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Abstract. We are concerned with the Cauchy problem of the 3D compressible

Navier–Stokes–Poisson system. Compared to the previous related works, the
main purpose of this paper is two–fold: First, we prove the optimal decay

rates of the higher spatial derivatives of the solution. Second, we investigate

the influences of the electric field on the qualitative behaviors of solution. More
precisely, we show that the density and high frequency part of the momentum

of the compressible Navier–Stokes–Poisson system have the same L2 decay

rates as the compressible Navier–Stokes equation and heat equation, but the
L2 decay rate of the momentum is slower due to the effect of the electric field.

1. Introduction. We consider the following 3D compressible Navier-Stokes-
Poisson (NSP) system:

ρt +∇ ·m = 0, x ∈ R3, t > 0,

mt +∇ ·
(
m

⊗
m

ρ

)
+∇p(ρ) + ρ∇φ = µ∆

(
m
ρ

)
+ (µ+ ν)∇

(
∇ ·
(
m
ρ

))
,

−λ2∆φ = ρ− ρ̄, lim
|x|→∞

φ(x, t)→ 0,

ρ(x, 0) = ρ0(x), m(x, 0) = m0(x), x ∈ R3.

(1.1)

Here, the density ρ > 0, m represents the momentum, u = m
ρ stands for the velocity,

and φ represents the electrostatic potential. The viscosity coefficients µ > 0 and ν
satisfy 2

3µ+ ν ≥ 0, the Debye length λ > 0 and the pressure functions p = p(ρ). ρ̄
is the background doping profile, which is regarded as a positive constant for the
sake of simplicity.

2020 Mathematics Subject Classification. 35B40, 76N10.
Key words and phrases. Navier–Stokes–Poisson equations, large time behavior, optimal decay

rates.
∗ Corresponding author: yinghuizhang@mailbox.gxnu.edu.cn.

3889

http://dx.doi.org/10.3934/era.2021067


3890 GUOCHUN WU, HAN WANG AND YINGHUI ZHANG

1.1. History of the problem. To go directly to the theme of this paper, let us give
some explanations about the above model. For the existence and long time behavior
of the solution to the compressible Navier–Stokes (NS) system (i.e., φ ≡ 0 in (1.1)),
one can refer to [10, 11, 12, 18, 19, 6] and references therein. For the compressible
NSP system, Li–Matsumura–Zhang [14] proved that the density of the NSP system

converges to its equilibrium state at the same L2–rate (1+ t)−
3
4 as the compressible

Navier–Stokes (NS) system, but the momentum of the NSP system decays at the

L2–rate (1 + t)−
1
4 , which is slower than the L2–rate (1 + t)−

3
4 for the compressible

NS system due to the effect of the electric field. And then they extended similar
result to the non–isentropic case [27]. Wang [25] obtained the optimal asymptotic
decay of solutions just by pure energy estimates, and particularly he proved that
the density of the compressible NSP system decays at the L2–rate (1 + t)−

5
4 , which

is faster than the L2–rate (1+t)−
3
4 for the NS system due to the effect of the electric

field. Hao–Li [9], Tan–Wu [22], Chikami–Danchin [4], Bie–Wang–Yao [2] and Shi-
Xu [21] also established the unique global solvability and the optimal decay rates in
critical spaces. We mention that there are many results on the existence and long
time behavior of the weak solutions or non–constant stationary solutions, see, for
example [1, 5, 8, 28] and the references therein. For the compressible NSP system
with external force, [16] investigated the existence and zero-electron-mass limit of
strong solutions to the stationary with large external force and [17] proved that the
strong solution existence to the boundary value problem in a bounded domain. For
the bipolar Navier–Stokes–Poisson(BNSP) system, we refer to [7], [15], [24], [26],
[29], [30], and references therein.

We remark that this paper is strongly motivated by Li–Matsumura–Zhang [14].
Their main results can be outlined as follows: Assume that (ρ0− ρ̄,m0) ∈ H l ∩ L1,
l ≥ 4, and ‖(ρ0 − ρ̄,m0)‖Hl∩L1 is sufficiently small. Then, the Cauchy problem
(1.1) admits a global smooth solution (ρ,m, φ) satisfying:

‖∇k(ρ− ρ̄)(t)‖L2 . (1 + t)−
3
4−

k
2 ‖(ρ0 − ρ̄,m0)‖Hl∩L1 , for k = 0, 1, (1.2)

‖∇k(m,∇φ)(t)‖L2 . (1 + t)−
1
4−

k
2 ‖(ρ0 − ρ̄,m0)‖Hl∩L1 , for k = 0, 1, (1.3)

and

‖(ρ− ρ̄,m)(t)‖H4 . ‖(ρ0 − ρ̄,m0)‖Hl∩L1 . (1.4)

However, it is clear that (1.2) − (1.4) give no information on the decay rates of
higher order spatial derivatives (k ≥ 2) of the solution. The main purpose of this
article is to give a clear answer to this issue.

1.2. Main results. In this paper, we first introduce some notations and conven-
tions. We use H l(R3) to denote the usual Sobolev spaces with norm ‖ · ‖Hl and use
Lp, 1 ≤ p ≤ ∞ to denote the usual Lp(R3) spaces with norm ‖ · ‖Lp . The notation
a . b means that a ≤ Cb for a universal positive constant which is only dependent
on the parameters of the problem. For a radial function φ ∈ C∞0 (R3

ξ) such that

φ(ξ) = 1 when |ξ| ≤ 1 and φ(ξ) = 0 when |ξ| ≥ 2, we define the low–frequency part
and the high–frequency part of f by

f l = F−1[φ(ξ)f̂ ], and fh = F−1[(1− φ(ξ))f̂ ].

