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ABSTRACT. In this paper, we study the initial boundary value problem of the
visco-elastic dynamical system with the nonlinear source term in control sys-
tem. By variational arguments and an improved convexity method, we prove
the global nonexistence of solution, and we also give a sharp condition for
global existence and nonexistence.

1. Introduction. This paper considers the initial-boundary value problem of visco-
elastic dynamical system (viscoelasticity equation) with nonlinear source term

0 ([ Ou,,  du
utt—Aut—i_Zla—xi (E)xim_lf)zi) = |ulPtu, € Q,t >0, (1)
u(z,0) = up(x), u(z,0) =ui(z), x € Q, (2)
u(z,t) =0, x € 09, t >0, (3)
where Q0 C RY is a bounded domain, m and p satisfy the assumption
(1) (z:)'2§m+1<p+l<% form+1< N,
(fi)2<m+1<p+1l<oo form+1> N.
The viscoelasticity equation
Ut — Uzt = 0 (Ug )z, (4)

was suggested and studied by Greenberg et al in [13] from viscoelasticity mechan-
ics to describe the visco-elastic dynamical system and control problems. Under
the condition ¢’(s) > 0 and higher smooth conditions on o(s) and initial data
they obtained the global existence of classical solutions for the initial boundary
value problem of Eq. (4). After that many authors in [13], [1], [2], [6] and [3]
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considered the global well-posedness of the IBVP for Eq.(4). And it is worth not-
ing that special mentions, Dafermos [7], Greenberg [12], Davis [9], Andrems [1],
[2] and Engler [10] obtained the global existence, the uniqueness and the stabil-
ity of solution respectively. In [5], [6] and [3] Clements and Ang suggested some
multidimensional viscoelasticity equation and gave the global existence of solution.
In [24] Yang studied the blow up of solution for the initial-boundary value prob-
lem of multidimensional viscoelasticity equation. Then in [20] Yacheng Liu consid-
ered the initial-boundary value problem of multidimensional viscoelasticity equation
wge — Aug — Zfil 22-0i(ug,) + f(ur) = g(u). By using the potential well theory they
proved the global existence of weak solution under some conditions on the nonlin-
ear effects 0;(s), f(s), g(s) and initial values. And the existence of the non-global
solution is still unsolved. As we know, for the linear dynamical system, if the initial
data are smooth enough, we can always expect the global existence of the solutions.
However, we cannot expect the same for the nonlinear dynamical systems see [23],
[22] and [21] as examples. Hence a lot of interest has been paid to the finite-time
blow-up phenomena [26], [11], [4], not only for the parabolic type model [26], [21],
[22], but also for the hyperbolic type model, and also the Schrédinger model [25].
Furthermore, combing the results from both sides of global existence and finite-time
blow-up, we are also interested in the so-called sharp conditions [21], [23], [22].

The main aim of the present paper is to deal with the global nonexistence of
solution to problem (1)-(3). Due to the presence of the term —Auwuy, the classical
convexity method cannot be applied directly, hence some new skills are needed.

In Section 2 we give some definitions and prove some lemmas. In Section 3 we
discuss the invariant sets of solution. In Section 4 we prove the global existence
and nonexistence of solution and obtain a sharp condition for global existence and
nonexistence of solution for problem (1)-(3).

In this paper, we denote |- ey = [|-[lp » |- = |-l 20y and (u,0) = f,, uvda.

2. Some notations and lemmas. We shall introduce some necessary notations
and definitions, and prove some preliminary lemmas for our further analysis.
For problem (1)-(3) we define

1 1
J(u) = V| — ——||u|P ]
(u) [Vl p+1\| |

m+ 1 m—+1 p+1»
+1
I(u) = | Vullmiy = llullpis,

d = inf J(u),
ueN
where
N ={ue W™ Q) | I(u) =0 u+#0},
and

1, ., 1 R TS R,
E(t) = §||UtH + mi_HHVUHﬂH - ZmHUHpH = §Hut|| + J(u).

