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ABSTRACT. We are concerned with the Cauchy problem of the 3D compressible
Navier—Stokes—Poisson system. Compared to the previous related works, the
main purpose of this paper is two—fold: First, we prove the optimal decay
rates of the higher spatial derivatives of the solution. Second, we investigate
the influences of the electric field on the qualitative behaviors of solution. More
precisely, we show that the density and high frequency part of the momentum
of the compressible Navier-Stokes—Poisson system have the same L2 decay
rates as the compressible Navier—Stokes equation and heat equation, but the
L? decay rate of the momentum is slower due to the effect of the electric field.

1. Introduction. We consider the following 3D compressible Navier-Stokes-
Poisson (NSP) system:

pe+V-m=0, zeR3 t>0,
my+ V- (%;m) + Vp(p) + pV¢ = pA (%) +(p+v)V (v- (%)) ,
7>‘2A¢ =p—p | 1|1m ¢(I7t) - 07
T|—0o0
p(x,0) = po(z), m(x,0) = mo(x), x € R3.

(1.1)

Here, the density p > 0, m represents the momentum, v = ™ stands for the velocity,
and ¢ represents the electrostatic potential. The viscosity coefficients ¢ > 0 and v
satisfy %u + v > 0, the Debye length A > 0 and the pressure functions p = p(p). p
is the background doping profile, which is regarded as a positive constant for the
sake of simplicity.
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1.1. History of the problem. To go directly to the theme of this paper, let us give
some explanations about the above model. For the existence and long time behavior
of the solution to the compressible Navier—Stokes (NS) system (i.e., ¢ =0 in (1.1)),
one can refer to [10, 11, 12, 18, 19, 6] and references therein. For the compressible
NSP system, Li-Matsumura—Zhang [14] proved that the density of the NSP system
converges to its equilibrium state at the same L?-rate (1 —|—t)_% as the compressible
Navier-Stokes (NS) system, but the momentum of the NSP system decays at the
L2-rate (1+t)~ %, which is slower than the L2-rate (1+t)~4 for the compressible
NS system due to the effect of the electric field. And then they extended similar
result to the non—isentropic case [27]. Wang [25] obtained the optimal asymptotic
decay of solutions just by pure energy estimates, and particularly he proved that
the density of the compressible NSP system decays at the L?>-rate (1+ t)_%7 which
is faster than the L2 rate (14+¢)~7 for the NS system due to the effect of the electric
field. Hao-Li [9], Tan—Wu [22], Chikami-Danchin [4], Bie-Wang—Yao [2] and Shi-
Xu [21] also established the unique global solvability and the optimal decay rates in
critical spaces. We mention that there are many results on the existence and long
time behavior of the weak solutions or non—constant stationary solutions, see, for
example [1, 5, 8, 28] and the references therein. For the compressible NSP system
with external force, [16] investigated the existence and zero-electron-mass limit of
strong solutions to the stationary with large external force and [17] proved that the
strong solution existence to the boundary value problem in a bounded domain. For
the bipolar Navier—Stokes—Poisson(BNSP) system, we refer to [7], [15], [24], [26],
[29], [30], and references therein.

We remark that this paper is strongly motivated by Li-Matsumura—Zhang [14].
Their main results can be outlined as follows: Assume that (pg — p,mg) € H N LY,
I > 4, and |[(po — p,mo)||ginrr is sufficiently small. Then, the Cauchy problem
(1.1) admits a global smooth solution (p, m, ¢) satisfying:

||vk(p - ﬁ)(t)”Lz S (1 +t)7%7%”([)0 - b mO)”H’ﬁLl» for k = Oa 17 (12)
IVE(m, Vo) (1)l L2 < (1 + )5 [|(po — pmo)| s, for k=0,1, (1.3)

and
[(p = p:m)() s < [I(po — p,mo) | Hrerre- (1.4)

However, it is clear that (1.2) — (1.4) give no information on the decay rates of
higher order spatial derivatives (k > 2) of the solution. The main purpose of this
article is to give a clear answer to this issue.

1.2. Main results. In this paper, we first introduce some notations and conven-
tions. We use H'(R?) to denote the usual Sobolev spaces with norm || - || ;: and use
LP, 1 < p < oo to denote the usual LP(R?) spaces with norm || - ||L». The notation
a < b means that a < Cb for a universal positive constant which is only dependent
on the parameters of the problem. For a radial function ¢ € C§° (Rg) such that
#(§) =1 when [£] <1 and ¢(§) = 0 when |§] > 2, we define the low—frequency part
and the high—frequency part of f by

~

FL =3p(6)f], and f* = F (1 — &) ]]-

If the Fourier transform of f exists, then f = f* + f.
Now, we state out our main results in the following theorem:
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Theorem 1.1. Let p'(p) > 0 for p > 0. Assume that (po — p,mg) € H*(R?) N
LY(R3), with 6o =: ||(po — p,mo)||m2®s)nriwey small. Then for any t > 0, the
Cauchy problem (1.1) has a unique global solution (p, m, @) satisfying the following
optimal time decay rates

IV*(p = )l S (1 +)~17%, (1.5)
IV*(m, V)|l S (14+1)757%, (1.6)
and
IV*(m", Vo) |2 S (1 +1)7 175, (1.7)
for2 <k <4.

