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Abstract. In this paper, we study the initial boundary value problem of the

visco-elastic dynamical system with the nonlinear source term in control sys-
tem. By variational arguments and an improved convexity method, we prove

the global nonexistence of solution, and we also give a sharp condition for

global existence and nonexistence.

1. Introduction. This paper considers the initial-boundary value problem of visco-
elastic dynamical system (viscoelasticity equation) with nonlinear source term

utt −∆ut −
N∑
i=1

∂

∂xi

(
| ∂u
∂xi
|m−1 ∂u

∂xi

)
= |u|p−1u, x ∈ Ω, t > 0, (1)

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (2)

u(x, t) = 0, x ∈ ∂Ω, t ≥ 0, (3)

where Ω ⊂ RN is a bounded domain, m and p satisfy the assumption

(H)

{
(i) 2 ≤ m+ 1 < p+ 1 < N(m+1)

N−m−1 for m+ 1 < N,

(ii) 2 ≤ m+ 1 < p+ 1 <∞ for m+ 1 ≥ N.

The viscoelasticity equation

utt − uxxt = σ(ux)x, (4)

was suggested and studied by Greenberg et al in [13] from viscoelasticity mechan-
ics to describe the visco-elastic dynamical system and control problems. Under
the condition σ′(s) > 0 and higher smooth conditions on σ(s) and initial data
they obtained the global existence of classical solutions for the initial boundary
value problem of Eq. (4). After that many authors in [13], [1], [2], [6] and [3]
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considered the global well-posedness of the IBVP for Eq.(4). And it is worth not-
ing that special mentions, Dafermos [7], Greenberg [12], Davis [9], Andrems [1],
[2] and Engler [10] obtained the global existence, the uniqueness and the stabil-
ity of solution respectively. In [5], [6] and [3] Clements and Ang suggested some
multidimensional viscoelasticity equation and gave the global existence of solution.
In [24] Yang studied the blow up of solution for the initial-boundary value prob-
lem of multidimensional viscoelasticity equation. Then in [20] Yacheng Liu consid-
ered the initial-boundary value problem of multidimensional viscoelasticity equation

utt−∆ut−
∑N
i=1

∂
∂xi

σi(uxi)+f(ut) = g(u). By using the potential well theory they
proved the global existence of weak solution under some conditions on the nonlin-
ear effects σi(s), f(s), g(s) and initial values. And the existence of the non-global
solution is still unsolved. As we know, for the linear dynamical system, if the initial
data are smooth enough, we can always expect the global existence of the solutions.
However, we cannot expect the same for the nonlinear dynamical systems see [23],
[22] and [21] as examples. Hence a lot of interest has been paid to the finite-time
blow-up phenomena [26], [11], [4], not only for the parabolic type model [26], [21],
[22], but also for the hyperbolic type model, and also the Schrödinger model [25].
Furthermore, combing the results from both sides of global existence and finite-time
blow-up, we are also interested in the so-called sharp conditions [21], [23], [22].

The main aim of the present paper is to deal with the global nonexistence of
solution to problem (1)-(3). Due to the presence of the term −∆ut, the classical
convexity method cannot be applied directly, hence some new skills are needed.

In Section 2 we give some definitions and prove some lemmas. In Section 3 we
discuss the invariant sets of solution. In Section 4 we prove the global existence
and nonexistence of solution and obtain a sharp condition for global existence and
nonexistence of solution for problem (1)-(3).

In this paper, we denote ‖·‖Lp(Ω) = ‖·‖p , ‖·‖ = ‖·‖L2(Ω) and (u, v) =
∫

Ω
uvdx.

2. Some notations and lemmas. We shall introduce some necessary notations
and definitions, and prove some preliminary lemmas for our further analysis.

