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ABSTRACT. This paper is devoted to the complete algebraic classification of
complex 5-dimensional nilpotent commutative algebras. Our method of classi-
fication is based on the standard method of classification of central extensions
of smaller nilpotent commutative algebras and the recently obtained classifica-
tion of complex 5-dimensional nilpotent commutative €D-algebras.

Introduction. The algebraic classification (up to isomorphism) of algebras of di-
mension n from a certain variety defined by a certain family of polynomial identities
is a classic problem in the theory of non-associative algebras. There are many re-
sults related to the algebraic classification of small-dimensional algebras in many
varieties of non-associative algebras [11, 12, 2, 3, 4, 6, 13, 9, 16]. So, algebraic clas-
sifications of 2-dimensional algebras [16, 19], 3-dimensional evolution algebras [1],
3-dimensional anticommutative algebras [17], 4-dimensional division algebras [7, 5],
4-dimensional nilpotent algebras [13] and 6-dimensional anticommutative nilpotent
algebras [12] have been given. In the present paper, we give the algebraic classifica-
tion of 5-dimensional nilpotent commutative algebras. The variety of commutative
algebras is defined by the following identity: zy = yz. It contains commutative €-
algebras, Jordan algebras, mock-Lie algebras and commutative associative algebras
as subvarieties. On the other hand, it is a principal part in the varieties of weakly
associative algebras and flexible algebras.

The algebraic study of central extensions of associative and non-associative alge-
bras has been an important topic for years (see, for example, [10, 20] and references
therein). Our method for classifying nilpotent commutative algebras is based on the
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calculation of central extensions of nilpotent algebras of smaller dimensions from the
same variety (first, this method has been developed by Skjelbred and Sund for Lie
algebra case in [20]) and the classifications of all complex 5-dimensional nilpotent
commutative (non-Jordan) €D-algebras [11]; nilpotent Jordan (non-associative) al-
gebras [9]; and nilpotent associative commutative algebras [18].

1. The algebraic classification of nilpotent commutative algebras.

1.1. Method of classification of nilpotent algebras. Throughout this paper,
we use the notations and methods well written in [10], which we have adapted for
the commutative case with some modifications. Further in this section we give some
important definitions.

Let (A,-) be a complex commutative algebra and V be a complex vector space.
The C-linear space Z? (A, V) is defined as the set of all bilinear maps §: Ax A — V
such that 6(x,y) = 6(y,x). These elements will be called cocycles. For a linear
map f from A to V, if we define jf: A x A — V by 6f(x,y) = f(zy), then
5f € 22 (A,V). We define B2 (A,V) = {0 =4f : f € Hom (A,V)}. We define the
second cohomology space H? (A, V) as the quotient space Z? (A,V) /B? (A, V).

Let Aut(A) be the automorphism group of A and let ¢ € Aut(A). For 6 €
72 (A, V) define the action of the group Aut(A) on Z2? (A, V) by

P0(z,y) =0 (o (x),9(y))
It is easy to verify that B2 (A, V) is invariant under the action of Aut(A). So, we
have an induced action of Aut(A) on H? (A,V).

Let A be a commutative algebra of dimension m over C and V be a C-vector
space of dimension k. For the bilinear map 6, define on the linear space Ay = APV
the bilinear product “ [—, —]5,” by [z + 2",y +¥']5, = vy + 0(=,y) for all z,y €
A, 1’y € V. The algebra Ay is called a k-dimensional central extension of A by V.
One can easily check that Ay is a commutative algebra if and only if 6 € Z2(A, V).

Call the set Ann(f) = {z € A : 0 (x, A) = 0} the annihilator of 6. We recall that
the annihilator of an algebra A is defined as the ideal Ann(A) = {z € A : zA = 0}.
Observe that Ann (Ap) = (Ann(f) N Ann(A)) ¢ V.

The following result shows that every algebra with a non-zero annihilator is a
central extension of a smaller-dimensional algebra.

Lemma 1.1. Let A be an n-dimensional commutative algebra such that
dim(Ann(A)) =m # 0.

Then there exists, up to isomorphism, a unique (n —m)-dimensional commutative

algebra A’ and a bilinear map 0 € Z2(A’, V) with Ann(A’) N Ann(9) = 0, where V

is a vector space of dimension m, such that A =2 A’y and A/ Ann(A) = A’.

Proof. Let A’ be a linear complement of Ann(A) in A. Define a linear map
P:A — A’ by P(e+v) =z for x € A’ and v € Ann(A), and define a mul-
tiplication on A’ by [z, y]as = P(zy) for x,y € A’. For 2,y € A, we have

P(zy) = P((x = P(z)+ P(z))(y — P(y) + P(y))) = P(P(z)P(y)) = [P(x), P(y)|a-

Since P is a homomorphism, P(A) = A’ and A’ is a commutative algebra
and also A/ Ann(A) = A’, which gives us the uniqueness. Now, define the map
0: A" x A’ — Ann(A) by 0(z,y) = 2y — [z,y]a,. Thus, A} is A and therefore
0 € Z2(A’, V) and Ann(A’) N Ann(d) = 0. O
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Definition 1.2. Let A be an algebra and I be a subspace of Ann(A). If A = Ag®T
then I is called an annihilator component of A. A central extension of an algebra
A without annihilator component is called a non-split central extension.

Our task is to find all central extensions of an algebra A by a space V. In
order to solve the isomorphism problem we need to study the action of Aut(A) on
H? (A,V). To do that, let us fix a basis ej,...,es of V, and 6 € Z? (A, V). Then 6

can be uniquely written as 6 (z,y) = Z 0; (z,y) e;, where 6; € Z* (A, C). Moreover,

i=1
Ann(f) = Ann(6;) N Ann(f2) N ... N Ann(6,). Furthermore, § € B2 (A, V) if and
only if all §; € B? (A, C). It is not difficult to prove (see [10 Lemma 13)) that given

a commutative algebra Ay, if we write as above 0 (z,y) Z 0; (z,y) e; € Z* (A, V)

i=1
and Ann(f) N Ann (A) = 0, then Ay has an annihilator component if and only if

[01],[62],-..,[0s] are linearly dependent in H? (A, C).

Let V be a finite-dimensional vector space over C. The Grassmannian Gy, (V)
is the set of all k-dimensional linear subspaces of V. Let G, (H?(A,C)) be the
Grassmannian of subspaces of dimension s in H? (A, C). There is a natural action
of Aut(A) on G, (H?(A,C)). Let ¢ € Aut(A). For W = ([0h],[62],....[0s]) €
G, (H%(A,C)) define oW = ([¢61], [#62] ,...,[¢0]). We denote the orbit of W €
G, (H?(A,C)) under the action of Aut(A) by Orb(W). Given

Wl = <[91] ’ [92] IR [93]> 7W2 = <[191] ’ [192] LA [193]> € Gs (H2 (A’ C)) )
we easily have that if W7 = Ws, then (S] Ann(6;)NAnn (A) = ﬁ Ann(d9;)NAnn(A),

i=1 i=1
and therefore we can introduce the set

TS(A):{W:<[91],...,[95]>EG (H? (A, Q) ﬂAnn )N Ann(A) = o},

which is stable under the action of Aut(A).

Now, let V be an s-dimensional linear space and let us denote by E (A, V) the
set of all non-split s-dimensional central extensions of A by V. By above, we can
write

E(A,V) = {Ag 0 (x,y) Ze z,y)e; and ([01],]6],...,[0s]) eTS(A)}.
We also have the following result, which can be proved as in [10, Lemma 17].

Lemma 1.3. Let Ag,Ay € E(A,V). Suppose that 0 (z,y) Z@ (z,y)e; and

Z 9 (z,y) e;. Then the commutative algebras Ay and Ay are isomorphic

if and only ’Lf
Orb ([01],[02] .- .,[0s]) = Orb ([¢1],[F2], ..., [0s]) .
This shows that there exists a one-to-one correspondence between the set of

Aut(A)-orbits on T, (A) and the set of isomorphism classes of E (A, V). Conse-
quently we have a procedure that allows us, given a commutative algebra A’ of
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dimension n — s, to construct all non-split central extensions of A’. This procedure
is:

1. For a given commutative algebra A’ of dimension n — s, determine H2(A’, C),
Ann(A’) and Aut(A’).

2. Determine the set of Aut(A’)-orbits on T4(A’).

3. For each orbit, construct the commutative algebra associated with a represen-
tative of it.

1.2. Reduction to non-€¢D-algebras. The idea of the definition of a €D-algebra
comes from the following property of Jordan and Lie algebras: the commutator of
any pair of multiplication operators is a derivation. This gives three identities of
degree four, which reduce to only one identity of degree four in the commutative
or anticommutative case. Namely, a commutative algebra is a commutative €2-
algebra (€¢€D-algebra) if it satisfies the following identity:

((zy)a)b + ((xb)a)y + x((yb)a) = ((xy)b)a + ((za)b)y + z((ya)b).

The above described method gives all commutative (€€D- and non-€€D-) alge-
bras. But we are interested in developing this method in such a way that it only
gives non-€C¢€® commutative algebras, because the classification of all €€9D-algebras
is done in [11]. Clearly, any central extension of a commutative non-€&€D-algebra is
a non-CC®-algebra. But a ¢€®-algebra may have extensions which are not €€9-
algebras. More precisely, let © be a €€®D-algebra and 0 € Z%(CD, C). Then Dy is a
EC®D-algebra if and only if

O0(x,y) = 0(y, z),
0((zy)a,b) + 0((xb)a,y) + 0(z, (yb)a) = 0((xy)b, a) + 0((xa)b,y) + O(x, (ya)b).
for all z,y,a,b € D. Define the subspace Z% (D, C) of Z%(D,C) by

0 €Z3(D,C): 0(x,y) = 0y, x),
0((zy)a,b) + 0((xzb)a, y) + 0(x, (yb)a) =
0((zy)b, a) + 0((za)b,y) + 0(x, (ya)b)
for all z,y,a,b € ®

Observe that B2(D,C) C Z4 (D, C). Let H4(D,C) = Z4(D,C)/B*(D,C). Then
HZ (D, C) is a subspace of H2(D, C). Define

R, (D) = {W e T,(D): W € G,(H%(D,C))},

U (D)= {WeT,D): W ¢ G,(H5(D,C))}.

Then Ts(D) = Rs(®) U Us(D). The sets Rs(D) and Uy(D) are stable under
the action of Aut(®). Thus, the commutative algebras corresponding to the repre-
sentatives of Aut(D)-orbits on R4 (D) are €€D-algebras, while those corresponding
to the representatives of Aut(®)-orbits on U (D) are not €€D-algebras. Hence, we
may construct all non-split commutative non-€€®-algebras A of dimension n with
s-dimensional annihilator from a given commutative algebra A’ of dimension n — s
in the following way:

75(D,C) =

1. If A’ is non-€¢€D, then apply the procedure.
2. Otherwise, do the following:
(a) Determine U (A’) and Aut(A').
(b) Determine the set of Aut(A’)-orbits on Ug(A’).
(c) For each orbit, construct the commutative algebra corresponding to one
of its representatives.
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1.3. Notations. Let us introduce the following notations. Let A be a nilpotent
algebra with a basis eq,es,...,e,. Then by A;; we will denote the bilinear form
Aj; + Ax A — C with Ajj(er,em) = 6ibjm, if ¢ < j and I < m. The set
{A;; 11 <i < j < n}is a basis for the linear space of bilinear forms on A, so every
0 € Z?(A,V) can be uniquely written as 6 = Z cijAij, where ¢;; € C. Let us
1<i<j<n

fix complex number 7, (nf = —1, n}. # 1 for 0 < I < k). For denote our algebras,
we will use the following notations:

NJE — jth 5-dimensional family of

commutative non-€¢D-algebras with parametrs =.
N’ — jth i-dimensional non-€¢D-algebra.
Ni* — jth i-dimensional €CD-algebra.

Remark 1. All families of algebras from our final list do not have intersections,
but inside some families of algebras there are isomorphic algebras. All isomor-
phisms between algebras from a certain family of algebras constucted from the
representative V(X)) are given in the list of distinct orbit representations. The no-
tation (V(2))C(E1)=0(Z2) represents that the elements (V(Z;)) and (V(Z3)) have
the same orbit.

1.4. 3- and 4-dimensional commutative algebras. Thanks to [8] we have the
complete classification of complex 4-dimensional nilpotent commutative algebras. It
will be re-written by some different way for separating €€9- and non-€&D-algebras.

NgTa N%T Ioerep = € H2¢ — H%
N5, NG5 : erep=ey erep =e3 HZ # HE
N NG e = e Epyies
N3 L NGt erer =ex eseq = e3 HZ # HE
Nos . ele1=ex ejez=ey M2 = 1%
Néé :oe1ep =ey €33 = ey H% — H%
Nz . ele; =eq ege3 =ey H2 = HZ,
Nég . €161 = €3 €163 = €3 €0€2 = €4 H% 7& H%
NG5 Ioeje] =ey ege3 =€y H2 +# H)
N%Ek) . €161 = €2 €1€2 = €4 €33 = €4 H% 7& H%
Nﬁ €161 = €2 €1€3 = €4 €969 = €4 H2€ £ H%
Ng . €1€1 = €3 €283 = €4 €3€3 = €4 Hé 7& H233
N%()\) . €161 = €2 €162 = €3 e1e3 = e4 €963 = \ey H2€ =+ H%
Nii Ioe1eg =€3 €163 = ey H% # HZ
N%E . €16 = €3 €13 = €4 €069 = €4 H2€ + H%
N%g . €162 = €3 €163 = €4 €063 = €4 H% + H29
Ni; I ejeg =e3 egez = ey HZ # HZ)
N% - €161 = €4 €163 = €3 e3e3 = ey H% # H%
N%g P €161 = €4 €162 = €3 €9y = €4 €363 = ¢4 H2€ + H%
N, T e1e] =€y e1ey =e3  €ge3 = €4

Né2 . €161 —m ey €e1€9 = €3 €1€3 — €4 €9€3 = €4

N T e1e] =€y ejeg =e3 €363 =€y

Né4 . €161 —m ey €e1€9 = €3 €2€9 — €4 €3€3 = €4

N5 T ele] =ey eje3=e4 €g€9 = €3

NéG . €161 = €2 €1€2 = €4 €1€3 — €4 €92€9 = €3
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Né7 e1e] = ey €9y = €3 e9€3 = €4
Nég €1€1 — €9 €1€3 — €4 €2€9 — €3 €9€3 = €4
N €161 =€y €96y = €3 €363 = €4
NLILO €1€1 = €9 €2€9 — €3 €1€2 — €4 €3€3 = €4
N, (\) e1e1 =€y €1y = \ey €2€a = €3
€9€3 — €4 €3€3 — €4

2. Central extensions

of 3-dimensional nilpotent commutative algebras.

2.1. 2-dimensional central extension of N33. Here we will collect all informa-

tion about Ng5 :

Cohomology Automorphisms
3 eje1 = ey Hz@ (N?’%;) = <[2Al3]73[A22]>’ T 02 0
Ng2 eres = ¢ He(Ng3) = Hp(Ng3)® p=1y z= 0
’ ([Ass], [Ass)) 2 2y 4
Let us use the following notations:
Vi=1[Ai], Va=[Az], V3=I[Ax], Vi=I[As]
4
Take = > o;V; € HZ(NJ5). Since
i=1
0 0 m of o™ o]
T 0 ar az|od=|a o o |,
a1 Qa3 Qg o] o o

we have

ot = (az + azy + agz)r3,

of = (agx + 20uy)2?,

ab = (ax? + dagry + dagy?)z?,

af = ayab.

We are interested only in (a3, aq) # (0,0) and consider the vector space generated
by the following two cocycles:

01 =a1Vi+ aaVo+ a3V +asVy and 0y = 51V + B2Va + B3V,

Thus, we have

o = (1 + azy + auz)z®, Bt = (Brz + Pay)a®,
ab = (aor? + daszy + 4agy®)x?, B3 = (Bax + 4B3y)23,
of = (3 + 204y)xt, B5 = Bsa®.

o) = xS,

Consider the following cases.

1. a4 # 0, then:

(a) B3 = 0,82 # 0,81 = 0, then by choosing # = 2a3, y = —azay, z =
a3 — 2a;ay, we have the representatives (Vy, Va) ;

(b) B3 =0,82 # 0,81 # 0, then by choosing

x =203B2, y = —azayBe, z = a3 (=201 + f2) + 2a4(a2B1 — a132),

we have the representatives (V4, Vi + aV2>a¢O ;

(¢) B3 = 0,682 = 0,61 # 0, then by choosing y = —5aa,
sentatives (V4, V1) and (V3 + V4, V1), depending on a3 = asay or not.
The first representative will be joint with the family from the case (1b);

2 we have two repre-
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(d) Bs # 0,423 = 4B20385 — B30u, B2 = 4f31, then by choosing
T = 48304,y = — 204,z = Baraz — 4oy B3,

we have the representative (Vy4, V3);
(e) B3 # 0,4asf3 = 4Poczfs — B34, B2 # 4P, then by choosing
4B1—By , _ B3=4B1P>  _ (4B1—P2)(8Brasfs—4B1 fraa—8an fi+F5 o)

4B YT Tiesz 0 F T 32830y )

we have the representative (V4, V1 + V3);

(f) B3 # 0,4a03% # 4B20383 — B3, then by choosing
- \/4agﬁ§—462a3[33+6§a4 y = _52\/01455—4a35253+40¢2/3§

xr =

4B2ay » I 8B2./as ’
5= (8B1asﬂs*4/3152a4*8a15§+5§a4)\/402332,*45204353+ﬁ§0¢4
- 1683 aar/aa )

we have the family of representatives (Vs + V4, aVy + V3) .
2. a4 = 0,a3 # 0, then we may suppose that S35 = 0 and
(a) if 81 # 0, By = 401, a2 = 4ay, then by choosing = = agz,y = —a;3,2z =0,
we have the representative (V3, V1 +4Vs);
(b) if B # 0,82 = 41,2 # 4oy, then by choosing z = 2210y —

4‘%;%7 z = 0, we have the representative (—24(Va + V3), V1 +4Va);
(c) if B1 # 0,82 # 4B;, then by choosing x = a3(f2 — 461),y = Praz —
o102,z = 0, we have the family of representatives (Vs, Vi + aV2>a¢4,
which will be jointed with the case (2a);
(d) if B = 0, then we have the representative (—3V3, Va).
Summarizing, we have the following distinct orbits:

(V1,Va+Vy4), (V1 +4V3, —24(Va 4+ V3)), (V1 + AV, Vs), (V1 +AV,, Vy),
(aV1+V3,Va+ V), (V1+V3,Vy), (Va,=3V3), (V2,V4), (V5,Vy).
Note that the algebras constructed from the orbits (Vi + 4Va, —24(Va + V3)),
(V14 AV3,Vs), (Vi +aVs,Vy), (Va,—3V3) and (V3, Vy) are parts of some fam-
ilies of algebras which found below. Hence, we have the following new algebras:

Ni2 : eje1 =ex ejea=e3 ejez3=eq €262 = €5 €3e3 = €5
N‘fﬁs :e1ep =€y €13 =e3 €163 = ey esey = dey — 24e5  eges = —24es
Ni\%% . €161 — €9 €169 = €3 €1€3 = €4 €o€y = )\64 €9€3 — €5
Ni\é% I €161 — €9 €1y = €3 €1€3 = €4 €2€9 — )\64 €3€3 = €5
Nf3 : eje1 =ex ejexg=e3 eje3 =aey

€9y — €5 €2€3 — €4 €3€3 = €5
Ny : ele1=ey ejea=e€3 eje3=eq4 e3e3=-¢ey eze3 = e5
N7_61 Ie1e] =€y €163 =e3 €96y = €4 esez = —3e;
NgO I €1€1 = €2 €1€g = €3 €E9€a = €4 €3€3 = €5
Nis : ele1 =ey ejea=e3 eze3=e4 €363 =¢5

2.2. 2-dimensional central extension of N3i. Here we will collect all informa-
tion about Ng¥ :

e —ey | BoMNG) = ([Aw]), z 0 0
NG €s€9 = €3 Hi(NGi) = HL(NghHe o=10 22 0
([A1s], [A2s], [Ass]) z 0 at

Let us use the following notations:

Vi=[Awp], V2=I[A], Viz=[A], V4i=[As]
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4
Take 6 = >~ o;V; € HA(N3}). Since

i=1
* * *
0 a1 an o o] o5
T o 0 az|od=|a7 o as |,
ay a3 Qq a5 af o

we have
af = (qx + az2)r?, ab = (e + ag2)a?,
as = a3, o) = ayzs.

Consider the following cases:
1. a4 # 0, then consider the vector space generated by the following two cocycles:

01 =a1Vi+aeVa+a3Vz+asVy and 0y = 1V + B2Va + B3Vs.

Thus, we have

af = (a1z +azz)2?, By = (biz + Psz)a?,

aby = (o + agz)xt, B3 = Baad,
oy = aszb, B3 = Bsxb.

al = ayad.

Then we consider the following subcases:
(a) B3 =0,a3 =0, then we have:
(i) if 81 = 0,1 = 0, then we have the representative (V4, Va);
(i) if 81 = 0,1 # 0, then by choosing © = vajas~—!, we have the
representative (Vq + Vg4, Va);
(iii) if By # 0, B2 = 0, then by choosing x =1 and z = —0420421, we have
the representative (V4, V1) ;
(iv) if B1 # 0, B2 # 0, then by choosing = /8182 and z = O‘;:L\//%‘:Q,
we have the representative (V4, V1 4+ Va).
(b) B3 =0, a3 # 0, then we have:

(i) if B2 = 0, then by choosing = = vVazas~! and z = —Oégy/OégOtZis, we
have the representative (Vs + V4, V1) ;
(ii) if B2 # 0,1 = 0, then by choosing

Tz =+vazay~ ! and 2 = —an/ag—la;l,
we have the representative (V3 + V4, Va);
(iil) if By # 0,81 # 0, facz = Bray, then by choosing x = Vagay~—! and
z = 0, we have the family of representatives (aV1 + V3 + V4, V1 + Va);
(iv) if B2 # 0,81 # 0, focs # S1ay, then by choosing

_ B1 _ (01B2—Bro2)VB1
=/ and 2= 3 g

we have the family of representatives (aV3+ V4, Vi + Vg)a;‘éo’p
which will be jointed with the case (1(a)iv).
(¢) B3 # 0,3 =0, then we have:

(i) if Ba = 0,01 # 0, then by choosing 2 = {/aja;' and z = —ay
v/ a1a26, we have the family of representatives (Vi + Va4,aV1 + V3);
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(ii) if B2 = 0,1 = 0, then by choosing z = — %%, we have two representa-
tives (Vy4, V3) or (V4, V1 + V3) depending on whether S1ay = asf3
or not;
(iii) if B2 # 0, then by choosing x = % and z = —gigj, we have the
family of representatives (aV1 + V4, V1 + Vo + V3).
2. ay = 0,a3 # 0, then we may suppose that 83 = 0. Thus, we have

*

af = (qx + azz)x?, Bf = B3,
a3 = ana®, B3 = Paa®,
o = aza®,
and consider the following subcases:
(a) B2 = 0, then we have two representatives (V3, Vi) or (Va+ V3, V1),
depending on whether as = 0 or not;
(b) B2 # 0,3 = 0, then by choosing z = f”‘a—f, we have two representatives
(V3,Vs) or (V3,V1 + Va), depending on whether 51 = 0 or not.
3. a4 = 0,a3 = 0,83 = 0,82 = 0,2 # 0, then we have the representative
(Va,V1).
Summarizing, we have the following distinct orbits:
<V17 V2> , <V1, Vo + V3> , (Vq, V3> , <V1, Vs + V4> , <V17 Va4),

(V1+ Va,aVy + Vs + V)70 (9, 4V, V), (Vi + Va,aVs + Vi) oy
(BY1 + Va2 + Va,aVy + Vi), (aV + Va, ¥y + 7,)0@ =0 mea)=00ke),
(Vi +V3,Va), (V1 + V4, Vo), (V2,V3), (Va, V3 + V), (V2,Vy), (V3,V4).
Note that, the orbit (V1, V3) after a change of the basis of the constructed algebra

gives a part of the family N9y, which will be found below. Hence, we have the
following new algebras:

0 . — — _ —
N76 . e1ep = ey €1€2 = €3 €1€4 = €5 €9€2 = €4
Nig : ejeg=ex ejes=eq4 e1e3 =e5 €aep = €3 €23 = €5
N7 © ejep =ey ejeg =ey eg€y = €3 €2e3 = €5
N18 . e1e1 —m ey €1€2 = €4 €2€9 — €3 €9€3 = €5 €3€3 = €5
Nig : ele1=ex ejea=e4 €263 = €3 €3€3 = C;5
NS5, : ei1e1 =ey eijes = ey4 + aes ejes = ey
€2€2 = €3 €263 = €5 €3€3 = €5
N21 . e1ep = ey €162 = €4 €163 — €4 €9€9 = €3 €9€3 = €5
azl _ — _
N33 I oeje1 = ez e1ey = ey ele3 = ey
€9€2 — €3 €9€3 = (€5 €3€3 = €5
a) . p— j— —_—
N3 i ejep =ey eres = fBes+aes ejez3 = ey
€2€2 = €3 €263 = €4 €3€3 = €5
%4 o oe1e] =ey e1ey = aeyq + €5 €9€g = €3 €92€3 = €4 €3€3 = €5
N25 . e1ep = ey €13 = €4 €9€9 — €3 €92€3 — €4 €3€3 = €5
N26 €1 = €2 €162 = €4 €1€3 = €5 €262 = €3 €3€3 = €4
N27 . e1e1 —m ey €1€3 = €4 €2€9 = €3 €9€3 = €5
Nog @ ejeg =ex ejez3=eq4 €263 = €3 €263 = €5 €3€3 = €5
Nog : eje1 =ex ejez3=eq €263 = €3 €3€3 = €5

Ngo . €161 = ey €962 = €3 €9€3 — €4 €3€3 = €5
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3. Central extensions of nilpotent ¢¢®-algebras.

3.1. 1-dimensional central extensions of N{5. Here we will collect all informa-
tion about Ng5 :

HL(NEG) = 2 0 0 0

Nix | €161 =e2 ([As], [A2z], [Ara], [Azd], [Aua]) 6= |9 @ 0 0
921 eres =es3 H2(Ngs) = HA(NG)® w 2xq x> T
([A2s], [Asz], [Aza]) e 0 0 t

Let us use the following notations:

Vi=[Az], Va=[Aun], Vi3=[Ax], Vi=[Ay],
Vs = [An], Ve =[As3], Vr=[Az], Vg=][Aul

8
Take 6 = Y a;V; € HZ(N$5). Since

i=1
0 0 a1 a9 o o™ o] aj
¢T 0 a3 as as 6= oz*** aé O% a% ,
a1 o4 g Qrp of  ap of b
a9 a5 a7 Qg o5 of o og
we have

al = (a2 + asq + agw + are)z?,

oy = (x4 auq + agw + a7e) + (a2 + as5q + arw + age)t,

afy = (azz?+ 4a4xq + 4agq?)x?

af = (aur + 206q)2?

af = oz47" + ast)x? + 2(agr + art)xq,

af = agab,

ar = (apr + agt)a?,

oy = agr? + 2077t + agt?.

We interested in (g, a5, a7, ag) # (0,0,0,0) and (a4, o, a7) # (0,0,0). Let us
consider the following cases:

1. ag = 0,a7 =0, then ay # 0 and we have the following subcases:

(a) ag =0,aza4 — a5 = 0, then we have a split extension;

(b) ag = 0,04 — ayas # 0, a3 = 4y, then by choosing

T = {fon01 — 0105, £ = 03,1 = —au05, q = — Y0200
we have the representative (Vg + Vy) ;
(¢) ag = 0,004 — 15 # 0, a3 # 4ag, then by choosing

az—4a t = (043—4041)4 _ a5(a3—4a1)4

2
_ daf—ai1a3
= 2 )

Qg ) 04421(&20647041045) ’ 042(0410457a2a4) ) oy
we have the representative (Vo + V3 + Vy);
(d) as # 0, a3 = 4aq, then by choosing
Tr = 0140[8,t = aiag, q = —Q108,7 = 70[4210450%, € = (105 — (204,
we have the representative (V4 + V) ;
(e) ag # 0,a3 # 4ay, then by choosing

az—4aq t = V (az—4aq)’ _ 4067041043 - asy/(ag—4aq)®

xr =

=" a2 /ag 4= a? e al/as ’
e = (4ar—as)(azas—aias)
aias ’

we have the representative (V3 + V4 + V).
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2. ag = 0,7 # 0, then we have the following subcases:
(a) ag =0,a3 =0, then by choosing
xr = 2a$7 q=—asa7, e = 20107, W= a% + 2aa8 — 2aa7, t = —2au7,
r = as,
we have the representative (V7);
(b) a4 = 0,3 # 0, then by choosing

— — as — (058 —
x—l,q——2a77e——a—7,w—

2

ag+2aiag—2aza7 t as __ _ aszoag

—27 77 r - 2 9
2az [e%d 202

we have the representative (Vs + V7) ;
(c) ag # 0,a302 — 2a4a507 + aag = 0, then by choosing

_ _ _ az—4o __ _ og40g __ _ azyar
T = Jar,t =04, = 4\/077’T_ 20, * 4= dog 0

dayagag—4dasagar+as (Ocs a7 —0oy 0‘8)

4014\/0(? ’
we have the representative (V4 + V7) ;
(d) ag #0,a302 — 2a4a507 + a3ag # 0, then by choosing

w =

2 2
_ a3 as  agas _ ag(azar—2a4asartajosg)
T = —35; P 2a2 2 4= SaZal )
4 7 az Qayaz
2 2
_ (azaz—2agasartajag)(dasagar—daiagagtaz(—asart+agag))
w= 8a2al ’
2 g 4T 2 2 N2
e = (41 —a3) (zo; —2a4a5 7+ og) t = (azaz—204as507+aiag)
804404; ? 404404? )
2 2 N2
— ag(azaz—2agasar+ajog)
8a4a§ )

we have the representative (V4 + V5 + V7).
3. ag # 0, then we have the following subcases:
a) agag — as = 0, a5a — agar = 0, asag — ayay = 0, then we have a spli
2=0 0 0, th h lit

extension;
Qelxg — 07 = U, 50 — Qg7 = U, oxg — X1 (X7 , 30 — Oy = U, en

b 2=0 0 0 2=0, th
by choosing

2 2
« aj—201a
— — 6 (2] [eT:Xe%4 4 106
€ 1’t agaafaloq’q 2046’71 aloz7fo¢2a6’e O,’LU (e 73 )

we have the representative (V3 + Vi) ;
(c) agas — a2 = 0,a506 — agar = 0,06 — ajar # 0,aza — ai # 0, then
by choosing

235 2

_ azag—a2 + vV (azag—ai)b _ agy/azas—aj

r = 2 9 — a3(oc e — )7 - 202 )
6 g(azas—aiar ag

25
v/ (asag—af)’ar
7( 2) e = 07

aé(QQOéG*OQOL?) T

r=—
(ai—2a1a5)\/a3a5—ai
2ag
2 _ _
(d) agag —at =0,a506 — asor # 0,206 (20 — arar) = au(asas — asar),
then by choosing
2

and w = , we have the representative (Vs + V3 + V) ;

2
« aj;—201a
t=—26 g% g=—L4g p=__201 g4 o _() = 0"U,y
a5 —oqQr ? 2ce6 77 agar—as5ag ? ? g ?

we have the representatives (Vs + V) and (V3 + V5 + Vi) depending
on whether asag = aZ or not;
(e) agas —aZ = 0,506 — auar # 0,206(oas — arar) # au(asag - agQr),

2a6(aoag—aiar)—ag(asos—agar) t = ag 4
202 y U= )
ag(asag—agar) 50—y

then by choosing = =

2
aj—2aia
q = — Q4 xr. r = — ey ./L'4 e =0 w= 2" L GLL‘ we have the
20(6 ) g7 —Aa506 ’ ? ?

ag
representative (Va + aVs + Vs + Vi) ;
(f) agag — a2 # 0, asag — asar = 0, then by choosing
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t— —oex® o aux . oga® _ (onar—opae)z
- 50 4= T4 T T 30 €= agag—a?
agas—ary 6 agag—az 608 7
o] ajag—QaQ
W= 3 4 4 Q10s 207 ,
046 Qr—QeQas

we have the representatives (Vg + Vg) and (V3 + Vg + Vg) depending
on whether asag = ai or not.
(g) agag — a2 #0,asa — agar # 0, then by choosing

= —Qses—qaar _ (asas—agar)® q= ay(agar—asag)
\/ag(agag—ag)’ ag(az—asas)?’ 2@6\/a§(a6ag—a$)7
r= C¥7ga4047—045@6)3 _ ag(asas—asar)(asasas—aiar+2a6(—asastaiar))
aj(aZ—agag)? ? 2042\/(046048*043)3 ’

ag(asas—agar)(aag—asasar+2as(azar—aiag))
203/ (asas—a?)? ’
we have the representative (aV3 4+ V5 4+ Vg + Vs) .
Summarizing, we have the following distinct orbits
<V2-|—V3-|—V4>7 <V2+aV3+V5+V6>, <V2+V3+V6>7 <V2+V4>,
<V2+V6>7 <V3+V4+Vg>, <V3+V5+V6>, <O¢V3+V5+V6+Vg>,
<V3+V6+Vg>, <V3+V7>, <V4+V5+V7>, <V4+V7>, <V4+Vg>,
(Vs + V), (Ve + Vs), (Vr),
which gives the following new algebras:

w =

N31 . €11 —m ey €1y =—= €3 €1€4 — €5 €g9€9 = €5 €2€3 = €5
g‘Q . €e1e1 —m ey €e1€g =m €3 €1€4 = €5 €o€g = (x€5 €9€4 = €5 €3€3 = €5
N33 . €161 —meg €1€g9g = €3 €1€4 = €5 €9€9 = €5 €3€3 = €5
N3y : eje1 =ex ejea=e3 ejeg=e5 €363 =¢5
N3s : eje1 =€y ejea=e3 ejeq4=es €3€3 = €5
N36 . €11 —m ey €1y = €3 €2€2 — €5 €o9€3 = €5 €4€4 = €5
N37 . €161 —m ey €1€g = €3 €9€2 = €5 €2€4 = €5 €3€3 = €5
gS . €161 —m ey €1€9 = €3 €2€2 = (€ €9€4 = €5 €3€3 = €5 €4€4 = €5
Nizg : eje;1 =ex ejea=e€3 €3 =e5 €363 =¢€5 €464 = €5
Ny : ele1 =ex ejea=e3 ezex =¢e5 €3€4 = €5
N41 . €11 = ey 1€y = €3 €263 = €5 €2€4 = €5 €364 — €5
N42 . €11 —m ey €e1€g =— €3 €9€3 — €5 €3€4 = €5
N43 . €161 —m ey €1€9g =— €3 €9€3 = €5 €4€4 = €5
Ny : eje1 =ex ejea=e3 ezes=e5 €363 =¢s5
Ny : eje1 =ex ejea=e3 eze3=e5 €464 =¢5
Ny : eje1 =€z ejea=e3 ezeq4=e5

3.2. 1-dimensional central extensions of N§;. Here we will collect all informa-
tion about Ng :

H%(Néi) = x 0 0 O

N | e =e <[2A12]’ [Aral, [Baa]; [Baal) 5 | |0 z? 0 0
€zey = €3 H3(Ngi) = HR(NgHo y 0 a* 7
([A13], [Ags], [Aszs], [Az4]) z 0 0 ¢

Let us use the following notations:

Vi=[Awr], Va=[A3], Vi=[Au], Vi=[As],
Vs = [Ags], Ve =[As3], V7=[As], Vs =[Ay]
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2 2 (N4
Take § = > «;V,; € HZ(Ngi). Since
i=1
0 o1 ax as o o] o5 aj
¢T a; 0 ag4 as 6= o] o oy of
ay Q4 ag  Qr as o of ar |’
a3 a5 Q7 Qg oy ap oy of
2 * 4
T + auy + apz)x o = (aex + agy + arz)x
Qs + agy + ar2)r + (az3x + azy + ag2)t, af = auxb,
aqr + ast)z? af = agr®,
agr + art)z?t, af = agr? + 2a7rt + agt?.