Remark 1.2. Compared to the result (1.2)-(1.4) in [14], the L? decay rates of higher
spatial derivatives from 2-order to 4-order of the solution (p,m, V) in (1.5)-(1.7) are
totally new. Furthermore, we only need the smallness of H3 N L!-norm of the initial
data, while H*-norm of the initial data may be arbitrarily large. Finally, by noticing
that, for 2 < k < 4, we can obtain the optimal decay rates of ||[V*(m", V") 12
in (1.7), which are the same as those of the compressible Navier—Stokes equations
and heat equation, and particularly faster than one of |[V*(m,V¢)|p2 in (1.6).
This implies that the electric field has no effect on the decay rates of the density
and the high-frequency part of the momentum, but reduces the decay rate of the
momentum.

Now, let us sketch the strategy of proving Theorem 1.1. Motivated by the results
n (1.2)-(1.4), we will focus on deriving the L? time decay rates of higher spatial
derivatives from 2-order to 4-order of the solution (p,m,V¢). Our strategy can
be outlined as follows. First, when we prove the Theorem 1.1, we encounter such
a difficulty: we need the optimal decay rate of the second-order spatial derivative
of the solution to deduce the decay rate of the third-order spatial derivative of
the solution. In the same way, we also need the decay rate of the third-order
spatial derivative of the solution to derive the decay rate of the fourth-order spatial
derivative of the solution. Therefore, we will prove Theorem 1.1 through three cases.
Notice that the optimal decay rates on low-frequency part of (p, m,V¢) has been
established by [3]. Therefore, we only need to derive the optimal decay rates on
[VE(ph, m" Ve ||, k = 2,3,4. For case 1, we hope to establish the L?-time decay
rates of second-order spatial derivative of (p, m, V¢). We rewrite system (1.1) into
(2.1), and deduce the energy inequality as follows:

1d
2dt
S 0o(IVPn) 22 + V2V 22 + [ VPull 7.
However, it should be mentioned that in the process of deducing the energy in-
equality (1.8), we encounter the trouble term Iy = —(V?(Vn - u)", V2nh) in (2.7).
If we estimate it directly, we will meet the norm [|V3n||z: which however can not
be controlled in our framework. To overcome this obstacle, we need to reduce the
order of the density by splitting I> into three parts as follows:
—(V3(Vn-u)", V") = — (VX(Vn -u) — V3(Vn -u)', VZnh)
= —(V2(Vn" -u) + V2(Vn! -u) — VZ(Vn ), Vil
(1.9)

[ 1950 (R (9296 P () [ (9 P
R3 R3 (1.8)



3892 GUOCHUN WU, HAN WANG AND YINGHUI ZHANG

i=1Io1 + Ioo + I3,

and then make full use of the benefit of the low—frequency and high—frequency
decomposition technique to bound the terms Is;, I3 and I3 one by one. For I,
it is clear that

VE(Vn" u) = u- Vi 4+ 2Vu - Vil + Vi - il
and using integration by parts, we have
(u-V3nh, Vil = —% /}R3 divu|V2n" ?dz.
Thus we can deduce
I S 0o(IVPn )22 + V20" |22 + [ VPull72) (1.10)

as in (2.13). Now, note that (1.8) only gives the dissipation estimate for u”. In
order to explore the dissipation estimates for n and V¢", we will employ the new
interactive energy functional between u" and p" by using critical L? estimates,
low-frequency and high-frequency decomposition. Particularly, we can get

d

— VuhVthdw—i-/ V20l 2 — V2l + V2V oM [2da

dt R3 R3

S (V207 + V2022 + [IV2u 72 + V20" (|72) + (V20”72 + V3" 72).
(1.11)

Next, we choose a sufficiently large positive constant D; and then define the tem-
poral energy functional as

D
¢, (t) = 71 (V2122 + | V2u" (|32 + | V2E"||7.) + /RS Vu'Viahdz.  (1.12)

Noting that (1.12) is equivalent to || V2n"||2, +|V?u" |2, + | V2E"||2,. Multiplying
(1.8) by Dq, adding the resulting inequality with (1.11), we obtain

d
S+ CL8u(t) S V20l 3 + V5l 3s, (1.13)

then the optimal L? time decay rates of [|[V2((p — p)h,mh, V¢h)||Lz in (1.7) for
k = 2 can be deduced by virtue of Lemma 2.1, Lemma 2.2, Gronwall’s argument.
Furthermore, combining with the 2-order low-frequency decay estimates in Lemma
2.2, we get the decay rates of 2-order spatial derivatives of (p, m, V¢) immediately.
This implies that we complete the proof of Theorem 1.1 for £ = 2. We use similar
methods to prove the Theorem 1.1 for £ = 3 and k£ = 4 in case 2 and case 3
respectively.