If the Fourier transform of f exists, then f = fh + f l.
Now, we state out our main results in the following theorem:



OPTIMAL TIME-DECAY RATES 3891

Theorem 1.1. Let p′(ρ) > 0 for ρ > 0. Assume that (ρ0 − ρ̄,m0) ∈ H4(R3) ∩
L1(R3), with δ0 =: ‖(ρ0 − ρ̄,m0)‖H3(R3)∩L1(R3) small. Then for any t ≥ 0, the
Cauchy problem (1.1) has a unique global solution (ρ,m, φ) satisfying the following
optimal time decay rates

‖∇k(ρ− ρ̄)‖L2 . (1 + t)−
3
4−

k
2 , (1.5)

‖∇k(m,∇φ)‖L2 . (1 + t)−
1
4−

k
2 , (1.6)

and

‖∇k(mh,∇φh)‖L2 . (1 + t)−
3
4−

k
2 , (1.7)

for 2 ≤ k ≤ 4.

Remark 1.2. Compared to the result (1.2)-(1.4) in [14], the L2 decay rates of higher
spatial derivatives from 2-order to 4-order of the solution (ρ,m,∇φ) in (1.5)-(1.7) are
totally new. Furthermore, we only need the smallness of H3∩L1-norm of the initial
data, while H4-norm of the initial data may be arbitrarily large. Finally, by noticing
that, for 2 ≤ k ≤ 4, we can obtain the optimal decay rates of ‖∇k(mh,∇φh)‖L2

in (1.7), which are the same as those of the compressible Navier–Stokes equations
and heat equation, and particularly faster than one of ‖∇k(m,∇φ)‖L2 in (1.6).
This implies that the electric field has no effect on the decay rates of the density
and the high-frequency part of the momentum, but reduces the decay rate of the
momentum.

Now, let us sketch the strategy of proving Theorem 1.1. Motivated by the results
in (1.2)-(1.4), we will focus on deriving the L2 time decay rates of higher spatial
derivatives from 2-order to 4-order of the solution (ρ,m,∇φ). Our strategy can
be outlined as follows. First, when we prove the Theorem 1.1, we encounter such
a difficulty: we need the optimal decay rate of the second-order spatial derivative
of the solution to deduce the decay rate of the third-order spatial derivative of
the solution. In the same way, we also need the decay rate of the third-order
spatial derivative of the solution to derive the decay rate of the fourth-order spatial
derivative of the solution. Therefore, we will prove Theorem 1.1 through three cases.
Notice that the optimal decay rates on low-frequency part of (ρ,m,∇φ) has been
established by [3]. Therefore, we only need to derive the optimal decay rates on
‖∇k(ρh,mh,∇φh)‖, k = 2, 3, 4. For case 1, we hope to establish the L2-time decay
rates of second-order spatial derivative of (ρ,m,∇φ). We rewrite system (1.1) into
(2.1), and deduce the energy inequality as follows:

1

2

d

dt

∫
R3

|∇2nh|2 + |∇2uh|2 + |∇2∇φh|2dx+ (µ1 + µ2)

∫
R3

|∇3uh|2dx

. δ0(‖∇2n‖2L2 + ‖∇2∇φh‖2L2 + ‖∇3u‖2L2 .

(1.8)

However, it should be mentioned that in the process of deducing the energy in-
equality (1.8), we encounter the trouble term I2 = −〈∇2(∇n · u)h,∇2nh〉 in (2.7).
If we estimate it directly, we will meet the norm ‖∇3n‖L2 which however can not
be controlled in our framework. To overcome this obstacle, we need to reduce the
order of the density by splitting I2 into three parts as follows:

−〈∇2(∇n · u)h,∇2nh〉 =− 〈∇2(∇n · u)−∇2(∇n · u)l,∇2nh〉

=− 〈∇2(∇nh · u) +∇2(∇nl · u)−∇2(∇n · u)l,∇2nh〉
(1.9)
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:=I21 + I22 + I23,

and then make full use of the benefit of the low–frequency and high–frequency
decomposition technique to bound the terms I21, I22 and I23 one by one. For I21,
it is clear that

∇2(∇nh · u) = u · ∇3nh + 2∇u · ∇2nh +∇2u · ∇nh,
and using integration by parts, we have

〈u · ∇3nh,∇2nh〉 = −1

2

∫
R3

divu|∇2nh|2dx.

Thus we can deduce

I2 . δ0(‖∇2n‖2L2 + ‖∇2nh‖2L2 + ‖∇3u‖2L2) (1.10)

as in (2.13). Now, note that (1.8) only gives the dissipation estimate for uh. In
order to explore the dissipation estimates for nh and ∇φh, we will employ the new
interactive energy functional between uh and ρh by using critical L2 estimates,
low-frequency and high-frequency decomposition. Particularly, we can get

d

dt

∫
R3

∇uh∇2nhdx+

∫
R3

|∇2nh|2 − |∇2uh|2 + |∇2∇φh|2dx

. δ0(‖∇2n‖2L2 + ‖∇3u‖2L2 + ‖∇2uh‖2L2 + ‖∇2nh‖2L2) + (‖∇2nh‖2L2 + ‖∇3uh‖2L2).