Lemma 2.1. Let m and p satisfy (H), u € Wy ™ (Q),u # 0.
(i) In the interval 0 < X\ < oo there exists a unique \* = X*(u) such that
d
—J(A =0
o () Ia=x
(i) J(Au) is increasing on 0 < A < X*, decreasing on A* < A < oo and takes the

maximum at A = \*;
(111) I(Au) >0 for 0 < X < A*, I(Au) < 0 for \* < A < oo and I(A*u) = 0.
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Proof. (i) From

ml m+1 )‘p+1 p+1
I = Sl

A
0w = = |

we get

d m m —
IO = X Vult = X ulpi = 3 (IValtd - v llp) o 6)

Hence there exists a unique

1

. (nw zzﬁ) o
- p+1
lully

such that
d
aj()\u) |)\:/\*: 0.
(ii) From (5) it follows that
d
for 0 < A < A*, and
d

for A* < A < 0o, which gives the conclusion of (ii).
(iii) The conclusion of (iii) follows from
d
Iu) = A—J(\
() = AT 0w)
and the proof of part (iii).

Lemma 2.2. Let m and p satisfy (H), u € Wy™ (), u # 0.

(i) When 0 < ||Vu|lm+1 < ro, one has I(u) > 0;
(i) When I(u) <0, one has ||Vu|ms+1 > To;
(iii) When I(u) =0 and u # 0, one has ||Vu|lmt1 > 1o, where
- C*—fii, . = sup lullp+1
weWwlm(Q)/0 IVl

Proof. (i) For the case 0 < ||Vu|lm+1 < 70, one has

+1 +1 —
lullpiy < CEHIVlly = CEPIValn T IVullnty < [IVulnis

which says I(u) > 0.
(ii) For the case I(u) <0, by

+1 -
IVullnts < llulpis < CEFUIVlly IVl < [Vullni,

one has ||Vu|mt1 > 7o.
(iii) For the case I(u) = 0 and u # 0, from

IVl < llulpis < CZHIVully IVl

one knows ||Vu||m+1 > 7o.
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Lemma 2.3. Let m and p satisfy (H). Then
1
dZdOZ 70;04’ (6)
a
where
_(m+1)(p+1)
= o .
Proof. For any u € N, considering Lemma 2.2 we know that ||Vu||m41 > 7o, where
ro is defined in Lemma 2.2. Hence we have

1
_ +1 +1
J(w) = ——— [ Vulmni + 1 —— llullzts

- 1 1 mal
<m—|—1 ) 1Tl )
= 2=Vl
(m+1)(p+1) mtl

>__ pP=m  m

RN ESN

_ _pt1\ mtl
_ p—m <C’* p) ’
(m+1)(p+1)

which gives (6) O

Lemma 2.4. Let m and p satisfy (H). Assume that u € Wy (Q) and I(u) < 0.
Then there holds

I(u) < (p+1)(J(u) = d). (7)

Proof. From I(u) < 0 and Lemma 2.1 it follows that there exists a A* € (0, 1) such
that I(A\*u) = 0.

Set
g\ = (p+1)J(Au) —I(Au), X>0.
Then from
AT m+1 APH p+1
o) =+ 1) (2 IVult - S vl
— (A vl - Apﬂnwnzﬁ)
p m m
LI vz,
we get

g\ = (p—m)A\™|[Vul[mi] >0, A>0.

Hence g(A) is strictly increasing for A > 0, which gives that g(1) > g(\*), i.e.
(p+1)J(u) = I(u) > (p+ 1)J(Au) = I(A'u) = (p+ 1)J(A\"u) = (p+ 1)d,
which gives (7). O

Now for problem (1)-(3) we define
W ={ue W, Q)| I(u) >0, J(u) <d} U{0},
V={ueW,""Q) | I(u) <0, J(u) < d},
W' = {u e Wo™ Q) [ I(u) > 0,} U {0},
V' ={ue W, (Q) | I(u) < 0}.
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3. Invariant sets of solution. In this section we discuss the invariant sets of the
solution to problem (1)-(3). First we give the definition of the weak solution to the
problem (1)-(3).

Definition 3.1. Function v = u(z,t) is called a weak solution of problem (1)-(3)
on  x [0,7T) provided
we 10, T; WE (@)

and
uy € L0, T; L*(Q)) N L*(0,T; Hy (Q))
satisfying
(i)
N t
ou ,_4 0u Ov
(uco) 4 (Fu,v0) + Y [ (1m0 2 Y ar
= 0
t
= [ () dr - (wn,0) + (T, o),
0
for all v € Wy ™H(Q), te[0,T)
(ii)

u(x,0) = ug(x) in Wy ™ HQ),  wi(z,0) = us(x,0) = uy(x) in L2(Q).  (9)
(iii) t
o) +/ Vur|dr < B(t), 0<t<T. (10)

Theorem 3.2. Let m and p satisfy (H), uo(z) € Wy (Q), ui(z) € L2(Q).
Assume that E(0) < d. Then both sets W' and V' are invariant under the flow of
(1)-(3) respectively.

