions. Let {2 be a bounded polyg-
onal domain in R?, f € L?(f2), the biharmonic equation is

A2y =f,

ulan =0, (45)
ou

%|5)Q =0.

The variational formulation of (45) is finding u € HZ(£2), such that
a(u,v) = (f,v), Yv € H§(Q),

where
a(u,v) = (u,v))q = [ D?*u-D?v du.
Q
Remark 3. For u,v € H3(), we also have a(u,v) = [, AuAv dz. However,
((u,v))p, where D is a sub-domain of Q and [, AuAv dz are not equivalent.

In following sections, we will use virtual element method to solve (45).

3.1. Virtual element spaces. Let 7} be a conforming partition of by polyg-
onal subdomains, i.e., the intersection of two distinct subdomains is either empty,
common vertices or common edges. We assume that all the polygons D € T}, satisfy
the shape regularity assumptions in Section 2.1.

We take the virtual element space QF to be {v € HZ(Q) : v|p € Q¥(D), VD €
Tr} and denote by P}’f the space of (discontinuous) piecewise polynomials of degree <
k with respect to T;,. The operators are defined in terms of their local counterparts:

gp)lp = TRp(lp), Vv e HA(Q), (46)
M,0)lp = T9 p(ulp), Vo e L), (47)
(Iywv)lp = Ixp(vlp), Yve H*(Q). (48)
Also, the semi-norm on H?(2) is defined as
|’U|ih = Z |U|12ql(D)v |’U\§,h = Z |U|%[2(D)v (49)
DeT DeT

so that [v]gp = [v]g2(py for v € H*(D), and

lv =Y polan = inf v —w|gep), Yo € H*(Q) + Pf.
’ wePF

The local estimates: Corollary 1, (34)-(35), Lemma 2.12 and Lemma 2.15 immedi-

ately imply the following global results, where h = Irjna7>_< hp.
€Th

Corollary 3. The global error estimates are listed below, V¢ € H*(D), 1 <1 <k,
we have

1€ = Ten€ll + 16— T, e néll
+ 1€ =R AN+ 1€ = TEREll < A HE o), (50)
1€ = Tenéllin + 1€ =T8Tk néll1n
+ §- Hg,hfll,h +1€ - HkA,hfh,h S hl\5|Hl+1(Q)a (51)
1€ = Tenéllzn + 116 = TR, Ik nEll2,n
+ =T p€lzn + 1€ = TEAEl2n S BT HE ), (52)

where the norm || - || == || - | L2(q)-
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3.2. The discrete problem. Our goal is to find uy € Qﬁ, which satisfies

an(un,vn) = (f,Znon), Vo, € QF, (53)
where =), is an operator from QF to PF, and
ap(w,v) = Z (aD(HﬁDw,HkA)Dv) + SD(w — HﬁDw,v - HﬁDv)) , (54)
DeTh
aP(w,v) = / D?w - D*v dz, (55)
D
SD(w’ U) = h54(H(13—4,Dw7 H2—47D’U)D + h53 Z (Hg,ew7 Hg,ev)e
ecEp
ow v
-1 0 0
+hD Z (Hrl,eaxi’nrl,eaxi> ) (56)
ecfp,i=1,2 €

for w,v € H2(Q). If w,v € Q¥(D), we have
o Ow Ow

—lea =
rhe ox; ox; e

so that S?(w,v) can be computed explicitly with the degrees of freedom of Q¥ (D).

0, _
I, ow = wle,

3

3.2.1. Other choices of SP(-,-). The systems of virtual element method are equiv-
alent if the bilinear form satisfies

SP(v,v) ~ h54|||v\|\i7D, Yo € KeerA,D.

From Lemma 2.9 and Remark 2, we can take

ow Ov
D -3 -1
ST (w,v) = hp’(w,v)ep +hp (EM , 8”)31) , (57)
ow Ov ow Ov
D . | -1
S7(w,v) = hp (8t , 815)3]3 +hy (311 , 8”)31) , (58)

A
for w,v € Kerlli® .

3.3. Well-posedness of the discrete problem. We can show the well-posedness
by the following Lemmas.

Lemma 3.1. For any v € H?(D), we have
SD(’U — HﬁDv,v — 1’[,?7[)"11)1/2 < |v— HﬁDv|H2(D).
Proof. By (10)-(8) and Lemma 2.11, let w = v — HkA’Dv, we have w = 0, and

SP (w,w)"? = hp*[[lw — |||k.p < [w|g2(D).

O
Lemma 3.2. For any v € KerHﬁD, we have SP (v,v) ~ ‘Ul%Z(D).
Proof. For any v € KerHﬁD, we have v € H?(D) and
V=0 — HﬁDv,
with Lemma 2.14 and Lemma 3.1, we have the equivalence. O

Remark 4. By Lemma 3.1, for any v, w € Q’ft, we have

SD(U - H,ﬁDv,w - HﬁDw) S |’U - HkA’D’U|H2(D)|’LU - HﬁleHZ(D).