(1.11)

Next, we choose a sufficiently large positive constant D1 and then define the tem-
poral energy functional as

E1(t) =
D1

2

(
‖∇2nh‖2L2 + ‖∇2uh‖2L2 + ‖∇2Eh‖2L2

)
+

∫
R3

∇uh∇2nhdx. (1.12)

Noting that (1.12) is equivalent to ‖∇2nh‖2L2 +‖∇2uh‖2L2 +‖∇2Eh‖2L2 . Multiplying
(1.8) by D1, adding the resulting inequality with (1.11), we obtain

d

dt
E1(t) + C1E1(t) . ‖∇2nl‖2L2 + ‖∇3ul‖2L2 , (1.13)

then the optimal L2 time decay rates of ‖∇2((ρ − ρ̄)h,mh,∇φh)‖L2 in (1.7) for
k = 2 can be deduced by virtue of Lemma 2.1, Lemma 2.2, Gronwall’s argument.
Furthermore, combining with the 2-order low-frequency decay estimates in Lemma
2.2, we get the decay rates of 2-order spatial derivatives of (ρ,m,∇φ) immediately.
This implies that we complete the proof of Theorem 1.1 for k = 2. We use similar
methods to prove the Theorem 1.1 for k = 3 and k = 4 in case 2 and case 3
respectively.

2. Proof of theorem 1.1. This section is devoted to prove the optimal L2 time
decay rates of solution stated in Theorem 1.1. First, we rewrite the system. De-
noting (ρ, u) = (1 + n, mρ ) and ∇φ = E, then the Cauchy problem (1.1) can be

reformulated as
nt +∇ · u = f1,

ut +∇n+ E − µ1∆u− µ2∇(∇ · u) = −f2 − f3,
E = ∇(−∆)−1n, lim

|x|→∞
E → 0,

n(x, 0) = n0(x) =: ρ0(x)− 1, u(x, 0) = u0(x) = m0(x)/ρ0(x), x ∈ R3,

(2.1)
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where

f1 = −n∇ · u−∇n · u,

f2 = (u · ∇)u+

(
1− p′(1 + n)

1 + n

)
∇n+ µ1(

n

1 + n
)∆u+ µ2(

n

1 + n
)∇(∇ · u),

f3 = −n∇φ = −nE,

and as in [14], we have taken ρ̄ = 1, p′(1) = 1, µ = µ1, (µ+ ν) = µ2 and d = 1 for
simplicity. Notice that

f2 ∼ O(1)(n∇n+ u∇u+ n∇2u),

and

‖∇kE‖L2 . ‖∇k−1n‖L2 , k ≥ 1.

Second, the decay rates on the linearized system of (2.1) are given in the following
lemma:

Lemma 2.1 Assume that U0 = (n0,m0) ∈ H l(R3) ∩ L1(R3), l ≥ 4, and denote
(n̄(t), m̄(t)) =: Ū(t). Then, for 0 ≤ k ≤ l , the solution (n̄, m̄, Ē) of the linearized
system of (1.1) with Ē = ∇(−∆)−1n̄ satisfies that

‖∇kn̄(t)‖L2 . (1 + t)−
3
4−

k
2 (‖U0‖L1 + ‖∇kU0‖L2), (2.2)

‖∇k(Ē, m̄)(t)‖L2 . (1 + t)−
1
4−

k
2 (‖U0‖L1 + ‖∇kU0‖L2). (2.3)

Proof. See [14].
Third, we state the L2-time decay estimates on the low-frequency part of the

solution in the nonliear system (1.1).

Lemma 2.2. Assume that the assumptions of Theorem 1.1 are in force, Then for
0 ≤ k ≤ l, the following decay rates hold:

‖∇knl(t)‖L2 . (1 + t)−
3+2k

4 , (2.4)

‖∇k(El,ml)(t)‖L2 . (1 + t)−
1+2k

4 . (2.5)

Proof. See [3].
Next, we will prove Theorem 1.1 in three cases. Before giving the precise proofs

of these three cases, we must emphasize that under the assumption of Theorem 1.1,
[14] proved that the following estimate holds

‖(ρ− ρ̄,m)(t)‖H4 . δ0. (2.6)

More details of (2.6), please refer to (3.62)-(3.64) on page 697 of reference [14].

Case 1. Proof of Theorem 1.1 for k = 2. Theorem 1.1 will be proved by the
good properties of the low-frequency and high-frequency decomposition. The proof
involves the following steps.

Step 1. High–frequency L2 energy estimate. Taking

〈F−1(1− φ(ξ))∇2(2.1)1,∇
2nh〉+ 〈F−1(1− φ(ξ))∇2(2.1)2,∇

2uh〉,
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and using integration by parts, yields directly

1

2

d

dt

∫
R3

|∇2nh|2 + |∇2uh|2 + |∇2Eh|2dx+ (µ1 + µ2)

∫
R3

|∇3uh|2dx

= −〈∇2(n∇ · u)h,∇2nh〉 − 〈∇2(∇n · u)h,∇2nh〉 − 〈∇Eh,∇2(n∇ · u)h〉

− 〈∇Eh,∇2(∇n · u)h〉 − 〈∇2(f2 + f3)h,∇2uh〉 :=

5∑
i=1

Ii.