For problem (1)-(3) we define

J(u) =
1

m+ 1
‖∇u‖m+1

m+1 −
1

p+ 1
‖u‖p+1

p+1,

I(u) = ‖∇u‖m+1
m+1 − ‖u‖

p+1
p+1,

d = inf
u∈N

J(u),

where
N = {u ∈W 1,m+1

0 (Ω) | I(u) = 0 u 6= 0},
and

E(t) =
1

2
‖ut‖2 +

1

m+ 1
‖∇u‖m+1

m+1 −
1

p+ 1
‖u‖p+1

p+1 =
1

2
‖ut‖2 + J(u).

Lemma 2.1. Let m and p satisfy (H), u ∈W 1,m+1
0 (Ω), u 6= 0.

(i) In the interval 0 < λ <∞ there exists a unique λ∗ = λ∗(u) such that

d

dλ
J(λu) |λ=λ∗= 0;

(ii) J(λu) is increasing on 0 < λ ≤ λ∗, decreasing on λ∗ ≤ λ < ∞ and takes the
maximum at λ = λ∗;

(iii) I(λu) > 0 for 0 < λ < λ∗, I(λu) < 0 for λ∗ < λ <∞ and I(λ∗u) = 0.
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Proof. (i) From

J(λu) =
λm+1

m+ 1
‖∇u‖m+1

m+1 −
λp+1

p+ 1
‖u‖p+1

p+1,

we get

d

dλ
J(λu) = λm‖∇u‖m+1

m+1 − λp‖u‖
p+1
p+1 = λm

(
‖∇u‖m+1

m+1 − λp−m‖u‖
p+1
p+1

)
. (5)

Hence there exists a unique

λ∗ =

(
‖∇u‖m+1

m+1

‖u‖p+1
p+1

) 1
p−m

such that
d

dλ
J(λu) |λ=λ∗= 0.

(ii) From (5) it follows that
d

dλ
J(λu) > 0

for 0 < λ < λ∗, and
d

dλ
J(λu) < 0

for λ∗ < λ <∞, which gives the conclusion of (ii).
(iii) The conclusion of (iii) follows from

I(λu) = λ
d

dλ
J(λu)

and the proof of part (iii).

Lemma 2.2. Let m and p satisfy (H), u ∈W 1,m+1
0 (Ω), u 6= 0.

(i) When 0 < ‖∇u‖m+1 < r0, one has I(u) > 0;
(ii) When I(u) < 0, one has ‖∇u‖m+1 > r0;

(iii) When I(u) = 0 and u 6= 0, one has ‖∇u‖m+1 ≥ r0, where

r0 = C
− p+1

p−m
∗ , C∗ = sup

u∈W 1,m+1
0 (Ω)/0

‖u‖p+1

‖∇u‖m+1
.

Proof. (i) For the case 0 < ‖∇u‖m+1 < r0, one has

‖u‖p+1
p+1 ≤ Cp+1

∗ ‖∇u‖p+1
m+1 = Cp+1

∗ ‖∇u‖p−mm+1‖∇u‖
m+1
m+1 < ‖∇u‖

m+1
m+1

which says I(u) > 0.
(ii) For the case I(u) < 0 , by

‖∇u‖m+1
m+1 < ‖u‖

p+1
p+1 ≤ Cp+1

∗ ‖∇u‖p−mm+1‖∇u‖
m+1
m+1 < ‖∇u‖

m+1
m+1,

one has ‖∇u‖m+1 > r0.
(iii) For the case I(u) = 0 and u 6= 0, from

‖∇u‖m+1
m+1 < ‖u‖

p+1
p+1 ≤ Cp+1

∗ ‖∇u‖p−mm+1‖∇u‖
m+1
m+1,

one knows ‖∇u‖m+1 ≥ r0.
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Lemma 2.3. Let m and p satisfy (H). Then

d ≥ d0 =
1

α
C−α∗ , (6)

where

α =
(m+ 1)(p+ 1)

p−m
.