(
(
(
= (

We interested in (as, as, a7, as) # (0,0,0,0) and (as, ay, as, a7) # (0,0,0,0).
Let us consider the following cases:

1. ag =0,a7 =0,a4 =0, then oy # 0 and we have the following cases:

(a)
(b)

(e)

if ag = 0, a5 = 0, then by choosing t = 1 and r = —g—z
extension,;
if ag =0, a5 # 0, then by choosing

T = aoqs, t = a2a2, 2= -0, T = —a%
we have the representative (Va + V) ;
if ag # 0,a5 = 0,1 = 0, then by choosing

’I):Oég,t:\/@ag,Z:*Oé377’:0,y:(),

we have the representative (Vy + V) ;
if ag # 0,a5 = 0,1 # 0, then by choosing

T =+Voaja 1, t= \4/a§’a273\/a§1, z= —\/alagla;;agl, r=0,y=0,

we have the representative (V1 + V3 + V) ;
if ag #0, a5 # O then by choosing

, we have a split

aga57 y =0,

al ai(arag—asas)

a? 5
x_agzg 2 37Z__3;38 - agas 7y—0
we have the representatlve (Va4 V5 + Vs).

2. ag = 0,a7 = 0,4 # 0, then by choosing r = %t,y = —%40‘“, we have
o] = af = 0. Now we can suppose that a; = 0,a5 = 0, and we have the
following subcases:

(a) if ag = 0,3 = 0, then we have a split extension;
(b) if ag = 0,3 # 0,3 = 0, then by choosing z = a3, y =0, 2 =0, =0,
t= a§7 we have the representative (Vs + V4);
(c) if ag = 0,042 # 0,02 # 0, then by choosing z = ¢2,y = 0, z = 0,
r=0t= %, we have the representative (Va + V3 + Vy);
(d) if s # 0,02 = 0, then by choosingz = 1,y =0,z = —=¢2,r = 0,t = , /52,
we have the representative (V4 + Vg);
(e) if ag # 0,2 # 0, then by choosing z = ¢2,y =0,z = — 5232, r = 0,t =
3
X
Jatas we have the representative (Vy + V4 + Vs).
3. ag = 0,7 # 0, then by choosing r = _%JJ = _(e2as—agar)z aa3°‘7)x — 2, we

have a5 = a3 = ag = 0. Now we can suppose that ap =0, a3 =0, ag = 0,
and consider the following cases:
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(a) if ay = 0,a5 = 0,1 = 0, then we have the representative (V7);

(b) if ay = 0,5 = 0,7 # 0, then by choosing = a%,t =,y =0,z =
0,7 = 0, we have the representative (V; + V7);

(c) if ay = 0,5 # 0,1 = 0, then by choosing z = /22, =1,y = 0,2 =
0,7 = 0, we have the representative (Vs + V7);

(d) if aa = 0,05 # 0,1 # 0, then by choosing z = /52, =
0,z = 0,7 = 0, we have the representative (V; + V5 + V7);

(e) if ay # 0,5 = 0,1 = 0, then by choosing z = \/ar,t = ag,y = 0,2 =
0,7 = 0, we have the representative (V4 + V7);

(f) if oy # 0,5 = 0,1 # 0, then by choosing x = ,J/Zj1 t = f’/a;—gi,y =
0,z = 0,r = 0, we have the representative (V1 + V4 + V7);

O65047 Y

(g) if ay # 0,5 # 0, then by choosing = = z—i,t = ‘X“‘;“”,y 0,z =
0,7 = 0, we have the representative (aV;1 + V4 + V5 + V7>.
4. ag # 0, then by choosing r = —O(‘Tﬁ,y = —Q2THAT2 e have o = o = 0.
6 [e73)

Now we can suppose that as = 0, a7 = 0, and we have:
(a) if ag = 0,a5 =0, then a3 # 0 and we have the following subcases:
(i) as = 0,a1 = 0, then by choosing * = a3,t = aSag,y = 0,2 = 0,7 =
0, we have the representative (V3 + Vg);

7
(ii) a4 = 0,a1 # 0, then by choosing = = §/%%,t = {Vﬁ,y =0,z

0,7 = 0, we have the representative (V1 + V3 + V);

ag”
we have the representative (aVi 4+ V3 4+ V4 + V).
(b) ag =0,a5 # 0, then we have the following subcases:

(iii) a4 # 0, then by choosing x = , /24t = ¢ Of;is,y 0,z=0,7=0,

(i) ay = 0,3 = 0, then by choosing z = ¢ Z—Z,tz Lz =—5FA—y=

a5a5

0,7 = 0, we have the representative (V5 + Vg);
(ii) a4 = 0,3 # 0, then by choosing z = g—g,t = afos "ag, 2 = -y
= 0,r = 0, we have the representative (Vg + V5 + Vs);

(iii) a4 # 0, then by choosingz = /¢4t = o a2 2= —aja5 'y agagty
=0,r = 0, we have the representatlve <aV3 + V44 V5 + V).
(¢) as # 0, then we have the following subcases:
(i) a5 = 0,4 = 0,7 = 0, then by choosing z = 1,t = \/%,z =
73—:, y = 0,7 =0, we have the representative (Vg + Vg);
(ii) a5 = 0,4 = 0,7 # 0, then by choosing

__ 5 —1 __10/,.8 -3 -5 _ —15 —1 _
T =/arog ,t= y/ajog ag”’, 2 = —agag y/oarag ,y =0,
r=20

we have the representative (V1 + Vg + Vs);
(iii) a5 = 0,4 # 0, then by choosing

T = /ooy ,t—ozm/oz6 g ,Z——Oé30£8 \/0(40(6 Ly=0,r=0,

we have the representative (aVi 4+ V4 4+ Vg + Vs);
1/ o __aZ _ a3\/@

a5’ ' T Joeal’ £ T T Vaeat’
y = 0, 7 = 0, we have the representative («V1+8V4+V5+Vs+Vs).

(iv) as # 0, then by choosing = =

7
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Summarizing, we have the following distinct orbits:
(Vi + Vo +Vs), (Vi + V3 + V), (Vi + V3 + Vy + v6>0(a)20(*a) 7
(V1 + BV + Vs + Vg + Vi) O(@)=0@R)=00xia,=5)

<OLV1 + V4 + Ve + V8>O(Q):O(_a) R <V1 + V4 + V7> ,

(aV1 4+ V4+Vs5+ V7>O(a)=0(—a) , (V1 +V5+Vr), (Vi+Vs+ Vs),
<V1+V7>, <V2+V3+V4>, <V2+V4+V8>, <V2+V5>, <V2+V5+Vg>,
(Va+Vs), (V3+Vy), (aVs+ V4 + V5 + v6>0(o<)=0(—a) , (V3 4+ V5 + V),
<V3 + V6> , <V4 + V7> , <V4 + V8> , <V5 + V@) , <V5 + V7> , <V6 + Vg) , <V7> .

Hence, we have the following new algebras:

Ny
Nys
(3
1,
@,
N5
(67
51
INED)

o
53
Ny

€1€1
€1€1
€1€1
€1€1
€2€4
€1€1
€1€1
€1€1
€e1€e1
e1€1
€1€1
€1€1
€1€1
€e1€é1
€1€1
€1€1
€1€1
€1€1
€1€1
€1€1
€1€1
€1€1
€1€1
€1€1
€1€e1
e1€e1

€2
€2
€2
€2
€5
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2
€2

€1€2
€1€2
€1€2
€1€2
€3€3
€1€2
€1€2
€1€2
€1€2
€1€2
€1€2
€1€3
€i1€3
€1€3
€1€3
€1€3
€1€4
€1€4
€1€4
€1€4
€2€2
€2€2
€2€2
€2€2
€9€9
€2€2

=e5

€5

= Qés5
= Qe5

€5
(67511
€5
Q€r
€5
€5
€5
€5
€5
€5
€5
€5
€5
(67571
€5
€5
€3
€3
€3
€3
€3

€1€3
€1€4
€164
€2€9
€4€4
€9€9
€9€9
€9€9
€2€9
€9€2
€9€2
€1€4
€9€9
€2€2
€2€2
€2€2
€2€2
€2€2
€2€2
€2€2
€2€3
€2€3
€2€4
€2€4
€3€3
€3€4

€5
€5
€5
€3
€5
€3
€3
€3
€3
€3
€3
€5
€3
€3
€3
€3
€3
€3
€3
€3
€5
€5
€5
€5
€5
€5

€2€2
€9€9
€2€2
€2€3

€2€3
€2€3
€2€3
€9€y
€3€3
€3€4
€9€2
€9€3
€964y
€9€4g
€4€4
€9€3
€9€3
€2€4
€3€3
€3€4
€4€4
€3€3
€364
€4€4

€3
€3
€3

Bes

€5
€5
€5
€5
€5
€5
€3
€5
€5
€5
€5
€5
€5
€5
€5
€5
€5
€5
€5
€5

€4€4q
€3€3
€2€3

€3€3
€3€4
€264
€3€4
€4€4

€2€3
€4€4

€4€4

€2€4
€3€3

€5
€5
€5

€5
€5
€5
€5
€5

€5
€5

€5

€5
€5

3923

€3€3 = €5
€4€4 = €5
€3€4 — €5
€3€3 = €5

3.3. 1-dimensional central extensions of N{j. Here we will collect all informa-
tion about Ng§

crer — o, | H(NGZ) = z 0 0 0
N e ([A1s], [A14] + 3[A2s]) s |¥ @ 0 0
AR TE L (NG = HR(NG)e e o2y 0
T (D] (0], [Ass]. [Asa] [Asa]) ty? aPy
Let us use the following notations:
Vi=[A], Va=[Aw] +3[As3], Vz=I[Au], Vi=[Ayl,
Vs = [Asz3], Ve = [Asz4], V7 = [Aul.
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7
Take 6 = >~ o;V; € HA(N{5). Since

i=1
0 0 a1 oas+ag a* o o] o5+ aj
T 0 0 3as oy a** o™ 3aj o)
¢ « 3o Qs « ¢ = af 3as ol g ’
1 2 5 6 1 2 5 6
ay a3 a1 g oy as+oz  a  of o
we have
af = (017 + 3agy + asz + agt)z® + (a2 + a3)x + agy + aez + agt)z?y,
o5 = 3(3asz® + (a4 + 2a5)2%y + 3aszy® + ary®)a?
af = ((a2 +a3)r +agy + apz + agt)zt—
%(30423:3 + (g + 2a5) 2%y + 3agry? + ary?)x?
af = (aur?+ 2061y + a7y )zt
ai = (asz?+ 2a6xy + ary?)a?
of = (an + ary)a®
ar = aqgad.

We are interested in (ag, g, as, ag, a7) # (0,0,0,0,0), (as + a3, a4, a6, 7) #
(0,0,0,0) and (a1, g, as, ag) # (0,0,0,0). Let us consider the following cases:

1. ay =0,a6 = 0,a5 = 0,4 = 0, then az # 0, as+ a3 # 0 and (a1, az) # (0,0).
(a) if ap # —<¢, then by choosing x = 4az + a3,y = —a1, we have the
representative (aVa + V3>a#07_i7_1 ;
(b) if ap = =42, then we have the representatives
<—%V2 + V3> and <V1 — ng + V3>
depending on «; = 0 or not.
2. ay =0,a6 =0,a5 =0, a4 # 0, then by choosing y = 3’1230 we have a5 = 0.

This we can suppose e = 0, which implies a7 # 0 and choosing * = /a0y L
we have the representative (Vy + aV3 + Vy) .
3. Q7 = 0,0&6 :0,045 #O
(a) if oy = 0, then g # —ag and choosing
as+tas _ 3a2a3+3a§ P (a2+a3)(2a1a5+12a2a3+3a§)
as 2a§ ) 404? )
we have the representative (V3 + V) ;
(b) if g # 0, a4 # a5, 2(apas — @y + agas) + azay = 0, then by choosing
x=2(aq —a5),y =3as,z2=0,t =0,
we have the representative (Vi + Vs), 011
(c) if ag # 0,4 # a5, 2(agas — asay + agas) + azay # 0, then by choosing
r = 2le2as—asastazas)tasas y = 3ag(2(azas— a2a4+aaa5)+aaa4)
2(aZ—asas) ’ 205 (s —ag)?

_ (2az(aa—as)—agz(aat2a5)) (4o (a— as5)?—24asaz(@a—as)+3as (@ +2as)) =0
8(aa—as)3a2 ’

we have the family of representatives <V2 +aVa+Vs) 015

Tr =

,z=

(agao—a1a0+3a2)r
b

we have the representatives (V4 + V5) and <V3 +V4i+Vs) dependlng on
whether ag = 0 or not. Note that (V4 + V5) = (Vo + V4 + V5) and it
will be jointed with the family from the case (3c).

4/ (a4+2a5)2736a2a670¢472a5

60[6 )

(d) if aq # 0, g = a5, then by choosing y = —<2% and z =

4. if ay = 0,6 # 0, then by choosing z =1, y =

2 2 4 :
z = y2 _ oz3 + y(?;z ay) andt = —Z% a1 +zy( 0<2+063L-:382a5+y(ya4+za6)’
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we have a} = o5 = o = 0. Now we can suppose that a; = 0,a2 =0,a3 =0,

and we have the following cases:

(a) if ay =0, a5 = 0, then by choosing z = 1,y = 0,z = 0,¢t = 0, we have the
representative (Vg) ;

2

(b) if ay = 0,5 # 0, then by choosing x = f%z,y = Szé,z =0,t =0, we
have the representative <V4 + iV5 + V6> ;

(c) if g # 0, then by choosing z = z—é,y =0,z = 0,t = 0, we have the
family of representatives (V4 + aVs + Vi), which will be jointed with
the representative from the case (4b).

3 b 2
5. if a7 # 0, then by choosing z = 1, y = — 52, t = 2‘16*2(“472’236‘“77‘30‘30‘7 and
7

z =0, we have a3 = 0, § = 0. Now we can suppose that a3 = 0,06 = 0, and

we have the following cases:

(a) if as # 0, then by choosing = = \/a5a7_1,y =0,z = \/a%agla;l,t =0,
we have the family of representatives (a«Vy + V4 + V5 4+ V7) ;

(b) if a5 = 0,0 = 0, then a; # 0 and we have the family of representatives
<V1 +aVy+ V7> ;

(c) if a5 = 0,9 # 0, then by choosing z = 1/ aga;l,y =0,2=0,t =0, we
have the family of representatives (aVi + Vg 4+ V4 + V7).

Summarizing all cases we have the following distinct orbits

<v1 _ in + V3>, (aVi + Vs + V4 + v7>O(aﬁ)=0(—nsa,n§ﬁ)=0(n§a,—7736) ’
(Vi +aVs + V) 20700 (71 4 av, + V)@= (a0, +V3) 0y

(Va+aVy+Vs), (Vs + BV + Vs + V) O OI=0C0D) (g, 4 v, 4 v5),
<0¢V4 + V5>a750’1 s <V4 +aVs + vﬁ) ) <V6> ’

which gives the following new algebras:

N7 :oeje] = e €162 = €3 €1€3 = €5
€164 = %65 €2€2 = €4 €263 = *%65
N?3ﬁ . e1e1 = €2 €1€2 = €3 €1€3 = Qej €1€4 = €5
€2€2 = €4 ege3 = 35 eges = Pes  eqeq = e5
A T eje; =eg ei1ea = €3 eie3 = e;
€1€4 — (€5 €2€2 — €4 €2€4 — €5
25 Toe1e1 = eg e1es = €3 ejes = es
€2€2 = €4 €2€4 = Q€5 €4€4 = €5
N?gﬁo’_l © e1e1 = es eres = e3 eres = (1+ a)es
€269 = €4 esez = 3aes
7 Toe1e] = ey ei1es = €3 eieq = €5 €9y = €y
eses = 3es esey = €5 ege3 = €5
?8’6 €1€1 = €9 €1€2 = €3 €164 = Qg €2€9 = €4
€9€3 — 30465 €2€4 — 565 €3€3 — €5 €4€4 — €5
N~g Toe1e1 = ey eies = €3 ejeq = €
€262 = €4 €2€4 = €5 €3€3 = €5
Nggﬁo’l . e1€1 = €2 €1€2 — €3 €9€o = €4 €9€4 — (X€5 €3€3 = €5
gl . erep = eg €162 = €3 €2€2 = €4
€2€4 — €5 €33 — (xés5 €364 — €5

Nso2 i eje; = eg e1ea = €3 €26y = €4 e3ey

|
@
o
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3.4. 1-dimensional central extensions of N¢j. Here we will collect all informa-
tion about Ng§ :

HZ(N&) = z 0 0 0

Nie | 161 = e {[B1a], [Ars), [Baal, [Ass]) | | 0 a2 0 0

09 €o€3 — €4 H%(Né;) = H% (N%S)@ 0 0 r 0
([A14], [Aza], [Aza], [Asa]) t 0 s a’r

Let us use the following notations:

Vi=[Ap], Va=[A3], Vi=[Au], Vi=[Asx],
Vs = [Ag4], Ve =[As3], Vr=[As], Vs =[Ay

8
Take 6 = Y~ o;V; € HZ(N{5). Since
=1

K2

0 o1 as a3 of o] o5 a3
o7 o as 0 as 6= o] o o ai

a 0 ag ar of o of oz |’

a3 as ar og o of  on o

we have

af = (qz + ast)z?, o = (ax + art)r + (azz + agt)s,

o = (azr + agt)z?r, o = asx?,
ai = asxir, af = (agr + azs)r + (arr + ags)s,
ai = (arr + ags)z?r, of = agr’zt.

We are interested in (ag, as, a7, ag) # (0,0,0,0) . Let us consider the following
cases:

1. ag =0,a7 =0,a5 =0, then a3 # 0 and we have

(a) if oy = 0,4 = 0,6 = 0, then by choosing x = 1,r = a3,s = —as,t =0,
we have the representative (V3) ;

(b) if ay = 0,4 = 0,06 # 0, then by choosing * = ag,r = azad,s =
—apad,t = 0, we have the representative (V3 + V) ;

(c) if a1 = 0,4 # 0,06 = 0, then by choosing * = a3,r = agay,s =
—aaay, t = 0, we have the representative (V3 + Vy);

(d) if &y = 0,4 # 0,06 # 0, then by choosing z = a3z~ '\/azag, r =
as~2y/ajag, s = —anaz™3\/ajag, t = 0, we have the representative
<V3 +Vi+ V6> ;

(e) if a1 # 0,a4 = 0,a6 = 0, then by choosing * = 1, r = ajaz™!, s =
—alagagz, t = 0, we have the representative (V; + V3);

(f) if a1 # 0,4 = 0,5 # 0, then by choosing z = {/ 0610[60(3_2, r= alozgl,

s = —ajagaz ?, t = 0, we have the representative (V, + V3 + V) ;
(g) if oy # 0,4 # 0, then by choosing
T = a1a117 r= a1a§17 s = —alagagz, t=0,

we have the family of representatives (V; + V3 + V4 + aVs) .
2. ag =0,a7 = 0,a5 # 0 and we have
(a) if a3 = 0,0 = 0,4 = 0,6 = 0, then by choosing r = 1,2 = a5,t =
—aq, s = 0, we have the representative (Vs) ;
(b) if a3 = 0,2 = 0,4 = 0,6 # 0, then by choosing z = asag, r =

afad, s =0,t = —ajag, we have the representative (Vs + V) ;
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(c) ifag = 0,0 = 0,04 # 0,6 = 0, then by choosing x = 1,7 = ayas ™1, t =
—ajas~1, s =0, we have the representative (V4 + V5);
(d) if a3 = 0,0 = 0,4 # 0, 6 # 0, then by choosing

= {fasagaz?, r=agas "t t = —ay{/asasaz s =0,

we have the representative (V4 + V5 + V) ;

(e) if a3 = 0,2 # 0,a4 = 0,6 = 0, then by choosing
=1, = Vogas 1t = —a; {/azaz* s =0,

we have the representative (Va + V) ;

(f) if ag =0, # 0,a4 = 0,6 # 0, then by choosing
r = azas 1, r=a5 {/asazt, t = —a1 {/azazt, s =0,

we have the representative (Va + V5 + V) ;

(g) if ag =0,a2 # 0,4 # 0, then by choosing
= {fagazt,r = agas  t = —ay {/ agag4, s=0,

we have the family of representatives (Vo + V4 + V5 + aVg) ;

(h) if az # 0,a4 = 0,6 = 0, then by choosing z = azas™',r = az,s =

—a,t = —alagagz, we have the representative (Vs + V5) ;
(i) if ag # 0,4 = 0,6 # 0, then by choosing
r=azas Lr= a%a;gagl, s = —agagag?’agl,t = —alagagz,

we have the representative (V3 + V5 + Vi) ;

(j) if a3 # 0,a4 # 0, then by choosing z = azas™!,r = agasz 1,5 =
—asagaztazt t = —ajazag?, we have the family of representatives

<V3 +V4i+Vs5+ OzV6> .
. ag = 0,a7 # 0, then by choosing * = 202, t = azag — 200007, 8 = —ag,

r = 2a7, we have a5 = ag = 0. Now we can suppose that ae = 0 and ag = 0,

then for s = 0 and t = 0, we have:

(a) if oy =0,a3 = 0,4 = 0,5 = 0, then by choosing r = 1,2 = 1, we have
the representative (V) ;

(b) if &1 = 0,3 = 0,4 = 0,5 # 0, then by choosing = = a7,r = asar, we
have the representative (Vs + V7) ;

(c) if o = 0,a3 = 0,4 # 0,5 = 0, then by choosing = = /a7, r = \/ou,
we have the representative (V4 + V7);

(d) if a1 = 0,3 = 0,4 # 0,5 # 0, then by choosing = = ayy/azaz >, r =
agas L, we have the representative (V4 + Vs + V7);

(e) if @1 = 0,3 # 0,5 = 0, then by choosing r = a3,z = a5, we have the
family of representatives (Vs + aVy + V7);

(f) if a; = 0,3 # 0,5 # 0, then by choosing © = azas ™1, r = a%agla;l,
we have the family of representatives (V3 + aVy + V5 + V7) ;

(g) if a1 # 0,3 = 0,4 = 0,5 = 0, then by choosing x = ayarz,r = a1, we
have the representative (Vi + V7);

(h) if ag # 0,3 = 0,4 = 0,5 # 0, then by choosing = = \3/a1a7a5_2,7“ =

Y a%agloz;l, we have the representative (V; + V5 + V7);

(i) if a1 # 0,3 = 0, a4 # 0, then by choosing z = a1, r = aly/azla;l,
we have the family of representatives (Vi + V4 + aVs + Vr) ;
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() if a1 # 0,3 # 0, then by choosing = = ozloqozgz,r = o3~ !, we have

the family of representatives (V1 + Vs + aVy + V5 + V7).
4. ag # 0, then by choosing z = ag,t = —a3,s = —ar7,r = ag, we have af =

a% = 0. Now we can suppose that a3 = 0 and a7 = 0, then for s = 0 and

t =0, we have

(a) if ;1 = 0,9 = 0,4 = 0,6 = 0, then we have the representatives (Vg)
and (V5 + Vg), depending on whether ai; = 0 or not;

(b) if g = 0,2 = 0,04 = 0,6 # 0, then we have the representatives
(Ve + Vsg) and (V5 + Vg + Vg), depending on whether s = 0 or not;

(c¢) if y = 0,09 = 0,4 # 0,6 = 0, then we have the representatives
(V4+ Vs) and (V4 + V5 + Vs), depending on whether a5 = 0 or not;

(d) if a1 = 0,a0 = 0,4 # 0,6 # 0, then by choosing * = Vagag=1,r =
Vagag~t, we have the representative (V4 + aVs 4+ Vg + Vs);

(e) if g = 0,9 # 0,4 = 0,5 = 0, then we have the representatives
(Va2 + Vs) and (Vi + Vg + Vs), depending on whether ag = 0 or not;

(f) if a1 = 0,9 # 0,4 = 0,5 # 0, then by choosing © = Vasas~1,r =
asag ™!, we have the representative (Vo + Vs + aVg + Vs) ;

(2) if a1 = 0,a2 # 0,4 # 0, then by choosing z = {/a3aztag’, r =

Vagag~t we have the representative (Va + V4 + aVs 4+ 8Ve + Vs);

(h) if ay # 0,2 = 0,4 = 0,5 = 0, then we have the representatives
(V14 Vs) and (V1 4+ Vg + Vg) depending on whether aig = 0 or not;

(i) if a1 # 0,0 = 0,4 = 0,05 # 0, then by choosing z = alagagQ,r =
asag ™!, we have the representative (Vi + Vs + aVg + Vs) ;

(j) if ap # 0,0 = 0,4 # 0, then by choosing r = ayay !, r = Vayag™1,
we have the representative (Vy + V4 + aVs 4+ 8Ve + Vs);

(k) if a3 # 0,9 # 0, then by choosing = = {/ada;ag!,r = {/atay ag?,

we have the representative (V1 + Vo + aVy + V5 + vV + Vs) .

Summarizing, we have the following distinct orbits:

O(ay B,7) = O(=mse, —ng’ﬁs,—ns)g) =,
O(mga, —msB,m5v) = O(—n5a, n5B, —n5v) =

(V1 + Vo +aVy+ Vs + 7V + Vg) O m58m57) :

(Vi+V3), (Vi+V3+aVy+8Vs5+ V), (Vi+V3+Vi+aVs),
(V1 + V3 + V), (Vi + Vi +aVs + Vs + Vg) O @A=0C8)

(Vi + Vi +aVs 4+ V) Oed=0Cah) g 1 v, 4 aVe+ V), (Vi + Vs + V7)),

<V1 +V6+Vg>, <V1 +V7>, <V1 +Vg>,

(Va+Vi+ Vs + OZV6>O(Q):O("3&):O(U§Q) , (V2 4+ V44 aVs + Ve + Vg)

<v2 + v5> ) <v2 + v5 + v6> )
O(a, B) = O(—a, B) = O(a, n3B) = O(—a,n3B) =
<V2 + Vs +aVe + V8> O(—a, —n3B) = O(a, —n3B)

<V2 + Vg + V8> , <V2 + V8> R <V3> s <V3 + V4> , <V3 +V4i+Vs5+ OéV6> ,
(Vs+aVyi+Vs5+Vr7), (Vs+Vi+Vs), (Vs+ V), (Vs + Vs + Vi),
(Vs + V6> ,

(Vi+Vs), (Va+ Vs + V), (Vi +aVs + Vg 4 Vg) O (D=0)

<V4+V5 +V7>, <V4+V5+Vg>, <V4+V7>7 <V4+Vg>, <V5>, <V5+V6>,

<V5 + Vg + Vg) , <V5 + V7> , <V5 + V8> , <V6 + Vg) , <V7> s <Vg> ,

which gives the following new algebras:

a,By . _ _ _ —
N83 . €161 = €9 €1€2 = €5 €1€3 = €5 €2€2 = (€5
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ese3 = e4  egeq = PBes ezez = yes eqeq4 = €5

Ny €161 = €2 €1€2 = €5 €1€4 = €5 €2€3 = €4
NO"B : elep=e ejeg =e€ e1eq4 =¢€ g€y = QL€
85 1€1 2 1€2 5 1€4 5 2€2 5
eze3 =ey  ezeq = ey ezeq = €5
Ngs T oe1e1 = és ejeg = es ejeq = €s
€2€92 — €5 €9€3 — €4 €3€3 — (€5
Ngr : e1ep =€z  ejep =e5 €164 =€5 €283 =€4 €363 = €5
Na,,B . €161 = €9 €1€2 = €5 €9€9 = €5 €9€3 — €4
88
esey = qe;  egez = Bes  egeq = ex
(8X9 . e1ep = eg €1€2 — €5 €2€9 — €5
€2€3 — €4 €9€4 — (X5 €364 = €5
Ngo Toe1e1 = és ejeg = es eg€e3 = €4
€2€4 — €5 €3€3 — (5 €4€4 = €5
N91 I €161 = €eg €1€2 = €5 €9€3 = €4 €2€4 = €5 €3€4 = €5
Ny» : el =€z  erep =e5 €63 =€4 €363 =€5 €44 = €5
N3 €161 = €2 €1€2 = €5 €2€3 = €4 €3€4 = €5
N94 I e1ep = eg €1€2 = €5 €9€3 — €4 €4€4 = €5
o5 : e1e; = eg ejes3 = es eseo = €5
€2€3 — €4 €9€4 = €5 €3€3 — (€5
gé'g e1e1 = e e1e3 = e5 egeoy = €5
€2€3 = €4 €2€4 = (€5 €3€3 = ﬂ65 €4€4 = €5
Ny €161 = €2 €1€3 = €5 €2€3 = €4 €2€4 = €5
Nogg © €161 = €é2 €1€3 = €5 €2€3 = €4 €2€4 = €5 €3€3 = €5
Ngo Toe1e1 = es ejes = es eg€e3 = €4
€2€4 — €5 €3€3 — (5 €4€4 = €5
Nigp : ele1=ex eez=e;5 exe3=e€4 e3e3=¢€5 €464 =EC5
Nio1 L €161 = €2 €1€3 = €5 €2€3 = €4 €4€4 = €5
Nig2 Lo€e1€61 = €2 €1€4 = €5 €2€3 = €4
Nio3 €161 = €2 €1€4 = €5 €2€2 = €5 €2€3 = €4
N4 Toe1e1 =€y e1eq = €5 egey = €5
€2€3 — €4 €9€4 = €5 €3€3 — (€5
Nfos :e1e; = €9 e1es = es egey = ey
€o€3 — €4 €2€4 — €5 €364 — €5
Nigs €161 = €2 €1€4 = €5 €2€2 = €5 €2€3 = €4 €3€3 = €5
N7 €161 = €2 €1€4 = €5 €2€3 = €4 €2€4 = €5
Nios I oe1e1 =€y e1€4 =e€5 €3 =€4 €284 =€5 €363 = €5
Nigg : eieg1=e2 eeq=e5 exe3=e€4 €383 = €5
Ni1g L1611 = €2 €263 = €5 €2€3 = €4 €2€4 = €5
Niu €11 = €2 €2€2 = €5 €2€3 = €4 €2€4 = €5 €3€3 = €5
N, Toe1e1 = és esey = €5 e0€e3 = €4
€2€4 — (k€5 €3€3 — €5 €4€4 = €5
Nii3 L6161 = €2 €2€2 = €5 €2€3 = €4 €2€4 = €5 €3€4 = €5
Niiy €161 = €2 €263 = €5 €2€3 = €4 €2€4 = €5 €4€4 = €5
N5 €161 = €2 €2€3 = €5 €2€3 = €4 €3€4 = €5
N6 €161 =€ €2€2 = €5 €2€3 = €4 €4€4 = €5
Nii7 @ eie1=ez esez3=es €24 =e5
Niig @ eler =ex eez3=e4 eze4=e€5 e3e3=¢5
Nijg @ eje1=ez esez3=es eae4=e€5 €363 =e€5 €44 = €5
Nigg : eier=e2 ee3=e€4 eeg=¢e€5 e384 = €5
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Ni21 €1€1 = €2 €2€3 = €4 €2€4 = €5 €4€4 = €5
N2 €1€1 = €2 €2€3 = €4 €3€3 = €5 €4€4 = €5
N3 €1e1 =€z €83 =e€4 €384 = €5
N2 €11 =€z €363 =e€4 €464 = €5

3.5. 1-dimensional central extensions of Ni;. Here we will collect all informa-
tion about Nij :

HE (NT5) = .
eje1 = ez < [A1s], [Ar4], [As2], > o[y = x o
Niy | erez=eq [Aas], [Ass] RO S
eses =eq | HE(NGH) = HL(Nip)e p2 =
([A24], [Aza], [Aa])
Let us use the following notations:
Vi=[A], Va=[An], Vs=[Axn], Vi=[Ay],
Vs =[A2], Ve =[Ass], V7=[As], Vs=][Ay]
8
Take 6 = Zl a;V; € HA(N7}). Since
1=
0 0 a1 a9 [o e o] ol
o7 0 a3 as oas 6= o™ ag o af
ar g ag ar | | af af oft+a* ab |’
o a5 ar o o af oy o
we have
ai = —(azy+oauz+ast)Z + (a1r + oy + asz + aqt)r+
(o + asy + arz + ast)s,
ay = (ax + asy + arz + agt)z?,
af = azzt + 20522 (2% + 2zy) + ag(2? + 22y)?,
of = —(o32® + a5(2® + 22y)) 2L + (ua? + ar(2? + 2zy))r+
(as2? + ag(2? + 2zy))s,
aif = (as2? + ag(2? + 22y))23,
af = —(ogr —azZ 4+ ass)E + (aer — auZ + ars)r+
(arr — asZF 4 ags)s — (asy + auz + ast)r?—
(ax + asy + arz + agt) (22 + 2xy),
oF = (arr — a5 + ags)a?,
o ag’.