2. Proof of theorem 1.1. This section is devoted to prove the optimal L? time
decay rates of solution stated in Theorem 1.1. First, we rewrite the system. De-
noting (p,u) = (1 +n, %) and V¢ = E, then the Cauchy problem (1.1) can be
reformulated as

Uz +v U= fla
u +Vn+E — p1Au— poV(V-u) = —fo — f,
E=V(-A)"'n, lim E—0,

|z]| =00
n(x,0) = ng(x) =: po(x) — 1, u(z,0) = up(z) = mo(x)/po(z), =€ R3,
(2.1)
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where

fi=-—nV-u—Vn-u,

p'(1+n)
1+n

n
)vn+ul(1+n

f3 = 7nv¢ = —nk,

)Au A+ pa( V(Y- ),

n
= (u- 1—
and as in [14], we have taken p =1, p’(1) =1, p = 1, (u+v) = po and d =1 for
simplicity. Notice that

fa ~ O(1)(nVn + uVu + nV3u),
and
IV*El 2 S IV nllze, k> 1.
Second, the decay rates on the linearized system of (2.1) are given in the following

lemma:

Lemma 2.1 Assume that Uy = (ng,mo) € H'(R®) N L'(R?), | > 4, and denote
(n(t),m(t)) =: U(t). Then, for 0 < k <1, the solution (i, m, E) of the linearized
system of (1.1) with E = V(—A)~'n satisfies that

IV ()2 S (14755 ([Uolls + [VFTo I 2), (2.2)

k
2

IV*(E,m)(t)l 2 S 1+ 7T 5(|[Uollzr + V5 Uo|l 12)- (2.3)

Proof. See [14].
Third, we state the L2-time decay estimates on the low-frequency part of the
solution in the nonliear system (1.1).

Lemma 2.2. Assume that the assumptions of Theorem 1.1 are in force, Then for
0 <k <, the following decay rates hold:

3+2

IV Rl ()]l e S L+ 1), (2.4)

142k

IVH(E, m) (Bl S AL+~ (2.5)
O

Proof. See [3].

Next, we will prove Theorem 1.1 in three cases. Before giving the precise proofs
of these three cases, we must emphasize that under the assumption of Theorem 1.1,
[14] proved that the following estimate holds

(o = p,m) ()|l s < do- (2.6)

More details of (2.6), please refer to (3.62)-(3.64) on page 697 of reference [14].

Case 1. Proof of Theorem 1.1 for k& = 2. Theorem 1.1 will be proved by the
good properties of the low-frequency and high-frequency decomposition. The proof
involves the following steps.

Step 1. High—frequency L? energy estimate. Taking
(F 11— 0()VA(2.1),, V2n") + (F7H(1 — 6(§) VA (2.1),, VZu"),



3894 GUOCHUN WU, HAN WANG AND YINGHUI ZHANG

and using integration by parts, yields directly

2dt/ V202 + V2P 4+ [V2E" Pda + (11 + po) / (V3" da

—(V2(nV - u)", V2l — (V2(Vn - u)", V0 h>—<VEh V(nV - u)) (2.7)

—(VE" V2(Vn-u)"y — (V2(f2 + f3)", V2" : ZI

The right-hand side of (2.7) can be estimated one by one. For term I7, due to
Holder’s inequality, Young inequality, Sobolev interpolation theorem, it holds that

L] =] = (V2(nV - )", V?n")|
S V(Y - )| 2| V20" | 2
< (IVullz< V20| 2 + (0]l o VPl 22) [ V20" 2 (2.8)
S (IVull g2Vl L2 + o)l g2l VPl 22) [ V20" || 2

< So(IV2nlZe + [IV2ullZs).

The second term I> can be rewritten as follows
I = — (V3(Vn - u)", v2n")
—(V3(Vn-u) — V*(Vn - u)!, Vi)
—(VA(Vn" - u) + V2(Vn! - u) — V2(Vn ), V2l
=11 + Iao + Io3.

(2.9)

It is easy to obtain
V3(Vnh  u) =u- V30" +2Vu - V20l + V2u - Vnl.

Following from integration by parts, we have
1
(u-V3nh Vinhy = —5/ divu|V2n" *dz,
R3

thus

S (IVullLoe V20 |2 + (190" | s [V ull o) [ V20| L2

S (IVull 2 V20" 2 + Vol g [ VP 2) [ V20" | 2 (2.10)
S So([IV2nlle + [ V2ull72).

|21

For the term I55, we have

|I22| = (V2(Vn' - w), V2n")]
SIV(Vn' - u) | 2] V20 e

< (lull o IV20 | 2 + 1Vl 2 | V20l 2o) [ V20" 2 (2.11)
< (lull = V20l 2 + [Vl (V2] £2) [ V20 2

< 6(IV2nlZe + [V2ullfs + 1V2n"[72).