SOME ESTIMATES OF VIRTUAL ELEMENT METHODS 4113

Then by Lemma 3.2, as in [7], we have
ap(v,v) = a(v,v), Yve QF, (59)

which means problem (53) is uniquely solvable.

3.4. Choice of =Z;. Here, we chose =} as

(1]

119 if2<k<3
h_{kﬁ o= (60)

m_,, ifk>4
The following result can be used for error analysis in H2(£2) norm. Define H°()) :=

L?(2), and the indices (k,1,m) as

for2<k<3,1=0 =2
(kjl,m) :_{Or >~ = Jy , m ) (61)

ford<k,l=k—-3 m=2+1.
Lemma 3.3. With (61), we have
(fy,w—Epw) < h2+l|f|Hl(Q)|w|H2(Q)7 Vf e Hl(Q), w e Qi (62)

Proof. For k < 3, f € L*(Q), we define II2_, f = 0, so that with Corollary 3, we
have

(f,w —Zpw) (f =100_4 0 f w—Epw)
(f> w — Hg,hw)

£l 2eoyllw — TI9 wll L2 (o)

IZANVAN

P2 fll L2 (o) [w] 20y

For k >4, f € HY(Q),l = k — 3, with Lemma 2.1 and Corollary 3, we have
(fow—=Zpw) = (f—I_yufw—Zpw)

< f =Ty fll2llw — 9 ywll 2 o)

P2 Fli oy |wl iz o)

JZANRVAN

Lemma 3.4. With (61), we have
(f: Tepw — Endenw) < B3 fl oy lwl s @), (63)

for any f € H(Q), we H3(Q), k> 2. And

(f Tenw — Epdenw) < PP fl o 1wl aee ), (64)

for any f € HY(Q), we H***(Q), k>3, 0<s<1.

Proof. Follow the proof in Lemma 3.3 with Lemma 2.12 and Lemma 2.15. For
k>2 we H3Q), we have

(filenw —Epdppw) = (f =T _y 4 fs Tepw — Enly pw)
= (f — H2747hf, Ik,hw —w+w— Zpw + Eh(w - Ik,hw)),

then with Corollary 3, we can get (63), so as k > 3 and w € H35(Q). O
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3.5. Error estimate in |- |g2(q) norm. Firstly, the error estimate in | - |g2(q)
norm for v — wuy, is given in Theorem 3.5.

Theorem 3.5. With (61), we have

lu —uplgz) S Inf |u—vnlg2) + inf |Ju—plon+ 2" f|g o)
UhGQﬁ pG'P;f

Suppose u € H*1(Q) then

lu—un|m2i0) S K (ulgre ) + | Flaa)-
Proof. Similar as in [7], for any given v;, € QF, from (59), we have

ftp — vl oy < max LR U W)
w,eQt  |Walm2(0)

and by (53),

an(vp — un, wp) = ap(vn, wp) — (f, Epwn).
Then from (54) to (56), by (33), (44), we have

ap(vp — up,wp) = Z aD(HﬁD(Uh —u) + (HﬁDu —u),wp) + (f, wp — Epwy)
D€7-h
+ Z SP((I - HkA,D)(vh - HkA,DU)> (I - HkA,D)wh)a
DeTy

with Lemma 3.3, Remark 4 or Lemma 3.1 and Corollary 3, the estimate is obtained.
O

3.6. Error estimate in |-|g1(q) and |[|-||z2(o) norm. We suppose (2 is also convex
and start with a consistency result.

Lemma 3.6. Suppose u € H**1(Q) and | is defined in (61), then

a(u = up, Te.n€) < B (Jul sy + | F L) 1€l ra ), (65)
for any € € H3(Q) N HZ(Q), k> 2. And
a(u = up, I, n€) S P (Jul i o) + ) €] s e, (66)

for any &€ € H3T5(Q) N HZ(Q), k> 3.

Proof. Similar as in [7], we have

a(u —up, Iy pné) = Z aP (u — up, I, p& — HkA:DIk,Df)
DeTy
+ Z aD(HkA,Du —u, I, p§ — HkA,DIk,Df)
DeT;,
+ > SP(I =1 p)un, (I =T p) I, p€)
DeThn

+(f, I n€ — i 1 §)
(lu — unl g0y + [w — TR yulen) Tené — TRy Innél2n
+(f, I n€ — i n§).

Then by Lemma 3.4, Corollary 3, and Theorem 3.5, we get the estimate. O

N
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From the regularity results of (45), see [13], we have
lullzrs) < | fllz-1), Vf € HY(Q). (67)
ull ga+e ) S Ifllz2@), Vf€L*(Q), 0<s< 1. (68)
Theorem 3.7. Suppose u € H*1(Q) then
| — w1y S P ([ulgess @) + | flane): (69)
where [ is defined in (61).