We are interested in (a5, ar, ag) # (0,0,0). Let us consider the following cases:

1. ag:0,a5:

t:

0, then a7 # 0. Now by choosing

2
astagsaztagor

y=—- 2a$ Z‘,Z:—ax,
3a2a3+a2(a2+6a4a7)+a7(a3a4+2a6a7)
g = —2%2 3 4a$ A /173,
a?(ai—2a1a7)+aga3+a§(ag+43a4o¢7)+20¢2a7(a30¢4+a5a7)w
2az )

we have o] = 0,05 = 0,a] = 0,a5 = 0. Then we have the representatives

<V7> or <V3

+ V7) depending on whether a3 = 0 or not.
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2. ag = 0,a5 # 0, then by choosing

a2a5+oc « Qzor—oua \/7
Y= — 7xzf 71;57 307 Q405 1’3,
of a52
t = a2a3a5+a5o¢5+3o¢4a5a7 2a3a7x
= 3
o3

5
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we have o5 = aj = of = 0 and a7 = 0. Therefore, we can suppose that

as =0,a4 =0, = 0,a7 = 0, and have the following cases:
(a) if @y = 0,3 = 0, then we have the representative (Vi) ;

(b) if a; = 0,a3 # 0, then by choosing z = 22 r? = 23, we have the repre-

as )
sentative (V3 + V) ;
s/af 2 3

(c) if a; # 0, then by choosing z = +F.r% = x°, we have the family of
representatives (Vi + aVs + V5) .
3. ag # 0, then by choosing y = — @z *asz® o _ Vilasz—arz) 4 —cartesyters

2agx ag

we have a5 = af = o = 0. Therefore, we can suppose that Qg = 0 as =

0, a7 = 0, and have the following cases:

(a) if a3 = 0,4 = 0,6 = 0, then we have the representative (Vg) and

(V1 + Vs) depending on whether ai; = 0 or not.

(b) if ag = 0,04 = 0,6 # 0, then by choosing z = §/2¢ r? = 2?2 =

87

(51 ~ 3 .
ek we have the representative (Vg + Vs) ;
2 P
(c) if a3 = 0,4 # 0, then by choosing x = {/%4,r? = 23,2 = % we
ag 3%/aja?

have the representative (aVy + V4 + Vs) ;

(d) if ag # 0, then by choosing z = ,/3—2,7“2 =23z = \/S;TS, we h

representative (aVy + Vs + Vg + Vs) .
Summarizing, we have the following distinct orbits:
(V1 4+ aVs + V5)°0@ =0(n50)=0(=n3)=0(n3e)=0(~ns5)
O(a, B) = O(—a, B) = O(nza, n38) =
<OzV1 + V3 + EVG + V8> O(—nze, n3B) = O(=n3a, —n3B) = O(nfa, —n3B)
O(a) = O(—a) = O(nja) = O(—nja) = O(m3a) =

(aV] + V4 + Vg) O(=nie) = 0(Fe) = O(~n3a) = O(nse) = O(=nse)

(Vi+Vs), (V5+V5), (Vs + V), (Vs), (Ve + Vs), (V7), (Vs),

which gives the following new algebras:

)

Nfy : ere1 =ez e1e9 = €y ejes = e;
€2€9 — (€5 €9€4 — €5 €3€3 — €4
a,B _ _ _
126 . €161 = €9 €162 = €4 €1€3 = ey
esey = e5  ezez =es+ Bes  eqeq = e3
Ny, @ ere1 =e2 e1ea = ey e1e3 = aes
€2€3 = €5 €3€3 = €4 €4€4 = €5
Niog : ejep=e €162 = €4 €1e3 = €5 €33 = €4 €4€4 =
Nizg : eie1=ex eeg=eq €263 = €5 €xe4 = €5 €33 =
Nizp : eep=e €1€2 = €4 €2€2 = €5 €3€3 = €4 €364 =
Ni31 @ eleg=e €162 = €4 €264 = €5 €363 = €4
Nizz : eep=e €162 = €4 ese3 = e4 +e5 egeq4 =e€;5
Niz3 : eep=e €162 = €4 €33 = €4 eseq = €5

Nigs : ere1=eo €1€2 = €4 €3€3 = €4 €4€4 = €5

ave the
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3.6. 1-dimensional central extensions of N{;. Here we will collect all informa-
tion about N7 :

oo, | HAONT) = © 00 0
N il N N PR L
gy = €4 Hz(N1i) = H3(Ni)o z 0 22 0
([A14], [A24], [Aza], [Aua]) t 2xz a!
Let us use the following notations:
Vi=[A1], Va=[Au], Vi=[Ax], Vi=[Asy],
Vs = [Aa4], Ve =[Asz3], V7=[Az4], Vg=[Aul
8
Take § = >~ o;V; € HZ(N{;). Since
i=1
0 a1 0 ao o o o™ aj
o7 a1 a3 Q4 Qs 6= o] aoz+a™™ o) o
0 ay ag o7 o o) a5 o |’
Qo as Qr og o o oy o
we have
o (a1 + auz + ast)x? + 2(awx + arz + agt)zz,
ay = (ax + arz + agt)r?,
af = (a32? +4dasrz + dagz?)z? — (agz + art)r® — (aew + arz + agt)s,
af = (a4x +2072)z* + (a5 + 2082) 78,
ai = (asz+ 2082)75,
oy = asx® + 2007235 + ags?,
ar = (ar2® + ags)a?,
af = agad.

We are interested in (aq, a5, a7, a8) # (0,0,0,0). Let us consider the following
cases:

1. ag =0,a7 =0,a5 =0, then as # 0 and we have

(a) if ay = 0,6 = 0, then by choosing = = 2as, 2z = —a1, s = 8a3as,t = 0,
we have the representative (Vs) ;
2
(b) if as = 0, a6 # 0, then by choosing z = 2,2 = —gL- s = %EMWBJ

= 0, we have the representative (V3 + V) ;
(c) if ag # 0,4 = =202, 01 # 0, then by choosing

[e5Ke% [}
r= )N s =0,5= D2V ()
Qg a21/a2

we have the family of representatives (V1 + Vo — 2V + aV) ;

(d) if ay # 0,4 = =203, 11 = 0, g # 0, then by choosing z = agagl, z=0,
s = a%agag3, t = 0, we have the representative (Vo — 2V4 + Vi) ;

(e) if ay # 0,04 = —29,1 = 0,6 = 0, then by choosing = = ag, z = 0,
s = a2as, t = 0, we have the representative (Vo — 2V4) ;

(f) if aq # 0,4 # —2a2, a6 = 0, then by choosing

T=0y+209,2=—01,5 = %(‘“ai*f"”’,tzo,
we have the the family of representatives (Va +aVy),, £0,—2 > which will
be jointed with the cases (1a) and (le);
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(g) if ag # 0,04 # —2a3, a6 # 0, then by choosing
T = %27 z = _ag(giiéaz)’ alagazg_(izgf;;?gaaaél t=20
we have the family of representatives (Vo + aVy4 + V6>a¢0’72 , which will
be jointed with the cases (1b) and (1d).
2. ag =0,a7 =0, a5 # 0, then we have
(a) if ag = 0,3 = 0, then by choosing

S =

T =4das, 2 = —a3,8 = —6dagad, t = ‘13"4&730‘1"“
we have the representative (V) ;
(b) if ag = 0,y # 0, then by choosing
2 3
_ a2a4+a2a3a5 _ _ajoy
T = s Z - 4o¢r ’ §= Oé‘rL ’

t = (a2a4+2a2)(a2a4+a3a5) 404111205

4a ’

we have the representative (Vo + V) ;

(c) if ag # 0,6 = 4das, a3 = 0,0 = 0, then by choosing z = a5,z = 0,5 =
—aya?, t = —ay, we have the representative (Vs + 4V) ;

(d) if ag # 0, a6 = das, agay + asas = 0, ay # 0, then by choosing

(13(14 t — M

ag’

r==5%2=05=—
we have the reprebentatlve (Va+ V5 + 4V6>
(e) if ag # 0, ap = das, agay + aszas # 0, then by choosing

T = \/aza;:kag,ag) s = 0 s — — agy/(a2as+agas)” (a2a4+a3a5 t alx/agg§+a3a57
5

we have the family of representatives (aVz + V3 + V5 +4Vs);
(f) if ag # 0, a5 # 4as, s = 0, then by choosing

T = e —Adas. 2 = (ua. § = as(das—ag)® t = donas— a1a6 CELP
6 5 35 ’

as
we have the family of representatives (Vs + aV) 0 4 *which Wlll be
jointed with the cases (2a) and (2c¢);
(g) if ag # 0, a5 # 4as, s # 0, then by choosing

a2 (agas+azas Qg
x:%Z_M PR
as agag 4a5 ag
{ = 042(2a§a4+a3a4a5+a2(ai+2a3a5)fa1a5(4a57046))

i (das—ag) ’
we have the family of representatives (Vo + V5 + aVG)(a;ﬁOA) , which will
be jointed with the cases (2b) and (2d).

3. ag = 0,a7 # 0, then by choosing » = — 22z, s = —262% t = %j”wx
we have a5 = af = af = 0. Now we can suppose that ap =0,a3 = 0,06 =0
and have the following subcases:

(a) if oy = 0,a4 = 0,5 = 0, then we have the representative (V7) ;
(b) if ay = 0,4 = 0, 5 # 0, then by choosing x = Z—i,z =0,s=0,t =0, we
have the representative (Vs + V7) ;

c) if a; =0,a4 # 0, then by choosing z = , /24,2 =0,s =0,t = 0, we have
ar

I

the family of representatives (V4 + aVs + V7)) ;
(d) if aq # 0, then by choosing x = ,4/%,2 =0,s = 0,t = 0, we have the

family of representatives (V1 + aVy + Vs 4+ V7).

4. ag # 0, then by choosing z = —Wm s = —gat,t =

a5 = ai = ar = 0. Now we can suppose that oy =0, a5 = 0, a7 = 0 and have
the following subcases:
(a) if oy = 0,3 = 0,4 = 0,6 = 0, then we have the representative (Vsg);

wx we have
2a
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(b) if @1 = 0,3 = 0,4 = 0,6 # 0, then by choosing © = \/gjg,z =0,s =
0,t = 0, we have the representative (Vg + Vs);

(c) if a1 =0,a3 = 0,4 # 0, then by choosing = = f/%,z =0,s=0,t=0,
we have the family of representatives (V4 + aVg + Vsg) ;

(d) if a3 = 0,3 # 0, then by choosing z = (‘/%, 2=20,5s=0,t =0, we have
the family of representatives (Vs + aV4+ Vg + Vsg);

(e) if ay # 0, then by choosing x = i/g,z =0,s = 0,t = 0, we have the
family of representatives (V1 + aVs + V4 + vV + Vs) .

Summarizing, we have the following distinct orbits:
(V1 + V2 — 2V, 4 aVg) 0=

O(a, B,7) = O(—nsa,n2B, —n3~) = O(nZo, naB, —ms5v) =

<V1 +aVsz+ BV +Ve + V8> O(—nga, —nsB,ng7) = O(nfa, —n3 B, n3v) ,
(V1 +aVy+ Vs + V7>O(Ofﬁ):0(@7—,3)20(—%—1'@:0(—047%)
(aVy + V3 + V5 4+ 4V) =00 g, 1 aV,), (Vo + aVy + V),
(V2 +Vs5+aVe), (Vs+aVi+ 8Ve+ Vs), (Vi+aVs+Vr),
<V4 + aVg + Vg) s <V5 + Oév6> ) <V5 + v7> ) <V6 + V8> ) <V7> ) <V8> ’
which gives the following new algebras:

N5 : e1e; = eg e1es = €5 e1e3 = ey eieq = es
€26y = €4 ege3 = —2e5  e3€3 = aes
av b . — J— j— —
N13§ v I e1e1 = eg €1€2 = €5 €1€3 = €4 €269 = €4 + Q€5
eae3 = fBes e3e3 = yes €44 = €5
aV . J— J— J— —
N137 . e1€1 = €9 €1€2 = €5 €1€3 = €4 €9€o = €4
ese3 = Qe exeq = fes eseq = e5
Nfss : eje; = eg e1es3 = ey e1eq = aes
€96y = €4 + €5 €9e4 = €5 eze3 = 4des
N Toe1e1 = ey e1ez = ey ejeq = €s
139
€9€9 = €4 €9€3 — €y
N0 :e1e; = eg e1€3 = ey ei1eq = e5
€9y — €4 €29€3 — (€5 €3€3 — €5
N : eje; = eg e1e3 = ey e1eq4 = €5
€2€2 — €4 €9€4 — €5 €3€3 — Qey
a,B . _ _ _
149 :oer1ep = ey €13 = e4 €269 = €4 + €5
ese3 = Qes esez = fes eseq = €5
N¢ Toe1e1 = eg e1es3 = ey €969 = €4
143
€9€3 — €5 €2€4 — (X€5 €364 — €5
Y T oe1e] = es ejes = ey €29 = €4
144
€9€3 = €5 €3€3 — Qey €4€4 — €5
[0 . — — J—
N145 : €1€1 — €2 €1€3 — €4 €2€2 — €4
€2€4 — €5 €3€3 — ey
N6 Lo €161 = €2 €1€3 = €4 €263 = €4
€2€4 = €5 €3€4 = €5
Nz @ ere1=ez eles = eq4 eaey = €4
€3€3 = €5 €4€4 = €5
Nis L6161 = €2 €1€3 = €4 €2€2 = €4 €3€4 = €5

N Loe1e1 = €2 €1€3 = €4 €2€2 = €4 €4€4 = €5
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3.7. 1-dimensional central extensions of N{;. Here we will collect all informa-
tion about N7 :

erer = e H5;(NG) = z 0 0 0
NE | onon — o ([A12], [A13], [Ass], [As3]) 6. = |0 2 0 0
Rt HgNE) = HR(Nfe |TF T |0 0 Ha® 0
e ([Ar4], [Az4], [Asal, [Asa]) t 0 s ozt
Let us use the following notations:
Vi=[Ap], Ve=[A], Vi=[Au], Vi=I[Ay],
Vs =[Az], Ve =[Az], V7r=[Az], Vs=[Aw]
8
Take § = >~ o;V; € HAZ(N{3). Since
i=1
0 a1 ar a3 af oy o; a3
Ta10a4a5¢:a*1‘0aja§
o as ag or - ay af of ail|’
a3 as ar og o i aF aj
we have
af = (qz +ast)z?, o = (azz + agt)s £ (aex + art)2?,
af = (azr + agt)z?,  af = (ass £ ayz?)2?,
of = a5z, of = agr* + 2007522 + ags?,

ot = (ags £ azz?)zt, af = agad.

We will consider only the action of ¢4 for find representatives and after that
we will see that the set of our representatives gives distinct orbits under action of

¢+ and ¢_. We are interested in (s, as, a7, ag) # (0,0,0,0). Let us consider the
following cases:

1. ag =0,a5 = 0,a7 =0, then a3 # 0 and we have the following subcases:
(a) if a1 = 0,4 = 0,6 = 0, then by choosing x = a3, s = —asasz, t =0, we
have the representative (V) ;

[e3%

(b) if &1 = 0,4 = 0,6 # 0, then by choosing x = Z—g,s = -

2
226 ¢ = (), we
3
have the representative (V3 + V) ;

Qs

2
(c) if a1 = 0,a4 # 0, then by choosing ¥ = 24 s = —2224 t = (), we have
3

as’ «
the representative (Vs + V4 + aVs) ;
(d) if a1 # 0, then by choosing z = /41,5 = —132,1 = 0, we have the
3
representative (Vy + V3 + aVy + SVg) .
2. ag = 0,a5 = 0,a7 # 0, then we have the following subcases:

(a) if @3 = 0,a3 = 0,a4 = 0, then by choosing z = 1,s = f%,t =
W‘E%Q;Q“, we have the representative (V7) ;

(b) if @1 = 0,3 = 0,4 # 0, then by choosing = = \/%,s = —O‘Z‘Zcéﬁ,t =
W, we have the representative (V4 + V7) ;

(c) if aq = 0,3 # 0, then by choosing z = g—i, 5= —0‘2%%6,15 = agaﬁ—;;;?aw”,

we have the representative (Vs + aVy 4+ V7);
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2.3 . —
(d) if a1 # 0, then by choosing x = ¢/ &L, s = — ¢/ Gt t = Vo (asae—2aar)

8a 22 Jar
we have the representative (V1 + aVs + V4 + V7).
ag = 0,a5 # 0, then by choosing t = — 21, s = —a—xQ we have a] = o = 0.

Now we can suppose that a; = 0,4 = O and have the following subcases:

(a) if ap = 0,3 = 0,6 = 0, then we have the family of representatives
(Vs +aVr);

(b) if ap = 0,3 = 0,6 # 0, then by choosing x = \/%,s =0,t =0, we
have the family of representatives (Vs + Vg + aV7) ;

(c) if az = 0,a3 # 0, then by choosing z = 22,5 = 0,t = 0, we have the
family of representatives (V3 + V5 + aV +OBV7> ;

(d) if ay # 0, then by choosing x = i\‘/;zz, s =0,t =0, we have the family of
representatives (Va + aV3 + Vs + 8Vs +yV7).

ag # 0, then by choosing t = —g—Zw,s = —%x% we have o = a5 = 0. Now

we can suppose that as = 0, a7 = 0 and have the following subcases:

(a) if a3 = 0,0 = 0,4 = 0,5 = 0,6 = 0, then we have the representative
(Vs);

(b) if a1 = 0,2 = 0,4 = 0,5 = 0,6 # 0, then by choosing z = ﬁ,s =
0,t = 0, we have the representative (Vg + Vs);

(c) if oy = 0,0 = 0,04 = 0, @5 # 0, then by choosing © = \/gjz,s =0,t=0,
we have the family of representatives (Vs + aVg + Vsg) ;

(d) if oy = 0,90 = 0,4 # 0, then by choosing = = {l/gj:,s =0,t =0, we
have the family of representatives (V4 + aVs + 8Vg + Vs) ;

(e) if @y = 0,9 # 0, then by choosing = = </>s—0t—0 we have the
family of representatives

<V2 +aVy4+ BVs+vVe + Vg> ;

(f) if a3 # 0, then by choosing = = \5/%1;, s =0,t =0, we have the family of

representatives
(Vi+aVa+ 8Vy ++4Vs + uVe + Vs) .

Summarizing all cases we have the following distinct orbits:

O(a, By, 1) = O(ia inr/J‘ n2y, nru) ,
O(da, Fn3B, ndvy, —niu) = O(+o, £n2B, —n5v, n2p) =

(Vi+aVa + BV + Vs + Ve + Vs) O Fnsh —ni, —nsu) )

(Va+aVs+ V54 8V +V7) O(nza, 3B, —7) = O(nja, —m3B,7) = O(—n3a, —nzB, =)

O(a, B) = O(—0x, B) =
(Vi+ Vs +aVy+ pfVe) Ol =000
O(a B) = O(—nza,n38) =
(Vi+aVs+ BVy+Vr) O(nia, —n3 ) 2
O(e, B,7) = O(—a, B,—w) O(-nza,n3B,v) =
)
O(a, 5 7)) =0(—a,8,7) = O(n5a n B, 7757)
O(— nra nZB,miv) = O(=nda,nip, —n2vy) =
O(nda, niB, —n3~) = O(nZa, —15 8, n2y) =
O(—nze, naB n2v) = O(—nsa, —n3 B, —n5y) =

(V2 + aVy + BV5 + 7V + Vg) Ol —n38 —nsm) ’
<v3>7<v3+V4+OZV6>, <VB+QV4+V > ()=0(— Ot)

(V3 + Vs + aVg + V)0 0I=00=0) g, 1 ),
O(a. B) = O(—ia, —8) =
<V4 +aVs + ﬁVG + V8> O(ica, =B) = O(—a, B)

(Va+ V7), (Vs + Ve + aV;) O D=0=0)
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(Vs +aVe+ Vs), (Vs + @V7>O(a)zo(_a) (Ve + Vs), (V7), (Vs),

which gives the following new algebras:

aByp . _ _
N150 . erep = eg €169 = €5
eze3 = fes €2€4 = 7Y€5
a,B . _ _
151 . e1ep = eg €1€9 = €5
€9€9 — €4 €9€3 — (€5
a,f . _ _
152 . e1ep = eg €1€9 = €5
ege3 = fes ese3z = ey
By . _ _
153 o€ = €2 ejes = e
ege4 = €5 ezez = eq + fes
o, B,y . _ _
N154 : e1e; = €2 €1€3 = €5
eaeq = fles eze3z = e4 +yes
Nis5 To€1e1 = €2 €1€4 = €5
Nfs6 : eje; = eg eles = e
eg€e3 = €5 ese3 = e4 + aes
N?57 : €1€1 = €9 €1€4 = €5
€9€3 — (€5 €3€3 — €4
a1 . —_— —
N158 .o e1ep = €2 €1€4 = €5
eg€ey = €5 ese3 = e4 + aes
Nis9 o616 = €2 €1€4 = €5
o, . _ _
160 . erep = eg €2€2 = €4
€2e4 = Q€5 ese3 = eq + fBes
Ni61 ©oele; = e €262 = €4
€3€3 — €4 €3€4 = €5
N’ll62 .o e1ep = €2 €9€g = €4
ese3 = eyq + e5 eseq = aes
Nfsa Doerle; = eo e9ey = €4
ese3 = €4 + aes eqeq = €5
N%64 L €161 = €2 €2€y = €4
€3€3 — €4 €3€4 — (€5
Nigs L€ = €2 €2€2 = €4
Nige : eje] = e eg€y = €4
Nig7 : eje] = e ez = e4

€1€3
€3€3
€1€4
€3€3
€1€4
€364
€1€4
€364
€2€9
€4€4
€2€2
€2€2

€9€9
€364
€2€9
€3€4
€2€2
€2€3
€4€4
€2€3

€2€4

€2€4 =

€2€4

€3€3

€3€3 =

€3€3

ey

€4 + pes
€5

eq + fPes
(07571

€5

(07571

Yés

€4

€5

€4

€4

€4
€5
€4
€4
€5
€5
€5
€5
€5
€4+ es

€4
€4

€2€2 = €4
€4€4 — €5
€2€2 = €4
€2€2 — €4
€2€3 — Qey
€3€3 = €4

ese3 =e4 + €5

€4€4 = €5
€3€4 = €5
€4€4 = €5

3.8. 1-dimensional central extensions of N{5(\). Here we will collect all infor-

mation about N$5()\) :

T — — — —
NiE(N\) | erer =ex erea=e3 e1e3=es eze2 = Aey

HE, (N73(2)) = ([A22], 4[Azs] + [A14], [Az4]),
H N%((?)) = H% (NT5(2)) @ ([Azs], [Ass], [Asa], [Aud])

HE (NT5 (M azz) = ([Az], (BA — 2)[Ags] + [A14]),
HE (N5 (M)age) = HH(NT3(N) © ([Ags], [Aga], [Ass], [Asa], [Ada])

0

T 0 0
2
_ly T 0
¢= z 2zy z3
t AP +2rz (AN+2)2%y ot

Let us use the following notations:
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Vi=[Au]+ (BA=2)[Az], Vi2=[Ax], Vi=I[Ax], Vi=[Ayl,
V5 = [Ass], Ve = [Az4], V7=[Au]

7
Take 6 = > o;V; € HZ(N15(N)). Since

i=1
0 0 0 aq
T 0 a9 (3/\ — 2)0&1 +a3 oy o
¢ 0 (3)\ - 2)&1 + a3 (6% (675 ¢ o
Qi Qq Qe a7
a* a** o* Off
o*** a3 + Aa* BA=2)af +af o}
o (BA—=2)at + of o af |’
o3 g g a7
we have
af = (017 + agy + agz + agt)zd,
ay = ot + ANy + arz)zy? + Nagyt + 4(auz + (az + (3A — 2)aq)y)z?

+2(4agyz + 20722 + (205 + Aoy )y?)a?
A+ 2)(uy + asz + art)y + ((as + 4 aq)y + asz + agt)z)z?,
ay = [(A+2)(aur? + 206y + 20722 + Aary?)y
+((a3 + (3N = 2)an )22 + 2057y + 20672 + Aagy?)z]2?
—(BX = 2)(a12 + auy + agz + agt)zd,

af = (aur® + 2067y + 207wz + Aagy?)at,

ai = (a52® 4+ 2\ +2)agry + (A + 2)%2ary?)z?,
af = (agr+ (A +2)ary),

i = agad.

We are interested in
(0437 Oy, 05, O, O[7) 7& (07 07 Oa 07 0) and (Oll, Qy, Og, 017) 7& (07 Oa 07 0)
Let us consider the following cases:
1. ary =0,06 =0,a5 = 0,4 =0, then a3 # 0, az # 0 and
(a) if A ¢ {1,2,4}, (A — 4)as # 4(1 — A\)(A — 2)ay, then by choosing y =
()\—4)a3+4%§ail)(>\—2)a17 we have the family of representatives
(aV1 + V3>

o

[EE)) . ’
Ovm}7 A#£1,2,4

(b) if A ¢ {1,2,4}, (A —4)as = 4(1 — A\)(A — 2)aq, az = 0, then we have the
family of representatives <mv1 + V3>)\ , which we will be

14y

jointed with the family from the case (1a);

(c) if X ¢ {1,2,4}, (A —4)ag = 4(1 — A\)(A = 2)az, az # 0, then by choos-
ing r = Z—i,y = 0,z = 0,t = 0, we have the family of representatives
(A=HVi+40 =)A= 2)(V2 + V3)) 4104

(d) if A € {1,2,4}, then by choosing some suitable z and y we have the family
of representatives (V1 + Vs) , o \e(1,2,43 » Which will be jointed with the
family from the case (1a).

2. ay =0, =0,a5 =0, a4 # 0, then we have

(a) if ag =2(2 — A)aq, then by choosing
T =403,y = —4oja4, 2 = agaz(4d— ) —agay — aF(8 — 120+ 3)2),t =0,
we have the representative (V) ;
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(b) if ag # 2(2 — A)ay, then by choosing

_azt+2(A—2)ay _ al(a3+2()\ 2)041)
€T = ay Y = a2
1
= (2(2=N)ag—az)(azas+(A—4)a az+(3N% — 12)\+8)o¢1) b= O
- 4o

we have the representative (Vs + V4> .
3. a7 =0,a5 = 0,5 # 0, then
(a) if ay =0, then ay # 0 and
(i) if A # 0, then by choosing

= %;731 _ oélaa;’z _ a1(2asas+(A= 2)%::(,\273“2)&1%) t=0,
we have the family of representatives (Vi + V),

(ii) if A = 0, then by choosing = = Z—;,y = —0‘21;%3 ,z2=0,t =0, we have
the family representative (V1 + aVy + V5>a¢07k:0 and the represen-
tative (V1 4+ Vs),_, , which will be jointed with the family from the
case (3(a)i).

(b) if a4 # 0 and A = 0, then we have the followings:

(1) if asas = 201 (2a4 + a5) then by choosing
T =403, y = —4daia3, z = dajazay — aeat — 402 (204 + ), t = 0,
we have the family of representatives (aV4 + Vs),.0 =0
(ii) if azay # 201 (204 + @), then by choosing
agas—2a1 (2as+as) _ a1(201 (2autas)—azaq)
agas) Y= oc?laa) ’
_ (2a1 (2aa+as)— a3a4)(aza4f4ozla3a4+4al(2a4+o¢5)) t = O7
atas
we have the family of representaélves (Vs +aVy+ V5)a¢07>\:0 ;

(c) if ag # 0 and A # 0, then we have the followings:

(i) if 4oy = Az, AANA—4)araz+A2azas +4(3N3 — 1202 +8A+16)a? = 0,
Aaz + 2(A? — 2\ — 4)a; = 0, then by choosing z = 1,y = — %L 2 =

oy

Tr =

0,t = 0, we have the family of representatives <%V4 + V5>/\7£0 ;
(i) if 4oy = Aoy, AN A —4)a1az+A2aza5+4(3A3 — 1202 +8X+16)a? = 0,

Aaz + 2(A% — 2\ — 4)a; # 0, then by choosing

Aaz+2(A2—21—4)a 4oy Aaz+2(A\2—22—4)a
3 (/\oé5 )17y: 1(Aag )\(22 )1)2,:0’75:07

we have the family of representatives <V3 + V4 + V5>)\¢0 ;
(iii) if 4y = Ao, 4)\()\74)(11043+>\2a2a5+4(3>\3—12>\2+8>\+16)a§ #0,
then by choosing
VA —0)aras+A200as+4(3X3—12X2+82+16)a?

)\015 ?
4 AA(A—4 A2 4(3A3—12X2+8X+16)a?
y=— a1/ AN Ao as+ Q;za;g ( +8A+ )0‘1,220’t:07
we have the family of representatives <V2 +aVs+ %V;; + V5>>\¢0 ;

(iv) if A # 0,4a4 # Aas, then by choosing
_asaft+(A—4doarazast+of (das+(3A7— 12/\+8)a4)
aZ(dos—Aas)

we have two families of representatives

(aVy + V5>a7§% and <V3 +aVy+ V5>a¢%
depending on azay —2aqa5+2(A—2)a;ay = 0 or not. These families
will be jointed with representatives from cases (3(c)i) and (3(c)ii).

xTr =

—_a
Y= —aiT, 2=

t=0,

2
4. a7 = 0,6 # 0, then by choosing y = _Ex y = %Oélas

o] = 0,a; = 0. Since we can suppose that o = 0,4 = 0 and

x, we have
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(a) if A # 0,3 = 0, then by choosing ¢t = %?Gx, we have the representatives

(V6) a0 and (Vs + V), 4, depending on a5 = 0 or not;
(b) if X # 0,a3 # 0, then by choosing z = /%2, = )\0;26\/\/0?6’ we have the

67

family of representatives (Vs + aVs + V6>)\¢0 ;

(c) if A = 0,02 = 0,3 = 0, then we have the representatives (Vs),_, and
(Vs 4+ Ve),_ depending on as = 0 or not, which will be jointed with
representatives from the case (4a);

(d) if A = 0,3 = 0,a3 # 0, then by choosing x = \/gjz,t = 0, we have the
family of representatives (V3 + aVs + V6>(>\:0)7 which will be jointed
with the family of representatives from the case (4b);

(e) if A =0, s # 0, then by choosing z = i/%,t = 0, we have the family of
representatives (Vo + aVs 4+ Vs 4+ Ve),_, -

. a7 # 0,\ # —2, then by choosing

2(A+2)2a4o¢7—()\+4)a2
- % — 6
(o w;) L 2(A+2)Za2 )
t = (/\2+6/\+8)a4a6a7—2()\+2)2a1a§—(>\+4)o<2x
- )

2(A+2)203
we have af = 0,a} = 0,af = 0. Now we can suppose that a; = 0,4 =
0, ag = 0 then we have
(a) if a3 = 0,a5 = 0,z = 0, then we have the representative <V7))\¢72 ;

(b) if @z = 0,a5 = 0,2 # 0, then by choosing z = 1/ Oé2047_1, we have the
representative (Vo + V7)o

2
(c) if a5 # 0, then by choosing z = \/azaz ', y = —5 Mz = 4\/0‘33 ,
o a5a7
t = 0, we have the family of representatives (a«Vy + V5 + V7>>\¢72 )

(d) if a3 # 0,5 = 0 then by choosing 2 = {/aza; ', we have the family of
representatives (aVa + V3 + V7>)\¢72 .

ay # 0, = —2, then

2

(a) if ag = 0,a5 = 0, then by choosing z = £ — %,t = —‘mlaﬂ
o =0 and o = 0. Now consider the followings:
(i) if g = 81, asar—aj = 0, then we have the representative (V7),_ ,,

which will be jointed with the representative from the case (5a);

, we have

(ii) if a3 = 8ay, agar — a2 # 0, then by choosing x = Tz7y =0,
\ p
we have the representative (V2 + V7), __,, which will be jointed with
the representative from the case (5b);

2
(iii) if o3 # 8avy, then by choosing & = /@25y = My we
have the representative (Vs + V7),__,.
(b) if ag = 0, 5 # 0, then by choosing

o= as y= 8a1—ag y = a7(a378a1)272a4a§ { =
ar’ 2/ asar’ dasar/asar ?

3oy —200 (4a4+a5)
2a7\/asar ?

we have the family of representatives (a«Va + Vs + V7),__,, which will
be jointed with the representative from the case (5¢).
(c) if ag # 0, then we have the following cases:
(i) if asar = a2, 8a1a7 + auas = azar, then by choosing

Qa6 ¢ — as(aas—2a1a7)
202 0" T 203 ’

— Qg — —
x—a—7,y—0,z——
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we have the family of representatives (aVa + V5 + Ve + Vi), __5;

(i) if asar = a, 8arar + asap # azar, then by choosing
ag(a2a7—ai—2a1a6)

— Q6 —
T = Oé7’y - 60(7(&4&64*80(10(770(3&7))’
_ v oz @6y ¢ _ rartyoatzae
=1 _our _ aey y_  zoityastzag
x 2a7 ar ) ar )

we have the family of representatives
<OéV3 + V5 + Vg + V7>a5£0,)\=—2 ;
(iii) if asary — a2 # 0, then by choosing

_ as ,, _ as(aaast+8aiar—asar) _ v o4 .. as
Oz7’y 20¢7(—O¢%+0¢50¢7) ) x 2ae7 O¢7y’
{ = (a4oz6—2a1oz7)w2—2a6a7y2+2(0z2—a4a7)xy
2o¢$x ?

we have the family of representatives
(aVa + BV5+ Ve + V)5 \m o
which will be jointed with the family from the case (6(c)i).