~
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For the term Io3, by Lemma A.4, Holder’s inequality, Young inequality, we have

[Ias| = [(V2(Vn - ), V20")]
SIVA(Vn-w) |2 V20" |2

SNV ull 2| V20"| 2

(2.12)
S llull e IVl 6 | V20" 2
< llullz [1V20l| 2| V20| 2
< do([IV2nlZ: + V20 122),
Substituting (2.10)-(2.12) into (2.9), we can conclude that
Iy < o([[V2nllZ: + [IV2n" |32 + [V2ullZ2) (2.13)

For the term I3 and I, similar to the proofs of (2.8) and (2.13), it holds that

3| + [ L] = (VE", V*(nV - w)")| + (VE", V*(Vr - u)")]
SIVZE" | 2(IV*(nV - )| 2 + [V (Vi - w)* | 2) (2.14)
S oo(IV2EM 7 + V202 + IVPul22),

For the term I5, making use of integration by parts, we obtain
Is =— <V2(f2 + f3)h, V2uh>
=(V(fa+ fs)", V")

=(V(nVn)" + V(uVu)" + V(nV?u)" — V(nE)", V3u")
=151 + Iso + I53 + I5y4.

(2.15)

For the term I5;, we have

1] = [(V(nVn)", V3u")|
SIV(nVn)| 2| VAU 2

~

< (IVallzal[Vallze + [Inll L [IV2nll2) [ V20| 2 (2.16)

S IVl m V20l e + o]l a2 V0l 22) [ V2" | 2
< So(IIV2nllZs + [VPu[1Z2).

~

For the term I59, it holds that

[Isa| = |(V (uVu)", V2u")|

SV (uVu) | 2 [|V3u| 2
S (lullzIV3ull 22 + 1V 23 1V 2 ull 2o) V30" | 2 (2.17)
< (lull a2 V2l 2 + [Vl [V 2) | V36| 22

< So(IVPulfe + [VPu"[Z2).

~



3896 GUOCHUN WU, HAN WANG AND YINGHUI ZHANG

For the term I53, we get
[Iss| = [(V (V)" V)|
S IV (0920|1930 1
< (Il o= V2ull 2 + 19 2ull 1 Vnl 26) [ V30" 12 (2.18)
S (=9 ull 2 + 1192l s 1920 2) [ Vo0 2
< So(IVPullZs + IV2n]Z2).
For the term I54, we have
[Isa] = [V (nE)", Vul)|
S V2Bl 2|V " 2
S (1B = IV2nl 2 + ]l cs [ V2B o) | V20" || 2
S UVE| a1 V20l 22 + [nll an V0] £2) V20" 2
(Il e 1920l 22 + 2] g 1V 20 £2) V34| 2
So(IV2nl[72 + [ V3u"[Z2).
Thus, one may deduce that
15| S So(IV2n]|72 + [ VPull72). (2.20)

Substituting (2.8), (2.13)—(2.14) and (2.20) into (2.7) and using the smallness of dy,
yield directly
1d
2dt
< 0o(IV2nll2: + V2B |22 + [V2ulZ2).

(2.19)

S
S

/ |V2nh\2+|V2uh|2+|V2Eh\2dJ;+(u1—i—ug)/ |V3uh|2dx
R3 R (2.21)

Step 2. Dissipation of V2n". Taking (F~(1—¢(£))V(2.1),, V2n"), it holds that
4 VuhV2nhdx+/ |Vl 2 — V23Ul + |V2E"?dx
dt R3 R3
= —(V2(nV -u)", Vu)y — (V2(Vn - u)", Vuy — (V(f2 + f3)" V2n")
+ (1 + p2) (VP V2nl) = I + Ir + Is + Io.

(2.22)

We should estimate the right-hand side of (2.22) one by one. For Ig, using a similar
argument like (2.8), we have

I S So(IVnllZ2 + [V2ullZ2 + [V2u"Z2). (2.23)
For I7, similar to the proof of (2.13), it holds that
1I2] S So(IV2nl1 22 + V2|72 VPull 22 + V20" | 72). (2.24)
For Ig, as the proof of (2.19), we have
1] < So(V?nll72 + [V Pul| 2. (2.25)
For Iy, we obtain
ol S (n1 + p2) [ VP 2 [ V20| 2

(2.26)

< IV + IVPu 2.

B~
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Putting (2.23)—(2.26)into (2.22) and using the smallness of dy, we conclude that

d
7/ VuhVthdz+/ V202 + |V2E" 2da
dt R3 R3

1
S 0o(IVPnlle + [VPulfe + V272 + V2" 1) + V"7 (2:27)
HITS s+ [ 9P
R3

Step 3. Closing the estimates. Now, we are in a position to close the estimates.
To do this, we choose sufficiently large time 77 and positive constant D, and then
define the temporary energy functional

AORE

(IV2n" |72 + V2|72 + |[VZE"|3.) +/ Vu'Vinlhdz,  (2.28)
R3

for t > T1, it is noticed that &, () is equivalent to | V2n"||2,+| V2|2 . +|| V2 E"|2,
since D; is large enough. Substituting (2.21) and (2.27) into

Dy x (2.21) 4 (2.27),

which together with the smallness of §y, for ¢ > T7, it holds that

d 3
&0+ (5 — ) V"3
+ [ + i) D1 =2V + V2B S (9203 + 9% 2,
(2.29)

where we have used the fact that T} is large enough. On other hand, it is clear that
3
(G-
Hence, by virtue of (2.4)-(2.5), (2.29)-(2.30) and Gronwall’s inequality, we can arrive
at

00) V20|22 + (11 + p2) Dy = 2 V2u |22 + [IV2E"|[72 > C1€. (1), (2.30)

V2R 2e + V2 |3e + V2B 72 S (L4171, (2.31)

Furthermore, combining with (2.4)-(2.5) and (2.31), the following estimates can be
obtained:

IV2n[|3e S IV2n" |22 + V20! 22 5 3
S+)7F, (232
and

IV?(u, B) |72 S V2 (u", E) |2 + IV (!, B[ (2.33)
S(1+1)75 '
The proof of Theorem 1.1 for k£ = 2 is completed.