(2.7)

The right-hand side of (2.7) can be estimated one by one. For term I1, due to
Hölder’s inequality, Young inequality, Sobolev interpolation theorem, it holds that

|I1| = | − 〈∇2(n∇ · u)h,∇2nh〉|

. ‖∇2(n∇ · u)‖L2‖∇2nh‖L2

. (‖∇u‖L∞‖∇2n‖L2 + ‖n‖L∞‖∇3u‖L2)‖∇2nh‖L2

. (‖∇u‖H2‖∇2n‖L2 + ‖n‖H2‖∇3u‖L2)‖∇2nh‖L2

. δ0(‖∇2n‖2L2 + ‖∇3u‖2L2).

(2.8)

The second term I2 can be rewritten as follows

I2 =− 〈∇2(∇n · u)h,∇2nh〉

=− 〈∇2(∇n · u)−∇2(∇n · u)l,∇2nh〉

=− 〈∇2(∇nh · u) +∇2(∇nl · u)−∇2(∇n · u)l,∇2nh〉
:=I21 + I22 + I23.

(2.9)

It is easy to obtain

∇2(∇nh · u) = u · ∇3nh + 2∇u · ∇2nh +∇2u · ∇nh.

Following from integration by parts, we have

〈u · ∇3nh,∇2nh〉 = −1

2

∫
R3

divu|∇2nh|2dx,

thus

|I21| . (‖∇u‖L∞‖∇2nh‖L2 + ‖∇nh‖L3‖∇2u‖L6)‖∇2nh‖L2

. (‖∇u‖H2‖∇2nh‖L2 + ‖∇n‖H1‖∇3u‖L2)‖∇2nh‖L2

. δ0(‖∇2n‖2L2 + ‖∇3u‖2L2).

(2.10)

For the term I22, we have

|I22| = |〈∇2(∇nl · u),∇2nh〉|

. ‖∇2(∇nl · u)‖L2‖∇2nh‖L2

. (‖u‖L∞‖∇3nl‖L2 + ‖∇nl‖L3‖∇2u‖L6)‖∇2nh‖L2

. (‖u‖H2‖∇2n‖L2 + ‖∇n‖H1‖∇3u‖L2)‖∇2nh‖L2

. δ0(‖∇2n‖2L2 + ‖∇3u‖2L2 + ‖∇2nh‖2L2).

(2.11)
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For the term I23, by Lemma A.4, Hölder’s inequality, Young inequality, we have

|I23| = |〈∇2(∇n · u)l,∇2nh〉|

. ‖∇2(∇n · u)l‖L2‖∇2nh‖L2

. ‖∇n · u‖L2‖∇2nh‖L2

. ‖u‖L3‖∇n‖L6‖∇2nh‖L2

. ‖u‖H1‖∇2n‖L2‖∇2nh‖L2

. δ0(‖∇2n‖2L2 + ‖∇2nh‖2L2),

(2.12)

Substituting (2.10)-(2.12) into (2.9), we can conclude that

I2 . δ0(‖∇2n‖2L2 + ‖∇2nh‖2L2 + ‖∇3u‖2L2) (2.13)

For the term I3 and I4, similar to the proofs of (2.8) and (2.13), it holds that

|I3|+ |I4| = |〈∇Eh,∇2(n∇ · u)h〉|+ |〈∇Eh,∇2(∇n · u)h〉|

. ‖∇2Eh‖L2(‖∇2(n∇ · u)‖L2 + ‖∇2(∇n · u)h‖L2)

. δ0(‖∇2Eh‖2L2 + ‖∇2n‖2L2 + ‖∇3u‖2L2),

(2.14)

For the term I5, making use of integration by parts, we obtain

I5 =− 〈∇2(f2 + f3)h,∇2uh〉

=〈∇(f2 + f3)h,∇3uh〉

=〈∇(n∇n)h +∇(u∇u)h +∇(n∇2u)h −∇(nE)h,∇3uh〉
:=I51 + I52 + I53 + I54.

(2.15)

For the term I51, we have

|I51| = |〈∇(n∇n)h,∇3uh〉|

. ‖∇(n∇n)‖L2‖∇3uh‖L2

. (‖∇n‖L3‖∇n‖L6 + ‖n‖L∞‖∇2n‖L2)‖∇3uh‖L2

. (‖∇n‖H1‖∇2n‖L2 + ‖n‖H2‖∇2n‖L2)‖∇3uh‖L2

. δ0(‖∇2n‖2L2 + ‖∇3uh‖2L2).

(2.16)

For the term I52, it holds that

|I52| = |〈∇(u∇u)h,∇3uh〉|

. ‖∇2(u∇u)‖L2‖∇3uh‖L2

. (‖u‖L∞‖∇3u‖L2 + ‖∇u‖L3‖∇2u‖L6)‖∇3uh‖L2

. (‖u‖H2‖∇3u‖L2 + ‖∇u‖H1‖∇3u‖L2)‖∇3uh‖L2

. δ0(‖∇3u‖2L2 + ‖∇3uh‖2L2).

(2.17)



3896 GUOCHUN WU, HAN WANG AND YINGHUI ZHANG

For the term I53, we get

|I53| = |〈∇(n∇2u)h,∇3uh〉|

. ‖∇(n∇2u)‖L2‖∇3uh‖L2

. (‖n‖L∞‖∇3u‖L2 + ‖∇2u‖L3‖∇n‖L6)‖∇3uh‖L2

. (‖n‖H2‖∇3u‖L2 + ‖∇2u‖H1‖∇2n‖L2)‖∇3uh‖L2

. δ0(‖∇3u‖2L2 + ‖∇2n‖2L2).