Proof. For any u ∈ N , considering Lemma 2.2 we know that ‖∇u‖m+1 ≥ r0, where
r0 is defined in Lemma 2.2. Hence we have

J(u) =
1

m+ 1
‖∇u‖m+1

m+1 +
1

p+ 1
‖u‖p+1

p+1

=

(
1

m+ 1
− 1

p+ 1

)
‖∇u‖m+1

m+1 +
1

p+ 1
I(u)

=
p−m

(m+ 1)(p+ 1)
‖∇u‖m+1

m+1

≥ p−m
(m+ 1)(p+ 1)

rm+1
0

=
p−m

(m+ 1)(p+ 1)

(
C
− p+1

p−m
∗

)m+1

,

which gives (6)

Lemma 2.4. Let m and p satisfy (H). Assume that u ∈W 1,m+1
0 (Ω) and I(u) < 0.

Then there holds
I(u) < (p+ 1)(J(u)− d). (7)

Proof. From I(u) < 0 and Lemma 2.1 it follows that there exists a λ∗ ∈ (0, 1) such
that I(λ∗u) = 0.

Set
g(λ) = (p+ 1)J(λu)− I(λu), λ > 0.

Then from

g(λ) =(p+ 1)

(
λm+1

m+ 1
‖∇u‖m+1

m+1 −
λp+1

p+ 1
‖∇u‖p+1

p+1

)
−
(
λm+1‖∇u‖m+1

m+1 − λp+1‖∇u‖p+1
p+1

)
=
p−m
m+ 1

λm+1‖∇u‖p+1
p+1,

we get
g′(λ) = (p−m)λm‖∇u‖m+1

m+1 > 0, λ > 0.

Hence g(λ) is strictly increasing for λ > 0, which gives that g(1) > g(λ∗), i.e.

(p+ 1)J(u)− I(u) > (p+ 1)J(λ∗u)− I(λ∗u) = (p+ 1)J(λ∗u) ≥ (p+ 1)d,

which gives (7).

Now for problem (1)-(3) we define

W = {u ∈W 1,m+1
0 (Ω) | I(u) > 0, J(u) < d} ∪ {0},

V = {u ∈W 1,m+1
0 (Ω) | I(u) < 0, J(u) < d},

W ′ = {u ∈W 1,m+1
0 (Ω) | I(u) > 0, } ∪ {0},

V ′ = {u ∈W 1,m+1
0 (Ω) | I(u) < 0}.
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3. Invariant sets of solution. In this section we discuss the invariant sets of the
solution to problem (1)-(3). First we give the definition of the weak solution to the
problem (1)-(3).

Definition 3.1. Function u = u(x, t) is called a weak solution of problem (1)-(3)
on Ω× [0, T ) provided

u ∈ L∞(0, T ;W 1,m+1
0 (Ω))

and
ut ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω))

satisfying

(i)

(ut, v) + (∇u,∇v) +

N∑
i=1

∫ t

0

(
| ∂u
∂xi
|m−1 ∂u

∂xi
,
∂v

∂xi

)
dτ

=

∫ t

0

(
|u|p−1u, v

)
dτ + (u1, v) + (∇u0, v),

(8)

for all v ∈W 1,m+1
0 (Ω), t ∈ [0, T )

(ii)

u(x, 0) = u0(x) in W 1,m+1
0 (Ω), ut(x, 0) = u1(x, 0) = u1(x) in L2(Ω). (9)

(iii)

E(t) +

∫ t

0

‖∇uτ‖2dτ ≤ E(t), 0 ≤ t < T. (10)

Theorem 3.2. Let m and p satisfy (H), u0(x) ∈ W 1,m+1
0 (Ω), u1(x) ∈ L2(Ω).

Assume that E(0) < d. Then both sets W ′ and V ′ are invariant under the flow of
(1)-(3) respectively.

Proof. (i) Let u(x) be any weak solution of problem (1)-(3) with E(0) < d,
u0(x) ∈ W ′, for 0 < t < T . If it is false, then there exists a t0 ∈ (0, T ) such
that u(t0) ∈ ∂W ′, i.e. I((u(t0)) = 0, u(t0) 6= 0, which implies u(t0) ∈ N .
Hence by the definition of d we have J(u(t0)) ≥ d, which contradicts (10), i.e.