Case 2. Proof of Theorem 1.1 for £ = 3. Theorem 1.1 for £k = 3 will be
proved as in Case 1 by the good properties of the low-frequency and high-frequency
decomposition. The proof involves the following steps.

Step 1. High—frequency L? energy estimate. Taking
(F 11— 0()VA(2.1),, VPn") + (FH (1 — 6(§) VP (2.1),, VPu"),
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and using integration by parts, which implies

33t [ IO+ IV (VOB e G+ ) [ 90 P

—(V3(nV -u)", V3n") — (V3(Vn - u)", V3n h>—<V2Eh V3 (nV - u)") (2.34)
—(V2E" V3(Vn - u)y — (V3(fo + f3)I, V3 ZJ

The five terms in the above equation can be estimated as follows. Firstly, for term
J1, using Hoélder’s inequality, Young inequality, Sobolev interpolation theorem, we
obtain

[ Ji| = (V2 (nV - w)*, Vin)|
SIVE (VY w2 ][ VPn" | 12
S (IVullz= V20| 22 + (0]l < [Vl £2) [ V30" 2 (2.35)
S (IVulla= V20 2 + 0] g2 |V ull 22) [ V30" 12
S oo(IVPnlZ: + V2" |72 + IV ul|22),
The term Jy can be rewritten as follows
Jo = — (V3(Vn - u)", v3nh)
—(V3(Vn-u) — V3(Vn-u)!, V3nh)
—(V3(Vnl - w) + V3(Vnl - u) — V3(Vn - ), V3nh)
i=Jo1 + Jaz + Jos.

(2.36)

It is obvious that
V3(Vnl - u) = u- Vin" +3Vu - V3" 4+ 3V20u - V20" + Vn . V3.

By virtue of integration by parts, we arrive at
(u-Vinh vinh) / divu|V3n" |*dz,

thus
|Ja1] S (IVull L= V30 (|22 + [ V2ul| s V20" | Lo + V0" || s [V ul| o) V30" || 2
S (IVullg2 V20" 2 + IV 2ull g V20" 2 + V0] g0 | VA 22) [ V20" L2
S 6o(IVPn |72 + V*ullZ2),
(2.37)
For the term Jyo, we have
| Jaa| = (V*(Vn! - w), V3n")|
S IV (Vn' - )| 2| VPn" 2
S (lull o< V0! | 2 + V0| L3 V2 ull o) [ VPR L2 (2.38)
S (lull a2 V30l 2 + IVl g0 [Vl 2) V20 22
< So(l[VPnll7: + [V ull72).

~
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For the term Ja3, with the help of LemmaA.1-Lemma A.3, Holder’s inequality, (1.3),
(2.32)-(2.33) and Young inequality, we have

| Jas| = [(V3(Vn - w)!, V3n)|
N ||V(Vn ) U)||L2||V3nh||L2
< (lull | V2l s + [Vull o [ Vnl 2o) | V30" | 2
Sl V30 2 V302 12 + [l 2 V2ul] 1920 22 | V07| 2
< 0o(IVPn)3: + V3" [32) + (1 + )75 5 (14 )78 (1 + ) 75| V3n| 2
< o(IV3nl3s + [VPn"[32) + (1 + 1)~ 3 75 ||V3n" | -

S 0o(IVPnl7e + (IVPn"[72) + (1 +8)72 + (L +6) 7 VPn"|[..
(2.39)

Substituting (2.37)-(2.39) into (2.36), we can achieve

_9 _
Jar S 0(IV3nllZ, + V3|2, + [V ull72) + (1 +8)77 + (1 + ) H|V3n"| 3.
(2.40)

For the term J3 and Jy, similarly to the proof of (2.35) and (2.38), it holds that

3] + 174 S So(IV° B* 72 + I V2nll32 + [V*ullfz) + (14872 + (1+ 67 [V E" |3,

(2.41)
For the term J5, by integration by parts, we have
Js == (V3(fa+ fs)", VPu")
=(V2(fa+ f3)", V") (2.42)

=(VZ(nVn)" + V(uVu)" + V(nV2u)" — V(nE)", viu")
=Js1 + Js2 + J53 + J54.

For the term J51, we have

|51 = (V2 (nVn)", V")
SV (V)| L2 [V e
S (IVal s [V2nllze + lInllz V20l 22) [ V" | 2 (2.43)
< UVl [1V2nll 2 + ol V2] 2) V4| 2

< So(IVPnlZe + [IVHu(Z2).