Proof. (i) Let u(z) be any weak solution of problem (1)-(3) with E(0) < d,
up(z) € W, for 0 < ¢ < T. If it is false, then there exists a to € (0,7") such
that u(ty) € OW’, i.e. I((u(to)) = 0, u(to) # 0, which implies u(tg) € N.
Hence by the definition of d we have J(u(tg)) > d, which contradicts (10), i.e.

1 t
plunl? + I+ [ IVuPdr < @) <. (1)
2

(ii) Let u(x) be any weak solution of problem (1)-(3) with E(0) < d, I(ug) < 0,
T be the existence time of u. Let us prove that u(t) € V' for 0 <t < T. By
contradiction, suppose it is not true, then there exists a ¢ty € (0,7) such that
I(u(to)) < 0 and I(u) < 0 for 0 < t < to. Hence we have ||[Vu(to)| > ro.
Again by the definition of d we get J(u(to) > 7o, which contradicts (11).

0

Corollary 1. Let m and p satisfy (H), uo(x) € Wy (Q), ui(z) € L*(Q). As-
sume that E(0) < d.

(i) A weak solutions of problem (1)-(3) belong to W, provided ug(x) € W'.

(i) A weak solutions of problem (1)-(3) belong to V', provided ug(x) € V.

Corollary 2. Let u(z) be any weak solution of problem (1)-(3) with E(0) < d,
I(up) <0 or E(0) =0, ug(x) # 0. Then all weak solution of problem (1)-(3) belong
to V.



4092 XIAOQIANG DAI AND WENKE LI

4. Sharp condition: Global and non-global solutions. We shall deal with
the global and non-global solutions in this section in order to finally give a sharp
condition.

Lemma 4.1. Let m and p satisfy (H). Then the embedding W™+ (Q) — LP+1(Q)
is compact.

Lemma 4.2. [14], [15] Assume that there exists a 8 > 0 such that

S(t)b(t) — (B+1)(6(1))* 20, t>0
and ¢(0) > 0, ¢(0) > 0. Then there exists a T satisfying
L o0
~ Bo(0)
such that
lim ¢(t) = +oo.

t—T

Next we first consider the global existence of solution of problem (1)-(3). Note
that for o;(s) = |s|™ s and g(s) = |s|P~!s, where m and p satisfy (H), the as-
sumption (H;) and (H;) and (Hjs) in [20] hold. However the definition of weak
solution for the IBVP of the multi-dimensional model does not allow the energy
inequality (10). Hence the result of Theorem 3.1 in [20] should be seriously treated,
and for the energy inequality (10) we need to prove the global existence of solution
for problem (1)-(3).

Theorem 4.3. Let m and p satisfy (H), uo(z) € Wy (Q), ui(z) € L3(Q).
Assume that E(0) < d, ug(x) € W’. Then problem (1)-(3) admits a global weak
solution
we L®(0,T; Wy H(Q)),
up € L(0,T; L*(Q2)) N L*(0,T; Hy (2))
and
ue W for 0 <t < oo.

Proof. Let {w;(z)}52, be the basis in Wy ™ (€2). We take the approximate solu-
tions of problem (1)-(3) as

)= gimtw;(z), n=1,2---
j=1

satisfying
Ju Ow
m—1 S — p—1
(ug, ws) + (Vu, Vws) + Z ('8;1: | pr 6%) (JulP~ u, ws) (12)
ng Juwj (@) = uo(x) in Wo ™ (€), (13)
Unt(,0) Zgjn Jw; (0) — uy (x) in L*(Q). (14)

Multiplying (12) by g.,,(t) and summing for s we get

dE()

2 _
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and
t
+/ |Vt ||2dT = E,(0), 0<t< oo. (15)
0

Hence we have
1
En(t) = §||UntH2 + J(un).