1

2
‖ut‖2 + J(u) +

∫ t

2

‖∇uτ‖2dτ ≤ E(0) < d. (11)

(ii) Let u(x) be any weak solution of problem (1)-(3) with E(0) < d, I(u0) < 0,
T be the existence time of u. Let us prove that u(t) ∈ V ′ for 0 < t < T . By
contradiction, suppose it is not true, then there exists a t0 ∈ (0, T ) such that
I(u(t0)) < 0 and I(u) < 0 for 0 ≤ t < t0. Hence we have ‖∇u(t0)‖ ≥ r0.
Again by the definition of d we get J(u(t0) ≥ r0, which contradicts (11).

Corollary 1. Let m and p satisfy (H), u0(x) ∈ W 1,m+1
0 (Ω), u1(x) ∈ L2(Ω). As-

sume that E(0) < d.

(i) A weak solutions of problem (1)-(3) belong to W , provided u0(x) ∈W ′.
(ii) A weak solutions of problem (1)-(3) belong to V , provided u0(x) ∈ V ′.

Corollary 2. Let u(x) be any weak solution of problem (1)-(3) with E(0) < d,
I(u0) < 0 or E(0) = 0, u0(x) 6= 0. Then all weak solution of problem (1)-(3) belong
to V .
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4. Sharp condition: Global and non-global solutions. We shall deal with
the global and non-global solutions in this section in order to finally give a sharp
condition.

Lemma 4.1. Let m and p satisfy (H). Then the embedding W 1,m+1(Ω) ↪→ Lp+1(Ω)
is compact.

Lemma 4.2. [14], [15] Assume that there exists a β > 0 such that

φ(t)φ̈(t)− (β + 1)(φ̇(t))2 ≥ 0, t > 0

and φ(0) > 0, φ̇(0) > 0. Then there exists a T satisfying

T ≤ φ(0)

βφ̇(0)

such that
lim
t→T

φ(t) = +∞.

Next we first consider the global existence of solution of problem (1)-(3). Note
that for σi(s) = |s|m−1s and g(s) = |s|p−1s, where m and p satisfy (H), the as-
sumption (H1) and (H1) and (H3) in [20] hold. However the definition of weak
solution for the IBVP of the multi-dimensional model does not allow the energy
inequality (10). Hence the result of Theorem 3.1 in [20] should be seriously treated,
and for the energy inequality (10) we need to prove the global existence of solution
for problem (1)-(3).

Theorem 4.3. Let m and p satisfy (H), u0(x) ∈ W 1,m+1
0 (Ω), u1(x) ∈ L2(Ω).

Assume that E(0) < d, u0(x) ∈ W ′. Then problem (1)-(3) admits a global weak
solution

u ∈ L∞(0, T ;W 1,m+1
0 (Ω)),

ut ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1
0 (Ω))

and
u ∈W for 0 ≤ t <∞.

Proof. Let {wj(x)}∞j=1 be the basis in W 1,m+1
0 (Ω). We take the approximate solu-

tions of problem (1)-(3) as

un(x, t) =

n∑
j=1

gjn(t)wj(x), n = 1, 2 · · ·

satisfying

(ut, ws) + (∇u,∇ws) +

N∑
i=1

(
| ∂u
∂xi
|m−1 ∂u

∂xi
,
∂ws
∂xi

)
=
(
|u|p−1u,ws

)
, (12)

un(x, 0) =

n∑
j=1

gjn(0)wj(x)→ u0(x) in W 1,m+1
0 (Ω), (13)

unt(x, 0) =

n∑
j=1

g′jn(0)wj(0)→ u1(x) in L2(Ω). (14)

Multiplying (12) by g′sn(t) and summing for s we get

dEn(t)

dt
+ ‖∇unt‖2 = 0
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and

En(t) +

∫ t

0

‖∇unτ‖2dτ = En(0), 0 ≤ t <∞. (15)

Hence we have

En(t) =
1

2
‖unt‖2 + J(un).