~

For the term J52, we have

| Jsa| = [(V?(uVu)", V*u)|
S V3 (uVu) | g2 |V 6| 2
S (IVul o [Vl 22 + [[Vull sVl o) [ VA" 2 (2.44)
< (IVull g2l VHull 22 + IVl g [Vl £2) [ VA" 2

S So([V*HulZz + [[V4u"]|72).

~
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For the term Js3, we have
T3] = [(V2(nV?u)", Vi)
S IV (nV2u) | 2 [ V|| 2
S (Il eIV ul 2 + V20 o [ V2ull 1) [V " | 2 (2.45)
S (nlla= 1Vl 2 + V30l 22 [V 2l ) [V 0" | 2
< So(IVHulZ: + IVPn]22).
For the term Js4, we have
| Jsal = [V2(nE)", Viul)|
S IVE B[l 2|V " 2
S B = IV2nllr2 + )l s V2 El 2o IV || 2
S UIVEa [IV2nl 2 + [l a V0] 2) V" 2
S (Il [V2nllzz + ol g V20 22) IV || 2
< 0o(IVPnlZa + IV " |[72).
Thus, we can immediately to obtain
51 < do(IVPnl[72 + IV Hull72). (2.47)

Substitute (2.35), (2.40)—(2.41) and (2.47) into (2.34) and use the smallness of dy,
we deduce that in fact

(2.46)

1d

f—/ |V3n"? 4+ |V3u")? + |V3E"?dz + (u1 + ug)/ |Viuh|2da

2dt R3 R3

S So(|IVEE |22 + IV ul2a + [|V3n)22) (2.48)

T4+ 1+ V)2 + (1 + )| VBE"2..

Step 2. Dissipation of V3n". Applying the operator V2F~1(1 — ¢(£)) to (2.1),
multiplying the resulting equality by V3n", integrating over R?, it holds that

d
7/ V2uhV3nhdx+/ |V3nh 2 — |V3u"? + |V2E"?dx
R3 R3

dt
= — (V¥(nV - w)", Vul) — (V3(Vn - w), Vuly — (V2(fo + f5)h VBnly  (249)
+ (,Ul + u2)<V4uh, Vsnh> =Jg+ Jr + Jg + Jo.
For the term Jg, we have
6| < 00(|[V2n[l72 + IV 022 + [ V3u(|72). (2.50)
For the term J7, similarly to the proof of (2.40), we obtain
Jr| S 6o(IV2nlf22 + [V4ul22) + (1 + )72 + (1 +6) 71| V3| 2. (2.51)
|J7| < L L L
For the term Jg, similarly to the proof of (2.42), it holds that
[ Js] S Go(|I V20|72 + [V " |22 + [ VPu(|72). (2.52)
For Jg, we obtain
Jol < v4 h v3 h
[Jol S (1 + p2) [V | 2] Von™ 2
(2.53)

1,
S 71Vt lEe + IV Ze.
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Substituting (2.50)—(2.53)into (2.49) and making use of the smallness of Jp, we

conclude that
d
— v2uhv3nhdx+/ |V3nh 2 + V3B 2da
dt ]RB R3

S 0o(IVPnllze + V0" 22 + VP[22 + [V*ullZ2) + (1 + )72 (2.54)

1
+ (L) TNV + ZIVER" T + [V 7 +/ V2" *da.
R3

Step 3. Closing the estimates. Now, let us close the estimates. For any ¢ > 0,
we define the temporary energy functional as follows

Dy

sz(t) = 9

(V%R 2 + V3P |2 + [VOEM|2.) + / V2 Vinhdz,  (2.55)
R?)

for t > Ty, where it is noticed that &,(t) is equivalent to ||V3n"||2, + ||[V3u" |2, +
||V3Eh||%2 if we choose sufficiently large time 7, and positive constant Ds. Putting
(2.48) and (2.54) into

Dy x (2.48) 4 (2.54),

for t > T, g is small enough implies

d

3
%Gz(t) + (Z — 00)[IV?n" |3

+ (1 + p2) Do = 2]V |22 + [VPEM |22 S V2022 + (V10! | 22,
(2.56)

where we have used the fact that 75 is large enough. On other hand, it is clear that

3
(5 = S IV 22 + [(1 + p2) D2 = 2|V |72 + [VPE" |72 > C2€.(1). (2.57)

Thus, in view of (2.4)-(2.5), (2.56)-(2.57) and Gronwall’s argument, we have

IV (32 + VU7 + [VPE" |72 S (1+0)7T. (2.58)
Furthermore, utilizing (2.4)-(2.5) and (2.58), it is easy to have

IVenlZ S IV3nM12: + IV2n']12,

o (2.59)

S+,
IV2 (u, E)ll72 S IV2 (", B[ L + IV (!, B[
; (2.60)

S+t e,

This complete the proof of Theorem 1.1 for k = 3.