Summarizing all cases we have the following distinct orbits:
(A=YV1i+401 = N)A = 2)(V2 + Vi) agqaioy » (Vi + V2 + Vi) g 00

(V1 +V3) s> (V14 Vs), (Va+aVs + Vi + Vs)

O(a)=0(—a)

AF#£0 ’

<v2 +06V3 +IBV5 + v6>gi%7ﬁ)20(77§O‘»_"]B):O(_nﬁavngﬁ)’
O()=0(—n3)=0(n3)

<OzV2 + Vs + V7>)\¢72 , (Ong + BVs5 + Ve + V7>/\:72 ,

<OZV2 + Vs +V7>, <V2 +V7>, <V3 +V4>, <V3 + aVy +v5>a;£07

<V3 + aVs + V6> R <04V3 + V5 + Vg + V7>a7&0))\:72 s <V3 + V7>/\:72 s <V4>)\¢2 s

<OéV4 + v5>a¢0 s <V5 + V6> R <V6> , <V7> .

Now we have the following new algebras

AF#1;2;:4 _ _ — —
N168 €1€1 — €2 €1€9 = €3 €1€3 — €4 €14 = ()\ — 4)65
€263 = Aey + 4(1 — /\)()\ — 2)65 €93 = —/\()\ + 2)65
a#0
N169 €1€1 — €2 €1€9 = €3 €1€3 = €4 €1€4 = €5
€260 = Qres eges = —2e5  eszes3 = €5
A, a#0
N170 €11 = €y €1€2 = €3 €1€3 — €4
e1eq4 = aes eses = Xey  egez = (14 a(3X — 2))es
A
N171 €161 = €y €1€9 = €3 €1€3 — €4 €1€4 = €5
€o€y = /\64 €2€3 = (3)\ - 2)65 €3€3 = €5
A#£0, o
N172 €161 = €2 €169 = €3 €163 = €4 €9€9 = )\64 + e5
€9€3 — Qg €2€4 — %65 €3€3 — €5
a,f _ _ _ _
173 €1€1 = €2 €162 = €3 €1€3 = €4 €263 = €5
e2€3 = Qes eses3 = fPes  ezes =e5
AFE=2,a _ _ —
N174 .o er1ep = eg €1€2 = €3 €1€3 = €4
ey = ey + aes  eges = e eqe4 = €5
o, _ _ — —
N175 €1€1 — €2 €1€9 = €3 €1€3 — €4 €969 = —264 + aes
eses = fe; eseq = €5 eqeq = €5
P WeY
N176 €1€e1 = €y €1€9 = €3 €1€3 — €4
ey = ey + ey ezes = e; eqey = €5
A
N177 €1€e1 = €y €1€9 = €3 €1€3 — €4
€263 = Aeg+e5  eqeq =e5
A
N178 €1€e1 = €y €1€9 = €3 €1€3 — €4 €969 = )\84
€9€3 = €5 €9€4 = €5
A,a#£0
N179 €11 = €y €1€9 = €3 €1€3 — €4 €9€9 = )\64
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€9€3 = €5 €9€4 = (X€5 €3€3 = €5
Ni‘é%‘ : eje; = es ejeg = e3 e1€3 = €4 €96y = Aey
€2€3 — €5 €33 — (€5 €3€4 — €5
N?gio .oerep = eq €169 = €3 €163 — €4 €9€9 = 7264
€2€3 — (€5 €3€3 — €5 €3€4 — €5 €464 = €5
INFED) Doeler = e erex = €3 erez = ey
€9€g — —264 €9€3 — €5 €4€4 = €5
Ni\g? T e1ep = ey ejeg = eg ejes = ey
€9€g = /\64 €9€4 = €5
Ni\é‘i‘#O T eje; = ey e1es = €3 e1e3 = ey
€263 = \ey egey = (ey eses3 = es
Ni\85 Toei1ep =eg e1eg = €3 ejes = ey
€9€o — /\64 €3€3 = €5 €3€4 = €5
Ni\SG :oei1ep =es e1eg = €3 ejes = ey
€9€g = /\64 €3€4 = €5
Ni\87 :oei1ep =eg ejeg = €3 ejes = ey
€9€g = /\64 €4€4 = €5

3.9. 1-dimensional central extensions of N{;. Here we will collect all informa-
tion about Nij :

HL(NG) = 2 0 0 0
N+ | €1e2 =€ ([A11], [Ag2], [Ags], [Ass]) b= 0 ¢ 0 0
M1 ejes=es | HZ(N{:) = HE(N{H® 0 r z¢ O
([A14], [Aa4], [Asza], [Agd]) t s ar a’q

Let us use the following notations:

Vi =[A11], Ve=[A14], Vz=[Ag], Vi=][Agg],
Vs = [Aa4], Ve =[As3], V7=[Az4], Vg=[Aul

8
Take § = >~ o;V; € H2(N{}). Since

i=1
a; 0 0 o o] o o o
7|0 a3 ay as| , [ o af o of
¢ 0a4a6a7¢_ o o o ar |’
oy a5 ar Qs oy o oF o
we have
o] = a12? + 200t + agt?,
a; = (z+agt)r?q,
o = (a3q+ aur + a5s)q+ (uq + agr + ars)r + (asq + azr + ags)s,
af = (uq+ aer + ars)zq + (asq + arr + ags)ar,
aif = (asq+ arr + ags)riq,
af = (aq® + 2a7qr + agr?)z?,
of = (arq+ agr)ziq,
* _ 4 2

We are interested in (as, as,ar,ag) # (0,0,0,0). Let us consider the following
cases:

1. ag =0,a7 =0,a5 =0, then as # 0 and we have
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(a) if ag = 0,4 = 0,3 = 0, then by choosing z = 2as,q = 1,7 = 0,5 =
0,t = —ay, we have the representative (Va) ;

(b) if ag = 0,4 = 0,3 # 0, then by choosing © = az,q = aza3,r = 0,s =
0,t = —%23, we have the representative (V2 + V3);

(c) if ag = 0,4 # 0, then by choosing r = ay4,q = azay,r = =42 5 =
0,t = —5>4, we have the representative (Va4 Vy);

(d) if ag # O a3a6 —a? = 0, then by choosing * = ag,q = ag, 7 = —
0,t = —%2, we have the representative (V2 + V) ;

(e) if ag # 0, agag — a? # 0, then by choosing

\ asas—a3 azy/azag—a? azasy/azas—al

Q2Qq

S =
(875}

Tr = = r=—
ag y 4 ag ) Otg )

/ 2

a1 Q3zhe—Qy

s=0,t= Soger ,

we have the representative (Vy + V3 + Vi) .
2. ag =0,a7 =0,a5 # 0, then we have
(a) if ag = 0, a0 = 0, then by choosing

2R C8% 0t =0,

2a2
g 4
r=1r=—-"qs= 502

we have the representatives (V5) and (Vi + V5) depending on whether
a1 = 0 or not;
(b) if ag = 0,y # 0, then by choosing

2
_ _ __ asaq az(2ay—azas) , _  ajas
T = Q5,4 = Q2,7 = — s S = 202 at*_gazv
)

we have the representatives (Vo + V) ;
(c) if ap # 0,5 = —ag, then we have the following subcases:
(i) if e = 0,4 = 0, 3 = 0, then we have the representative (Vs — V) ;
(ii) if g = 0,4 = 0,1 # 0, then by choosing

— — (o531 _ _ Q3./Q1 _
r=1,q= as,rf(),sf ~%as Ts,t—O,

we have the representative (V1 + V5 — V) ;
(iii) if e = 0,4 # 0,01 = 0, then by choosing
r=%%qg=1r=0s=— 2a St =0,

we have the representative (V4 + V5 — V) ;
(iv) if ag = 0,4 # 0,01 # 0, then by choosing

__ Q4 _ g _ _ a3z _
r=gtq= aS,T—O,S— s T t=0,

we have the representative (V1 + V4 + V5 — V) ;
(v) if ag # 0, a4 = 0, then by choosing
$:a5,q:a2,T:O,5 = _(327(?775 = _OélT(zs)
we have the representative (Va + V5 — V) ;
(vi) if ag # 0,4 # 0, then by choosing

— Q4 — Q2Qy — — __ GQox3g — __ ciog
as’ q a2 ) T 0,s 2a3 t 2asas

we have the representatisve (Vo +V4+ V5 ~ V) .

(d) if ag # 0, a5 # —ag, then we have the following subcases:

(i) if @y = 0,aq = 0, then by choosing

2 2

a4(2°‘52';‘;‘(50)‘5i‘2‘i‘;‘§+0‘6) == Dt5a+4046 =0,

we have the family of representatives (Vs + aVg),, 40,1 > Which will

be jointed with the cases (2a) and (2(c)i);
(ii) if ag = 0,1 # 0, then by choosing

r=1,qg=1,s5=
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= — Jer e v
r=1¢q= a5’ T = T {astac)vas’

(0F (2a5+ag)—as(as+ae)?) /or t=0
205 (as+ag)? /o5 sy b =Y,
we have the family of representatives (V1 + V5 + aV6>a¢07_1 , which
will be jointed with the cases (2a) and (2(c)ii);
(iii) if ag # 0, then by choosing

S =

_ _ _ ooy
T =5, =02, "= astag’
5 — az(a?(2as+as)—as(as+ag)?) { — _oaos
= =

2045(045"”046)2 20 7
we have the family of representatives (Vo + V5 + aV6>a¢0771 , which
will be jointed with the cases (2b) and (2(c)v).
3. ag = 0,7 # 0 then by choosing r = _%q,s — 0650460720(4017 q, we have aj =
7

of = 0. Therefore, we can suppose that ay = 0, a5 = 0, thus we have

(a) if ap = 0,an7 = 0,3 = 0, then we have the representatives (V7) and
(V¢ + V7) depending on whether ag = 0 or not;

(b) if @ = 0,a1 = 0,3 # 0, then by choosing x = $/52,¢ = 1,7 = 0,5 =
0,t = 0, we have the family of representatives (Vs + aVg + V7);

(c) if ag = 0,07 # 0,3 = 0, then we have the representatives (V1 + V7)
and (V1 4+ Vg 4+ V7) depending on whether aig = 0 or not;

(d) if as = 0,1 # 0, a3 # 0, then by choosing

3
— as _ 6/ — — —
r= /3t q= 1/%0@,7"*0,5—0,15—0,

we have the family of representatives (Vi + V3 + aVg + V7)) ;

(e) if as # 0,3 = 0, then by choosing ¢ = g—i,r =0,s =0,t = -5z,
we have the representatives (Vg + V7) and (Va2 + Vg + V7) depending
on whether ag = 0 or not;

(f) if ag # 0,3 # 0, then by choosing x = @ %,q = g—i,r =0,s=0,t =

_ 2%12\3;/3/2% we have the family of representatives (Vy + V3 + aVs + V7).

2
4. ag # 0 then by choosing r = —5%q,s = 0‘7;7%50‘8(],15 = — %2z, we have af =
af = a% = 0. Therefore, we can suppose that as = 0, a5 = 0, a7 = 0, then we

have

(a) if ag = 0,3 = 0,a4 = 0, then we have the representatives (Vg) and
(V¢ + Vs) depending on whether ag = 0 or not;

(b) if oy = 0,3 = 0,4 # 0, then by choosing x = ,3/3—:,q =1r=0,s =
0,t = 0, we have the family of representatives (V4 + aVg + Vsg) ;

(c) if @1 = 0,3 # 0, then by choosing x = ,4/3—;7q =1r=0,s=0,t=0,
we have the family of representatives (Vs + aVy + Vg + V) ;

(d) if oy # 0,3 = 0,4 = 0, then we have the representatives (V1 + Vsg)
and (V1 + Vg + Vs) depending on whether ag = 0 or not;

(e) if a1 # 0,3 = 0,4 # 0, then by choosing = = @ arg= 4/ agis,r =
4
0,s = 0,t = 0, we have the family of representative (V1 + V4 + aVe + Vs) ;
(f) if oy # 0,5 # 0, then by choosing © = @ g—'g,q = \4/%,7“ =0,s=0,t=
0, we have the family of representative (Vi + V3 + aVy + 8V + Vs) .

Summarizing, we have the following distinct orbits:
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<v1 _|_v3 —|—O£V4 +/Bv6 +Vv >O(a,ﬂ):O(z'oz,—B):O(—ia,—ﬁ):O(—a,B)’

(V1 + Vs + Vg + V) 0@ =0ma)=0050) g, L g, 4 v, — V),
(Vi+Vi+aVe+V >O(a =0(=ma)=0(r;0) , (V1 +Vs5+aVe), (Vi+ Ve + V7,
<V1 + Vg + Vg) , <V1 + V7> , <V1 + Vg> R <V2> R <V2 + V3> , <V2 + V3 + V6> ,
<V2 + V3 + aVe + V7>O(Q):O(7W3Q)ZO(U§Q) , <VQ + V4> , <V2 +V4+Vs5— V6> ,
<V2 + V5 + aV6> , <V2 + V6> , <V2 + Vg + V7> , <V2 + V7> ,

(Vs +aVy + BV + v8>O(aaﬁ):O(m»*ﬁ):O(*mﬁﬁ):O(*aﬁ)’

(Vs +aVe+V >O(a)=0(—n3a>=0<n§a) (V44 V5 — V),

(Vi + aV + V) O(@=0(msa)=00ie) (g 4 (i) (Ve + V), (Ve + Vs),

<V7> ) <v8> y
which gives the following new algebras:
a,B
188 . €1€e1 = éej5 €1€2 = €3 €1€3 — €4 €29€9 — €5
eze3 = aes  ezez = fBe;  eseq = €3
N(IIBQ : €1€1 = €5 €1€2 — €3 €1€3 — €4
€9€9 — €5 €3€3 — (ke €364 — €5
Nigo : eier1=e5 ejea =e3 ejez3=ey
€2€3 = €5 €2€4 = €5 €3€3 = —€5
Nfo1 : eie1=es eres = e3 e1€3 = ey
€9€3 = €5 €3€3 — (ke €4€4 = €5
Nfy1 : eie1=es e1eg = e3 e1€3 = ey esey = €5 eses = aes
Nig2a : eiegx=e5 ejea=e€3 ee3=e€4 €363 =e€5 €364 = €5
Nigz : eije1=e5 ejea=e3 ee3=e4 e3e3=e5 €464 = €5
Nigs : ee1=e;s €1€2 = €3 €1€3 = €4 €3€4 = €5
Nigs : eie1=e5 ejea=e3 ee3=eq4 €164 =¢5
Nigg : eiea=e3 ee3=e4 e1eq4 = €5
Nig7 : eiez =e3 €1€3 = €4 €1€4 = €5 €2€2 = €5
Nigg : eiea=e3 eje3=eq4 eleg=e5 ee3=¢e5 €363 =¢j
N(llgg . €169 — €3 €1€3 = €4 €164 — €5
€9€92 = €5 €3€3 = ey €3€4 = €5
Nogg : erea =e3 €163 = €4 €164 = €5 €263 = €5
Nog1 : ejea=e3 ee3=e4 e1eq =e;5
€263 = €5 €264 = €5 €3€3 = —¢€;5
NSOQ . €169 = €3 €13 = €4 €164 = €5 €2€4 = €5 €3€3 — (€5
N2os : eiea=e3 eje3=eq4 ejeq=e5 €363 =¢5
Nogs : ejea =e3 €163 = €4 €164 = €5 €3€3 = €5 €3e4 = €5
Nogs : eiea =e3 €1€3 = €4 €164 = €5 €364 = €5
gég . ejeg =e3 e1es = ey €9€9 = €5
ese3 = ey  ezez = ffes  eqey = €5
NgO? . €1y = €3 €1€3 — €4 €9€9 = €5 €3€3 = (X€5 €3€4 = €5
Naog : eilea=e3 eje3=eq4 eze3=e€5 e3e4=¢€5 €363 = —€5
N%OQ . €169 = €3 €1€3 = €4 €29€3 — €5 €3€3 — (€5 €4€4 — €5
N%m . e1eg = e3 €1€3 — €4 €9€4 — €5 €3€3 — (€5
Noi1 @ ejea=e3 €1€3 = €4 €3€3 = €5 €364 = €5
Nai2 : ejea=e3 eje3=e4 e3e3=e5 eseq4 = €5
Noiz : ejea=e3 eje3=e4 e3eq4 = €5

Nois @ ejeg=e3 eez=eq4 €464 = €5
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mation about N7 :

HZ (N{}) = zx 0 0 0
12 =63 A1, [Aga], [Ags], [A 2
N | eren—e ([A11], [As2], [Ass], [Ass]) _ |0 2= 0 0
B | HE(NT) = HR (N)e 0 r a* 0
e ([A14], [A2s], [Aza], [Asd]) t s ar at
Let us use the following notations:
Vi=[An], Ve=[Au], Viz=[Axn], Vi=I[Ay],
Vs = [Aa4], Ve =[Az3], V7=[Az], Vg=[A4]
8
Take 6 = >~ o;V; € HZ(N{}). Since
i=1
a; 0 0 a2 ol o o™ aj
7] 0 a3 as as o az+a™ o) o
Qb 0 a ¢ = ok * * * )
4 Qg ar ! o af ok
o a5 Qr o o5 oF oy og
we have
a] = o122 4 2002t + agt?,
ay = (agx + agt)z?,
s xtas + 2redoay + 2szas + r2ag + 2rsar—+
s?ag — x(rzas + trlay + rtag),
af = (au2®+ agr + ars)zd + (asz? + arr + ags)ar,
ai = (as2® + arr + ags)zd,
af = (agxt + 2a72%r + agr?)a?,
af = (a72? + agr)z®,
af = agzd.

We are interested in (ag, a5, a7, ag) # (0,0,0,0). Let us consider the following

cases:

1. ag =0,a7 =0,a5 =0, then oy # 0 and we have

(a)
(b)
()

(d)

if ag = 0,4 = 0, then by choosing x = 2as,r = 4dasasz,s = 0,t = —ay,
we have the representative (Vj) ;

if ag = 0,4 # 0, a2 = 204, then we have the representatives (2Va + V)
and (2Va 4+ V3 + V4) depending on whether ag = 0 or not;

if ag = 0,4 # 0,2 # 2y, then by choosing x = as — 2ay4,r =
az(ag — 2a4),8 = 0,t = 70‘1(220‘;‘2_0‘2)
tives (Vo + aV4>a¢0’% , which will be jointed with representatives from
the cases (1a) and (1b);

if ag # 0, then by choosing x = g—i, r=
the representative (Vo + aV3 + Vi) .

, we have the family of representa-

2
50y «
23 ,S_O7t_ 1

— 5> We have

2. ag = 0,a7 =0, a5 # 0 then we have

(a)

if a5 # —ag, then we have the following subcases:
(i) if g = 0,7 = 0, then by choosing
r = 2a5(as + ag), s = 2as(a3 (205 + ag) — az(as + ag)?),
r = —dagad(as + ag),
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we have the family of representatives (V5 + aVG)(X#_l ;
(i) if ag =0, 1 # 0, then by choosing

$:4ﬂ,r,:_ [CZRVASH
as’ (as+as)y/as’
5 = ((a5+a6)(2ai—042014)—ag(as—i-ag)z—aiag)\/al t=0
- 2as (as+as)2/as y L=V,

we have the family of representatives (V; + V5 + OzV6>a¢71 ;
(iii) if ae # 0, then by choosing

2

_ o« _ Qg
T = 072’ r= _ag(a25+a6)’
s — ag((a5+a6)(2(127a2a4)7a3(a5+a6)27aia6) = _ o1
- 203 (as+ag)? YT 2
we have the family of representatives (Vo + V5 + aVG)a?ﬁ_l .
(b) if ag = —as, then we have the following subcases:

(i) if ay = 0,0 = 0,03 = 0, then we have the representative (Vs — V),
which will be jointed with the family from the case (2(a)i);

ii) if g = 0,0 = 0,01 0, then by choosing x = ¢/2L. r = 0,5 =
() b b #7 y g ) b

a5

Lk VTR - 0, we have the representative (Vi 4+ V5 — Vi), which

T 2a5./aa’
will be jointed with the family from the case (2(a)ii);
(iii) if oy = 0,2 # 0, then by choosing z = §2,r = 0,5 = -t =
5
—3.-, we have the representative (Vy + V5 — Vi), which will be

jointed with the family from the case (2(a)iii);

(iv) if aq # 0, then by choosing r = %4 s = — %24

as 2ag’ ?

r = 0, we have the
families of representatives
<C¥V1 + V4 + V5 — V6> and <OZV2 + V4 + V5 — V6>a¢0
depending on oy = 0 or not.
3. ag =0, a7 # 0, then by choosing

2 2
— Q5.2 o Q56— a0a7 .2 4 azaz—2a4asartagastazasar
r=—2x%s = 5 ot = 5

7 az az

1’7
we have o = o) = af = 0. Therefore, we can suppose that az = 0,04 =
0, a5 = 0, and we have
(a) if oy = 0,9 = 0, then we have the representatives (V7) and (Vg + V7)
depending on whether ag = 0 or not;

(b) if a3 = 0,2 # 0, then by choosing x = \/agagl,r =0,s=0,t=0, we
have the family of representative (Vy + aVg + V7) ;

(c) if a; # 0, then by choosing x = Vatir =0,5s =0,t =0, we have the
family of representative (V1 + aVa + Vg + V7).
4. ag # 0, then by choosing r = —8Ta” t = —%2x,5 = —%ﬁa” we have
o5 = af = a3 = 0. Therefore, we can suppose that as = 0,05 = 0,07 = 0,
then we have
(a) if &y = 0,3 = 0,4 = 0, then we have the representatives (Vg) and
(Ve + Vs) depending on whether ag = 0 or not;

(b) if oy = 0,3 = 0,4 # 0, then by choosing = = {/asag’,r =0,5 =0,t =
0, we have the family of representative (V4 + aVg + Vs);

(c) if a1 = 0,a3 # 0, then by choosing z = 4/ agagl,r =0,s=0,t=0, we
have the family of representative (V3 + aVy4 + Vs + V) ;
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(d) if oy # 0, then by choosing x = {’/ozlagl,r =0,s=0,t =0, we have the
family of representative (Vi + aVs + V4 4+ vVs + Vs) .

Summarizing all cases we have the following distinct orbits:
(V1 + aVy + Vg + Vq)O(@D)=0me—n50)=0 (50,18 $)=0(=ns,~n3f)=O(~nems )
O(a, B,7) = O(=mza, B,n37) = O(—nza, =B, n3v) =

(V1 +aVs + V4 + Vs + Vg) Omies =B, —n37) = O(nsa, B, —n37) = O(e, =B.7)

<04V1 + V4 + V5 — Vﬁ) , <V1 + Vs + aV6> , <2V2 + V3 + V4> , <V2 + aVs3 + V6> ,
<V2 + OéV4> s <04V2 +V4+ V5 — V6>a7g0 R <VQ + V5 + Ong) ,

(V2 + aVg + V;)0(0=0)

(Vs + V4 + BV + Vi) O =00

—8)=0(~icr,~B)=0(~B)

(Va4 aVe+ v8>0(a):0(7n3a)20(77§a) , (Vs +aVs), (Ve + V7)), (Ve + Vs),
<v7> ) <v8> 5

which gives the following new algebras:

B
Nais

a,Byy
Nyis

[e3
N5z
(a3
N%s
N9
(e
N2
[e3
221

#0
Pq;éQ

(a3
N3
(3
NS4

a,B
N5
(073
N5
(3
N%or
Nyog
N2

Na3g
N3

3.11. 1-dimensional central

€161
€2€2
€1€1
€2€3
€1€1
€2€3
€1€1
€2€2
€1€2
€1€2
€1€2
€1€2
€9€3
€1€2
€9€2
€1€2
€9€2
€1€2
€2€3
€1€2
€2€3
€1€2
€1€2
€1€2
€162
€1€2

mation about N7 :

€5
€4
€5
Bes
(671511
€5
€5
€4
€3
€3
€3
€3
€5
€3
€4
€3
€4
€3
(671511
€3
€5
€3
€3
€3
€3
€3

€1€2
€3€3
€1€2
€3€3
€1€2
€2€4
€162
€2€4
€1€3
€1€3
€1€3
€1€3
€2€4
€1€3
€2€4
€1€3
€3€3
€1€3
€3€3
€1€3
€3€3
e1es
€1€3
€1€3
€1€3
€1€3

= Pes
= €5
= 63
= ey
=e5
= €4
=e5
= ey
= Qe5
= fes
= (€5
= ey
= ey

€1€3
€3€4
€1€3
€4€4
€i1€3
€3€3
€1€3
€3€3
€1€4
€164
€164
€164
€3€3
€1€4
€3€3
€164
€3€4
€2€2
€4€4
€2€2
€4€4
€2€2
€2€2
€2€2
€969
€9€9

=ey
= e5

= e5
= Qes

€1€4

€4 €2€2

€5

€4 €2€2

—es

€4

Qes

265 €9€2

€5 €2€2
€2€2
€2€2

—e5

€5

Qes

€5

€5

eq4 + €5

€5

€4

€5

€4 €2€4

€4 €3€3

€4 €3€3

€4 €3€4
€4€4

Qes

eq4 + aes

€4

eqst+es  exez3=e;
eq + aes; esez =es

284

€4 €9€3 — (ey
€5 €3€3 — (€5
€5 €3€4 = €5
€5 €4€4 — €5
es

€5

extensions of N7{;. Here we will collect all infor-

4%
NlG

€162
€1€e3
€2€3

€3
€4
€4

HY (Ni§) = ([An], [Asa], [Ass], [Ass])
HE(NT) = HE (N1E) © ([A1a], [Aga], [Asza], [Aua])
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z 0 0 0 0y 0 0
0z 0 0 ~ly 0 0 0
=10 0 22 0 ’¢2*00y2 0

t s 0 23 t s 0 g

Let us use the following notations:

Vi=[An], Va=[Aw], Vi3=[Axn], Vi=[Asy],
Vs = [Au], Ve=[As3], V7=[Az], Vg=[Auyl

8
Take 0 = Y o;V; € H2(N{;). Since
=1

K2

ar 0 0 an o o a** fo%s

* * * *ok *

o7 0 a3 ay as b= a Qs oy + o fo%
0 ou ag or o™ oy + ot og or |’

* * * *

(65) (071 (674 ag az a5 a7 ag

in the case ¢ = ¢1, we have

al = a2 + 2c0at + agt?,  ab = (aer + agt)r?,

al = azx?® + 20578 + ags?, o = (ur + ars)r? — ara?t,
at = (asz + ags)r?, af = agr?,
oy = r®, of = agxt;

and on the opposite case, for ¢ = ¢, we have

of = azy?® + 2asty + ast?, o = (asy + ast)y®,
af = a1y? + 208y + ags?,  af = ((s — t)ay — yas)y?,

_ 3 _ 4
af = (yaz + sas)y?, ag = agy”,
_ 5 _ 6
O‘; = ary-, O[§ = agy-.

We are interested in (s, a5, a7, ag) # (0,0,0,0). Let us consider the following
cases:
1. ag =0,a7 =0,a5 =0, then as # 0 and
(a) if ay # 0, then by choosing ¢ = ¢1, = = agay ', t = —
family of representatives (Vo + aVs + V4 + 8Vs) ;

(b) if ay = 0,3 # 0, then by choosing ¢ = ¢1, x = y/azay ', t = S RVCT)

37
24/ aj

0‘21“24, we have the
az

we have the family of representatives (Vo + V3 + aVi) ;
(c) if ag = 0,3 = 0, then by choosing ¢ = ¢1, * = 202, t = —a1, s = 0, we
have the family of representatives (Va + aVg).
2. ag =0,a7 =0,a5 # 0 and
(a) if ag # 0, a4 # 0, then by choosing

— — Q4 — Q104 — _ Q304
¢_¢17$_a57t 2042&578 202

we have the following family of representatives
<04V2 +V4i+ V5 + ﬂV6>a¢0 ;
(b) if @y # 0,4 = 0, then by choosing
¢ =1, x = 20005, t = —a1a5, S = —qa3,
we have the following family of representatives (aVy + V5 + Bvﬁ)a#) ;
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if ag = 0, then by choosing ¢ = ¢2, y = 1, t = 0, s = 0, we have the
representative with af = 0 and a3 # 0, which was considered above.

3. ag = 0,a7 # 0, then we have

(a)
(b)

()

if ag =0,a5 = 0,1 = 0,3 = 0, then we have the representatives (V)
and (Vg 4+ V7) depending on whether aig = 0 or not;
if ay =0,a5 = 0,1 # 0, then by choosing

¢=0¢1,r={Jarart s =0,t = 014%&7_1,
we have the family of representatives (Vi + aVs + Vg + V7);
if ap # 0, then by choosing
b= ¢1, v =ana; ', s = —(ar1a7 + 2a004)/(202),t = —a;/(2a7),
we have the family of representatives (Vo + aVs + V5 + Ve + V7).

4. ag # 0, then by choosing ¢ = ¢1, t = —%Zx, s = —%Z:E, we have o5 = af = 0.
Now we can suppose that as = 0, a5 = 0 and we have

(a)

if oy =0,a3 = 0,4 = 0,6 = 0, then we have the representatives (Vg)
and (V7 4+ Vg) depending on whether a7 = 0 or not;

if a; =0,a3 = 0,4 = 0,6 # 0, then by choosing ¢ = ¢1, z = \/a6a8_1,
s =0, t =0, we have the family of representative (Vg + aV7 + Vg);

if a; = 0,a3 = 0,4 # 0, then by choosing ¢ = ¢y, * = {/auag', s =
0,t = 0, we have the family of representatives (V4 + aVg + V7 4+ Vg) ;
if ay # 0, then by choosing ¢ = ¢1, = 1/ oqozs_l,s = 0,t = 0, we have
the family of representatives (Vi + aVs + V4 4+ vVe + uVr7 + Vs) .

Summarizing, we have the following distinct orbits:

O(a, B, v, 1) = O(ex, 1B, =7, —ip) =
O(a, =i, —v,ip) = O(er, =B, v, —p) =

oL, - B 1 B y=
A G T

oL, - o
o Y3 Ve Ya

0 1= =42 =0G —15 = 42
(V1i+aVs+ V4+Ve+ uV7 + Vs) Vad ' Vel v= Vs v

(V14 aVs + Ve + Vi) 0™ -ms¥a=h = 0@ 1 njs¥a=T) = 0@t sVa™D)

O(a, B) = O(a, —n3B) = O(a, N38) =

o

(Va4 aVs + Vi + V), (V2 +aVs + BV + Vg + V) O @P =00 5055

—0O(a~'.8a"1
<V2 + Vg + aV6> 5 <OZVQ + V4 + V5 + 6V6>2;%’5)*0( s ) s

<04V2 + V5 + ﬁV@S;%ﬁ):O(Q_ Ba) R <V2 + OzV6> ,

O(a, B) = O(n3a, —n3B) = O(—nza, n3B) =

(Vi+aVe+ BV7+ V) O3, m3B) = O(=mza, —n3B) = O(a, —f) , (Ve + V1),

<V6 +aVs + Vg>o(a):0(_a) , <V7> , <V7 + Vs> ) <V8> ’

which gives the following new algebras:

Na,ﬁ,%#

232 €1€1 = €5 €1€2 = €3 €1€3 = €4 €9€92 = (€5
eze3 = eq + fBes  eze3 = yes eseq = [i€s €4€q4 = €5
a,B _ _ _ _
N233 €1€1 — €5 €1€9 — €3 €1€3 = €4 €2€9 — (X€5
ege3 = €4 esez = fes eseq = €5
a,B _ _ _
N5sa e1es = e3 e1e3 = ey ereq = es
egey = aes ege3 =e4 +e5  ezez = (es
a,Byy . _ _ _ _
N235 . e1eg = e3 €13 = €4 €1€4 = €5 €9€2 = €y
eze3 = €4 ezey = fes ese3 = yes eseq = e5
N(2136 €1€2 = €3 €1€3 — €4 €1€4 — €5
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€9€g = €5 €9€3 = €4 €3€3
a#0,8 _ _
N237 €1€2 = €3 €1€3 = €4 €1€e4
eg€3 = €4 + €5 €g€y4 = €5 e3€3
a#0,8 _ _
Nyde e1es = e3 e1e3 = ey e1éy
€2€3 — €4 €2€4 — €5 €3€3
N%SQ €1€2 = €3 €1€3 = €4 €1€4
€9€3 — €4 €3€3 — ey
Ng;lO e1eg = €3 e1e3 = €4 €9€3
ese3 = aes eseq = fes eqeyq
N €1€2 = €3 €1€3 = €4 €2€3
€3€3 = €5 €3€4 = €5
N4 €162 = €3 €1€3 = €4 €2€3
€3€3 — €5 €364 — (€5 €4€4
Nau3 eres = e3 erez = ey e2€3
Noyy e1ex = e3 e1e3 = ey eses3
€364 = €5 €4€4 = €5
Noays €1€2 = €3 €1€3 = €4 €2€3
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= Qej

3.12. 1-dimensional central extensions of N7:. Here

mation about N{% :

(671571

€4
€5
€4
€4

€364 = €5

€4 €4€4 = €5

we will collect all infor-

Nt | ere2=es | HE(NY7) = ([An, [Aus], [Ag], [Ags])
] eses=es | HE(NGF) = HYH(Ni3) & ([Ara], [Asa], [Aza], [Asa])
z 0 0 0 0 p O 0
{0 ¢ O 0 |y 0 © 0
M1=10 0 rqg 0 2= 10 0 yp O
t s 0 2%¢? t s 0 y%*p?
Let us use the following notations:
Vi=[An], Ve=[A], Vz=[Au], Vi=[Az],
Vs =[Ags], Ve=[Ag], V7=[Asz], Vg=][Ay]
8
Take § = >~ o;V; € HAZ(N{%). Since
i=1
ar 0 o as o] o a3 of
o7 0 as a5 o 6= o af of ag
as a5 0 ar|” |las oaf 0 af )’
a3 g Q7 o o of oy ag

then in the case ¢ = ¢, we have

ot = apx? + 2037t + agt?, o = (aer + art)xg,

ab = (azz + agt)r?q?, af = auq® + 20695 + ags?,
OéE = (045‘] + 0473)an 0[3 = (a6q + a85)$2q2a

af = arz’e’, af = aszq;

and in the opposite case ¢ = ¢, we have

of = aup® + 2a6pt + ast?,  ob = (asp + art)py,
a§ = (aﬁp + aSt)p2y27 Oé?i = alyz + 2a3sy + 01882,
af = (agy + ars)py, ai = (asy + ags)p?y?,
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a3 = arp’y?, ag = agp'y*.
We are interested in (as, ag, ar,ag) # (0,0,0,0). Let us consider the following
cases:
1. ag =0,a7y = 0,ag =0, then ag # 0 and choosing ¢ = ¢1, t = —;Tlgac, we get
o] = 0. Now consider the following subcases:
(a) if g = 0,4 = 0,5 = 0, then we have the representative (Vs3) ;
(b) if s = 0,4 = 0,5 # 0, then by choosing ¢ = ¢1, =, /g—i,q =1,s=
_ ai/as
0,t= _20113\/%
(c) if ag = 0,4 # 0, then by choosing ¢ = ¢1, = ﬁ%}q =1,5s=0,t=

— 2(10413%/7%’ we have the representative (V3 + V4 + aVs) ;

, we have the representative (V3 4 V5) ;

(d) if ag # 0,4 = 0,a5 = 0, then by choosing ¢ = ¢, z = az,q = +,5 =

a3 ?
0,t = —“210522, we have the representative (Vy + V3) ;

(e) if ap # 0,04 = 0,5 # 0, then by choosing ¢ = ¢1, © = Z—g,q =

a3 ,s=0,t=— 20;413\/%’ we have the representative (Vy + V3 + V5) ;

(f) if a2 # 0,4 # 0, then by choosing ¢ = ¢1, © = {/auasz®, ¢ = {/adasz?a;’,
we have the family of representative (Vy + V3 + V4 + aVs).