(2.18)

For the term I54, we have

|I54| = |∇(nE)h,∇3uh〉|

. ‖∇2(nE)‖L2‖∇3uh‖L2

. (‖E‖L∞‖∇2n‖L2 + ‖n‖L3‖∇2E‖L6)‖∇3uh‖L2

. (‖∇E‖H1‖∇2n‖L2 + ‖n‖H1‖∇2n‖L2)‖∇3uh‖L2

. (‖n‖H1‖∇2n‖L2 + ‖n‖H1‖∇2n‖L2)‖∇3uh‖L2

. δ0(‖∇2n‖2L2 + ‖∇3uh‖2L2).

(2.19)

Thus, one may deduce that

|I5| . δ0(‖∇2n‖2L2 + ‖∇3u‖2L2). (2.20)

Substituting (2.8), (2.13)–(2.14) and (2.20) into (2.7) and using the smallness of δ0,
yield directly

1

2

d

dt

∫
R3

|∇2nh|2 + |∇2uh|2 + |∇2Eh|2dx+ (µ1 + µ2)

∫
R3

|∇3uh|2dx

. δ0(‖∇2n‖2L2 + ‖∇2Eh‖2L2 + ‖∇3u‖2L2).

(2.21)

Step 2. Dissipation of ∇2nh. Taking 〈F−1(1−φ(ξ))∇(2.1)2,∇2nh〉, it holds that

d

dt

∫
R3

∇uh∇2nhdx+

∫
R3

|∇2nh|2 − |∇2uh|2 + |∇2Eh|2dx

=− 〈∇2(n∇ · u)h,∇uh〉 − 〈∇2(∇n · u)h,∇uh〉 − 〈∇(f2 + f3)h∇2nh〉

+ (µ1 + µ2)〈∇3uh,∇2nh〉 := I6 + I7 + I8 + I9.

(2.22)

We should estimate the right-hand side of (2.22) one by one. For I6, using a similar
argument like (2.8), we have

|I6| . δ0(‖∇2n‖2L2 + ‖∇3u‖2L2 + ‖∇2uh‖2L2). (2.23)

For I7, similar to the proof of (2.13), it holds that

|I7| . δ0(‖∇2n‖2L2 + ‖∇2uh‖2L2‖∇3u‖2L2 + ‖∇2nh‖2L2). (2.24)

For I8, as the proof of (2.19), we have

|I8| . δ0(‖∇2n‖2L2 + ‖∇3u‖2L2 . (2.25)

For I9, we obtain

|I9| . (µ1 + µ2)‖∇3uh‖L2‖∇2nh‖L2

.
1

4
‖∇2nh‖2L2 + ‖∇3uh‖2L2 .

(2.26)
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Putting (2.23)–(2.26)into (2.22) and using the smallness of δ0, we conclude that

d

dt

∫
R3

∇uh∇2nhdx+

∫
R3

|∇2nh|2 + |∇2Eh|2dx

. δ0(‖∇2n‖2L2 + ‖∇3u‖2L2 + ‖∇2uh‖2L2 + ‖∇2nh‖2L2) +
1

4
‖∇2nh‖2L2

+ ‖∇3uh‖2L2 +

∫
R3

|∇2uh|2dx.

(2.27)

Step 3. Closing the estimates. Now, we are in a position to close the estimates.
To do this, we choose sufficiently large time T1 and positive constant D1, and then
define the temporary energy functional

E1(t) =
D1

2

(
‖∇2nh‖2L2 + ‖∇2uh‖2L2 + ‖∇2Eh‖2L2

)
+

∫
R3

∇uh∇2nhdx, (2.28)

for t ≥ T1, it is noticed that E1(t) is equivalent to ‖∇2nh‖2L2+‖∇2uh‖2L2+‖∇2Eh‖2L2

since D1 is large enough. Substituting (2.21) and (2.27) into

D1 × (2.21) + (2.27),

which together with the smallness of δ0, for t ≥ T1, it holds that

d

dt
E1(t) + (

3

4
− δ0)‖∇2nh‖2L2

+ [(µ1 + µ2)D1 − 2]‖∇3uh‖2L2 + ‖∇2Eh‖2L2 . ‖∇2nl‖2L2 + ‖∇3ul‖2L2 ,

(2.29)

where we have used the fact that T1 is large enough. On other hand, it is clear that

(
3

4
− δ0)‖∇2nh‖2L2 + [(µ1 + µ2)D1 − 2]‖∇3uh‖2L2 + ‖∇2Eh‖2L2 ≥ C1E1(t). (2.30)

Hence, by virtue of (2.4)-(2.5), (2.29)-(2.30) and Gronwall’s inequality, we can arrive
at

‖∇2nh‖2L2 + ‖∇2uh‖2L2 + ‖∇2Eh‖2L2 . (1 + t)−
7
4 . (2.31)

Furthermore, combining with (2.4)-(2.5) and (2.31), the following estimates can be
obtained:

‖∇2n‖2L2 . ‖∇2nh‖2L2 + ‖∇2nl‖2L2

. (1 + t)−
7
4 ,

(2.32)

and

‖∇2(u,E)‖2L2 . ‖∇2(uh, Eh)‖2L2 + ‖∇2(ul, El)‖2L2

. (1 + t)−
5
4 .

(2.33)

The proof of Theorem 1.1 for k = 2 is completed.