From E(0) < d (13) and (14) we can get En(0) < 0 for sufficiently large n, which
together with (15) gives

1

2
‖unt‖2 + J(un) +

∫ t

0

‖∇unτ‖2dτ < d, 0 ≤ t <∞, (16)

for sufficiently large n. Since W ′ is an open set in Wm+1
0 (Ω), from u0(x) ∈W ′ and

(13), we get un(0) ∈ W ′, for sufficiently large n. Next we prove that un(t) ∈ W ′
,for sufficiently large n. In fact, if it is false, then there exists a t0 > 0 such that
un(t0) ∈ ∂W ′, i.e., I(un(t0)) = 0 and un(t0) 6= 0, which means un(t0) ∈ N . Hence
we have J(un(t0) ≥ d, which contradicts (16).

From (16) we get

1

2
‖unτ‖2 +

p−m
(m+ 1)(p+ 1)

‖∇un‖m+1
m+1 +

1

p+ 1
I(un) +

∫ t

0

‖∇unτ‖2dτ < d, (17)

0 ≤ t <∞,

which together with un(t) ∈W ′ gives

‖∇un‖m+1
m+1 <

(m+ 1)(p+ 1)

p−m
d, 0 ≤ t <∞, (18)

‖unt‖2 < 2d, 0 ≤ t <∞, (19)∫ t

0

‖∇unτ‖2dτ < d, 0 ≤ t <∞. (20)

From (18)-(20) it follows that there exist a subsequence {uv} of {un} such that
as v →∞,
uv → u in L∞(0,∞;W 1,m+1

0 (Ω)) weakly star, and a.e. in Q = Ω× [0,∞),
uv → u in Lp+1(Ω) strongly for any t > 0,
uvt → ut in L∞(0,∞;L2(Ω)) weakly star and in L2(0,∞;H1

0 (Ω)) weakly, and

|∂uv
∂xi
|m−1 ∂uv

∂xi
→ χi = | ∂u

∂xi
|m−1 ∂u

∂xi
in L∞(0,∞;Lr(Ω)) weakly star,

where

r =
m+ 1

m
.

Then in the following distribution,

(unt, ws) + (∇un,∇ws) +

N∑
i=1

∫ t

0

(
|∂un
∂xi
|m−1 ∂un

∂xi
,
∂ws
∂xi

)
dτ

=

∫ t

0

(
|un|p−1un, ws

)
dτ + (unt(0), ws) + (∇un(0),∇ws),

(21)
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by taking m = v →∞ we get

(ut, ws) + (∇u,∇ws) +

N∑
i=1

∫ t

0

(
| ∂u
∂xi
|m−1 ∂u

∂xi
,
∂ws
∂xi

)
dτ

=

∫ t

0

(
|u|p−1u,ws

)
dτ + (u1, ws) + (∇u0,∇ws),

∀ s , 0 ≤ t <∞,
and

(ut, v) + (∇u,∇v) +

N∑
i=1

∫ t

0

(
| ∂u
∂xi
|m−1 ∂u

∂xi
,
∂v

∂xi

)
dτ

=

∫ t

0

(
|u|p−1u, v

)
dτ + (u1, v) + (∇u0,∇v),

∀ v ∈W 1,m+1
0 (Ω), ∀ t ∈ [0,∞).