Case 3. Proof of Theorem 1.1 for k£ = 4. taking the similar argument as in
Case 2, we can prove Theorem 1.1 for k = 4 by the following steps.

Step 1. High—frequency L? energy estimate. Taking
(F 11 = 0()VH21),, Vi) + (FH (1 — 9(6)VH(2.1),, VIu"),



3902 GUOCHUN WU, HAN WANG AND YINGHUI ZHANG

and applying integration by parts, we have

331 L [V [V VB P+ G+ ) [ VPP

= —(V*(nV -w)h, Vi) — (VH(Vn - u)", Vin h>—<V3Eh V4(nV - u)) (2.61)
—(VEE" VA(Vn - w)") — (VA(f2 + f3)", V") ZK

We will estimate the right-hand side of the above equation term by term. First, for
term K7, from Hoélder’s inequality, Young inequality, Sobolev interpolation theorem,
it leads to
[K1| = [(Vi(nV - u)", Vin")]

SIVHOY - )| 2|V " | 2

S (IVullz= [Vl 22 + [lnl| L= [ VPu] £2) [ V0" 22 (2.62)

S (IVulla= V0|22 + 0] g2 Voul| 22) |V 0" | 2

S oo(IVinlZ: + V" [ 72 + IVPullZ2),

For the term K5, we can rewrite it as
Ky = — (VX(Vn-u), vinh)
—(VY(Vn-u) — VH(Vn - u)!, Vinh)
— (VY u) + VHVR! ) — VH(Vn - w)!, Vinh)
=Ko + Koo + Kas.

(2.63)

Notice that
VHVR" u) = u- Vi +4Vu - Vi + 6V2u - V3" 4 4V - Vil + Vi Vil
From integration by parts, one has
(uVin", V3nh) = —1/ divu|Vin" ?dz.
2 Jre
Note that
(V3uV2nh, ViAnh) = (V3uhV2nh, Vinh) 1+ (V3ulV2nh, Vinhy,
and
(Viuvnh, vinhy = (Viuhwn vinhy 4 (Vi vah, vinh).
Thus, we can have the following estimate
(K| S (IVull e [V [ 22 + [1V2u] 2o [V | o + V20| 2o [ V20| o
V2R s V20 o + (V0| o [V " || 2o + IV 0| 2 [ V" o) [V 40" | 2
S IVl g2 IV [ 2 + [V2ull g [V 0|2 + 1V 20 g [V 00" | 2

IVl [V0ullzz + [Vl V26" 2 + [Jull g [ V0" 22) [ V0" 2

S Oo([VinlZe + IVul7e),
(2.64)
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For the term Ko, we have

Kool = [(V4(Vn - w), V40|
SIVAVR! - w)| L2 [ V40| 2
< (lull o= Vo0 | 2 + 1V | s [ V40l 20) | V40" 2 (2.65)
< (lull =1Vl 2 + g (195 p2) [V 4R e
< So(IVAnl3e + [VPull3z + [ V4n"]32).
For the term Ks3, we achieve
|Kos| = [(V4(Vn - u)!, Vinh)|

SV )| V40" 2

SIVA(Vn w2 V40" 2

< (lull s [IV3nl| 2o + V0l 6|92 o) | V40 2 (2.66)

S (lul s 940l 2 + 1920 2 Vall 2 I 95u] £) [ V40" 2

S oo(IVAnl3a + V" [32) + (1 + 1)~ % =2 | Vinh| 2

Soo(IVAnl3s + V4" 32) + (1 + 7% + 1+ 671 V4n"|3..

Substituting (2.64)-(2.66) into (2.63), we can arrive at

Ky S 00(|V 072 + IV "3 + [IVPull32) + (14 4)7% + (1+8)7H|V'n"|3..
(2.67)

For the term K3 and K4, similarly to the proof of (2.62) and (2.65), it holds that

|Ks| + [Ka| S So(IV B[z + [V*nll32 + [ Voulf2) + (14072 + 1+ 07 V'E" |72,

(2.68)
For the term K3, we have
K5 =(V3(f2 + f3)", Vou")
=(V3(fa+ f3)", Vou") (2.69)

=(V3(nVn)" + V(uVu)" + V(nV3u)" — V(nE)", vou")
=Kx51 + K52 + K53 + Kx4.

For the term K5, we have

|Ks1| = [(V*(nVn)", Vou")|
S V3 (nVn) |2 V" L2
S (IVnll sl V3l Lo + [0l e VA0l 22) [ VOu" | L2 (2.70)
S UVl V4] 2 + 2] g2 VA0 22) V26”22

S So([Vinl7z + [VPu"|172).

~
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For the term Kjo, we have
|[Ks2| = [(V2(uVu)", Vou")|
S IV V)| 2 [V 2
S (ull = V%0l 2 + V] s [Vl o) V20" 2 (2.71)
S (ull a2 V2l 2 + [Vl [Vl £2) [V 20" | 2
< 0o(IVPullZ2 + [[VPu"(|Z2).