2. ag = 0,a7r = 0,6 # 0, and oz = 0, then by choosing some suitable au-

tomorphism ¢ we have o # 0 which is the case considered above. Now

we can suppose that as # 0, and choosing ¢t = —2%33:,5 = — 1 we have

o] = 0,a) = 0. Therefore, we can suppose that a; = 0,04 = O?Oééonsider the

following subcases:

(a) ag =0,a5 = 0, then by choosing ¢ = ¢1, * = ag,q = az,s = 0,t =0, we
have the representative (Vs + V) ;

(b) ag # 0, then by choosing ¢ = ¢1, z = a3 '\/awag,q = \/azag s = 0,t =
0, we have the family of representatives (Vs + V3 + aVs5 + Vi) .

3. ag = 0,7 # 0, then by choosing ¢ = ¢1, t = —agaglx,s = —ozg)a;lq7 we
have a3 = 0, af = 0. Therefore, we can suppose that ag = 0, a5 = 0. Consider
the following subcases:

(a) if oy =0,a4 = 0,3 = 0,6 = 0, then we have the representative (V7);

(b) if ay = 0,4 = 0,a3 = 0,5 # 0, then by choosing ¢ = ¢1, © =
agar b g =1,5=0,t = 0, we have the representative (V¢ + V7);

(¢) if a1 = 0,4 = 0,3 # 0, and g = 0, then by choosing some suitable
automorphism ¢2, we have af # 0. Thus we can consider the case ag # 0
and choosing ¢ = ¢1, x = agoz?_l,q = a3a7_1,s = 0,t = 0, we have the
representative (V3 + Vg + V7);

(d) if oy = 0,4 # 0,3 = 0,6 = 0, then by choosing ¢ = ¢1, z = 1,9 =
oz4a7_1, s =0,t =0, we have the representative (V4 + V7);

(e) if ay = 0,4 # 0,a3 = 0,5 # 0, then by choosing ¢ = ¢1, z =
agar ™t g = cua%agg, we have the representative (V4 + Vg + V7);

(f) if a1 =0,a4 # 0, a3 # 0, then by choosing

¢: ¢1a T = \3/ Ck404§1,q:0430l;1,8 = 07t:07
we have the family of representatives (Vs + V4 + aVg + V7);

(g) if a1 # 0. In case of ay = 0, choosing some suitable automorphism ¢2, we
have o # 0. Thus, we can suppose a4 # 0, and choosing

azas
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¢ =¢1, v ={/ada; ar? g = {/afa;tar? s =0,t =0,
we have the family of representatives (Vi + aV3 + V4 + 8Vs + V7).
4. ag # 0, then by choosing ¢ = ¢1, t = fg—z:c, s = fg—gq, we have o = 0,af =

0. Consider the following cases:

(a) if ;1 = 0,4 = 0,9 = 0,5 = 0, then we have the representatives (Vg)
and (V7 4+ Vg) depending on whether a7 = 0 or not;

(b) if oy = 0,4 = 0,2 = 0,5 # 0, then we have the representatives
(Vs 4+ Vs) and (V5 4+ V7 4+ V) depending on whether a7 = 0 or not;

(¢) if g = 0,4 = 0,0 # 0. In case of az = 0, choosing some suitable
automorphism ¢2, we have af # 0. Thus, we can suppose a5 # 0, and
choosing

_ _ 5/ 3. -2 -1 _ 5/ 3 -2 —1 . __ =
=01, T =/azay ag ,q= /oo ag ,5=0,t=0,

we have the family of representatives (Vo + V5 + aV7 + Vg);
(d) if ap = 0,4 # 0,2 = 0,5 = 0, then we have the representatives
(V4 + Vs) and (V4 + V7 4 Vs) depending on whether a; = 0 or not;
(e) if a3 = 0,4 # 0,3 =0, 5 # 0, then by choosing

¢ =ad1, x = a4a51,q = a%a;ly/allagl,s =0,t=0,
we have the family of representatives (V4 + V5 + aVy + Vs) ;
(f) if aqg = 0,4 # 0,2 # 0, then by choosing
¢ =¢1, x={/aday%agt,q = {/ada; ag!, s =0,t =0,
we have the family of representatives (Vo + V4 + aVs5 + V7 + Vs) ;

(g) if @1 # 0 then by choosing some suitable automorphism ¢o, we have
o # 0. Thus, we can suppose a4 # 0, and choosing

_ 6/ .2 —1_ —1 6/ 2 -1 -1 _ _
p=¢1, = /aja] og ,q=/ojoy ag ,5=0,t=0,

we have the family of representatives
(Vi+aVae+Vy+ BV5+9V7+ Vs).

Summarizing, we have the following distinct orbits:

O(a, B,v) = O(n3o, n3B,n37) = O(—nja, niB, —n3vy) =
O(n3a, —n3B, —n3v) = O(—n3a,n3B8,n37) =
O(nza,m3B, —n3y) = O(—mz,m3B, m3v) =
O(nzo, —m3B,n3v) = O(—m3c, —m3B, —n37y) =
O(—a, B, =7) = O(a, =, =) =
O(=a, =B,7) = O(B, a,7) =
O(ngﬂ,nga,ng,“/) = O(=n38,n3c, —n37) =
O(n2B, —n3a, —nZvy) = O(—n3B, nda, n3~) =
O(n3B,mze, —m3y) = O(—n3B, nze, m3y) =
O(n3B, —n3a,n3v) = O(=n3B, —n3a, —n3vy) =
(Vi+aVa+ Vy+ BVs+ V7 + Vs) OF =7 =0, —a,—7) =0(=F, —a,7) ,
O(a, B) = O(nac, —naB) = O(—nac,naf) = O(nja, —n3B) =
O(=nja,n3p) = O(—ia, —if) = O(ia,if) = O(=a, —B) =
O(B, @) = O(naB, —naa) = O(—naB, naa) = O(n3B, —nia) =
<V1 +aVs+Vy+ ﬂv6 + V7> O(—n3B,nfa) = O(—if, —ia) = O(iB, i) = O(—B, —a) ,

_ _ _ 2
(Va+V3), (Va+ V3 + Vs + OzV5>O(a)_O( m30) =0 (150) , (V2 + V34 Vs),
— -1
(Va + V3 + aVs + V) O@=0 )

O(a, B) = O(nfa, —niB) = O(~nia,n3B) = O(nia, —naB) =
(Vo + Vi + aVs + BV7 + Vg) O(-ma,nap) = 0(ia,if) = O(=ia, ~if) = O(~a, =p) ,
O(a) = O(n3a) = O(nfa) =
(Va+ Vs +aVy + Vs) 0Cma) =0k (),
O(a)=0(=nz)=0(n3 )
<V3 +V4i+ OZV5> ,
(Vs + V44 aVe + v7>0(a)=0(—n3a)=0(n§a) (V3 +Vs), (Vs + V),
<V3 + Vg + V7> , <V4 +Vs5+aV; + v8>0(a):0(—a) , <V4 + Vg + V7> ,
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(Va+ V1), (Va+V7+Vs), (Va+Vs), (Vs + V7 4+ Vs), (V54 Vs),
(V6 + V), (V7), (V1 +Vs), (Vs),

which gives the following new algebras:

;ﬁ” T ejep =e5 €16y =e€3 €163 = Q€5 €96y = €
ese3 = fBes  e3e3 =e4 €364 = Ye5 €464 = €3
gi’? . €e1e1 = e €1€2 — €3 €164 = (€5 €9€9 = €5
eseq = Pes esez3 =es  ezeq = e3
Nosg @ ejea=e3 elez=e5 ejeq=ce5 €363 =¢4
NS4 T er1eg = e3 ei1e3 = es e1eq4 = €5
€2€2 — €5 €9€3 — (ke €33 — €4
Naso 1o e1€2 = €3 €1€3 = €5 €164 = €5 €2€3 = €5 €363 = €4
N5, T ei1eg = €3 eies = es ejeq = es
€2€3 = Q€5 €9€4 = €5 €3€3 = €4
NgéQ . €1€e9 = €3 €1€3 = €5 €9€9 = €5 €92€3 = (Q€ey
€3€3 = €4 eseq = fPes  eseq = €5
NS : e1eg = e3 eies = es ege3 = es
€3€3 — €4 €3€4 — k€5 €4€4 = €5
Nosy @ elea=e3 eeg=e5 e3ze3=¢ey
Ngs5 : e1eg =e3 eleq = €5 egey = €5 €9€3 = ey €363 = €4
Ngf)ﬁ I €e1eg = e3 €14 = €5 €2€9 — €5
€o€y4 — (X€5 €3€3 — €4 €364 — €5
Nosr 1oe1eg = €3 €164 = €5 €2€3 = €5 €363 = €4
Noasg 1o el = €3 €164 = €5 €264 = €5 €363 = €4
Nasg I e1eg =e€3 €e1€4 =€5 €64 =€5 €363 =¢€4 €364 = €5
NS0 : ei1eg = e3 egey = €5 ege3 = e
€3€3 — €4 €364 — (X€5 €4€4 — €5
Nogi @ ejeg=e3 eseg =e5 €€4 =€5 €363 =€4 €364 = €5
Nag2 Ioe1€eg = €3 €263 = €5 €363 = €4 €364 = €5
Nagz @ eirea =e3 exea=e€5 eze3=e€4 e3e4=¢€5 €464 =65
Nogy L €162 = €3 €2€2 = €5 €3€3 = €4 €4€4 = €5
Nogs i €162 = €3 €2€3 = €5 €3€3 = €4 €3€4 = €5 €4€4 = €5
Noss @ ei1ea =e3 egez3=e€5 €363 =€4 €464 = €5
Nogr 1oe1eg = €3 €264 = €5 €363 = €4 €364 = €5
Nagg @ ejea =e3 ezez=e4 ezeq4=ce5
Nagg 1oejeg =e3 €3e3 = €4 €364 = €5 €464 = €5
Na7g @ elea=e3 ezez=e4 eqeq=e;5

3.13. 1-dimensional central extensions of N‘llg. Here we will collect all infor-
mation about N3 :

N | e 64 ([A11], [Ars], [Ag], [Ass]) b= [0 E1 0 0
b 6162 = e3 H3(N{3) = HL(NE)o *=10 0 4z 0
e ! ([A1a], [A2a], [Asa], [Asal) t s 0 =z?

Let us use the following notations:

Vi=[An], Va=[Az], V3=[Au], Vi=[Asp],
Vs = [Ags], Ve =[A24], Vr=[Asz], Vg=][Au
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8
Take 6 = Y~ o;V; € HA(N15). Since

i=1
ar 0 ax as o] ok ab of
¢£ 0 a4 a5 o by = aj a}il of aé 7
ay as 0 ay a; af 0 aF
a3 g Qa7 Qg o af ar of
we have
af = a12? + 2azxt + agt?, ol = £(ax + art)z,
ab = (azz + agt)r?, Z = oy + 20665 + gs?,
af = (a5 £ azs)z, af = (fag + ags)z?,
ot = Fagad, af = agr?.

We are interested in (as, ag, a7, as) # (0,0,0,0). Let us consider ¢ = ¢4 and
the following cases:

1. ag =0,a7 = 0,a6 =0, then a3 # 0 and choosing t = —
Now consider the following subcases:
(a) if ap = 0,4 = 0,5 = 0, then we have the representative (V3) ;

(b) if ag = 0,04 = 0, 5 # 0, then by choosing = = , [as,8=0,t= —20;13‘{7%7

we have the representative (V3 + V) ;

(c) if ap = 0,4 # 0, then by choosing =z = 3 %‘3‘75 =0,t = —2023.\35%, we

have the family of representatives (V3 + V4 + aVs);
(d) if ag # 0, then by choosing x = agag_l,s =0,t = —
family of representatives (Vo + V3 + aVy4 + V5).

2. ag = 0,a7 = 0,6 # 0, then by choosing s = —%“Gx, we have o) = 0.
Consider the following cases:

(a) ag = 0, then we have two families of representatives (a«V; + V3 + V)
and (aV; + V3 + V5 + Vi) depending on whether a5 = 0 or not;

(b) a3 # 0 then by choosing x = 5%,s = —g2t = —0‘21;“%5, we have the
family of representatives (aVa + V3 + V5 + V) .

3. ag = 0,7 # 0, then by choosing ¢t = —aga;lx,s = —a5a7_1, we have o =
0,af = 0. Thus, we can suppose that as = 0,a5 = 0 and now consider the
following cases:

(a) if a1 = 0,4 = 0,6 = 0, then we have the family of representatives
(aV3+V7);

(b) if oy = 0,4 = 0,6 # 0, then by choosing z = a6a77173 =0,t =0, we
have the family of representatives (aV3 + Vg + V7);

[e3NeD]

5a7 > We have the

(c) if a1 = 0,4 # 0, then by choosing z = {/ a4a;1,s =0,t = 0, we have
the family of representatives (aVs3 + V4 + Vg + V7) ;

(d) if a1 # 0, then by choosing = aja; ', s = 0,t = 0, we have the family
of representatives (V1 + aVs3 + V4 + 7V6 + V7).

4. ag # 0, then by choosing t = ——x s = —2¢ we have af = 0, = 0. Thus,

we can suppose that ag = 0,6 = 0 C0n51der the following cases:

(a) if a1 = 0,a9 = 0,4 = 0,5 = 0, then we have the representatives (Vg)
and (V7 4+ Vg) depending on whether ai; = 0 or not;

(b) if a; = 0,02 = 0,4 = 0,5 # 0, then by choosing = = {/asag’,s =
0,t = 0, we have the family of representatives (Vs + aVy7 4+ Vg);
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(c) if a1 = 0,9 = 0,4 # 0 then by choosing = = {/asag’,s =0,t =0, we
have the family of representatives (V4 + aVs 4+ V7 + Vs);

(d) if g = 0,5 # 0, then by choosing = = \/062045175 = 0,t = 0, we have
the family of representatives (Va + aVy + SVs + V7 + Vs) ;

(e) if ay # 0, then by choosing © = Vajag~1!, s = 0,t = 0, we have the family
of representatives (V1 + aVa + V4 + V5 + V7 + Vs) .

Summarizing all cases, we have the following distinct orbits:
O(er, B,v, 1) = O(—, =B, =7, ) =
<V1 +aVy+ V4 +9Vs + uVy + V8> O(—o, B,v, —p) = O(a, =B, —v, — i)

<aV1 + BV + Vs + v6>o(0¢7ﬂ)20(—0¢n@) 7 <av1 + BVs + v6>0(0t7:8)20(—a;5) ,
(V1 +aVs + BV +Ve + Vy) O@FM=0Cbm)
(Va + V5 + aVy + BV5) 0 @P=0C2B) 14y, + V3 + Vs + V),
(Va4 aVy + BV + V7 + V) O@F0=0@IBMZ0M0E70) (),

<v3 + V4 + aV5>O(a):O(—n3a):O(n§a)
O(a, B) = O(—a, —=B) = O(—a,m38) =
(aV3 + V4 + Vg + Vy7) O —nif) = O(a,—m3p) = O(e,n3B) (V3 + V5),

(aV3 + Vg + v7>0(a7ﬁ)20(—a75) , (aVs + v7>0(a):O(—a) ’
O(a, 8) = O(ia, ~i) = O(~ia,iB) = O(~a, —f) =
<V4 + Oév5 + ﬁv,? + V8> O(a, —B) = O(ia,iB8) = O(—ia, —if3) = O(—«a, B) ,

(Vs + aVy 4 Vg) 0@ =0ma)=0(=m50)=0(=a)=0(=ma)=005e) 7, 4 T4} (V)
which gives the following new algebras:

a? [ . —_— pr— pr— _—
N27{f THO eler =estes  ejeg =es  ejes =aes eges = fes
€2€3 = 7Y€s5 €3€3 — €4 €3€4 = €5 €4€4 = €5
a,p . _ _ _
N5 :oei1e1 =eyq+aes erjeg = e3 e1ez = Pes
€2€3 — €5 €2€4 — €5 €3€3 — €4
a,p . _ _ _ _ _
N273 oe1e] =eqt+aes ejex =e3 €13 = 565 €2€4 — €5 €363 — €4
@, K . J— p— — pr—
N27'Z v 1 er1e1 = ey +es e1es = e3 e1e4 = qes  egeg = fes
€2€4 = 7Y€5 €33 — €4 €364 — €5
a,p . _ _ _ _
275 .o e1ep =eq €169 — €3 €1€3 = €5 €164 — €5
e2e2 = Qes eze3 = fes  ezez = €4
a,pB . _ _ _ _
276 . e1ep =eq €169 — €3 €1€3 — (x5 €1€4 — €5
eze3 = fPes e2eq = €5 €363 = €4
a,B,y . _ _ _ _
277 . e1ep = eq €1€2 = €3 €1€3 = €5 €9€2 = (€5
ezez = fes €3e3 = €4 €364 ="€5 €14 = €5
No7s P61 = ¢4 €1€2 = €3 €1€4 = €5 €3€3 = €4
Ng‘79 . e1e1 = e4q €1€9 = €3 €1€4 = €5
€2€9 — €5 €2€3 — (X5 €3€3 — €4
a,pB . _ _ _ _
N280 . e1ep =eq €169 — €3 €164 = (x5 €9€2 = €5
ezeq = fes €3€3 = €4 €3€4 = €5
Nos1 o616 =64 €1€2 = €3 €1€4 = €5 €2€3 = €5 €3€3 = €4
a . _ _ —
282 . e1ep = eq €1€9 = €3 €164 = €y
€9€4 = €5 €3€3 — €4 €3€4 — €5
NSSB . e1e1 = eé4 €1€9 = €3 €1€4 = k€5 €3€3 = €4 €3€4 = €5
a,f . — _ — _
284 . e1e1 = e4q €1€9 = €3 €9€9 = €5 €2€3 = (€5
€363 = €4 esey = fes  eqeq = €5

NSgs :ele; = ey eles = e3 ege3 = e
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€3€3 = €4 €3€4 = (X€5 €4€4 = €5
Nogs L €11 = €4 €1€2 = €3 €3€3 = €4 €3€4 = €5 €4€4 = €5
Nogz Doeler =eq e1ea = €3  e3e3 =e€4 €44 = €5

3.14. 1-dimensional central extensions of N7j. Here we will collect all infor-
mation about N3 :

N €1€1 = €4 €1€2 = €3 H% (N‘{;‘,) = <[A11], [Als}, [A22}, [A23]>
Y eses =es eges =es | HE(Ni5) = H3 (N15) & ([Ara], [Aza], [Asa], [Aua])
z 0 0 O 0O p 0 O
0 g 0 O y 0 0 O
¢1*00xq0’¢2*00yp0’
t s 0 1 t s 0 1
22=1,47=1 y2:1,p2:1

Let us use the following notations:

Vi=[Anl], Va=[A3], Vs=[Au], Vi=[As],
Vs =[Ass], Ve =[As], V7=[As], Vs=][Aul

8
Take 6 = >~ o;V; € HZ(N1). Since
=1

K3

a1 0 ar as o] o o of
7] 0 o as as o o ap ag
¢ as ay 0 ay 0= ay af 0 ab |’

a3 g ar 0g o of oF ag

then, in the case ¢ = ¢7~ 77", we have

* 2 * * * 2
a] = a1 +2ast+ ast”, a; =as+art, a3 =az+ asgt, a; = as~+ 206+ ags”,
i = as + ars, ag = as +ass, o7 = ar, ag = oas.

For define the main families of representatives, we will use ¢ = gbf:l’q:l and for

find equal orbits we will use other automorphisms. We are interested in
(Olg, Qg, 7, O[g) 7& (07 07 07 0)

Let us consider the following cases:

1. if ag = 0,a7 = 0,6 = 0, then a3 # 0 and choosing ¢t = —2~, we have the

23

family of representatives («Vy + V3 + V4 +7V5) ; ’

2. if ag = 0,a7 = 0,a5 # 0 and a3 = 0, then by choosing some suitable auto-
morphism ¢9 we have o # 0, ag = 0, which is the case considered above;

3. if ag = 0,ar = 0,a5 # 0,a3 # 0, then by choosing t = —2‘3‘713,8 = 2%6, we
have the family of representatives (aVa + V3 + V5 + V)543

4. if ag = 0,7 # 0, then by choosing t = —asa7 1, s = —asar ™!, we have the
family of representatives (aV1 + 8Vs +yV4 + uVe + V7);

5. if ag # 0, then by choosing ¢t = —asag™!, s = —agag ™', we have the family
of representatives (V1 + Vs + V4 + uVs +vV7 + Vs) .

Summarizing, we have the following distinct orbits:
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O(ew, B, 7, iy v) = Ola, =B, 7, p, —v) =
O(a, 8,7, —p, =v) = O(et, =B, 7, =, v) =
O(y, py @, B,v) = O, =, &, B, —v) =
(aV1+ BVa + V4 + uVs +vVy + Vg) COnpa =8, —v) =00, —p,a, =f,0)
O(a, B, v, 1) = O(—a, =B, =y, p) =
O(—a, B, =y, —p) = O(a, =B, v, —p) =
O, py o, B) = O(—=, —p, —, B) =
<04V1 + BV3 + V4 + uVe + V7> O(=7v, py =, =B) = O(v, —p, @, =) ,
O(a,B,7) = O(—a, B,7) = O(—a, —B,7) = O(a, —B,7) =
(aVy + Vs + V4 +~V5) (@, B57) (=, B,7) ( B:7) (a, =B57) 7
O(e, 8,7) = O, =, =1 =0(F. 5. §) = O0(F, — 5.~ §)

<OAV2 + V3 + YVs5 + V6>ﬁ¢o ;
which gives the following new algebras:

Ngég"y’“’” : eleg =egt+aes ejes =e3 ejes = fes  exes = eq + yes
€2€3 = lUe€5 €3€3 = €4 €3€4 = V€5 €4€4 = €5

Ng‘ég"y’“ : eleg =egt+aes ejes =e3  ejeq = fes  exes = eyq + yes
€2€4 = €5 €363 — €4 €364 — €5

Ngég . e1€e1 = €4 €1€2 = €3 €1€3 = (k€5 €1€4 = €5
egey = e4 + ffes  ege3 = yes  eze3 = ey

Ng‘éf;éo’” e1e1 = ey e1ea =e€3  eje3 = aes eiey = fes
€2€3 = €5 €2€4 = €5 €3€3 = €4

4. Central extensions of nilpotent non-¢¢9-algebras.

4.1. 1-dimensional central extensions of Nj;. Here we will collect all informa-
tion about Ng; :

Cohomology Automorphisms
x 0 0 0
Ni | e m e g = ([Au]) oo |0 2 0 0
01 162 — €3 .. = 3
eges = ey | (13) & {(1,1),(1,2),(2,3)} : g 5 ;)5

Let us use the following notations:

Vi=[A], Va=[Awn], Viz=[Axn], Vi=[Ayl,
Vs = [Ass], Ve =[Az4], V7=[Ay]

7
Take 6 = >~ o;V; € HZ(N{,). Since

i=1
0 0 o1 o o o™ o] a3

7 0 a3 0 aa 6= o™ oy o™ o)
o 0 a5 ag o] o™ o o

ay oy Qg Qo ol oy of o

we have
of = ((anz + asz + agt)z + (a2z + agz + art)z)a?,
ab = (o + agz + agt)a®, al = azr?, aj = agx’,
ai = (asz? + 20622 + apz?)a? o 10

.o = (e + ar2)x’, o = arrtf.

We are interested in (s, g, ag, a7) # (0,0,0,0) and consider following cases:
1. a7 = ag = ay = 0, then g # 0, and we have the following subcases:
(a) if a5 = —ag, then we have
(i) if oy = 0,3 = 0, then we have the representative (Vo — Vi);
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(i) if oy = 0,3 # 0, then by choosing z = Vasas=t z = 0,t = 0, we
have the representative (Va + V3 — V5);

(iii) if @y # 0, then by choosing = vVajas~1, 2 = 0,¢t = 0, we have the
family of representatives (V1 + Vo + aVs — Vs);

(b) if a5 # —as, then by choosing z = — 41—z, = 0, we have the family of
representatives (Vo +aVs)ax—1 and (Vo +Vs+aVs)a-_1 depending on
whether ag = 0 or not, which will be jointed with the cases (1(a)i) and
(1(a)ii).

2. ay = 0,06 = 0,4 # 0, then we have the following subcases:
(a) if a5 = —Qg, ] = O7
(i) if a3 = 0, then we have the representatives (V4) and (Va + V4 — V5)
depending on whether as = 0 or not;
(ii) if ag # 0, then by choosing z = V/azas~!, we have the family of
representatives (aVa 4+ Vs + V4 — aVs);

(b) if a5 = —ag, ay # 0, then by choosing x = V/aja4~1, we have the family
of representatives (V1 + aVa + V3 + V4 — aVs);

(c) if a5 # —ag, then we have

(i) if a3 = 0,2 = 0, then by choosing z = Z—Z,z = —M((Ezi(fas),t =0,
we have the representative (V4 + V5);
(i) if ag = 0,2 # 0, then by choosing © = 2,2 = fm,t =0,

we have the family of representatives (Va + V4 4+ aVs)q2_1, which
will be jointed with a representative from the case (2(a)i);

(iii) if a3 # 0, then by choosing z = Vazas 1,z = —% t=0,

we have the family of representatives («Va + V3 + Vi + V5)s£—a,
which will be jointed with the family from the case (2(a)i).
3. a7 =0,a4 # 0, then we consider the following subcases:

(a) if g = 0,4 = 0, then choosing z = fg—zx,t = —uItasz  we have
representatives (Vg) and (Vs + Vi) depending on whether a5 = 2as or
not;

(b) if az = 0,4 # 0, then by choosing z = 5%, 2 = —";a“ t= “4(”&22_“1“6)7

we have the family of representatives <V4 +aVs + V6>
(c) if ag # 0, then by choosing z = ¢/&2, 2 = 0290 4 (aza‘r’*alaa)%,

~ae Yas’ o2 Yas
we have the family of representatives (Vg +aVy+ 8Vs5 + V).
4. a7 # 0, then by choosing » = —%%x,t = Wm we have o} = 0,07 =

0. Thus, we can suppose that as = 0, = 0 and now consider following

subcases:

(a) aq =0,a3 = 0,04 =0, then we have representatives (V7) and (Vs + V7)
depending on whether asay — a2 = 0 or not;

(b) @1 = 0,3 = 0,a4 # 0, then by choosing © = v/asar;~!, we have the
family of representatives (V4 + aVs + Vr);

(¢) a1 = 0,a3 # 0, then by choosing z = vazar~!, we have the family of
representatives (Vs + aVy + 8Vs5 + V7);

(d) ay # 0, then by choosing z = ¢/ ala;B, we have the family of represen-
tatives <V1 +aVs+ Ve +V5+ Vo).

Summarizing all cases, we have the following distinct orbits:
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a,B
292

a
Iq293

a,B,y
Nogy

a,B
Nogs

«
N6

a
Iq297
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(V1 4+ aVy + V5 + V4 — aV5)O@P=0(msamsf)=0mie,—m35)

€1€1
€2€2
€1€é1
€2€2
€1€1
€2€3
e1eq
€2€3
€1€1
€2€29
€1€é1
€2€3
€1€1
€1€1
€2€4
€1€1
€9€4
€1€1
€1€1
€1€1
€2€4
€1€1
€264
eré1
e1eq
€11
€1€1

<‘71 + Vo + aVs —-‘75>,

€2 €1€2
Pes  eszes
() €1€9
aes €g€3
€2 €1€2
€4 €2€4
€2 €1€2
€4 €2€4
€9 €1€2
€5 €92€3
() €1€9
€4 €2€4
€9 €1€2
€2 €1€2
ey €3€3
€9 €1€2
ey €3€3
€2 €1€2
€2 €1€2
€2 €1€2
€5 €3€3
€2 €162
€5 €3€3
() €1€2
€2 €1€2
(] €1€2
€9 €1€2

€3
€4
€3
€4
€3
Bes
€3
€5
€3
€4
€3
€5
€3

Bes
€3
Bes
€3
€3
€3
Q€
€3
(67571
€3
€3
€3
€3

O(a, 8,7) = O(a, B, —=n37) = O(a, =B, —m37) =
(Vi1 +aVs + V4 + V5 + V;) Ole=B.n37) = O(a. B,n37) = O(er, =6,7)
(aVy + Vs + V4 + 5V5>O(a,ﬁ):O(—nsa,—nsﬁ):O(nﬁam?ﬁ) , (Va + V3 +aVs),
O(a, B) = O(—ia, —B) =
(V2 +Vi+aVs), (V2 +aVs), (Vs +aVy+ Vs + Vi) Ol = =005
O(a, B) = O(a, —n3B) = O(—a, —n3p) =
(V3 +aVy+ Vs + V;) O(-enip) = O(e,n3h) = O(-a, §)
=0(—n3a)= 2a
(V4+aVy+V@JV4+aV5+VﬂOmFo(%) s %<V5+V@KV5+Vﬁ7
<‘76>a <‘77>'

Hence, we have the following new algebras:

€1€3
€2€4
€1€3
€3€3
€1€3
€3€3
€1€4
€3€3
€1€4
€3€3
€1€4
€3€3
€1€4
€9€2
€3€4
€2€2
€4€4
€2€3
€2€3
€2€3
€3€4
€2€3
€4€4
€2€3
€2€3
€2€3
€2€3

€5
€5
€5
—e;5
€5
€5
Qes
Bes
€5
(675151
€5
Qes
€5
€5
€5
€5
€5
€4
€4
€4
€5
€4
€5
€4
€4
€4
€4

€1€4
€3€3
€1€4

€2€2
€464
€2€2

€2€3
€2€3

€2€3

€2€4
€2€4

€3€3
€3€3
€4€4
€4€4

) <‘74>’ <‘74 +_‘75>a

(671511
—Q€y
€5

Qes
€5

€q €3€3 — Qe

€4

€5
€5 €3€3 = €5

€5 €3€4 — €5
€5 €4€4 = €5
€5
€5

4.2. 1-dimensional central extensions of Nj,. Here we will collect all informa-
tion about N, :

Cohomology Automorphisms
€1€1 = €9 1 0 0 O
Ni | e =cs H%(N§2):<[Aij]> s |0 1 00
s =ca | (i,5) ¢ {(1,1),(1,2),(1,3)} 2 010
€2€3 = €4 t 2z z 1
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Let us use the following notations:

Vi=[Awul, Va=[Ax], Vz=[Ag], Vi=[Agy],
Vs = [Ass], Ve =[As4], V7=[Au)

7
Take 6 = Y~ o;V; € HZ(N{,). Since

=1
0O 0 0 o o o™ a*** af
sk * * sk *
¢T 0 ay a3 a4 6= a ;) o3+« o)
*kk * * kK *
0 a3 as ag e az + fa% g
o1 o o Qy ol o) og fo7
we have
o] = a1+ asz+ art,
as = az+4doyz+ dov2?,
o = az+2apz+ (a4 +2a72)z — (a5z + agt) — (aq + agz + art)z,
oy = a4+ 207z,
oaf = a5+ 2062+ a2,
af = o+ arz,
oy = or.