From F(0) < d (13) and (14) we can get E,(0) < 0 for sufficiently large n, which
together with (15) gives

1 t
§||umH2+J(un)+/0 |V, ||?dr < d, 0<t< oo, (16)

for sufficiently large n. Since W’ is an open set in W™ (Q2), from ug(z) € W' and
(13), we get u,(0) € W', for sufficiently large n. Next we prove that u,(t) € W’
Jfor sufficiently large n. In fact, if it is false, then there exists a tg > 0 such that
un(to) € OW'  ie., I(un(to)) = 0 and uy,(tg) # 0, which means u,(ty) € N. Hence
we have J(un(to) > d, which contradicts (16).

From (16) we get

p—m

m 1
ml\v%llmﬂ + —1(un) / | Vun|?dr < d, (17)

1 2
e | + i

0<t< o0,

which together with u,, () € W’ gives

Dp+1
[V, |74 < m+DP+D ) 6<y <o (18)
p—m
llwne||* < 2d, 0 <t < o0, (19)
t
/ Vs [2d7 < d, 0 < t < oc. (20)
0

From (18)-(20) it follows that there exist a subsequence {u,} of {uy} such that
as v — 00,

wy — u in L®(0, 00; W™ (€)) weakly star, and a.e. in Q = Q x [0, c0),

Uy — u in LPT1(Q) strongly for any ¢ > 0,

Uyt — ug in L°(0, o0; LQ(Q)) weakly star and in L?(0, 00; H}(Q)) weakly, and

Oy 1 8uv ou
— ™ L L7 (0 k1
|8xi| 5331 (%si in (0,00; L"(Q2)) weakly star,
where
~m+1
==

Then in the following distribution,

OUp, |1 OUn, Ows
(1t w,) + (Vitn, V) +Z / (' axi’axi)dT

:/O (P~ 1t w5) A7 + (10 (0), w5) + (Ve (0), Vo),

(21)
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by taking m = v — oo we get

N t
ou ,,_1 Ou Ows
(ut,ws)—l—(Vu,sz)—i-iZ_;/O ( 87le oz, 5xi)d7

¢
z/ (|u|p71u,ws) dr + (u1,ws) + (Vug, Vws),
0

Vs, 0<t<oo,

and

N t
ou .4 0u Ov
(ug,v) + (Vu, Vo) —I—ZZ:;/O ( 87%' 7, 8;@) dr
t
:/ (\u|p71u,v) dr + (u1,v) + (Vug, Vo),
0

VoeW,™(Q), Vitelo o).

Also, from (13) and (14) we have u(z,0) = ug(z) in Wy "™ (Q), us (2, 0) = uy (x)
in L2(Q). Next we prove that above equation satisfies (10) for 0 < ¢ < oco. Let
{uy,} be the subsequence of {u,} liked above. Then we have E,(0) — E(0) and
lwy|lpr1 — ||ul|PT* as v — oco. Hence from (15) we get

L, 1 ¢
- — | Vumt / Vu,|*d
plluell™ + 7 IVullnis + | [Vur|“dr

1 1 t
<1 . - 2 A m+1 . . 2
< liminf | +hgg£fm+1||vuv\m+l+1m£f/o |Vt |27
S 1 2 1 m—+1 ! 2
= hvnig.}f §HUm£|| + m”VUA m+1 + ) ||Vum.|| dr

. . 1
= liminf (EU(O) + WIIVUUIIQIO

vV— 00

1
— i - m—+1
= i (5,00) + 7 IVu )
1
_ m—+1
= E(0) + mIIVUIImH, 0<1t<oq,
which gives
t
E(t) +/ Vs |2dr < B(0), 0<t< oo
0
Finally from Corollary 10 we get u € W for 0 < ¢t < oo. O

Theorem 4.4. Let m and p satisfy (H), uo(z) € W™ (Q), u(z) € L2(Q).
Assume that E(0) < d, I(ug) < 0. Then problem (1)-(3) does not admits any global
weak solution.