Case 2. Proof of Theorem 1.1 for k = 3. Theorem 1.1 for k = 3 will be
proved as in Case 1 by the good properties of the low-frequency and high-frequency
decomposition. The proof involves the following steps.

Step 1. High–frequency L2 energy estimate. Taking

〈F−1(1− φ(ξ))∇3(2.1)1,∇
3nh〉+ 〈F−1(1− φ(ξ))∇3(2.1)2,∇

3uh〉,
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and using integration by parts, which implies

1

2

d

dt

∫
R3

|∇3nh|2 + |∇3uh|2 + |∇3Eh|2dx+ (µ1 + µ2)

∫
R3

|∇4uh|2dx

= −〈∇3(n∇ · u)h,∇3nh〉 − 〈∇3(∇n · u)h,∇3nh〉 − 〈∇2Eh,∇3(n∇ · u)h〉

− 〈∇2Eh,∇3(∇n · u)h〉 − 〈∇3(f2 + f3)h,∇3uh〉 :=

5∑
i=1

Ji.

(2.34)

The five terms in the above equation can be estimated as follows. Firstly, for term
J1, using Hölder’s inequality, Young inequality, Sobolev interpolation theorem, we
obtain

|J1| = |〈∇3(n∇ · u)h,∇3nh〉|

. ‖∇3(n∇ · u)‖L2‖∇3nh‖L2

. (‖∇u‖L∞‖∇3n‖L2 + ‖n‖L∞‖∇4u‖L2)‖∇3nh‖L2

. (‖∇u‖H2‖∇3n‖L2 + ‖n‖H2‖∇4u‖L2)‖∇3nh‖L2

. δ0(‖∇3n‖2L2 + ‖∇3nh‖2L2 + ‖∇4u‖2L2),

(2.35)

The term J2 can be rewritten as follows

J2 =− 〈∇3(∇n · u)h,∇3nh〉

=− 〈∇3(∇n · u)−∇3(∇n · u)l,∇3nh〉

=− 〈∇3(∇nh · u) +∇3(∇nl · u)−∇3(∇n · u)l,∇3nh〉
:=J21 + J22 + J23.

(2.36)

It is obvious that

∇3(∇nh · u) = u · ∇4nh + 3∇u · ∇3nh + 3∇2u · ∇2nh +∇nh · ∇3u.

By virtue of integration by parts, we arrive at

〈u · ∇4nh,∇3nh〉 = −1

2

∫
R3

divu|∇3nh|2dx,

thus

|J21| . (‖∇u‖L∞‖∇3nh‖L2 + ‖∇2u‖L3‖∇2nh‖L6 + ‖∇nh‖L3‖∇3u‖L6)‖∇3nh‖L2

. (‖∇u‖H2‖∇3nh‖L2 + ‖∇2u‖H1‖∇3nh‖L2 + ‖∇n‖H1‖∇4u‖L2)‖∇3nh‖L2

. δ0(‖∇3nh‖2L2 + ‖∇4u‖2L2),

(2.37)

For the term J22, we have

|J22| = |〈∇3(∇nl · u),∇3nh〉|

. ‖∇3(∇nl · u)‖L2‖∇3nh‖L2

. (‖u‖L∞‖∇4nl‖L2 + ‖∇nl‖L3‖∇3u‖L6)‖∇3nh‖L2

. (‖u‖H2‖∇3n‖L2 + ‖∇n‖H1‖∇4u‖L2)‖∇3n‖L2

. δ0(‖∇3n‖2L2 + ‖∇4u‖2L2).

(2.38)
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For the term J23, with the help of LemmaA.1-Lemma A.3, Hölder’s inequality, (1.3),
(2.32)-(2.33) and Young inequality, we have

|J23| = |〈∇3(∇n · u)l,∇3nh〉|

. ‖∇(∇n · u)‖L2‖∇3nh‖L2

. (‖u‖L3‖∇2n‖L6 + ‖∇u‖L3‖∇n‖L6)‖∇3nh‖L2

. ‖u‖H1‖∇3n‖L2‖∇3nh‖L2 + ‖u‖
1
4

L2‖∇2u‖
3
4

L2‖∇2n‖L2‖∇3nh‖L2

. δ0(‖∇3n‖2L2 + ‖∇3nh‖2L2) + (1 + t)−
1
4×

1
4 (1 + t)−

5
4×

3
4 (1 + t)−

7
4 ‖∇3nh‖L2

. δ0(‖∇3n‖2L2 + ‖∇3nh‖2L2) + (1 + t)−
9
4−

1
2 ‖∇3nh‖L2

. δ0(‖∇3n‖2L2 + ‖∇3nh‖2L2) + (1 + t)−
9
2 + (1 + t)−1‖∇3nh‖2L2 .

(2.39)

Substituting (2.37)-(2.39) into (2.36), we can achieve

J2 . δ0(‖∇3n‖2L2 + ‖∇3nh‖2L2 + ‖∇4u‖2L2) + (1 + t)−
9
2 + (1 + t)−1‖∇3nh‖2L2 .

(2.40)

For the term J3 and J4, similarly to the proof of (2.35) and (2.38), it holds that

|J3|+ |J4| . δ0(‖∇3Eh‖2L2 + ‖∇3n‖2L2 + ‖∇4u‖2L2) + (1 + t)−
9
2 + (1 + t)−1‖∇3Eh‖2L2 ,

(2.41)

For the term J5, by integration by parts, we have

J5 =− 〈∇3(f2 + f3)h,∇3uh〉

=〈∇2(f2 + f3)h,∇4uh〉

=〈∇2(n∇n)h +∇(u∇u)h +∇(n∇2u)h −∇(nE)h,∇4uh〉
:=J51 + J52 + J53 + J54.