Also, from (13) and (14) we have u(x, 0) = u0(x) in W 1,m+1
0 (Ω), ut(x, 0) = u1(x)

in L2(Ω). Next we prove that above equation satisfies (10) for 0 ≤ t < ∞. Let
{uv} be the subsequence of {un} liked above. Then we have Ev(0) → E(0) and
‖uv‖p+1 → ‖u‖p+1 as v →∞. Hence from (15) we get

1

2
‖ut‖2 +

1

m+ 1
‖∇u‖m+1

m+1 +

∫ t

0

‖∇uτ‖2dτ

≤ lim inf
v→∞

1

2
‖uvt‖2 + lim inf

v→∞

1

m+ 1
‖∇uv‖m+1

m+1 + lim inf
v→∞

∫ t

0

‖∇uvτ‖2dτ

= lim inf
v→∞

(
1

2
‖uvt‖2 +

1

m+ 1
‖∇uv‖m+1

m+1 +

∫ t

0

‖∇uvτ‖2dτ

)
= lim inf

v→∞

(
Ev(0) +

1

m+ 1
‖∇uv‖m+1

m+1

)
= lim
v→∞

(
Ev(0) +

1

m+ 1
‖∇uv‖m+1

m+1

)
= E(0) +

1

m+ 1
‖∇u‖m+1

m+1, 0 ≤ t <∞,

which gives

E(t) +

∫ t

0

‖∇uτ‖2dτ < E(0), 0 ≤ t <∞.

Finally from Corollary 10 we get u ∈W for 0 ≤ t <∞.

Theorem 4.4. Let m and p satisfy (H), u0(x) ∈ W 1,m+1
0 (Ω), u1(x) ∈ L2(Ω).

Assume that E(0) < d, I(u0) < 0. Then problem (1)-(3) does not admits any global
weak solution.

Proof. Let u ∈ L∞(0, T ;W 1,m+1
0 (Ω)), ut ∈ L∞(0, T ;L2(Ω)∩L2(0, T ;H1

0 (Ω) be any
weak solution of problem (1)-(3) with E(0) < 0, I(u0) < 0, T be the existence
time of u. Next we prove T < ∞. If it is false, then we have T = +∞, and
u ∈ L∞(0, T ;W 1,m+1

0 (Ω)), ut ∈ L∞(0, T ;L2(Ω) ∩ L2(0, T ;H1
0 (Ω). Set

φ(t) = ‖u‖2 +

∫ t

0

‖∇uτ‖2dτ + (T0 − t)‖∇u0‖2, 0 ≤ t <∞,
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Then

φ̇(t) = 2(ut, u) + ‖∇u‖2 −∇u0‖2 = 2(ut, u) + 2

∫ t

0

(∇uτ ,∇u)dτ, (22)

0 ≤ t <∞,
and

φ̈(t) = 2‖ut‖2 + 2(utt, u) + 2(∇ut,∇u). (23)

Note that from Definition 3.1 and Eq. (1) we get utt ∈ L∞(0,∞;W−1,r(Ω)), r =
m+1
m . Hence the inner product (utt, u) makes sense. So by Eq. (1) we get

2(utt, u) = −2(∇ut,∇u)− 2I(u)

and

φ̈(t) = 2‖ut‖2 − 2I(u), 0 ≤ t <∞. (24)

Moreover from (21) we get

φ̈(t) =

(
(ut, u) +

∫ t

0

(∇uτ ,∇u)dτ

)2

= 4

(
(ut, u)2 + 2(ut, u)

∫ t

0

(∇uτ ,∇u)2dτ +

(∫ t

0

(∇uτ ,∇u)2dτ

)2
)
.

(25)

By using Schwartz inequality we have

(ut, u)2 ≤ ‖ut‖2‖u‖2, (26)(∫ t

0

(∇uτ ,∇u)2dτ

)2

≤
∫ t

0

‖∇uτ‖2dτ

∫ t

0

‖∇u‖2dτ

≤ 2(ut, u)

∫ t

0

(∇uτ ,∇u)2dτ

≤ 2‖ut‖2‖u‖2
(∫ t

0

‖∇uτ‖2dτ

)
,

(27)

and (∫ t

0

‖∇u‖2dτ

)2

≤ ‖u‖2
∫ t

0

‖∇uτ‖2dτ + ‖uτ‖2
∫ t

0

‖∇u‖2dτ. (28)

Substituting (26)-(28) into (25) we obtain

φ̇(t) ≤ 4

(
‖u‖2 +

∫ t

0

‖∇u‖2dτ

)(
‖ut‖2 +

∫ t

0

‖∇uτ‖2dτ

)
≤ 4φ(t)

(
‖ut‖2 +

∫ t

0

‖∇uτ‖2dτ

)
, 0 ≤ t < T0.