Proof. Let u € L>®(0,T; Wy ™1 (Q)), u; € L=(0,T; L*(Q) N L*(0, T; HE () be any
weak solution of problem (1)-(3) with E(0) < 0, I(ug) < 0, T be the existence

time of u. Next we prove T < oo. If it is false, then we have T = 400, and
we L®0,T; Wy ™ (Q)), u, € L°(0,T; L2(Q2) N L2(0,T; HL (). Set

t
¢®=WW+/HWHWWH%—WWWW(Kt<w
0
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Then
t
qS(t) = 2(ug,u) + ||Vu||2 — Vu0||2 = 2(ug, u) + 2/ (Vu,, Vu)dr, (22)
0
0<t< o0,
and
o(t) = 2||ut||2 + 2(uge, uw) + 2(Vuy, Vu). 23)

Note that from Definition 3.1 and Eq. (1) we get uy € L°°(0,00; W=L7(Q)), r =
2l Hence the inner product (uy,w) makes sense. So by Eq. (1) we get

2(uge, u) = —2(Vuyg, Vu) — 21 (u)

and
B(t) = 2||ue||* — 2I(u), 0<t < oo. (24)
Moreover from (21) we get

2

o) = ((ut,u) + /0 t(vuT,vu)dT)

t t 2 (25)
=4 <(ut,u)2 + 2(ut,u)/ (Vu,, Vu)?dr + (/ (VUT,Vu)2d7—) > .
0 0
By using Schwartz inequality we have
(g, ) < [l |, (26)
t 2 t t
(/ (VUT,VU)2d7'> < / ||vuf||2d7/ | Vul|?dr
0 0 0
t
§2(ut,u)/ (Vu,, Vu)?dr (27)
0

t
< el ( / ||w7||2df) ,

t 2 t t
([ 1vuPar) <ol [ 1veclar s l? [ varan
0 0 0

Substituting (26)-(28) into (25) we obtain

. ¢ ¢
o) < 4 (||u|2+ / |w||2d7) (||ut||2 - ||Vur||2d7)

t
< 4¢(t) (||ut||2 +/ ||V’LLT||2dT> , 0<t<Ty.
0

and

Hence we have

o(t)d(r) - 212

e

>6(t) <2||ut||2 - 200 (p+ Bl - (r+3) [ ||Vu7||2df) (29)

=~ (p+ Dl - 2I(u) — (p + 3) / |Vur |2dr.
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From the energy inequality

el + T (w) / IVu,|2dr < E(0)

we get

=P+ Dlluell” = 2(p + 1)(J (u) — £(0)) +2(p + 1)/0 IVur|*dr.

Hence we have

o(t)d(r) - 212

440
>26() (<p+1><J<u>—E<o>> (W) + (p— 1) / V| df)
26(1) (p + 1)(J(w) — E(0)) — I(u))

26(0) ((p+ 1)(J(w) — d) — I(w)), 0<¢<Tp.
(u

From I(ug) < 0 and Theorem 3.2 we have I
Lemma 2.4 we get

2
2

(p+1)(J(u) —d) = I(u) > 0.

) < 0 for 0 <t < oco. Hence by

In addition from I(u) < 0 and Lemma 6 we have ||Vu|ms1 > 70 > 0, which gives

¢(t) > 0 for 0 <t < Ty . Thus we have

; 4.
o031 - L2620 > 0, 01 < Ty,
Additionally, from (24) and (7) we get

(31)

B(t) > —2I(u) > 2(p+ 1)(d — J(u)) > 2(p+1)(d — E(0)) = Cy > 0, 0 < t < o0,

and
d(t) > Cot + $(0), 0<t < 0.
Hence there exists a tg > 0 such that
6t0) > [Vl
Define
_ Jut)” + Jo° [ VulPdr
2L (to) — || Vo2

Then T > tg and
luto) 1> + fo° IVulPdr + (Th — to)|| Vo |?
=L (to)

ZTO —to.

Hence from Lemma 13 (consider ¢ = ¢y as initial time ) it follows that there exists

a T satisfying
t,
T —to < pﬁi =Ty —t,
P 9(to)
such that

Jim ¢(t) = +oo,

t
lim (||u|2+/ |Vu||2) ~ oo
t—T) 0

which implies
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and contradicts T = +o0. O

From above two established theorems for the global and non-global solution re-
spectively, we can now arrive at the sharp condition as follows.

Theorem 4.5. Let m and p satisfy (H), uo(z) € Wy (Q), ui(z) € L*(Q).
Assume that E(0) < d, Then when I(ug) > 0 problem (1)-(3) admits a global
weak solution, and when I(uy) < 0 problem (1)-(3) dose not admit any global weak
solution.

Acknowledgments. We would like to thank the reviewers for their careful and
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