(2.42)

For the term J51, we have

|J51| = |〈∇2(n∇n)h,∇4uh〉|

. ‖∇2(n∇n)‖L2‖∇4uh‖L2

. (‖∇n‖L3‖∇2n‖L6 + ‖n‖L∞‖∇3n‖L2)‖∇4uh‖L2

. (‖∇n‖H1‖∇3n‖L2 + ‖n‖H2‖∇3n‖L2)‖∇4uh‖L2

. δ0(‖∇3n‖2L2 + ‖∇4uh‖2L2).

(2.43)

For the term J52, we have

|J52| = |〈∇2(u∇u)h,∇4uh〉|

. ‖∇3(u∇u)‖L2‖∇4uh‖L2

. (‖∇u‖L∞‖∇4u‖L2 + ‖∇u‖L3‖∇3u‖L6)‖∇4uh‖L2

. (‖∇u‖H2‖∇4u‖L2 + ‖∇u‖H1‖∇4u‖L2)‖∇4uh‖L2

. δ0(‖∇4u‖2L2 + ‖∇4uh‖2L2).

(2.44)
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For the term J53, we have

|J53| = |〈∇2(n∇2u)h,∇4uh〉|

. ‖∇2(n∇2u)‖L2‖∇4uh‖L2

. (‖n‖L∞‖∇4u‖L2 + ‖∇2n‖L6‖∇2u‖L3)‖∇4uh‖L2

. (‖n‖H2‖∇4u‖L2 + ‖∇3n‖L2‖∇2u‖H1)‖∇4uh‖L2

. δ0(‖∇4u‖2L2 + ‖∇3n‖2L2).

(2.45)

For the term J54, we have

|J54| = |∇2(nE)h,∇4uh〉|

. ‖∇3(nE)‖L2‖∇4uh‖L2

. (‖E‖L∞‖∇3n‖L2 + ‖n‖L3‖∇3E‖L6)‖∇4uh‖L2

. (‖∇E‖H1‖∇3n‖L2 + ‖n‖H1‖∇3n‖L2)‖∇4uh‖L2

. (‖n‖H1‖∇3n‖L2 + ‖n‖H1‖∇3n‖L2)‖∇4uh‖L2

. δ0(‖∇3n‖2L2 + ‖∇4uh‖2L2).

(2.46)

Thus, we can immediately to obtain

|J5| . δ0(‖∇3n‖2L2 + ‖∇4u‖2L2). (2.47)

Substitute (2.35), (2.40)–(2.41) and (2.47) into (2.34) and use the smallness of δ0,
we deduce that in fact

1

2

d

dt

∫
R3

|∇3nh|2 + |∇3uh|2 + |∇3Eh|2dx+ (µ1 + µ2)

∫
R3

|∇4uh|2dx

. δ0(‖∇3Eh‖2L2 + ‖∇4u‖2L2 + ‖∇3n‖2L2)

+ (1 + t)−
9
2 + (1 + t)−1‖∇3nh‖2L2 + (1 + t)−1‖∇3Eh‖2L2 .

(2.48)

Step 2. Dissipation of ∇3nh. Applying the operator ∇2F−1(1− φ(ξ)) to (2.1)2,
multiplying the resulting equality by ∇3nh, integrating over R3, it holds that

d

dt

∫
R3

∇2uh∇3nhdx+

∫
R3

|∇3nh|2 − |∇3uh|2 + |∇3Eh|2dx

=− 〈∇3(n∇ · u)h,∇uh〉 − 〈∇3(∇n · u)h,∇uh〉 − 〈∇2(f2 + f3)h∇3nh〉

+ (µ1 + µ2)〈∇4uh,∇3nh〉 := J6 + J7 + J8 + J9.

(2.49)

For the term J6, we have

|J6| . δ0(‖∇3n‖2L2 + ‖∇4u‖2L2 + ‖∇3uh‖2L2). (2.50)

For the term J7, similarly to the proof of (2.40), we obtain

|J7| . δ0(‖∇3n‖2L2 + ‖∇4u‖2L2) + (1 + t)−
9
2 + (1 + t)−1‖∇3uh‖2L2 . (2.51)

For the term J8, similarly to the proof of (2.42), it holds that

|J8| . δ0(‖∇3n‖2L2 + ‖∇4uh‖2L2 + ‖∇3uh‖2L2). (2.52)

For J9, we obtain

|J9| . (µ1 + µ2)‖∇4uh‖L2‖∇3nh‖L2

.
1

4
‖∇3nh‖2L2 + ‖∇4uh‖2L2 .

(2.53)



OPTIMAL TIME-DECAY RATES 3901

Substituting (2.50)–(2.53)into (2.49) and making use of the smallness of δ0, we
conclude that

d

dt

∫
R3

∇2uh∇3nhdx+

∫
R3

|∇3nh|2 + |∇3Eh|2dx

. δ0(‖∇3n‖2L2 + ‖∇3nh‖2L2 + ‖∇3uh‖2L2 + ‖∇4u‖2L2) + (1 + t)−
9
2

+ (1 + t)−1‖∇3uh‖2L2 +
1

4
‖∇3nh‖2L2 + ‖∇4uh‖2L2 +

∫
R3

|∇3uh|2dx.