We are interested in (a1, ayq, ag, a7) # (0,0,0,0) and consider following cases:
1. if a7 = ag = a4 = 0, then a; # 0, and we have

(a) if a5 = —ay, then we have the family of representatives
<V1 + aVsy + V3 — V5>;
(b) if a5 # —aq, then by choosing z = faffas,t = 0, we have the family of
representatives (Vi + aVa + Vs) g4 1;
2. if a7 = 0,a5 = 0,4 # 0, then by choosing z = —571715 = 0, we have the

family of representatives («Vy + 8V3 + V4 +7V5);
3. if ay = 0,ag # 0, then by choosing
z=—ara6 bt = (azap — a1 (206 + g — a5))ag1,
we have the family of representatives (aVy + 8V4 + 7V5 + Vi);
4. if a7 # 0, then by choosing z = —agar ™1, t = (o — ajar)as?, we have the
family of representatives (aVa + 8V3 +vV4 + uVs + V7).
Summarizing, we have the following distinct orbits:
<V1 + aVsy + V3 — V5> , <V1 +aVy + 5V5>5¢_1 , <OzV1 + BV3+Vy+ ’}/V5> s
(aVa+ V3 + Vs + uVs5 4+ Vr), (aVa+ V4 + V5 + Vi),
which gives the following new algebras:

NS : eje; =e eles =e eijes =e eleq =e
309 1oelep =e2 162 = €3 163 = €4 164 = €5
exey = qres ese3 = e4 + fPes  esez3 = —es
a,f#E-1 | _ _ _ _
N310 . e1e; = e €1€2 = €3 €1€3 = €4 €1€4 = €5
ezez = aes eze3 = €4 eses = fes
a,B,y . _ _ _ _
NSll .o erep = eg €1€2 — €3 €1€3 — €4 €1€4 — €5y
ezez = ey + fBes  egeq = e5 eses = Yes
B0 . _ _ _ _
N312 .o erep = eg €1€2 — €3 €1€3 — €4 €2€9 — (€5

ese3 = e4 + fBes  ezeq = yes e3e3 = [le5  ese4 = €5

a,B,y . _ _ _ _
N313 .o e1ep = eg €1€2 = €3 €1€3 = €4 €9€2 = €y



3962 D. JUMANIYOZOV, I. KAYGORODOV AND A. KHUDOYBERDIYEV

ege3 = €4 egey = fes e3e3 = ye5  e3ze4 = €5

4.3. 1-dimensional central extensions of N3;. Here we will collect all informa-
tion about N :

Cohomology Automorphisms
el — o x 0 0 O
161 — €2 2 4\ __ B 2
Ng; | eres =e3 H_¢§N03) B <[A”]> o= 8 aé) 03 8
€3€3 = €4 (Zvj) ¢ {(1a1)’(172)a(3a3)} " 0 x(] G

Let us use the following notations:

Vi=[A1z], Va=[Aun], Vi3=[Azx], Vi=[Ay],
Vs =[Ags], Ve =[Az4], V7=[Ay]

7
Take 6 = Y a;V; € HA(N¢;). Since

=1
0 0 o1 a9 a* o™ o] a5
o7 0 a3 a4 as 6= ooy oy of
ar as 0 as o] oy 0 of
@ as s o7 o ay ag az
we have
o = (x4 agt)z?, ab = (aez +art)2®, of = azz?,  af = aua®,
of = asz8, ol = oga?, of = arxi?.

We are interested in (ao, as, ag, a7) # (0,0,0,0) and consider following cases:
1. a7 = ag = a5 = 0, then g # 0, and we have the following subcases:
(a) if ag = 0,3 = 0, then we have the representatives (Va) and (V3 + V)
depending on whether ay = 0 or not;
(b) if a1 = 0,3 # 0, then by choosing x = Vazas~1,t = 0, we have the
family of representatives (Vo + V3 + aVy);
(c) if a; # 0, then by choosing 2 = {/ajay 't = 0, we have the family of
representatives (Vi + Vg + aVs + SVy).
2. ay = 0,06 = 0,a5 # 0, then we have the following subcases:
(a) if ag = 0,9 = 0,3 = 0, then we have the representatives (Vs5) and
(V4 + V5) depending on whether a5 = 0 or not;

(b) if ay = 0,a3 = 0,3 # 0, then by choosing = = {/azaz *,t = 0, we have
the family of representatives (Vs + aVy + V5);

(c) if a1 =0,y # 0, then by choosing x = agagl, t = 0, we have the family
of representatives (Vo + aVs + V4 + V5);

(d) if a; # 0, then by choosing = {/ajaz',t = 0, we have the family of
representatives (V1 + aVy + V3 + V4 + Vs).

3. ar =0,a5 # 0, then we have the following subcases:

(a) if ag = 0,3 = 0, ay = 0, then we have representatives (Vg) and (V5+Vs)
depending on whether as = 0 or not;

(b) if ap = 0,a3 = 0,4 # 0, then by choosing z = vasag~1,t = —a;
v/ oz4oz6_5, we have the family of representatives (V4 + aVs + Ve);
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(c) if ag = 0,3 # 0, then by choosing = = ¢/ agagl,t = —a1 ¢/ ozgong, we
have the family of representatives (Vs + aVy + V5 + Vi);

(d) if ag # 0, then by choosing © = asag',t = —a;\/asag®

family of representatives (Vo + aVs + V4 +7Vs5 + V).
4. a7 # 0, then we have the following subcases:
(a) a1y — agag = 0,3 = 0,4 = 0,5 = 0, then we have representatives
(V7) and (Vg + V7) depending on whether ag = 0 or not;

, we have the

'
ﬁ
ot
Q
=~ |

(b) aqar —asag = 0,3 = 0,4 = 0, 5 # 0, then by choosing z =

t = —ay {/asa;®, we have the family of representatives (Vs +aVe+ V7);

7

;

(¢) aqmar — asag = 0,3 = 0,4 # 0, then by choosing z = a4a7_1, t =

—aa\/ a4a;8, we have the family of representatives (V4 + aVs + Vg +
V)i
(d) arar — azas = 0, a3 # 0, then by choosing =z = 18/06305;1, t=—ao
we have the family of representatives (Vs + aVy + Vs + Vs + V7);
(e) arar — asag # 0, then by choosing

0
Q
@
Q
|
L©

T = f/(oqow — agag)a;Q,t = —qy f/(oqoq — 042046)(17_10,
we have the family of representatives (Vi +aV3+8V4+vVs+uVe+Vr).
Summarizing, we have the following distinct orbits:

<V1 + Vo +aVs+ 6v4>O(a,,@):O(a,—ngB):O(amgﬁ) ,
<V1 +aVs + Vs 4+ Va4 + v5>O(a»Bﬂ):O(*ia,ﬂ’iv)zo(ia,ﬁ,*W)ZO(*%B’*V) 7

O(e, B, % w) = O(ga»niﬁy —y, —nip) =
O(er, =ny B, =, myp) = O(a, naB, —v, —nap) =
O(a, =mafB, —v,nap) = O(a, iB, v, ip) =

<V1 +aVs3+ V4 + YVs 4+ uVe + V7> Ole, —if, 7, —ip) = O(a, =6, 7, —p) ,
OV —O (12
(Va), (V2 + Vg + V) O@7OCmIZ0M0) (g, 4V, + BV, + V5)
<V2 +aVs+ V4 +Vs + V6>O(aaﬁﬁ):o(—0¢w@7—’¥) , <v2 + V4> ,
O(a) = O(—a) =
(Vs + aVy + V) Olie) =0(ia)
O(a, B) = O(nga, —m58) = O(—nia, n3B) =
(Vs + aVy + V5 + V) Otsa, —n3p) = O(=nsa, n36) 7
O(a, B,v) = O(nic, —B, —nj3y) = O(—nia, —B,nivy) =
O(naa, =B, =ma7) = O(—naa, =B, na7y) =
(Vs +aVy+ BVs + Ve + Vy) Ol Biiv) = 0(=ia, §,—iv) = O(=a, 5, =) ,
<V4 + V5> ’ <V4 + OéV5 + VG>O(o¢):O(w¢):O(—o¢):O(—w¢) ’
O(aé B) = ?(n‘%a, —nEB) = O(—nra, nsg) = ?(7%&, n2B) =
(Vat aVs 4 BV6 4 Vr) O et ooy , (Vs),
(Vs + V), (V5 + aVg + Vq)O(ZOM=0C0)=0(=0) g0y (g4 7o), (V7))

which gives the following new algebras:

NOCWB . — — — —
314 . €161 = €9 €1€2 — €3 €1€3 — €5 €1€4 = €5
ezey = ey ezez = fBes  ezez = ey
o, By
N315 Loe1e1 = e2 €1€3 = €3 €1€3 = €5 €164 = €y
eaea = fBes  ege3 = yes  ezeq = e3 €363 = €4
o, Bym _ _ _ _ _
N3i6 :e1e; = €9 e1es = e3 ei1e3 = e; egeg = aes  egesz = fes

€2€4 = 7Y€5 €363 = €4 €3€4 = €5 €4€4 = €5
N3z Ioelep =ex eleg =€3 €14 =€5 €363 = ¢4
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Ngls €1€1 = €9 €1€2 = €3 €1€4 = €5
€o9€a = €5 €2€3 — (X5 €3€3 — €4
N?ig €1€1 = €2 €162 — €3 €164 = €5 €2€2 Qes
ezez = fes ezeq =e5  ezez = ey
N?z’g’7 ele1 =€y  e1ep =e€3 €164 =e5 €36y = Q€5
eae3 = ffes  egey = Ye5 eze3 =e4 €364 = €5
N321 €1€1 = €2 €162 = €3 €1€4 = €5 €2€3 = €5 €3€3 = €4
N €11 = €9 €1€2 = €3 €2€9 — €5
322
€2€3 = (€5 €9€4 = €5 €3€3 = €4
NgéS €11 = €9 €1€2 = €3 €2€9 = €5 €9€3 (675151
egeq = fes  ezez = ey €3€4 = €5
Ngé’i” e1e1 = e €169 = €3 €9€9 = €5 €ge3 = (ep
egeq = fes ezez3 =eq  ezeq =Yes eqeq = €5
N5 ele1 =€z €163 =e€3 €383 = €5
€2€4 — €5 €3€3 — €4
Ng26 €11 = €9 €1€2 = €3 €2€3 — €5
€2€4 =— Q€5 €3€3 = €4 €3€4 = €5
Ngé? €1€1 = €9 €1€2 = €3 €2€3 — €5 €9€4 (675151
€3€3 = €4 eseq = fPes  eqeq = €5
Nisag €1€1 = €2 €1€2 = €3 €2€4 = €5 €3€3 = €4
N eiep =e e1€3 = e €2€e4 = €5 es3e3 = € €3€e4 = €5
329 1€1 2 1€2 3 2€4 5 3€3 4 3€4 5
N¢ €1€1 — €2 €1€2 — €3 €2€4 — €5
330
€3€3 — €4 €3€4 — (€5 €4€4 = €5
N33 ele] = ez  e1eg =e€3 €363 =e€4 €364 = €5
N33z €1€1 = €2 €1€ = €3 €3€3 = €4 €3€4 = €5 €4€4 = €5
N33 €161 =€z €163 = €3 €363 = €4 €464 = €5

4.4. 1-dimensional central extensions of N{,. Here we will collect all informa-

tion about N, :

Cohomology Automorphisms
€161 = €2 £ 0 0 0
s | erea=es | HE(NY) = <[Aij]> 0 1 0 0
Nos = X =10 0 41 0
@202 =1 (i,5) ¢ {(1,1),(1,2),(3,3)}
ese3 = ey t 0 0 1
Let us use the following notations:
Vi=[Awiz], Va=[Au], Vi=[An], Vi=I[Ay],
Vs = [Aaa], Ve =[Az], V7=[Ay]
7
Take 6 = >~ o;V; € HA(N{,). Since
i=1
0 0 o1 a9 o o ol o5
¢T 0 a3 a4 a5 b= ooy o of
ar ay 0 ag o oy 0 of
oy a5 Qg Qp oy  of  af ar

we have
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o] =a1 agt, af =xos+oart, af =a3, o} ==+tay,
of = o, o = ar.

* __
Qg = Qs,

We are interested in (s, as, ag, a7) # (0,0,0,0) and consider following cases:

1. if ar = ag = a5 = 0, then as # 0, and we have the family of representatives
(Vi 4 V2 + V3 +7V4);

2. if a7 =0,a6 = 0, a5 # 0, then we have the family of representatives

(aVi+ BV2 + Vs + Vs + Vs);

3. if ar = 0,5 # 0, then by choosing ¢ = ¢4, t = —ozlagl, we have the family

of representatives

representatives

Summarizing, we have the following distinct orbits:

(aVa + V3 + Va4 + Vs + Vi)
4. if ar # 0, then by choosing ¢ = ¢4,t = —a2a7_1 we have the family of

(aV1 4+ V3 + V4 + uV5 +vVe + Vr).

(aV1+ Vo + V3 + ’7V4>O(O"6’7):O(_a’_’6’7)7
(aV1+ V2 +vV3+ pVa + V5>O(a’ﬁ’%”)zo(a’75’%7“)
(aV1 + Vs +4Va+ uVs +vVe + V7>O(a’ﬂ”y’“’y)zo(a’ﬁ’_’Y’“’_”),
(aVa + V5 + V4 + pV5 + V) Oleolmm=0la=87,=1),
which gives the following new algebras:

N33 1oeje; = e €162 = €3 €163 = Q€5 €164 = €5
egeg = €4 + 565 €2€3 = 7Y€5 €363 = €4
Ngég’%ﬂ eie] = ez erez = €3 €163 = aes €164 = fes
€263 = €4+ V€5 €263 = [€5 €264 = €5  €3€3 = €4
N?ég’”’” ejep = ez €162 = €3 €163 = Q€5
egeg = €4 + 565 €2€3 = €5 €264 = l€5
e3€3 = €4 €3€4 = V€5 €4€4 = €5
Ngé/;’%“ e1e1 = e ereg =€z  €1e4 = aes  exex = eq + Pes
exe3 = yes €264 = fI€5 €363 = €4 €364 = €5

4.5. 1-dimensional central extensions of Ngs. Here we will collect all informa-

tion about N5 :

Cohomology Automorphisms
_ 0 0 O
€1€1 = €2 z
2 (N4 ) — y 2
Ni | eres=cq | HetNos) = <[A”]> o=|" 0 y 8
O G ). (13).2.2)) = 0 a0
262 3 t 2zz 0 =z
Let us use the following notations:
Vi=[Ap] Vo=[An] Vi=[Axn] Vi=[Ay]
Vs =[As3] Ve =[Asz4] V7=][Aul.
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7
Take 6 = >~ o;V; € HA(N{5). Since
i=1
0 a1 0 a2 o o] o™ aj
o7 ar 0 a3 ag 6= o] o af  aj
0 as3 as o o™ ay of  of
Qz Q4 Qg Qr oy oy o o
we have
af = (qx + azz + agt)r? + 2(aer + agz + agt)zz,
ab = (aox + agz + azt)x®, af = (a3 + 2062)7°, o = (ax + 2072)2°
al = aza®, af = agr?, at = azzt®

We are interested in (e, a4, ag, a7) # (0,0,0,0) and consider following cases:

1. a7 = ag = g = 0, then ay # 0 and we have the following subcases:

(a) as = —2axq,
(i) if oy = 0,5 = 0, then we have the representative (Vo — 2V3);
(ii) if oy = 0,5 # 0, then by choosing x = agagl,z =0,t =0, we
have the representative (Vo — 2V3 + V5);
(iii) if a1 # 0, then by choosing = = {/aa;', 2 = 0,t = 0, we have the
family of representatives (V1 + Vo — 2V3 + aV5).
(b) as # —2as,
(i) if as = 0, then choosing x = 1,z = —asi§a27 we have the family of
representatives (Vo + aV3)a-—2, which will be jointed with the case
(L(a)i);
(ii) if a5 # 0, then by choosing x =

_ ay/az
T (azt2002)/as
family of representatives (Vo +aV3+ Vs)q-_2, which will be jointed

with the case (1(a)ii).

a2

, , we have the
as

. ay = ag = 0,a4 # 0, then we have the following subcases:

if ag = 0,a3 = 0, then we have representatives (V4) and (V4 + V5)
depending on whether a; = 0 or not;

if ag =0, a3 # 0, then by choosing = = agall, z=0,t= —alagalz, we
have the family of representatives (V3 + V4 + aVs);

if ag # 0, then by choosing z = OéQCYZl,Z =0,t = —a1a2a4—2, we have
the family of representatives (Vo + aV3 + V4 + 8V5).

3. ay = 0,ag # 0, then by choosing z = —anagl, we have a5 = 0. Thus, we
can suppose that as = 0 and consider following subcases:
(a) as =0,

(i) if @1 = 0,3 = 0, then we have representatives (Vg) and (V5 + V)
depending on whether a5 = 0 or not;

(ii) if @y = 0,3 # 0 then by choosing © = {/azag’,z = 0,t = 0, we
have the family of representatives (V3 + aVs + Vg);

(iii) if oy # 0, then by choosing = = ¢/ alagl,z =0,t = 0, we have the
family of representatives (V1 + aVs + 8V5 + V).

(b) a4 # 0, then by choosing x = a4ag1,t = —am/a4a673, we have the
family of representatives (aV3 + V4 + 8V5 + V).

4. [0%4 7é 0,
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Qg

if cyar —azay = 0,a3 = 0, a6 = 0, then then by choosing z = — s

T, t =

@106-20207 ;- we have representatives (V7) and (Vs + V7) depending on
2

whether a5 = 0 or not;
if cjar — asay = 0, azar — agag = 0, a6 # 0, then by choosing
Quas ¢ — ag(asag—2aza7)
2a2 7" T 203 ’
we have the family of representatives (aVs + Vg + V7);
if 2a1a$ — azagar + ajag — 2000407 = 0,aza7 — agas # 0, then by
choosing
p— afasor—auar s Vazar—asor = (aaas—2aza7) Vazar—asas
— af - 2=
az

— o L _
r=tz=

207 {/202 ] 202 /202 ’

we have the family of representatives (V3 + aVs + SV + V7);
if 20102 — azauar + afag — 2aa4a7 # 0, then by choosing

7= \7/2a1a%—a3a4a72—oié-;ia6—2a2a4o¢7 7
ay \7/20110@7a3a4a7+aia672a2a4a7

2a7 {/%T? ’

. (gag—2a2a7) (/20(1a%—a3a4o¢7+aia6—2a2a4o¢7
we have the family of representatives (Vi + aVs + 8V +vVs + V7).

Z = —

t

Summarizing, we have the following distinct orbits:

(V1 + V3 — 2V3 4+ aV5)0(@=0(-n:a)=0(nja)
O(a, B) = O(a, —n3B) = O(—a, n3B) =
(V1 +aVs + Vs + Vi) 0= —n3B) = O(a.n3p) = O(~a, —B)
O(a, B,7) = O(nEa, n2B, —n7v) = O(—nra, N2, n3vy) =
O(=nfa, 2B, —n3v) = O(nFa, —n7B,n3v) =

<v1 +aVs + 6v5 + 7V6 + V7> O(mfa, —n3B, —n2v) = O(—n3a, —n2B,nSv) ,
<V2 + OzV3>, <V2 +aV3+ Vs + 5V5>, <V2 +aVs + V5>, <V3 + V4 + aV5>,
(V5 + Vi + BV + V) O(@A=0(a=8) (V5 + aV5 + V) O(@)=0(-ma)=00i0)
(V3 +aVs + Vg + Vq) Ol =0(cemif)=0(~aif)=0le:=0) (V) (Vy + V),

(Vs + V), (aV5+ Ve + V1), (Vs + V1), (Ve), (V7),

which gives the following new algebras:

«
N335
a,B
N3i9
a,Byy
340

«
N34é

a)
N342

NSy3
N34y
NS5
N3y6

a7
N347

€161 = €2 €1€2 = €5 €1€3 — €4 €164 = €5
egey = €3 ese3 = —2e5 eze3z = Qes

€1€1 = €2 €1€2 = €5 €1€3 — €4 €€y — €3
exe3 = aes  eze3 = fJes  ezes = €5

€1€1 = €2 €1€2 = €5 €1€3 = €4 €2€2 = €3
ese3 = aes  eze3 = fBes €3€4 = V€5 €4€4 = €5
€1€1 — €2 €1€3 — €4 €1€4 = €5 €9€2 — €3 €9€3 — ey
€1€1 = €2 €1€3 = €4 €1€4 = €5 €262 = €3
exe3 = aes €364 = €5 esez = fes

€1€1 = €2 €1€3 = €4 €1€4 = €5

€2€9 — €3 €o9€3 — (x€5 €3€3 — €5

€1€1 = €2 €1€3 = €4 €262 = €3

€9€3 — €5 €2€4 — €5 €3€3 — €y

€1€1 = €2 €1€3 — €4 €9€9 — €3 €2€3 — Qg
egeq =e5  eze3 = fles  ezeq =es

€1€1 = €2 €1€3 = €4 €262 = €3

€9€3 = €5 €3€3 = Q€j €3€4 = €5
€1€1 = €2 €163 = €4 €262 = €3 €2€3 = €5
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eze3 = aes  ezeq = fBes  eqeq = e5

N34g €11 = €2 €1€3 = €4 €262 = €3 €2€4 = €5
N34 Lo€e1ep =€ €1€3 = €4 €2€2 = €3 €2€4 = €5 €3€3 = €5
N350 1oeier = e €1€3 = €4 €263 = €3 €3€3 = €5 €364 = €5
Ngs, Toe1e1 = ey e1ez = ey egey = €3

€3€3 — (k€5 €3€4 = €5 €4€4 = €5
Ni3s2 @ ejeg=ex ee3=ey €263 = €3 €363 =e€5 €44 = €5
N353 @ ejep =ex  erez =ey €€y = €3 €364 = €5
N354 1oeiep = e €1€3 = €4 €26 = €3 €4€4 = €5

4.6. 1-dimensional central extensions of N{s. Here we will collect all informa-
tion about Ngg :

Cohomology Automorphisms
ei1e1 = €z 1 0 0 0
NéG €162 = €4 H%(Ngﬁ) = <[A”]> ¢i _ 0 1 0 0
“res=e (i) ¢ {(1,1),(1,2),(2,2)} = 010
€262 = €3 t £2z 0 =1

Let us use the following notations:

Vi=[A], Va=[Awn], Viz=I[Az], Vi=[As,
Vs = [Ass], Ve =[Az4], V7=[Au]

7
Take 6 = >~ o;V; € H2(NJ). Since

=1
0 0 a1 a2 a* o™ ol o aj
71 0 0 a3 oa _ o** a**r aj o
0 a1 a3 as Qg P = o + o™ al of o
as a4 Qg Qr as aj g fo%

we have

of = oy — agz — agt + a5z + agt — 2(a2 £ agz £ art)z,

s =ayEagztart, of =a3E2a62, o) =2a7z+to0y,
* * *

af = as, o = Las, o7 = arg.

Since (g, ayq, ag, a7) # (0,0,0,0) and for ¢ = ¢, we have the following cases:

1. if a7 = ag = a4 = 0, then as # 0, and we have the following subcase:
(a) if a5 = a3 + 22, then we have the family of representatives
(V14 Vo + V3 + (8 +2)Vs);
(b) if a5 # as + 2as, then by choosing z = 0,t = —7r—, we have the

family of representative (Vo + aVs + SV5)g£at2;

2. if ag = 0,6 = 0,4 # 0, then by choosing z = 0,t = %;’ we have the family
of representatives (a«Va + V3 + V4 + 1V5);
3. if a7 = 0, a5 # 0, then we have the following subcases:
(a) if ag = au, then by choosing z = —azag',t = 0, we have the family of
representatives (aVy 4+ 8V3 + V4 + V5 + Vi);
(b) if ag # au, then by choosing z = —g—z,t = %(W, we have the

family of representatives (aVs + BV4 + V5 + Vi) g£1;
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(o) t — 04404672042047
27 2

4. if a7 # 0, then by choosing z = — , we have the family of
representatives
(aV1 4+ BV3+ V5 + uVe + Vr).
Summarizing, we have the following distinct orbits:
(aV1 + Va + BV5 + (B + 2)V5) Siy =0,
(V1 + BV + Vi + V5 + Vg)auy 77007577,
(V1 + BVs +7V5 + uVe + V7)Oledrm=0abn=u) (v, 4 aVs + fVs),
(Vo + V3 + V4 + ’)’V5>O(O"B’7):O(7O"76’77),
(aV3+ V4 +V5 + V6>O(a”8’7)=o(_a’ﬁ’_7),
which gives the following new algebras:

a#0,
N357£5 s . erep = ez e1e3 = e4 +ae5 e1e4 = €5
egey =e3  egez = feg ezez = (B +2)es
a#0,8,y _ _ _ _
N356 €1€1 = €2 €13 = e4 + e €€y = €3 €o€3 — ﬂ65
€2€4 = €5 €3€3 = 7€s5 €3€4 = €5
ai b bl . — J— J— p—
Ngsg TH O ele; =eg  ejez =eq+aes eseg =e3  egesz = fes
€3€3 = 7Y€5 €364 = €5 €4€4 = €5
a,B . _ _ _
N2 : eje; = eg e1e3 = ey e1eq = €5
eg€g = e3 ese3 = qes eses = fes
N%ﬁﬁ . — — — —
359 . e1ep = eg €1€3 — €4 €1€4 = (x€5 €9€2 = €3
ege3 = fes  ezeq = €3 esez = yes
Naﬁ,’Y . — — — —
360 . er1ep = eg €1€3 — €4 €2€2 — €3 €2€3 = (X€x
eaeq = fes  eszez = yes e3eq = €5

4.7. 1-dimensional central extensions of N¢,;. Here we will collect all informa-
tion about N :

Cohomology Automorphisms
x 0 0 0
e1e1 = ez 2 (N4 :< > 2
N37 €262 = €3 H,QgNm) [A”] ¢ = 8 JE) 04 8
even— ey | (00 2 (1L 1), (2.2),(2,3)} 00 g
Let us use the following notations:
vl = [A12]7 VQ = [A13]7 v3 = [A14]; V4 = [A24]7
Vs =[Ass], Ve =[Az4], V7=[Auyl
7
Take 6 = >~ o;V; € H2(N¢,). Since
i=1
0 o1 ar as o o oF aj
¢Ta100a4¢:aI00aZ
as 0 a5 ag a5 0 af of
a3 4 Qg Qp oy o) af o
we have
af = (qx + agt)r?, o = (aex + agt)z?, af = (azz + a7t)xb, o = ayab,
af = aga®, af = agrl?, ok = agxt?.

We are interested in (a3, g, ag, a7) # (0,0,0,0) and consider following cases:
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. a7 = ag = ag = 0, then ag # 0, and we have the following subcases:

(a) if a3 = 0,2 = 0, then we have representatives (Vg) and (Vs + Vs)
depending on whether as = 0 or not;

(b) if @1 = 0,2 # 0, then by choosing = = \/agagl,t = 0, we have the
family of representatives (Va + V3 + aVs);

(c) if a; # 0, then by choosing x = {Valagl,t = 0, we have the family of
representatives (V1 + aVa + V3 + 5V5).

. a7 =0,a6 = 0,4 # 0, then we have the following subcases:

(a) if ag =0, a3 = 0, then we have the familty of representative (V4 + aVy);

(b) if ap = 0,3 # 0, then by choosing = = asay*,t = —ajaza;?, we have
the family of representatives (V3 + V4 + aVs);

(c) if ag # 0, then by choosing © = {/asa;*,t = —a1 {/asa;?, we have the
family of representatives (Vo + aVs + V4 + V5).

ar = 0,ag # 0, then we have the following subcases:

(a) if oy = 0,3 = 0,4 = 0, then we have representatives (Vg) and (V5+Vs)
depending on whether as = 0 or not;

(b) if vy = agsay,a3 = 0,a4 # 0, then choosing z = \/a4ag17t =
— Qg4 /oz4ag3, we have the family of representatives (V4 + aV5 + Vi);

. o . o a o ag Yas
(c) if vy = asay, ag # 0, then by choosing x = P/ ot t = —5ae We have

the family of representatives (Vs + aV4 + 8V5 + V);

. , - Varar—aras
(d) if ajap # asay, then choosing x = H%ﬁ”‘“,t =

2

> , we
(673 Qg

have the family of representatives (V1 + aVs + V4 + V5 + Vp).

az # 0, then we have the following subcases:

(a) a1 = 0,asa7 = agag,aq = 0,a5 = 0, then we have representatives (V7)
and (Vg + V7) depending on whether aig = 0 or not;

(b) a1 = 0,007 = agag, ay = 0,a5 # 0, then by choosing z = 4/ a5a;1,t =
—azy/asaz®, we have family of representatives (Vs 4 aVs + V7);

(¢) arar = azay,asar = azag,ayq # 0, then by choosing z = 1/ a4a;1,t =
—asy/ oz4a7_5, we have family of representatives (V4 + aVs + 8Vs + V7);

(d) aqar = asay, asar # asag, then by choosing © = {/(042047 - agag)a;Z,

t=—as \7/(042@7 - 0130[6)047_9, we have the family of representatives

(Va2 +aVy+ Vs +9Ve + Vr);
(e) ayar # azay, then by choosing

T = f/(alcw — a3a4)a7_2,t = —a3 {’/(alow — a3a4)a7_11,
we have family of representatives (V1 + aVa + V4 +9Vs + uVe + V7).

Summarizing, we have the following distinct orbits:

(V1 +aVy + V3 + fV5)0(@h)=0(-,if)=0(-a,~if)=0(a,—F)
O(e, B, 7, 1) = O(—nfo, n§B, ng~y, ngp) =
O(=ng o, n§ B, n§v, ngn) = O(—nga, —n3 B, —m37, N3 1)
O(—nga, —ng B, —ng~, n§n) = O(m§a, 3B, n3~, —n;m)
O(nZa,n2B,m3~, —n3p) = O(n§o, —n9 B, —n9~y, —ng )

(Vi+aVy+BVa+yVs+uVe+ Vq) Ose g8 —ndy. —nju) ;
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O(—nfa, —n3B,n%v) = O(mZa, n3B, —n7y) =

(Va+aVy+ Vs +9Ve+ V7) O(mSa, nSB, —n2vy) = O(—n3a, —n3 B, —n3v)

O(a, B,7) = O(—nia, n%ﬁm?ﬁw) =
O(npa,n7 By mzy) = O(nza, g By mzy) =

3971

O(=nSa, —n7B, —n77y) = O(=nrer, —n3 B, —n3~) =

(V1 +aVs+ BV, +7V5 4 V) Oz —nzs. —n2v)
(Vo +aVs+Vy+ 5V5>O(a,ﬁ):O(—naa,ﬁ):O(nia,B)’ (Va + V3 +aVs)Ol

O(a, B,7) = O(nta, n2B,m2v) = O(—nra, —n7B, navy) =

a)=

O(—a%

’ <v3>7

(V3 + Va+aVs), (Vs +aVy + Vs + Vi) O(@B)=0(=nso,—nsf) =05, ),
(V3 +Vs), (Va+aVs), (Vi+aVs+ V), (V44 aVs+ Ve + V;)O0@fh)=0(a=F)
(Vs + V), (Vs + aVe + V7)O=00) (g6 (Vs + V), (Vr),
which gives the following new algebras:

a,B
Nsgy

a, B, 1
N362

o, B,y
Nigs

a,f
364

a
Pq-365

€1€1
€2€2
€1€1
€2€4
€1€1
€2€3
€1€1
€2€3
€1€1
€2€2
€1€e1
€1€4
€1€1
€1€1
€2€3
€1€1
€2€4
€1€1
€1€1
€1€1
€2€4
€1€1
€3€3
€1€1
€1e1
€3€3
€1€1
€1€1
€1€1

= €9
ieg

Bes

€4

€4
€2

=e3

€2
(6771
€2
€2
€4

(67571
€2
€2
€2

= e5

€2
(67571
€2
€2
€5
€2
€2

€1€2
€2€3
€1€2
€3€3
€1€2
€2€4
€163
€2€4
€1€3
€2€3
€1€3
€3€3
€1€4
€1€4
€2€4
€1€4
€3€3
€1€4
€2€2
€2€2
€3€3
€9€2
€3€4
€9€2
€269
€3€4
€9€2
€9€2
€9€2

=5
= Bes
= fes
= fes
= 63
= Q€5
=e3
= fes
= e3
= e€3
= Qe5
=e3
= e3
= e3

€1€3
€3€s3
€1€3
€364
€1€4
€3€3
€1€4
€3€3
€1€4
€3€3
€2€2
€3€4

€2€2 =

€2€2
€3€3
€2€2
€3€4
€2€2
€2€3
€2€3
€3€4
€2€3
€4€4
€2€3
€2€3
€4€4
€2€3
€2€3
€2€3

(0774
Bes
(0774
pes
ey
Yeés
ey
Bes
€5
(07571
€3
Y€s
€3
€3
(67571
€3
€5
€3
€4
€4
€5
€4
€5
€4
€4
€5
€4
€4
€4

€1€4

€262 =
= e

€4€4
€2€2
€364
€2€2

€2€3

€4€4

€2€3

€2€3

€2€3

€2€4

€2€4

€3€3

€3€4

€364
€4€4

€5

€3
€5

=ey

€5
€4

€4

=ey

€5

= ej

€5

= e

€5
€5

€2€3 = €4
€3€3 = €5
€3€3 = Qej
€364 = €5
€4€4 = €5

4.8. 1-dimensional central extensions of N;. Here we will collect all informa-

tion about Ngg :

Cohomology Automorphisms
e1e1 = es 1 0 0 O
Ni | @s=es | HANG) = <[Aij]> o0 100
©22 =6 | (i,7) ¢ {(1,1),(1,3),(2,2)} 00 10
€263 = €4 t 0 0 1
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Let us use the following notations:

Vi=[Awr], Va=[Awu], Vz=[Ax], Vi=[Agy],
Vs = [Ass], Ve =[As4], V7=[Auy]

7
Take 6 = >~ o;V; € HA(N{s). Since

i=1
0 a1 0 a2 o o a** ol
o7 ar 0 a3 ag b= o] 0 o +ao™ o
0 a3 as as o™ af + ot oF og
oy 4 Qg Qp al o) og fo%

we have
al =ay +oyt, a5 =ax+art, of =az—agt, o) = oy,

* * *
a5 = Qs, Qg = Qg, Qr = Q7.