Proof. Using the duality arguments and (65), let f = —A(u — uyp,), and ¢ € HZ(£2)
be the solution of (45), then we get

lu — Uh|:;11(sz) = (A2¢7 u—up)
= a(u—un, ¢ — Itnd) + alu — up, Iy,ng)
< R (lulgesa ) + )10l ms @),
by (67), we have |¢|gs o) < |u — un|g1 (o), then the result is obtained. O
Theorem 3.8. Suppose u € H*1(Q) then
[ = unll2) < B (Julus @) + |flz@), k=2, (70)
lu = unllz2 () < BFF5([ulgrsr @) + | flai)s k>3, 0<s <1, (71)
where 1 is defined in (61).

Proof. For k = 2, by Theorem 3.7 and Poincaré inequality, (70) is obtained. For
k > 3, using the duality arguments and (66), let f = u —uy, and ¢ € HZ(Q) be the
solution of (45), then we get
lu—unlF2) = (A%, u—up)
= a(u—un, ¢ — Igpd) + alu — up, Iy n9)
W (ful s o) + |l @) 10l asve @)

N

by (68), we have [|¢|| gs+s ) < |lu — unl|L2(q), then the result is obtained. O

3.7. Error estimates for H,ﬁhuh. We also have an error estimate for the com-
putable TI2, up.

Corollary 4. Suppose u € H*1(Q) then
lu — Hﬁhuhb,h < hk71(|u|H’c+1(Q) + 1 f o))
Proof. By (20), Theorem 3.5, Corollary 3, and

|lu — HkA’hu|2,h < inf |u—plopn, Yu € H2(Q),
pEPF

the estimate is obtained. O

Corollary 5. Suppose u € H*T1(Q) then

lu =TI unlin < hF(ul e ) + 1),

where 1 is defined in (61).
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Proof. By Corollary 1, Corollary 3, Theorem 3.7, Lemma 2.10 and

= TR unfip < Ju = T pulp + TR u = T2 w1 h:

Suppose £ = u—uy,, and € is defined as in Lemma 2.11, the second term is estimated
as

holg pélm (py = hp| TR 5 (& = Ol (py S |I1€ = &lllk,p S hDlélr2(p),
so that
T2 p (w = wn) 71 py < Bblu — unlz(p)

sum them up then the estimate is obtained. O
Corollary 6. Suppose u € H*T1(Q) then

llu — HkA,huhHL?(Q) < P (Julas) + 1fllz2@), k=2, (72)

lu = T2 punll L2 @) < BFF5([ul g @) + 1 flaie), k>3, 0<s <1, (73)

where [ is defined in (61).
Proof. By Corollary 1, Corollary 3, Theorem 3.7, Theorem 3.8, Lemma 2.10 and
llu = T2 unll L2 @) < llw — T ull L2i) + TR u — T yunl L2 0)-
From Lemma 2.11, the second term is estimated as
[T p (u — un)lli2(py < llu—unlltz(py + hblu — unlip py + hplu — unlh ),
sum them up then, the estimate is obtained. O

3.8. Error estimates for Hg LUK Since Hg LU can be computed explicitly, we
can also get the similar error estimates between u and H% BUR-

Corollary 7. Suppose u € H*1(Q) then
lu— 103 punlan S R (ulgeo o) + 1 f @)
Proof. By Lemma 2.12, Theorem 3.5, and
lu =TI yunlan < |u—TI9 julapn + T, (u — wp)|2n, Yu € H?(),
the estimate is obtained. O

Corollary 8. Suppose u € H*T1(Q) then

lu =119 yunlin < hF(ulgrs ) + 1)
where [ is defined in (61).
Proof. By (34), (35), Theorem 3.7, and

lu =TI yunlin < |u—TIY u

L A T g (w = un) 1,
for the second term, we have
T (w = wn) |31 (py < lu = unlF )
sum them up then the estimate is obtained. O
Corollary 9. Suppose u € H*1(Q) then
lu =103 punllz29) < B2 ([ulgs@) + [ fllz2@)s k=2, (74)

lu =103 punllz2 @) < PFF5([ul g @) + 1 flaie), k>3, 0<s <1, (75)

where [ is defined in (61).
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Proof. By Theorem 3.8, and
lu =103 punll L2 () < llu =TI pul| L2y + 1T 5 (u = un)|| 2 (o),
the second term is estimated as
IR o (u — un)llL2@) < llu—unll2(),

so the results are obtained. O

4. Conclusion. We have extended the works done in [7] to forth order problems
in two dimension. Similar basic estimates for local projections HﬁD, H%D, Ixp
and the improved error analysis of modified virtual element method for biharmonic
equation are obtained. The computable piecewise polynomials Hﬁhuh and Hg’ nUR
are more efficient to use in practice.

We can replace (9) by (76)
/ VI p¢ da :/ Ve dz, (76)
D D
To compute (76), we have
9
— dz = én; ds. 7
/D Ox; oD 0

For k > 4, can replace (8) by (78)

/D I & ds = /D ¢ du. (78)

And the replacements attain same estimates for projections and error analysis.
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