For the term K53, we obtain
[Kss| = (V2 (nV?u)", V2ul)]
S IV (V20) || 2| V" | 2
< (Inllz= [ VPullzz + [ V2ull 22 V20l £o) [ Vo || 2 (2.72)
S (Inll = IVPull 2 + [V 2ull g V0] £2) Vo0 2
< 0o(IVPullZ2 + IVinlZ2).
For the term K54, we have
K54l = [V?(nE)", Vou")]
SIVHnE)| 2 [Vou"| 12
S (1Bl IV*nl 22 + [0l 2o ]| VA Bl 26) | Vou® | 2

~

< (IVELn [V nlls + [l [Vl ) o )
< (Il [l 2= + nllgr [ n] 2) |90 o
< dol[VnlZs + [Vl 2.
Thus, we can arrive at
5] < 6o(1V*nl25 + [IV5ul2). (2.74)

Substituting (2.62), (2.67)—(2.68) and (2.74) into (2.61) and using the smallness of
do, we conclude that

1d

2 dt

S 0o(IVEE" |22 + [VoullZa + IVnl[72) (2.75)
F (4672 + (14072 + 1+ 6) 7Y VEE" 2.

/ |V4nh\2+|V4uh|2+|V4Eh\2dx+(u1—|—u2)/ |V5uh|2d$
R3 R3

Step 2. Dissipation of V*n". Applying the operator V31 (1 — ¢(¢)) to (2.1)a,
multiplying the resulting equality by V4n”, integrating over R?, we have
d
—/ V3uhvinhde + / |VAnh 2 — V42 + |VAE" 2de
dt R3 R3
= — (VA0V - w)h, VRuh) — (VA(Tn - w), V) — (VA (o + )", Vial) (2T6)
+ (1 + p2)(Vou", Vinh) := K¢ + K7 + Ks + Ko.
For the term Kg, we have

K| < So(|IV*nl|Zs + IV2ullZs + | VHu[Z2). (2.77)
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For the term K7, similarly to the proof of (2.67), we obtain
[K7| S So(IVinlZ + [V "2

T o)+ 1R+ )
For the term Kg, similarly to the proof of (2.69), it holds that
[Ksl S So(IV*nllZ> + [[Vullfz + V0" ]22). (2.79)
For Jy, we have
Kol S (11 + p2) [V2u" | 2| VA" | 2
< FIVH s + IV 8
Substituting (2.77)—(2.80) into (2.76) and using the smallness of dy, we dedeuce that

4
dt
S 0o(IV*nl2e + [VPulge + V4" (122 + V0" 72) + (1) (2.81)

/ Vi3uhvinhde + / (VA2 4+ |VAE" ?dx
R3 R3

1
+ ()R + IV + VUL +/ V" da.
R3

Step 3. Closing the estimates. Now, we are in a position to close the estimates.
To do this, we define the temporal energy functional

Dy
&) =—
="
for ¢t > T, where it is noticed that &;(t) is equivalent to ||V4n"||2, + ||[V4u" |2, +

[VAE"||2, if we choose sufficiently large time T3 and positive constant Ds. Substi-
tuting (2.75) and (2.81) into

(V" |2 + [V + [VAEY2.) + / Ve, (2.82)
RB

Ds x (2.75) 4 (2.81),

and using the smallness of &g, for ¢ > T3, we have
d 3

28,0 + (] — o)V 3
+ (1 + p2) D3 = 2] V2" |2 + [IVIEM |22 S IV 0!]|72 + IV |12,
(2.83)
since T3 is large enough. On other hand, it is clear that
3
(3 o)V n" (122 + [(u1 + p2) D3 — 2 Vou" |12 + [V E" (|22 > C5€5(1). (2.84)

Therefore, together with (2.4)-(2.5), (2.83)-(2.84) and Gronwall’s argument, we have
V4" 132 + IV 72 + [V ER 72 S (14677 (2.85)
Consequently, we have from (2.4)-(2.5) and (2.85) that
IVinlZ S IV 122 + [[Vin']12,

2.86
S+n7 280
V4 (u, B2 S IV, EMT2 + IV (', BM)IZ:

<(1+41)71, (2.87)
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This completes the proof of Theorem 1.1 for k = 4.
Therefore, we complete the proof of Theorem 1.1. O

Appendix A. Analytic tools. We will use the Sobolev interpolation of Gagliardo-
Nirenberg inequality.

Lemma A.1. Let 0 <i,5 < k; then we have

IV Flle S IV I IVE £

3G (D

Lemma A.2. Let k > 1 be an integer; then one has

IV (Fllze S N fllzor IV gllLre + (1V5 fllzes lgllzes,

where p,p2,p3 € [1,4+00] and
1 1 1 1 1
=—+—=—4—
p p1 P2 P3 P4
Finally, we introduce the lemma concerning the estimate for the low-frequency
part and the high-frequency part of f.

Lemma A.3. If2<p< oo, f € LP(R?), then we have
1 e+ 1 e S e

Proof. For 2 < p < 0o, by Young inequality’s for convolutions, for the low-frequency,
we have

where 0 satisfies

vV wl.

1 e SNF ol fllee S N fllze,
and hence

1F e S N llze + 1 Nze < NFIle-
O
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