Since (a2, a4, ag, a7) # (0,0,0,0), we have the following cases:
1. if ay = ag = a4 = 0, then as # 0, and we have the family of representatives
<OZV1 4+ Vs + V3 + ’Yv5>§
2. if a7 = 0,4 = 0,4 # 0, then by choosing ¢t = —alogl, we have the family
of representatives
<OZV2 + V3 + V4 + ’YV5>;
3. if ay = 0,6 # 0, then by choosing ¢t = agagl, we have the family of repre-
sentatives
<04V1 + BVs + V44 uVs + V6>;
4. if a7 # 0, then by choosing t = —asa; ! we have the family of representatives
<OtV1 4+ BV3 4+ V4 + uVs + vV + V7>.
Summarizing, we have the following distinct orbits:
<OéV1 + Vs + pV3 + ’}/V5>, <OéV1 + BV + V44 uVs + V6>,
(aV1+ V3 + Ve + puVs + vV + V7), (aVa+ Vs + Vi +vVs),
which gives the following new algebras:

a, B,y

379 ©o€1e = €2 e1ez = Qes eles3 =e4 eleq =es
€262 = €3 ese3 = €4 + fes  eszez = yes
Nz ™" erer =ey eiez = aes eies = eq
ereq = fes €gey = €3 ege3 = €y
€264 = 7Y€5 €3e3 = [es eses = es
N?é[f’%“’u .o €161 = €3 e1e2 = Qes e1e3 = €4
€2e2 = €3 eses = eq + Pes  egeq = ey
€3€3 = €5 e3ey = ey eqe4 = €5
Ngégﬂ ©oae =62 €1e3 = €4 e1eq4 = €5 €263 = €3
eze3 = e4 + fes  ezeq = €5 €se3 = "es

4.9. 1-dimensional central extensions of N{,. Here we will collect all informa-
tion about N, :
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Cohomology Automorphisms
e . r 0 0 O
1€1 = €2 2 4 2
Ny | eas s | HECT) = {12 =0 % N
6363 64 (7’ j) ¢ { ) (3 3)} t 0 0 :CS
Let us use the following notations:
Vi=[A1w], Va=[A], Vi=[Au], Vi=][Agy]
Vs = [Ag4], Ve =[Az4], V7= [Au]
7
Take 6 = >~ o;V; € H2(NJ,). Since
i=1
0 a1 ay a3 o o a3 a3
rlor 0 a1 as o] 0 o of
2 Oy 6 Qg Oy @6
a3 as ag o7 oy of af ap
we have
of = (1x + ast) ay = (o + agt)zt, of = (azz +art)2®, af = asx®,
af = asz!0, of = agxt?, of = 716,

Since (a3, as, ag, a7) # (0,0,0,0), we have the following cases:

1. a7 = ag = a5 = 0, then a3 # 0, and we have the following subcases:

(a)
(b)

()

if a1 = 0,2 = 0, then we have representatives (Vg) and (Vs + V)
depending on whether ay = 0 or not;

if a1 = 0,0 # 0, then by choosing z = 1/ agagl,t = 0, we have the
family of representatives (Vo + V3 + aVy);

if a3 # 0, then by choosing z = \G/Ozlagl,t = 0, we have the family of
representatives (V1 + aVa + Vs + 5Vy).

2. a7 =0,a6 =0, a5 # 0, then we have the following cases:

(a)
(b)

()

if ap = 0,3 = 0, then we have representatives (V5) and (V4 + V5)
depending on whether ay = 0 or not;

if g = 0,3 # 0, then choosing x = 053015_1,t = falagagQ, we have the
family of representatives (Vs + aVy + Vs5);

if g # 0, then by choosing = = {/asas ', t = —a {/aza;®, we have the
family of representatives (Vo + aVs + V4 + V5).

3. ar =0,a4 # 0, then we have the following cases:

(a)
(b)

(©)
(d)

if ajag = agas, a3 = 0,a4 = 0, then we have representatives (V) and
(Vs + Vi) depending on whether as = 0 or not;
Vasagtt =

—aay/ a4ozg7, we have the family of representatives (V4 + aVs + Vi);

if a0 = anas, ag # 0, then by choosing z = {/azag ', t = —ag{/ agag47
we have the family of representatives (Vs + aVy + V5 + Vi);
if ajag # asas, then by choosing

if cyag = asas, a3 = 0,a4 # 0, then by choosing x =
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T = f/(alaﬁ - a2a5)ag2, t=—ao9 i/(oqozﬁ - a2a5)agn,
we have the family of representatives
<V1 +aV3+ Vs +9Vs+ V6>.
4. a7 # 0, then we have the following cases:

(a) if ag =0, s = sz, aq = 0,5 = 0, then choosing z = 1,t = _%’ we
have representatives (V7) and (Vg + V7) depending on whether ag = 0
or not;

(b) if vyar = asas, a7 = asag, a4 = 0,5 # 0, then by choosing z =

Vasazt t = —az{/asa; ", we have the family of representatives (Vs +
aVeg + V7>;
(c) if ayar = agas, asar = asag, ay # 0, then by choosing

r= Vagar' t=—az Voot

we have the family of representatives (V4 + aVs5 + Vg + V7);
(d) aqar = asas, asar # agag, then by choosing

x = 1\1/(a2047 —azag)ay ? t = —az 1</(a2a7 — azag)a;
we have the family of representatives
(Vo +aVy+ Vs +vVe + Vr);
(e) ayar # azas, then by choosing

T = 1€/(a1a7 — a3a5)a7_2, t=—aj li/(alcw — a3a5)a7_15,

we have the family of representatives
<V1 +aVa+ BVy+ V5 4+ uVe + V7>.
Summarizing, we have the following distinct orbits:
(V1 + aVy + V3 + BV,)0(@B)=0(-ns,8)=0(-nsa,—f)=O0(ne,—~#)=0(nje,8)=0(a,~ B)
(V1 + Ozvz + 5V4 + 7V5 +uVe +

O(a, 8,7, 1) = O(=ntia, ni3B, n3v, nizn) =

O(—nfsa, —nisB8, 1713%7113#) o(— nlga,nt, 7713“/,7713#)
O(—n 3a:*7713ﬁ; "7%31,"/ *7713M) O( 7713‘1:*"1%31,5 77137 *771311)
O(=niza, 138,119, —nisu) = O(nisa, —n33B, —nisy, nign) =
0(771304 n13B, —Mi37s 7713H) O("I130< 11308, U%g’Y U13M)

O(n 30, —nggﬁ, M137> _77%3#4) = O(?hsﬂ, n738; —M137>» —T’Ilgﬂ) =

v7> 0(7713av*”7135,*7];3"/,*W?3H) s

O(c, By, ) = O(—n3a, 3 38, ng 0(773047—173/3 mgY) =
O(a, B,n27) = O(—nza, ngﬁ ngv) = O(n3e, 77735 —n9y) =
<V1 +aVs+ Vs +Vs + V6> O(a, B, =m37) = O(=m3«, 77357_7797) O(n3a, —m3B, —ng) ,
<v2 + V3 +av4>O(a):O(wz)_O(fa)_(fza)7
(Va4 aVs + V4 + v5>O(fxwﬁ’)=0(—7750¢,77§B)=0(77§a,—ng’B)=O(—n§<>¢m§B)=O(n§<>¢7—nsﬁ)7
O(a, Bm/) =0mi%a,n$1 8,017 =
O(—n 1a,—n11/3 n381m) O(nua,—nuﬂ,—mm)
O( "7;10‘ nllBs -n 1'Y) O("I 1%, "Illﬂ -n 1W) =
O(—n 1a7—n‘;'1ﬁ 77117) O(n1107_77€1)36 77117)
O(=ni1 o0t B, miY) = O(niy o, il B, —niyv) =

(Va+ aVy+ Vs + 4V + Vy) OCmies —niis =ni1y) , (V3),
<V3 + V4>7 <V3 +aVy + V5>, <V3 +aVy+ BVs + vﬁ)O(a,B):O(a,—n;;ﬁ):O(a,ngﬁ),

O(e) = O(=m3a) =
(Va+V5) (Va+aVs + VG) Olmze) )
O(er, B) = O(=mzx, ng 3B) = O(nZa, —nip) =

(Vi +aVs+ BV + Vy) Omienis) = 0lise, —nsp) , (Vs), (Vs + V),
(Vs + Vg + Vq)O@)=0ma)=00i0) (V) (Vg + V7), (V)
which gives the following new algebras:

Naﬁ - e — — — —
383 : 1€1 — €2 €1€2 = €5 €1€3 = €5 €1€4 = €5
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exey = €3  exe3 = fles  ezez = ey
Ng‘ég’%” eje; =ey ejeg =e5 €13 =ae; €ges =e3  egeg = [es
€2€4 = Y€5 €3€3 = €4 €3€4 = UE5 €4€4 = €5
a, B,y _ _ _ _
385 €1€1 = €2 €1€9 — €5 €164 — (x€5 €9€9 — €3
eae3 = fes  egey = ye5 eze3 =e4 €364 = €3
Ng86 €11 = €y €1€3 = €5 €1€4 = €5
€€y — €3 €2€3 — (X5 €3€3 — €4
Ngé’? €1€1 = €2 €1€3 = €5 €164 = Qej €2€2 = €3
ege3 = ey exey =e5  ezez = ey
a, B,y _ _ _ _
388 €11 = €y €1€3 = €5 €2€9 — €3 €9€3 — (s
egeq = fes  ezez = ey €3€4 = €5 €4€4 = €5
Nagg €1€1 = €2 €1€4 = €5 €262 = €3 €3€3 = €4
N30 €1€1 = €3  €1€4 =65 €263 = €3 €363 =65 €363 = €4
Ny, e1e1 = e eles = e egey = €3
€9€3 — (k€ €9€4 — €5 €3€3 — €4
gég €1€1 = €2 e1e4 = €5 €2€2 = €3 ese3 = Qes
egeq = fes  ezez = ey €3€4 = €5
N393 €161 = €2 €262 = €3 €2€3 = €5 €2€4 = €5 €3€3 = €4
N§‘94 €1€1 = €y €9€g = €3 €2€3 = €5
€2€4 — (€5 €363 = €4 €3€4 = €5
gé'g €1€1 = €2 €9€9 = €3 €2€3 — €5 €9€4 = (€5
€3€3 = €4 ezeq = fes  eqeq = €5
N3g6 eley = ey egep =e3  exeq4 =e€5 €363 = €4
Na3g7 €161 = €2 €263 = €3 €2€4 = €5 €3€3 = €4 €3€4 = €5
N§98 €1€1 = €y €9€g = €3 €2€4 = €5
€3€3 — €4 €34 — (€5 €464 = €5
N3g9 €1€1 = €2 €262 = €3 €3€3 = €4 €364 = €5
Nuoo €1€1 = €2 €2€2 = €3 €3€3 = €4 €3€4 = €5 €4€4 = €5
Nuyo1 €1€1 = €2 €262 = €3 €3€3 = €4 €4€4 = €5
4.10. 1-dimensional central extensions of N7,. Here we will collect all infor-
mation about N7, :
Cohomology Automorphisms
A
Ni, | e =e HE(Nio) = <[A¢j]> el I 770 a0
€262 = €3 (Zv.]) QE {(171)7(172)7(272)} t 0 0 nSk
€3€3 = €4
n=-ns, k=0,1,2,3,4

Let us use the following notations:

Vi
Vs

[A13],
[Ass],

Vs
Vs
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7
Take 6 = Y~ o;V; € H2(N1,). Since

i=1
0 0 o1 a o ot % fo%s
o7 0 0 a3 a4 é a** 0 fa% o)
k =
Flar az3 as ag o] o oaf+a™ ag |’
oy a4 g Qp o5 aj og o
we have
* _ 4k k * _ 8k k 6k * _ 10k
ai =" a1 f+tag), az =" (n"ar Hlag), oz =n""az,  aj =T,
¥ 2k 8k x _ 12k ¥ _ 16k
a5 = —tnTag + e, ag =17, a7 =n"tar.

Since (a2, a4, ag, a7) # (0,0,0,0), we have the following cases:
1. if ar = 0,6 = 0,4 = 0, then g # 0, and we have the family of representa-
tives
<aV1 4+ Vs + V3 + ’yV5>;
2. if ay = 0,06 =0, a4 # 0, then we have the family of representatives
(aVy + Va2 + V3 + Va);
3. if ay = 0, a6 # 0, then we have the family of representatives
(aVa + BV3 + V4 + uVs + Ve);
4. if a7 # 0, then we have the family of representatives
<OZV1 + BVs3 +4Vy+ uVs +vVg + V7>.
Summarizing, we have the following distinct orbits:
O(a, B,7) = O(a, B, —n57) = O(a, —n2 B, n2~) =
(aV1 + BV 4+ Vs + V) O(a,n2B, —ni~) = O(a, —n5 B, na~) ,
O(a, B,v) = O(—nsa,nZB,nivy) = O(mia, nz B, —ni~y) =
<04V1 + Vs + 5V3 + 7V5> O(—nda, —n5B,m37) = O(nta, —m3 B, —n57) ,
(aV1+ V3 +9Va+ uVs +vVe +
O(a, B,7, 1, v) = O(nta, B, e, n2u, —nsv) =

O(-nia, B, fng'v,n‘é/g, n?)lg) = O(nza, B, 3, —n5k, —nsv) =
V7> O(—nsa, B, —N57, —N5 ks N5 V)

<OZV2 + BV3 4+ V4 + uVs +
O(a, B,7, ) = O(nGer, ng B, —mi~y, —nsp) = O(né‘,al—ng’ﬁﬁ —n5y,nEp) =
V6> O(—nsa,ngB, iy, —nau) = O(—nBa, —nsB,n2~, nep)

)

which gives the following new algebras:

a, By

402 €1€1 = €2 €1€2 = €4 €1€3 = Q€3 eres = fes
€2€2 = €3 €2€3 = V€5 €264 = €5 €3€3 = €4
Zé§’7 €161 = €s elea =e4  eje3 = qes eleq = €5
egey = €3 ege3 = fes  ezez = eq + yes
NZ‘(ﬁ’%“’” e1e; = es eles =e4  eje3 = aes
€263 = €3 eae3 = fBes  ezeq = yes
€363 = €4 + €5 €3€4 = V€5 €464 = €5
NZ@?”Y’” e1e1 = es eles =e4  ejeq = oes esey = €3
ezez = fes €2e4 =€5 €3€3 =e€4+ [le5 €e3e4 = €5

4.11. 1-dimensional central extensions
formation about N1, () :

of N7, (\). Here we will collect all in-
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Cohomology Automorphisms
glglfii 100 0
Ny | ke = | NG (V) = ([Ay]) o100
11(A) | e2e2 =e3 o ¢ 0 010
€2€3 = €4 (17]> ¢ {(171)7 (272)7 (373)}
t 0 0 1
€3€3 — €4

Let us use the following notations:

Vi=[Awr], Va=[A3], Vi=[Au], Vi=[As],
Vs = [Ag], Ve =[As4], V7=[Au)

7
Take 0 = > o;V; € HZ(N{,(\)). Since

=1
0 o1 a as of o oF aj
o7 ar 0 as as & of 0 aof op
ay as 0 ag a5 a;) 0 af
as a5 Qs Qp oy aF af o

we have

af =a1 +ast, ab=as+agt, of =az+art, of =ou,
af = as, ag = o, oy = o.

Since (a3, as, ag, a7) # (0,0,0,0), we have the following cases:

1. if a7 = 0,6 = 0,5 = 0, then a3 # 0 and we have the family of representa-
tives

(aV1+ Va2 + V3 +9Vy);
2. if a7 = 0,6 = 0, a5 # 0 then by choosing t = —oqagl, we have the family of

representatives
<04V2 + Vs +yVy + V5> ;
3. if a; = 0,a6 # 0 then by choosing t = —agagl, we have the family of
representatives

(aV1 + V3 +vVy+ uVs + V6> ;
4. if a7 # 0 then by choosing t = —04304771, we have the family of representatives
<04V1 + BVo +4V4+ uVs + vV + V7> .
Summarizing, we have the following distinct orbits:
(aV1 4 B8V + V3 +Vy), (V1 + BV + 9V + uVs5 + vVe + Vr)
<05V1 + BV3 + V4 + uVs + V6> , <OéV2 + BVs3 +Vy+ V5> ,
which gives the following new algebras:

A, B,y . _ _ _ _
N i eje; = eg e1ea = \eg +aes ejez3 = fBes  ereq = es
€2€a = €3 exe3 =e€4 +Y€5  ezez =éy
Ao, 8,7, v _ _ _
N7 e1e] = ey eres = \eg + aes  ejez = fes
€262 = €3 ege3 = €4 + €5 €264 = [i€5
€3€3 — €4 €3€4 = Veéjy €4€4 = €5
A, B,y . _ _ _ _
Nios T oere1 = eo e1es = Xeg +aes ejeq = fes  exen = €3

eg€3 = €4 + Y€5 €2€4 = [E5 €3€3 = €4 €3€4 = €5
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A, By . _ _ _ _
N9 i ele; = eg e1ea = ey e1e3 = aes  eijeq = fes
€2€9 — €3 €g€3 = €4 + YEs €o€y = €5 €3€3 — €4

Remark 2. Note that the algebras N7;(\) and N$;(—\) are isomorphic. Hence,
there are some additional isomorphism relations for algebras from the present sub-
section NVE 22 N~AE,

5. Classification theorem.

Theorem 5.1. Let N be a complex 5-dimensional nilpotent commutative algebra.
Then we have one of the following situations.

1. If N is associative, then N is isomorphic to one algebra listed in [15].

2. If N is a non-associative Jordan algebra, then N is isomorphic to one algebra

listed in [9].
3. If N is a non-Jordan €®-algebra, then N is isomorphic to one algebra listed
in [11].

4. If N is a non-€9-algebra, then N is isomorphic to one algebra listed in the
following list.

No1 : e1ep = e ei1es = e3 ese3 = eq
No2 o ei1e1 = e2 €i1e2 = €3 €1€3 = €4 €2€3 = €4
Nos T eler =e2 elez = e3 eses = ey
Nos . €11 = e2 €i1é2 = €3 €2€2 = €4 €3€3 = €4
Nos : erer = e e1es = eq e2e2 = e3
NOG : €e1e1 = e2 €1€e2 = €4 €e1e3 = €4 €2€e2 = €3
No~ 1 eler =e2 e2e2 = €3 e2e3 = €4
Nos : e1e; = e €1€e3 = €4 €2€2 = €3 €2€3 = €4
Nog : €e1e1 = e2 €2€2 = €3 €e3e3 = €4
Nio . €11 = e2 €262 = €3 €1€2 = €4 €3€3 = €4
N :oe1er =e2 e1ea = Aey eses = €3
€2€3 = €4 €33 = €4
N12 : €11 = €2 €1€2 = €3 e1es3 = €4
€2€2 = €5 €3€3 = €5
T T eiler = es e1ex = e3 e1es = ey
€2€2 = €5 €2€3 = €4 €3€3 = €5
N4 : ei1ep = eg eiez = €3 ejes = eq
€2€3 = €4 €3€e3 = €5
N5 : elep = es ejex = €3 e2e3 = €4 eses = es
Nig T ei1ep =eg eiez = e4 ejes = es
€2€2 = €3 €2€e3 = €5
N17 : €161 = €2 €1€2 = €é4 €2€9 = €3 €2e3 = €5
Nig T eilep =eg eiex = ey €€z = €3
€2€3 = €5 es3e3 = es
Nio . €11 = e2 €1€2 = €4 €2€2 = €3 €3€3 = €5
N5 T oer1e1 = e e1e2 = e4 + aes e1e3 = €4
€2€2 = €3 €2€3 = €5 €3€3 = €5
N>, © e1e] = e €16 = ey4 ejes = ey
€2€2 = €3 €2€3 = €5
Ngfl T ere1 = es eles = ey eles = ey
€2€2 = €3 €2€3 = (€5 €3€3 = €5
géﬁ : eile1 = es erea = fBes + aes e1e3 = eq
€2€2 = €3 €2€3 = €4 €3€3 = €5

NSy T ele; = es elea = aeq + es e2es = €3
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€2€3 = €4 €e3e3 = €5
N25 : €11 = e €13 = €4 €2€9 = €3
€2€3 = €4 €3€3 = €5
Nas : eler =e2 e1ez = eq eies = es
€2€2 = €3 €3€3 = €4
Na7 1 ele; = e2 e1e3 = ey exe2 = €3 eze3 = es
Nos :oeler = ez eles = eq ezez = €3
€2€3 = €5 €3€3 = €5
Nog : eilep =eg ejes = e4 exez = €3 €3€e3 = €5
N30 : €11 = €2 €2€e2 = €3 €2€e3 = €4 €3€e3 = €5
Nj; : e1ep = es ejex = e3 ejeq = es
€2€2 = €5 €2€3 = €5
32 ©eler = e e1ex = e3 ereq = e3
€2€2 = (€5 €2e4 = €5 €3€3 = €5
N33 T eje; =e2 ejex = €3 eieq = €5
€262 = €5 €3€3 = €5
N34 Toeler =e2 ejez = e3 eleq = ées eze3 = €5
Niss 1 eie1 = ez eilez = e3 eleq = es eses = es
N3 :oeler = ez elez = e3 e2e3 = €5
€2€3 = €5 €4€4 = €5
N7 T eje; = ez ejez = e3 ege2 = €5
€2€4 = €5 €e3€e3 = €5
N3z T eilel = es elex = e3 e2es = Qes
€2€4 = €5 €3€3 = €5 €4€4 = €5
N3og : eje; = e2 e1e2 = e3 €262 = €5
€3€3 = €5 €44 = €5
Nyo : ei1ep = eg ejex = e3 egxey = €5 eseq = €5
Ny 1 e1e1 = e eie2 = e3 eze3 = e5
€2€4 = €5 €3€4 = €5
Nyo T ele; =e2 ejex = e3 ese3 = e; eseq = €5
N43 : €11 = e2 ejex = e €2€3 = €5 €4€4 = €5
Ny4 : e1ep = eg ejex = es3 exeq4 = €5 esesz = es
Nys : ei1ep = eg ejex = e3 eses = es eseq = €5
N46 : €11 = e2 ejex = es €3€4 = €5
Nyr : e1ep = es eiez = es e1es3 = es
€2€2 = €3 €4€4 = €5
Nus T eler =e2 elez = es eleqs = €5
€2€2 = €3 €3€e3 = €5
N i eier =eg eies = aes eies = es
€2€2 = €3 €2€e3 = €5 €3€3 = €5
@, . J— J— p— p—
SOB : €161 = €2 €12 = Q€5 €2€9 = €3 €e2e3 = ﬂ€5
€2€4 = €5 €3€3 = €5 €4€4 = €5
51 T eler = es e1ex = aes eses = e3
€2€3 = €5 €3€e3 = €5 €4€4 = €5
Niso T ejer =e2 ejex = e eze2 = €3
e2€e3 = €5 €3€4 = €5
N33 : e1e1 = eg ei1ez = aes ege2 = e3
e2e3 = €5 ezeq4 = €35 eseqs = €5
Ns4 : ei1e; = es ejex = es egxeg = €3
e2e4 = €5 €3€4 = €5
Ns5 : e1ep =eg ei1ez = es e2e2 = e3
es3e3 = es €4€4 = €5

N56 : €i1e1 = €2 €12 = €5 €2€2 = €3 €3€4 = €5
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N1
Ne2

63

Nea

a,p
73

74
s
N76
N77
o, B
78
N9

a#l
N&&

A
DIYE
BER
DOY

KHU

A.

ND

GORODOV A

AY

I. K

v,

0zZO

ANITY

JUM

D.

eiel
€2€2
ei1eq
€2€3
€iél
ei1éq
€2€4
ereél
ei1él
€ié1
€2€3
ei1el
€2€4
ereél
ei1eél
eiel
ereéel
€i1€e1
€ié1
€iél
€i1€é1
€e1€4
€iél
€2€2
eiel
€1€4
€i1€e1
€2€2
ereél
€2€2
€ié1
€2€3
€i1€e1
€2€3
€iél
€2€2
€iél
€2€4
€i1€e1
€2€4
ereél
€1€e1
€263
ereél
€1€e1
€2€3
ereél
€2€2
eireél
€2€3
€1€e1
€2€4
ereél

€2
€3
€2
€5
€2
€2
€5
€2
€2
€2
€5
€2
€5
€2
€2
€2
€2
€2
€2
€2

(0741
€2
€4
€2
€4
€2
365
€2
3aes
€2
€4
€2
(071
€2
€5
€2
€2
€4
€2
€2
€4
€2
€5
€2
€4
€2
Qes
€2

€1€3
€2€3
€e1€3
€464
€e1€es3
€1€3
€464
€1€e3
€1€4
€1€4
€2€4
€1€4
€3€3
€1€4
€2€2
€262
€2€e2
€2€2
€262
€2€e2
€1€2
€2€2
€1€e2
€2€3
€e1€e2
€2€e2
€1€2
€2€4
€1€2
€2€3
€1€2
€2€4
€1€2
€2€4
€1€2
€2€4
€e1€e2
€3€3
€1€2
€3€3
€1€e2
€1€2
€2€4
€e1€e2
€1€2
€2€4
€1€e2
€2€3
€e1€e2
€3€e3
€1€e2
€3€s3
€e1€e2

€5
€5
€5
€5
€5
€5
€5
€5
€5
Qes
€5
€5
€5
€5
€3
€3
€3
€3
€3
€3
€3
€4
€3
365
€3
€4
€3
ey
€3
3aes
€3
(071
€3
Bes
€3
€5
€3
€5
€3
Qes
€3
€5
Bes
€5
€5
Bes
€5
€4
€5
€5
€5
Bes

€5

€1€4

€2€2

€2€2
€2€2

€2€e2
€2€2
€2€2
€3€3
€2€2

€2€2
€2€3
€2€3
€2€4
€2€4
€3€3
€3€4
€e1€e3
€2€3
el1es
€2€4
€e1es
€2€4
€e1€e3
€4€4
€1€4

€1€4
€3€3
€1€4
€3€3
€1€4
€3€3
€2€2

€2€2
€3€4
€2€e2
€e1€es3
€3€3
€e1€e4
€1€4
€e3€é4
€1€4
€3€3
€1€4

€2€2
€4€4
€2€2

€5

€3

€2€4 =
€3

€3

€464 =
o €2€3 =
€3

€3
€s
€3

€3€e3
. €3€4
o €4€4
o €3€e3
o €3€4
€5

= e5
= e5
= e5
= e5
= es5

€464 =
€5

€5

3
—3es

€e1e4 =
Qe€s

€4€4
Bes

€5

€5

€5

€5

(1+ aes

€2€2
€5
o €2€2
Q€5 e
€5
€5
€5
€4

€4

o €3€4
o €2€2
. €4€4
o €2€3
. €2€2
€5

€5

€5

(075459

€5

€2€3
€5
€5
€5

= e4

= (€5

= (€5

= €4



THE ALGEBRAIC CLASSIFICATION OF COMMUTATIVE ALGEBRAS 3981

€263 = €4 €264 = (€5 e3eq = es
90 o €1e1 = ée2 €1€2 = €5 €2€3 = €4
€2€4 = €5 e3e3 = (s €4€4 = €5
No; T ei1ep = ea ejez = es5 e2e3 = €4
e2e4 = €5 €3€4 = €5
Noo : ejep =e2 eje2 = es €2€3 = €4
€3€3 = €5 €44 = €5
Nos : e1ep = es ejex = es e2e3 = €4 eseq = €5
No4 : ejep =e2 ejez = es €2e3 = €4 €464 = €5
o5 T eie1 = es eies = es eges = e5
€2€3 = €4 €264 = €5 e3e3 = Qes
g‘éﬁ i eier = eg eies = es ese2 = €5 e2e3 = €4
eses = aes eses = Ses eseq = €5
No7 : e1ep = es ejes = es e2e3 = eyq exeq4 = €5
Nos 1 elelr = ez eie3 = es exe3 = ey
€264 = €5 €3€3 = €5
99 : eie; = eg eies = es ese3 = €4
€2€4 = €5 €e3€e3 — (Q€p €4€4 = €5
Nioo :oeler = ez eies = es €2e3 = eq
€3€3 = €5 €4€4 = €5
Nio1 ©oelep =e2 eies = es e2e3 = e4 eq€eq4 = €5
Nio2 : eler =e2 eieq = es eze3 = ey
Nios :oeier =e2 eieqs = es eze = €5 eze3 = ey
N%04 . €e1e1 = €2 €1€4 = €5 €2€2 = €5
€2€3 = €4 €264 = €5 €e3€e3 = Qes
Nios T ele] = es eleqs = es5 eses = aes
e2e3 = €4 ege4 = €5 eses = €5
Nios 1 e1e1 = ez eiles = e5 exez = €5
€2€3 = €4 €3€3 = €5
Nio7 © eler =e2 eies = e ese3 = €4 e2e4 = €5
Nios 1 e1e1 = ez eile4 = e5 exe3 = e4
€2€4 = €5 €3€3 = €5
Niog : eler =e2 eles = es5 ese3 = €4 eses = es
Ni1o ;. eier =e2 e2e2 = €5 ese3 = €4 eseq4 = €5
Ning : eler =e2 e2e2 = €5 e2e3 = €4
€2€4 = €5 €3€3 = €5
N§¢ : eje; = es eges = e5 e2e3 = €4
112
€2€64 = (€5 €3€e3 = €5 €4€4 = €5
Niis :eler =e2 eae2 = €5 e2e3 = e4
€2€4 = €5 €3€4 = €5
Niig : eler =e2 e2e2 = €5 e2e3 = €4
€264 = €5 €4€4 = €5
Niis 1 e1e1 = e exez = e5 exe3 = e4 eseq = es
Niis :oeier =eg eze = €5 eze3 = €4 ese4 = €5
N7 © eler =e2 ese3 = ey eseq = e5
Niis : eier =e2 e2e3 = €4 ese4 = €5 eses = es
Niig :eler =e2 e2e3 = €4 e2eq4 = €5
€3€3 = €5 €4€4 = €5
Ni20 : eiep =e2 e2e3 = €4 ese4 = €5 eses = €5
Ni21 1 oeler =eg e2e3 = €4 eze4 = €5 ese4 = €5
Ni22 . €11 = e2 €2€3 = €4 €3€3 = €5 €4€4 = €5
Ni23 : eler =e2 e2e3 = €4 eseq = e5

Ni24 : eler = e2 e2e3 = €4 eseq = €5



3982

Nfss5

a,B
126

N7
Nia2s
Ni29
Nizo

Nz
Niz2
Niss
Nias
Nf35

o, B,y
136

o,
137

Nf3s
Nf39
Nf40

Tﬁl

a,p
142

Niys
N4
Nys
Niss
Nis7

Niag

Ni49
LB, 1

N30

a,B
151

a,B
152

o, B,y
153

EV
RDIY
OYBE
KHUD

D A.