Hence we have

φ(t)φ̈(t)− p+ 4

4
φ̇2(t)

≥φ(t)

(
2‖ut‖2 − 2I(u)− (p+ 3)‖ut‖2 − (p+ 3)

∫ t

0

‖∇uτ‖2dτ

)
=− (p+ 1)‖ut‖t − 2I(u)− (p+ 3)

∫ t

0

‖∇uτ‖2dτ.

(29)
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From the energy inequality

1

2
‖ut‖2 + J(u) +

∫ t

0

‖∇uτ‖2dτ ≤ E(0)

we get

−(p+ 1)‖ut‖t ≥ 2(p+ 1)(J(u)− E(0)) + 2(p+ 1)

∫ t

0

‖∇uτ‖2dτ.

Hence we have

φ(t)φ̈(t)− p+ 4

4
φ̇2(t)

≥2φ(t)

(
(p+ 1)(J(u)− E(0))− I(u) + (p− 1)

∫ t

0

‖∇uτ‖2dτ

)
≥2φ(t) ((p+ 1)(J(u)− E(0))− I(u))

≥2φ(t) ((p+ 1)(J(u)− d)− I(u)) , 0 ≤ t ≤ T0.

(30)

From I(u0) < 0 and Theorem 3.2 we have I(u) < 0 for 0 ≤ t < ∞. Hence by
Lemma 2.4 we get

(p+ 1)(J(u)− d)− I(u) > 0.

In addition from I(u) < 0 and Lemma 6 we have ‖∇u‖m+1 > r0 > 0, which gives
φ(t) > 0 for 0 ≤ t ≤ T0 . Thus we have

φ(t)φ̈(t)− p+ 4

4
φ̇2(t) > 0, 0 ≤ t ≤ T0. (31)

Additionally, from (24) and (7) we get

φ̈(t) ≥ −2I(u) > 2(p+ 1)(d− J(u)) ≥ 2(p+ 1)(d− E(0)) = C0 > 0, 0 ≤ t ≤ ∞,
and

φ̇(t) ≥ C0t+ φ̇(0), 0 ≤ t <∞.
Hence there exists a t0 ≥ 0 such that

φ̇(t0) >
4

p− 1
‖∇u0‖2.

Define

T0 =
‖u(t0)‖2 +

∫ t0
0
‖∇u‖2dτ

p−1
4 φ̇(t0)− ‖∇u0‖2

+ t0.

Then T0 > t0 and

‖u(t0)‖2 +
∫ t0

0
‖∇u‖2dτ + (T0 − t0)‖∇u0‖2

p−1
4 φ̇(t0)

= T0 − t0.

Hence from Lemma 13 (consider t = t0 as initial time ) it follows that there exists
a T1 satisfying

T1 − t0 ≤
φ(t0)

p−1
4 φ̇(t0)

= T0 − t,

such that

lim
t→T1

φ(t) = +∞,

which implies

lim
t→T1

(
‖u‖2 +

∫ t

0

‖∇u‖2
)

= +∞,
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and contradicts T = +∞.

From above two established theorems for the global and non-global solution re-
spectively, we can now arrive at the sharp condition as follows.

Theorem 4.5. Let m and p satisfy (H), u0(x) ∈ W 1,m+1
0 (Ω), u1(x) ∈ L2(Ω).

Assume that E(0) < d, Then when I(u0) > 0 problem (1)-(3) admits a global
weak solution, and when I(u0) < 0 problem (1)-(3) dose not admit any global weak
solution.

Acknowledgments. We would like to thank the reviewers for their careful and
constructive suggestions that have led to improvements in this manuscript.
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