YGORODOV AN

KA

Vv, L

YOZOV,

MANI

D. JU

€11 =
€2€2 =

e1el
€3€3
ereél

ejel
€3€3

e1e1 =
€264 =
= eq

ereél
€3€3
erel
ereél

eiel
ereéel

€2€3 —

erel
€2€2
€3€3
eiel

€263 =
e1e1 =
€€ =

ereél

€2€3 —
er1er =
€2€69 =
e1e1 =

€2€2
ereél

€2€3 =

ejel
€2€3

e1e1 =
€2€e3 =
= es
€2€4 —

ereél

ei1eél

€264 =
e1e1 =

€3€3
ereél

e1e1 =

erel
€2€3
e1él
€2€2
€iél

€2€3 =

SES]
€2€4

€2

(071

€2

es4 + Bes

= eq
€2€3 =

€5
€2
€4
€2
€5

€4
€2

= eq
e1e1 =

€2
€2
€2
€4
€2
e4 + aes

= ~es

€2
(07571
€2
€4+ es5
€2
€4
€2
€4
€2
€4
€2
(075451
€2
€5
€2
€5

€5
€2
€5
€2
€5
€2
€2
€2

— 565

€2
€4
€2
565
€2
€5

€16 =
€2€e4 =

€1€2
€4€4

€1 =
€3€3 =

€e1€e2
€4€4
€1€2

€3e3 =
€1 =

€3€4
€1€2

€1 =
€12 —

€e1€e2
€e1e2
€2€3
€e1€e2

€2€e3 =

€4€4
€e1€e2
€2€4

€1€3
€2€3

eies =
€2€e3 =

€1€e3
€2€4
€e1€es3
€3€3
eires
€2€4
€e1€e3

€3e3 =
€e1e3 =

€3€e3
€e1es

€34 =
€e1e3 =

€4€4
€1€3
€1€e3
€e1€e2
€2€4
€e1€e2
€2€3
€e1e2

€363 =

eires
€3€3

€4
€5
€4
€5
€4
€4
€4
€5
€4
€4
€4
€5
€4
€4
€4
€4
€5
——265
€5
565
€5
€5

"565
€1€3 =
€2€4 =

€4
€5
€4
Qes
€4
Q€s
€4
€5
€4

= Bes

€4
(0771
€4
Qes
€4
Qes
€4
€5
€4
€5
€4
€4
€5

= ves

€5
Qes
€5
€4
€5

€1€3
€3€e3
e1es

ei1es
€4€4
e1es

€2€2

€2€e2

€2€4
€3€3
€3€3
€3€3
€1€3
€3€3
e1es

e1es
€3€4
€1€4
€e3€3
€1€4

€1€4
€3€3
€1€4
€3€3
€2€2
€4€4
€2€2
€3€4
€2€2
€4€4
€2€2

€2€2

€2€2

€2€2
€2€2
€1€3
€3€3
€1€4
€e3€3
€1€4
€3€4
€1€4

= e4 + Pes

€5
€4
(075459

Qes
€5
€5

€5
€5

€5

e4 + €5
€4

€4

€4

Qes

€4

€4
€5
(075459
465
€5

€5
€5
€5
«es
es4 + es
€5
€4
€5
€4
€5
€4

€4
€4

€4

€4

«es

€4 + pes
€5

es + Bes
Qe€s

€5

aes

€2€2 = €5
€3€3 = €4
€4€4 = €5
€3€4 = €5
€4€4 €5
€e1€e4 €5
€2€2 €4
€3€4 = €5
€4€4 = €5
€2€2 = €4
€4€4 €5
€2€2 €4
€2€2 = €4
€5
€3€4 =7y



o, B,y
154

Niss
«@
Nfs6

Nf57

a,p
158

Nisg

a,B
160

Nie1
Ns2
Nss3
N4

Nies
Nies

Ni67

A#1;2
Pq'168

0
N7

Ao
PJ170

A
Pq'171
PJA#O,&

172

a,B
173

A#E -2,
PJ174

a,p
175

Ao
Ni7g

A
N177

A
Ni17g

A,a#0
Pq179

e
Niko

0
NY3

ATION
BRAIC CLASSIFIC

ALGE

THE

e1er =

4’565

€2€4
ei1eq
erel
€3€3

e1e1 =

€2€3
€i€1
€3€3

€11 =
€3€3 =

e1el
€3€3
€iel

ejel
€3€3

e1e1 =
€3e3 =
= es

€i€l
€3€3
eiel
ereél

eijel
€1€4
€2€3
ejel

€262 =

€1él
€1€4
€ié1
€1€4
€2€3
ereél
€2€2
erel

€263 =

€1€e1
€2€2
ereél

€2€2 =

eijeél
€2€2
ereél

€2€2 =

€i1€é1
€2€2
erél
€2€3
eiel

€2€e3 =

€i1€e1

€2

€2

€2

e4 + aes
€2

Qes

€2

e4 + aes
€2
eq+es
€2

es + PBes

= eq
€3€3 =

€4
€2
€4
€2
€4

+es5

+ aes

€4
€2

= es
e1e1 =

€2
€2
(A —>4)65

= —)\(A + 2)65

€2
Q€s
€2
Qes
€2
€5

_'(SA —-2)65

€2

Aes + es

€2

(0771

€2

Aes + aes
€2

—2e4 + aes
€2

ey + aes

= ey

Aes +es

€2

"A64

€2
€5
€2
€5

= e

€e1€es
€3€3
€1€e4
€1€é4

€1€e4
€3€3
€1€e4
€3€4
€1€é4

€2€2
€464
€262
€3€4
€262
€3€4
€2€2
€4€4
€2€2
€3€4
€262
€2€e2
€2€2
€1€e2
€262

€162
€2€3
e1€e2
€262
€e1€e2
€2€2
€3€3
€e1€e2
€2€3
€1€2
€3€e3
€1€2
€2€3
€e1€e2
€3€3
€1€e2
€3€3
€1€e2
€4€4
€1€2
€2€3
€e1€2
€2€4
€1€2
€3€3

€1€2 =

EBRAS
MMUTATIVE ALG
OF CO

= ey
= eq

= ey
€5

=ey
= ey
=e5
=e5
=e5
=e5
=e5

=eq4+es

A\ — 2)es

= ey
=e5
= ey

€2€3
€4€4
€3€3
€2€3

€2€e4 =

€264

€4€4
€3€4
€4€4

€164

=(14+aBXx—2))es

=e4

NP

€5
= ey
=e5
=e4
=e5
=ey
=e5
= ey
=e5
=ey

=e5
=ey
= ey
=e5

€2€2
€5
e4 + yes

€2€2
o €2€2
€5

€2€2
o €364
€4

€2€2
€5

€5
6 €2€2
€5

€2€3
€4
o €2€3
€4
. €264
€4

€5
. €2€4
€4
o €2€4
€4

€5
. €e3€es3
o €3€3
o €3€3
€4

eijes =
€3 5
Aes + 4(1

e1es
€3

265 €3€3

€1e3
€3
A64 €2€3
€1€3
€3
Ae4
€5 B
e1es
615 €2€4
«
€1€3
215 €3€4
e1€es
o €464
€5
ei1es
215 €3€4
€1€3
o €4€4
e

; eijes
€3
(&

. €1€3
o €2€4
€5

€1e3
6365 €3€e3
«

€1€3
ei% €3€4
«

€e1€e3
€3

= e4

€3€3
€2€2

€4€4

€2€2

€2€2

€2€2

«es
€5
€4
€5

€5

(075459

€s
€5
€5

€5

€s
€5

€5

A64

A64

—2eyq



3984 D. JUMANIYOZOV, I. KAYGORODOV AND A. KHUDOYBERDIYEV

€2€3 = Q€5 €e3e3 = €5 €3€4 = €5 €4€4 = €5
Nis2 : eler =e2 e1e2 = e3 eles = ey
€2€2 = —264 €2€3 = €5 €4€4 = €5
Ni\;f T e1e1 = eo e1ex = e3 e1€3 = ey
€269 = )\64 €2€e4 = €5
Ni‘é’f{ T ejer = eo eles = e3 eles = ey
eses = ey eseq = Qes eses = es
N{‘85 : eje; = e2 ejes = es eles = ey
€2€2 = )\64 €e3e3 = €5 €e3eq4 = €5
Ni\ss : eilep = ez eje2 = €3 ei1es3 = eq
eses = ey eses = es5
N{\87 .o e1ep = e2 €1€2 = €3 e1e3 = eq
€269 = )\64 €44 = €5
?ég €11 =é€s eijez = e3 ei1es = eq e2e2 = €5
eze3 = aes eses = fes eseq = e5
Nfso © elel =es elea = e3 ere3 = ey
€2€2 = €5 €3€3 = (€5 €34 = €5
Nigo : ele1 =es ere2 = e3 ele3 = eq
€2€3 = €5 €2€4 = €5 €3€3 = —€5
(1191 . €1€1 = é€5 €162 = €3 €1€e3 = €4
€2€3 = €5 €3€e3 = Q€5 €4€4 = €5
N(fgl . €e1e1 = €5 €1€2 = €3 €1€3 = €4
€2€4 = €5 €363 = Q€5
Nig2 : eler =es eie2 = e3 eies = eq
€3€3 = €5 €34 = €5
Nigs : eler =es e1e2 = e3 e1es = ey
€3€3 = €5 €4€4 = €5
Niog4 :oeler =es ejez = e3 e1e3 = eyq eseq = €5
Nios : eler =es erex = e3 e1es = ey eseq = €5
Niogs : elex =eg3 eres = eq eieqs = e5
Nior 1 ejex =e3 ejes = eq eieq = es eze2 = €5
Nigs 1 eilez =e3 e1e3 = ey4 eleq = es
€262 = €5 €3€3 = €5
(1199 . €12 = €3 €1€3 = €4 e1eq4 = es
€2€2 = €5 €e3e3 — (Q€sp €3€4 — €5
Naoo : eiez =e3 eie3 = eq eieq = es exe3 = es
Nao1 : elez =e3 e1e3 = e4 eleq = es
€2€3 = €5 €2€4 = €5 €33 = —€5
NSo2 © elex =e3 ei1e3 = eq eleq = es
€264 = €5 €3€e3 = Q€5
N2o3 : elex =e3 eles = eq eieqs = es eses = es
Nao4 1 eiez =e3 eie3 = eq eie4 = €5
esesz = es €3€4 = €5
N2os : erex =e3 e1e3 = ey e1es = e5 eseq = e5
%g : eiea =es3 eiles = ey eses = €5
es€e3 = aes eses = fes eqe4 = €5
%07 . €12 = €3 €1€3 = €4 €2€2 = €5
€3€3 = Qs €e3€4 = €5
Naos : elez =e3 e1es = e4 e2e3 = e5
€2€4 = €5 €33 = —€5
NSog T ejex = e3 e1e3 = ey ese3 = es
€3€3 = (€5 €44 = €5

@ . — — — —
N21o . €162 = €3 €1€3 = €4 €2€4 = €5 e3es = qes



THE ALGEBRAIC CLASSIFICATION OF COMMUTATIVE ALGEBRAS 3985

Noa1s : elex =e3 e1e3 = eq eses = es eseqs = e5
Nai2 1 ejex =e3 ejes = eq ese3 = €5 eqeq = €5
Nai3 1 eilez =e3 e1e3 = ey eseq = €5
Nais 1 ei1ez =e3 ei1e3 = eq eseq = €5
Ngig o €eler =ées eiez = e eijes = eq eleqs = aes
€2€2 = €4 €3€3 = 665 €3€4 = €5
gigﬁ : eier =es eiles = e3 eles = ey
eze2 = eq4 + aes eze3 = fles
€3€3 = €5 €4€4 = €5
N3 © eler = aes erez = e3 erez = ey eses = ey
€2€3 = €5 €2e4 = €5 €33 = —€5
%18 . €11 = é€5 €1e2 = €3 €1€e3 = €4
€2€2 = €4 €264 = €5 €3€e3 = Q€5
N219 : €12 = €3 €e1e3 = e, €e1e4 = 265
e2e2 = €4 + €5 e2e3 = €5
NS0 : e1ea = e3 eles = ey ei1eq = €5
e2e2 = e4 + aes €3e3 = €5
N%m . €12 = €3 €1€3 = €4 €1€4 = €5
€2€2 = €4 €2€e3 = Q€5
Ngggo : €1€2 = €3 €13 = €4 €164 = Q€5 €2€2 = €4
€2€3 = €5 €2€64 = €5 €33 = —€5
N323 . ei1e2 = €3 e1es = eq ejeq = es
€2€62 = €4 €2€e4 = €5 €3€3 = Q€5
N%24 . €12 = €3 €1€3 = €4 €1€4 = €5
€2€2 = €4 €e3€e3 = Qep €3€4 = €5
32’? 1oei1e2 =e€3 eie3 = ey e2e2 = e4 + €5
eze3 = aes eses = fes eseq4 = €5
N6 T eiex = e3 e1e3 = ey €26 = ey
€2€3 = €5 €e3e3 = (ep €4€4 = €5
%27 . e1e2 = e3 €13 = eq €2€2 = €4
€264 = €5 €e3€e3 = Qe
Na2g : elez =e3 e1e3 = ey4 e2e2 = €4
€3€3 = €5 €3€4 = €5
Nazg 1 eiez =e3 ele3 = eq exe = ey
€3€3 = €5 €44 = €5
Nazo : elez =e3 e1e3 = ey €22 = €4 eseq = e5
Na31 : eiez =e3 eles = eq €€z = €4 eseq = €5
N;“:;S’W : eile; =es eles = e3 eles = ey eses = aes
eze3 = e4 + fes eses = yes eseq = pes eseq = €5
gég 1 €161 =¢€5 €1€2 = €3 €1€3 = €4 e2es5 = Qes
eze3 = e4 eze3z = fles eseq = €5
San : elez =e3 e1e3 = ey eleq = es eses = aes
e2e3 = €4 + €5 esesz = fes
g?;gﬁ Toe1e2 =e€3 €1€3 = €4 ejeq4 = €5 e2es = Qes
€2€3 = €4 €2€4 = 565 €3€3 = 7Y€és €3€4 = €5
N§36 . €162 = €3 €1€3 = €4 €1€4 = €5
€2€2 = €5 €2€e3 = €4 €3€3 = Q€5
Ng‘géo’ﬂ : ejex =e3 ele3 = ey e1eq = aes
e2e3 = €4+ €5 €264 = €5 eze3 = fes
Ng;go’ﬂ © eiex =es3 eles = ey eileqs = qes
€2€63 = €4 €2€e4 = €5 €33 = ﬂe5
%39 . €i1€2 = €3 €1€3 = €4 €1€4 = €5

€2€3 = €4 €e3e3 = (ep



3986

o,
240

PJ241
N34

Naus
Naug

Naus

a,B,y
246

a,f
247

Nass
N2349
Naso
N351

a,f
252

N353

Nas4
N3ss5

N3s6

Nasr
Nass
Naso

N%60
Nae1

PJQGQ
Naes

PJ264
Nags

Naes
Nagr
Naes
Naeo
N
N5

a,f
272

A
DIYE
BER
DOY

KHU

A.

ND

GORODOV A

AY

I. K

v,

0zZO

ANITY

JUM

D.

€1€2
€3€3
€1€2
€3€3
€e1€2
€3€3
e1€é2
€e1€2
€3€4
€1€2
ereél
€2€3
€iél
€2€4
€1€2
e1€e2
€2€2
€1€2
€2€3
e1€2
€2€3
e1€é2
€3€3
€1€2
€3€3
€e1€2
€1€2
€2€3
€e1€2
€2€4
€i1€e2
€1€e2
€1€2
€3€3
€e1€é2
€3€3
e1€e2
€3€3
€1€2
€1€2
€3€4
€1€2
€e1€2
€3€4
€1€2
e1eé2
€e1€2
€1€2
e1eé2
€1€1
€2€3
€iel
€2€3

€3
Qes
€3
€5
€3
€5
€3
€3
€5
€3
€5
Bes
€5
Bes
€3
€3
€5
€3
€5
€3
Qes
€3
€4
€3
€4
€3
€3
Qes
€3
(07579
€3
€3
€3
€4
€3
€4
€3
€4
€3
€3
€5
€3
€3
€5
€3
€3
€3
€3
€3
eq+es
ot acs
€5

eres =

= Bes

€3€4
€e1€3

€es3eq4 =
€e1e3 =
€3€4 =

€e1es

€1€3 =

€4€4

ejes =

€e1€e2
€3€3

€1€2 =
eszesz =
€1€3 =
eies =

€2€3
€e1€3

€3€3 =
€ie3 =

€264

€3 =
€1 - /865
€e1e3 =
€e3eq4 =
€164 =

€3€4

€1€4

€3€é3 =
€14 =

€3€3

€164 =
€14 =
€164 =

€eséq

€2€2 =

€3€4

€2€2 =
€3€4 =
€2€60 =
€2€2 =
€464 =
€2€60 =

€2€e3

€464 =

€2€3

€2€e4 =
€3e3 =
€3€e3 =

€3€3
€e1e2

€3€3 =

€e1€e2
€2€4

€4

€4
€5
€4
Qes
€4
€4
€5
€4
€3
€4
€3
€4
€5
€5
Q€s
€5
€4
€5
€5
€5

€5
Qes
€5
€5
€4
€5
€4
€5
€5
€5
€5
€5
Qes
€5
€5
€5
€5
€5
€5
€5
€5
€5
€5
€4
€4
€4
€3
€4
€3
€5

€2€3
€4€4
€2€3

€2€3
€4€4
€2€3
€2€3

€2€3
ejes
€364
€1€4
€3€4
€1€4
€1€4
€3€3
€1€4

€e1€4
€3€3
€2€2
€q€4q
€2€3
€4€4
€3€3
€2€2

€2€e2
€364
€2€3
€2€4
€2€4

€2€3
€4€4
€2€4

€3€3
€e3€és3

€ses
€3e3

€3€3
€e3€és3
€3€4
€3€4
€4€4
€1€3
€364
€1€3
€3€3

€4+ €5
€5
€4

€4
€5
€4
€4

€4
Qes
Yes
«es
€5
€5
€5
€4
€5

€5
€4
€5
€5
€5
€5
€4
€5

€s
€5
€5
€s
€5

€s
€5
€5

€4
€4

€4
€4

€4
€4
€5
€5
€5
ey
Hes
Bes

€4

€e3éyq

=e5

€4€4 =

€2€2 =
€4€4 —

€2€2

€3€3

€2€3

= (eés5

€3€3 =

€3€3

€364

€4€4

= ey

€4€4 =

€3€4

€4€4

€2€2 =
€4€4 —



o,
273

By
(o)
274

a,p
275

a,f
276

By
«,
277

Narg
N37g

a,p
280

Nos1
N3s2
Ng3

a,f
284

N3ss
Nass
Nasgr )
o, B, 1,
No3s

"
a,B,7,
Nagg

a,f
290

B#0,y
qubl

\8
NZs2

N2o3

o, B,y
294

B
«,
295

N2o6
NZo7

NSog

ION
CAT
AIC CLASSIFI

EBR.

ALG

THE

€iél
€2€4
e1el
€2€4
€i€é1
€2€2
€iél
€2€3
€i€é1
€2€3
erel
ereél
€2€2
erel
€2€4
ei1eéq
€2€3
ereél
€2€4
€ié1
€3€3
ei1eéq
€e3€3
erél
€3€3
erel
€3€4
erel
erel
€2€2
€3€4
€ié1
€2€2
€3€3
€ié1
€2€2
ei1el
€263
€ié1
€1€4
€2€4
€i€é1
€2€2
€iél
€2€3
e1éel
€263
erel
€2€2
€iel
€2€3
ei1eq
€263

eqs + aes
€5

e4 +es5
Yes

€4

Qes

€4

Bes

€4

Bes

€4

€4

€5

€4

Bes

€4

€5

€4

€5

€4

€4

€4

€4

€4

€4

€4

€5

€4

e4 + aes
€4 + yes
rves

e4 + aes
es + ves
€4

Z + Pes
€4

Yes

€2

Qaes

€5

€2

Qes

€2

€4

€2

€4

€2

€5

€2

€4

€2

€4

€1€2
€3€3
€1€2
€3€3
€1€2
€2€3
€1€2
€2€4
€1€2
€3€3
€e1e2
€e1€2
€2€3
€e1€e2
€3€3
€1€2
€3€3
e1€2
€e3€s3
€e1e2
€3€4
€1€2
€364
€1€e2
€3€4
€e1€e2
€4€4
€1€e2
€e1€e2
€2€3
€4€4
€1€2
€2€4
€3€4
€1€2
€2€3
€1€2
€264
€1€2
€2€2
€3€3
€1€2
€2€3
€1€2
€2€4
€162
€2€4
€1€e2
€2€3
€1€2
€2€4
€162
€3€s3

S
BRA
LGE
UTATIVE A

M

COM

OF

€3
€4
€3
€4
€3
Bes
€3
€5
€3
€4
€3
€3
QEs
€3
€4
€3
€4
€3
€4
€3
€5
€3
Bes
€3
Qe€s
€3
€5
€3
€3
Hes
€5
€3
Hes
€5
€3

= ~es

€3

€5

€3
565
—Qes
€3

€4

€3

€3
€5
€3
€4
€3
€5
€3
Qes

e1es

€1€4
€364
€1€3
€3€3
€1€3
€3€3
€1€3
€es3éyq
€1€4
€1€e4
[RYR)
€1€4
€3€4
€1€4

€1€4
€e3éyq
€1€4

€2€2
€4€4
€2€3
€4€4
€3€3

€3€3
ei1es
€3€e3

€1€4

€1€3
€3€3
€e1€es3
€3€3
€1€3
€2€3

€1€3
€3€3
€1€3
€3€3
€1€4
€3€3
€e1€4
€3€3
€1€4
€3€3
€1€4

Bes

(075459
€5
€5
€4
«aes
€4
€5
Yeés
€5
€5
€4
Qes
€5
€5

Qe€es
€5
Qes

€5
€5
€5
€5
€4

€4

Bes

€4

«es
€4
(075459
€4
€5
€4

€5
—es
€5
Yeés
(075459
Bes
€5
(075459
€5
Qaes
€5

€2€9

€1€4

€1€4

€2€2

= /6@5
= e5
= e5

= (€5

€464 =

€3€3

€2€2

€2€3

€4€4

€1€4

€1€4

€e1€e4

€2€2
€4€4
€2€9

= (€5

= e5

2:565

=e5

= (vés5
=e5
= es5

3987



3988

o,
299

B
«,
300

N3o1
N3o2

Nso3
N304
N3os
Na3os

Nso7

N3os

B
«,
309

a,f#—1
310

a,B,y
311

N
o, 8,7,
quiz

By
(o)
313

a,B
314

o, B,y
315

I3
a,B,7,
N3ig

o, B,y
320

N2
N5

a,B
323

By
«,
324

Nazs

N3s6

A
DIYE
BER
DOY

KHU

A.

ND

GORODOV A

AY

I. K

v,

0zZO

ANITY

JUM

D.

€iél
€2€4
e1el
€2€4
ereél
ei1eql
€2€4
€iél
€2€4
eireél
€2€4
e1eq
€3€3
erél
€3€3
€iél
€iél
e1eql
€1€4
€2€3
e1el
€2€2
erel
€2€3
ejeél
€2€3
erél
€263
erel
€2€2
ei1é
€2€2
ereéel
€2€2
€3€e3
ereéel
ei1é
€2€2
ereél
€2€3
erel
€2€3
ei1éq
€2€3
ereél
€2€3
eireél
€2€4
e1eql
€2€4
€iél
€2€4
eirel

€2
ey
€2
ey
€2
€2
€5
€2
€5
€2
€5
€2
€5
€2
€5
€2
€2
€2
Zz + Bes
€2
Qes
Z + Bes
Z + Bes
€2
€4
€2
(0751
€2
Bes
€2
(075751
€4
€2
€2
€5
€2
565
€2
Bes
€2
€5
€2
(07571
€2
Bes
€2
Bes
€2
€5
€2

€1€2
€3€3
€1€2
€3€3
€e1€e2
€1€2
€3€3
€1€2
€3€3
€e1€e2
€3€3
€162
€eséq
€e1e2
€4€4
€1€2
€1€2
€1€2
€262
€3€3
€e1€2
€2€3
€e1e2
€2€4
€1€e2
€264
€1€e2
€2€4
€e1€e2
€2€3
€162
€2€3
€1€e2
€2€3
€3€4
€1€e2
€162
€2€3
€1€e2
€2€4
€e1€e2
€2€4
€1€2
€3€3
€1€e2
€2€4
€e1€e2
€3€3
€162
€3€3
€e1e2
€3€3
€1€e2

€3
Bes
€3
Bes
€3
€3
€5
€3
Qes
€3
Q€s
€3
€5
€3
€5
€3
€3
€3
Qes
—es
€3
€4
€3
€5
€3
Yes
€3
Bes
€3
Bes
€3
Yes
€3
565
Hes
€3
€3
Qes
€3
€5
€3
ves
€3
€4
€3
€5
€3
€4
€3
€4
€3
€4
€3

€2€2
€3€4
€2€2
€4€4
€2€3
€2€3

€2€3
€3€4
€2€3
€4€4
€2€3

€2€3

€2€3
€2€3
e1es

ei1es
[RYR)
e1es
€3€3
eijes
€3€3
e1es
€e3eés
€e1€e3
€3€3
€1€3
€2€4
ejes
€2€4
€4€4
€1€e4
€1€4
€3€3
€e1€e4
€3€3
€1€4
€3€3
€1€4

€2€2
€3€3
€2€2
€3€4
€2€2
€364
€2€3

€2€3

€5
€5
€5
€5
€4
€4

€4
€5
€4
€5
€4

€4

€4
€4
€4

€4
Bes
€4
ves
€4
Hes
€4
ves
€5
€4
€5
€5
€5
ves
€5
€5
€5
€4
€5
€4
€5
€4
€5

€5
€4
€5
€5
€5
ves
€5

€5

€2€3

€2€3

€2€4

€4€4
€4€4

€1€4
€1€e4
€2€2
€4€4
€2€2
€3€é4

€1€4

€1€4
€3€3

€3€3

€2€2

€2€2
€3€4

€2€3

€2€3
€4€4

€4

€4

€5

€5
€s

€5
Qe€s
aes
€5
Qes
€5

€5

(075459
€4

€4

Qe€s

«es
€5

«es

(075459
€5



THE ALGEBRAIC CLASSIFICATION OF COMMUTATIVE ALGEBRAS 3989

€2€4 = Q€5 €3e3 = €4 €3€4 = €5
?2”? oerer =e2 eiez = e e2e3 = es eses = aes
eses = eq eses = fes eseq = €5
Naas 1 ele1 =e2 elez = e3 exeq4 = €5 ese3 = ey
Nisa9 T eler = e elex = e3 exeq = €5
€3€3 = €4 €3€4 = €5
NS30 : e1e1 = e2 eiles = e3 ezeq = €5
€3€3 = €4 €34 — Qes €eqeq4 = €5
INETST 1 eiler = ez eiez = e3 eses = e4 eses = e5
Nas2 1 eie1 = ez ei1ez = e3 ese3 = eq
€3€64 = €5 €44 = €5
Niss3 T ele; =e2 e1es = e3 eses = ey eqe4 = €5
cuby : eler = ez e1e2 = e3 ejes = aes eleq = es
eze2 = eq + fes e2e3 = yes eses = eq
N;;f;’”’” 1 e1e1 = ea e1e2 = e3 e1e3 = aes e1es = PBes
eze2 = €4 + yes eze3 = [ies5 €264 = €5 €3e3 = €4
Ng};*g’"”“’" : ejer = es ejes = e3 ejes = aes
eze2 = eq + fes eze3 = yes eseq = €5
€363 = €4 €e3eq4 = lVeés €4€4 = €5
Ngfé?’"”“ : ere] = eo e1ez = €3 e1e4 = Qes
exez = eq + fes eze3 = yes ezeq = pes
€3€3 = €4 €e3eq4 = €5
N§38 : €11 = €2 €12 = €5 €13 = €4 €164 = €5
e2e2 = e3 ese3 = —2e5  eze3 = aes
?ég : €1€1 = €2 €1€e2 = €5 €1e3 — €4 €2€2 — €3
eaes = aes eses = fes eses = e5
T : ele; = e eiea = es eles = ey ezez = €3
€2€3 = (€5 €3€3 = ﬂ€5 €3€4 = 7Y€5 €4€4 = €5
N5y ©oeler = e eres = ey eileq = es
€2€2 = €3 €2€e3 = Q€5
giig : €e1e1 = e €13 = €4 €1€4 = €5 €2€2 = €3
ese3 = aes eseq = €5 eses = fes
Nsus T eler = es ele3 = ey e1eq4 = es5
€262 = €3 €263 = (€5 €3€3 = €5
NS5 ©oeler = e ei1e3 = eq esen = e3
€2€3 = €5 €264 = €5 €e3e3 = (es
gig : e1e1 = e €13 = €4 €2€2 = €3 €2€3 = (€s
€2€4 = €5 €es3e3 = ,365 €3€4 = €5
Nsy6 : ele; =e2 eies = ey exex = €3
€2€3 = €5 €363 = Q€5 €3€4 = €5
34’5 © eie; =eo eiles = ey eses = €3 ese3 = es
eses = aes eseq = Pes eqeq = e5
N348 : €1€1 = €2 €13 = €é4 €2€9 — €3 €2€4 = €5
Naug 1 e1e1 = ez ele3 = eq ez = €3
€264 = €5 €3€e3 = €5
N3s0 © eler =e2 eres = ey e2e2 = e3
€3€3 = €5 €34 = €5
Ns51 €€ = ée2 €1€3 = €4 €2€2 = €3
€3€3 = (€5 €34 — €5 €4€4 — €5
Nas2 1 eie1 = ez eie3 = eq exey = €3
€3€3 = €5 €44 = €5
Niss3 : eler =e2 e1es = eq ese2 = €3 eseq = es

N354 . €161 = e2 €1€3 = €4 €2€2 = €3 €4€4 = €5



3990

0.8
N5%

0,8,y
N5

I
o, 8,7,
N35’;7
o, B
358

By
(o)
359

o, B,y
360

o,
361

I
a,B,7,
Nigo

a,B,y
Nigs

a,B
364

365
o, B,y

366

Nise7
Nsss

o,
369

N30
Ns71
Ns72

B
«,
373

N34
Ns75

N37e
Ns77

Ns7s

o, B,y
379

"
o, 8,7,
quéo

A
DIYE
BER
DOY

KHU

A.

ND

GORODOV A

AY

I. K

v,

0zZO

ANITY

JUM

D.

€iél
€1€e4
€2€3
ejeél
€2€2
€3€3
eireél
€2€2
€3€4
€iel
€2€2
ereél
€2€3
[
€2€4
€i1€é1
€2€2
ereél
€2€2
€3€3
€iél
€2€3
eiel
€2€3
€i1€e1
€2€2
ereél
€i1€4
erel
ereéel
€2€3
eijel
€2€4
€i1€e1
€263
ereéi
€2€4
€iél
€2€4
€1e1
€3€3
ereél
€3€3
€iel
€3€3
€1€e1
€iél
€3€4
€i1e1
€iél
€1€e4
€2€3
eirel

€2
€5
Bes
€2
€3
Yes
€2
€3
Hes
€2
€3
€2
Bes
€2
Bes
€2
€3
€2
€3
ves
€2
€4
€2
€4
€2
€3
€2
(075751
€2
€2
€4
€2
(0771
€2
€4
€2
€5
€2
€5
€2
Qes
€2
€5
€2
€5
€2
€2
€5
€2
€2
Zi + Bes
€2

€1€3
€2€2
€3€3
€e1es
€2€3
€3€4
€eires
€2€3
€4€4q
€1€3
€2€3
€e1€3
€2€4
€1€3
€3€3
€1€2
€2€3
€1€e2
€2€3
€3€4
€1€2
€2€4
€e1es
€2€4
€1€e3
€2€3
€1€e3
€3€3
€1€e4
€1€e4
€2€4
€1€é4
€3€3
€1€4
€3€3
€2€e2
€3€3
€2€2
€3€3
€2€2
€eséq
€2€e2
€3€4
€2€2
€3€4
€2€2
€2€2
€4€4
€2€2
€1€2
€2€e2
€3€3
€162

e4 + aes
€3
(B+2)es
QEes

Z?‘+ e

€5
€5

Qes

Z?‘+ e

€5
o €164 =
" €3€3
Qe o
o €3€3
. €262
- €3€4
o €1e3
. eses
o ejes
o €2€4
P €464 =
L €e1€e4
py €3€3
Bes o
o €3€3
o €1€4
. €3€3
o €2€2
s €364
Bes o
o €2€2
o €3€3
. €2€2
o €3€4
Bes oz
€5
o €2€3
€3
Qaes e
Y €3€4
(0771 e
s €464 =
Bes o
€3
o €2€3 =
o €4€4
oy €2€3
o €2€3
€3
o €2€e3 —
" €1€e3 =
Qes
€3
e €1€3
Qes

€5

veés

€5
Bes
Qaes
Yeés
€3
€5
(075459
Bes
Qaes
Bes
€5
Qes
ves
«es
Bes
€5
«es
€3
Yes
€3
€3
Qes
€3
€5
€3

€4

€4
€5
€4
€5
€4

€4
€5
€4
€4

€4
€4

€4

=e3
€2e2 =
= (x€5
€2e3 =
=e5
€164 =
= e3
€2€2 =
€5
€34 —
=e3
€2€2 =
=e4
€e2e3 =
=e5
€4€4 =
=ey
€2€3 =
=ey
€2€3 =
=e5
€2€4 =
=e5
€3€4 —
= e5
€4€4 =



o, B, 1,V
N3

o, B,y
382

a,p
383

e
o, B,y
N384
o, B,y
385
Nsss

a,p
387

o, B,y
388

Nassgg
Ni90

No

a,f
392

PQ393
N3os

a,B
395

N3g6
Niso7

Ni3og

Nsgg
Nuoo

Nuo1

o, B,y
402

o, B,y
N3

LB, v
N404

I
o, 8,7,
Nigs

A, B,y
N6

ION
CAT
AIC CLASSIFI

EBR.

ALG

THE

eleq = 52:
€2€4 =
612 z Zz + Bes
€2

€3€64 = leés
612:15 z Z + Bes
€2

€i1e1 = €2
€2€2 = €3
€1€é1 i :2
€269 =
€3€3 = €4
€11 = ;265
€2€3 =
€1e1 = €2
€2€2 = €3
cacs — s
€2€3 =
coes — Pes
€264 =
ejer = Ez
ei1é : o
€263 =
€11 = 2265
€2€3 =
caca — s
€264 = o
ei1é : o
€2€4 =
€ie1 = 2265
€2€4 =
€11 = €2
€e3€e3 = Z;L
ei1él : o
€i1e1 =
€e3€e3 = Z;L
ei1él : o
€3€e3 : o
ejep = o
€i1€e1 : o
€364 —-62
ejep =
€i1€e1 i 22
€2€2 =
€11 = €2
€2€2 = €3
€11 = €2
62: : 2 + pes
€3

€ie1 = ;265
€2€3 =
€11 = €2

€2€2
€3€3
€1€2
€264
€4€4
€1€3
€264
€1€2
€2€3
€1€e2
€2€3
€3€4
€1€2
€264
€1€3
€2€3
€1€3
€2€4
€1€3
€3€3
€1€e4
€1€4
€3€3
€1€4
€2€4
€1€é4
€3€3
€2€2
€3€3
€2€e2
€3€3
€262
€3€4
€2€2
€2€2
€3€4
€2€2
€3€4
€2€2
€2€2
€464
€262
€1€2
€2€3
€e1€e2
€2€3
€e1€e2
€2€3
€3€4
€1€2
€2€4

S
BRA
LGE
UTATIVE A

M

COM

OF

€3
Hes
(07571
Yes
€5
€4
€5
€5
Bes
€5
Bes
Hes
€5
Yes
€5
Q€Es
€5
€5
€5
€4
€5
€5
€4
€5
€5
€5
€4
€3
€4
€3
€4
€3
565
€3
€3
€5
€3
Qes
€3
€3
€5
€3
€4
Yes
€4
Bes
€4
Bes
rves
€4
veés

€2€3
€3€4
e1es
€3€3

€1€4
€3€3
€1€3
€3€3
ei1es
€2€4
€4€4
€1€4
€3€3
€1€4
€3€3
€1€4
€3€3
€2€2
€e3éyq
€2€2
€2€2

€2€2
€3€3
€2€2
€3€4
€2€3

€2€3
€3€4
€2€3
€4€4
€2€4
€2€4

€2€4
€4€4
€3€3
€3€3

€3€3
€e1€e3
€2€4
el1es
€3€3
e1es
€2€4
€4€4
€1€4
€3€3

€5
= des +
e1ex =

€4
€5
€4
pes

Qaes
Yeés
Qes
€4
aes
Yeés
€5
(075459
€4
€5
€4
Qes
€4
€3
veés
€3
€3

€3
€4
€3
€s
€5

€5
€s
€5
€s
€5
€5

€s
€5
€4
€4

€4

(075459

€5

Qe€s

e4 + ves
«es

ves

€5

«es

€4 + pes

€2€2

€2€2

€1€4

€2€2

€3€4

€2€2

€2€3

€4€4
€3€3

€2€3

€2€4 =

€3€3

€3€4

€e4€eq4 =

€1€4
€3€3
€1€e4

€2€2
€3€4

3991

€3

€3

€5

€3
€5
€3
(075459

€5
€4

«es

«es

€4

€5

€5

Bes
€4
€5

€3
€s



3992 D. JUMANIYOZOV, I. KAYGORODOV AND A. KHUDOYBERDIYEV
eies = fBes eles = es e2es = e3
ezes3 = eq4 + yes eses = e4
A, 8,7, 1,V _ _
N7 eier = ez erez = Aeq + aes
eres = fBes ezez = €3 eses = e4 + ves
€2€4 = [I€5 €3€e3 = €4 eseq = ves eses = €5
Ao, B,y . _ o
Nios :oeier = ez er1e2 = Aeq + aes
ereq = fes ezeg = e3 eses = eq + yes
€2€4 = €5 e3e3 = eq e3eq4 = €5
Nk,ayﬁy"/ . _ _ _
409 1oeiler = ez e1e2 = Aey eles = aes
ereq = fes ezeg = e3 eses = eq + yes
€264 = €5 €e3e3 = e4
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