(2.54)

Step 3. Closing the estimates. Now, let us close the estimates. For any t ≥ 0,
we define the temporary energy functional as follows

E2(t) =
D2

2

(
‖∇3nh‖2L2 + ‖∇3uh‖2L2 + ‖∇3Eh‖2L2

)
+

∫
R3

∇2uh∇3nhdx, (2.55)

for t ≥ T2, where it is noticed that E2(t) is equivalent to ‖∇3nh‖2L2 + ‖∇3uh‖2L2 +

‖∇3Eh‖2L2 if we choose sufficiently large time T2 and positive constant D2. Putting
(2.48) and (2.54) into

D2 × (2.48) + (2.54),

for t ≥ T2, δ0 is small enough implies

d

dt
E2(t) + (

3

4
− δ0)‖∇3nh‖2L2

+ [(µ1 + µ2)D2 − 2]‖∇4uh‖2L2 + ‖∇3Eh‖2L2 . ‖∇3nl‖2L2 + ‖∇4ul‖2L2 ,

(2.56)

where we have used the fact that T2 is large enough. On other hand, it is clear that

(
3

4
− δ0)‖∇3nh‖2L2 + [(µ1 + µ2)D2 − 2]‖∇4uh‖2L2 + ‖∇3Eh‖2L2 ≥ C2E2(t). (2.57)

Thus, in view of (2.4)-(2.5), (2.56)-(2.57) and Gronwall’s argument, we have

‖∇3nh‖2L2 + ‖∇3uh‖2L2 + ‖∇3Eh‖2L2 . (1 + t)−
9
4 . (2.58)

Furthermore, utilizing (2.4)-(2.5) and (2.58), it is easy to have

‖∇3n‖2L2 . ‖∇3nh‖2L2 + ‖∇3nl‖2L2

. (1 + t)−
9
4 ,

(2.59)

‖∇3(u,E)‖2L2 . ‖∇3(uh, Eh)‖2L2 + ‖∇3(ul, Eh)‖2L2

. (1 + t)−
7
4 .

(2.60)

This complete the proof of Theorem 1.1 for k = 3.

Case 3. Proof of Theorem 1.1 for k = 4. taking the similar argument as in
Case 2, we can prove Theorem 1.1 for k = 4 by the following steps.

Step 1. High–frequency L2 energy estimate. Taking

〈F−1(1− φ(ξ))∇4(2.1)1,∇
4nh〉+ 〈F−1(1− φ(ξ))∇4(2.1)2,∇

4uh〉,
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and applying integration by parts, we have

1

2

d

dt

∫
R3

|∇4nh|2 + |∇4uh|2 + |∇4Eh|2dx+ (µ1 + µ2)

∫
R3

|∇5uh|2dx

= −〈∇4(n∇ · u)h,∇4nh〉 − 〈∇4(∇n · u)h,∇4nh〉 − 〈∇3Eh,∇4(n∇ · u)h〉

− 〈∇3Eh,∇4(∇n · u)h〉 − 〈∇4(f2 + f3)h,∇4uh〉 :=

5∑
i=1

Ki.

(2.61)

We will estimate the right-hand side of the above equation term by term. First, for
term K1, from Hölder’s inequality, Young inequality, Sobolev interpolation theorem,
it leads to

|K1| = |〈∇4(n∇ · u)h,∇4nh〉|

. ‖∇4(n∇ · u)‖L2‖∇4nh‖L2

. (‖∇u‖L∞‖∇4n‖L2 + ‖n‖L∞‖∇5u‖L2)‖∇4nh‖L2

. (‖∇u‖H2‖∇4n‖L2 + ‖n‖H2‖∇5u‖L2)‖∇4nh‖L2

. δ0(‖∇4n‖2L2 + ‖∇4nh‖2L2 + ‖∇5u‖2L2),

(2.62)

For the term K2, we can rewrite it as

K2 =− 〈∇4(∇n · u)h,∇4nh〉

=− 〈∇4(∇n · u)−∇4(∇n · u)l,∇4nh〉

=− 〈∇4(∇nh · u) +∇4(∇nl · u)−∇4(∇n · u)l,∇4nh〉
:=K21 +K22 +K23.

(2.63)

Notice that

∇4(∇nh · u) = u · ∇5nh + 4∇u · ∇4nh + 6∇2u · ∇3nh + 4∇3u · ∇2nh +∇4u · ∇nh.

From integration by parts, one has

〈u∇5nh,∇3nh〉 = −1

2

∫
R3

divu|∇4nh|2dx.

Note that

〈∇3u∇2nh,∇4nh〉 = 〈∇3uh∇2nh,∇4nh〉+ 〈∇3ul∇2nh,∇4nh〉,

and

〈∇4u∇nh,∇4nh〉 = 〈∇4uh∇nh,∇4nh〉+ 〈∇4ul∇nh,∇4nh〉.

Thus, we can have the following estimate

|K21| . (‖∇u‖L∞‖∇4nh‖L2 + ‖∇2u‖L3‖∇3nh‖L6 + ‖∇2nh‖L3‖∇3uh‖L6

+ ‖∇2nh‖L3‖∇3ul‖L6 + ‖∇nh‖L3‖∇4uh‖L6 + ‖∇4ul‖L3‖∇nh‖L6)‖∇4nh‖L2

. (‖∇u‖H2‖∇4nh‖L2 + ‖∇2u‖H1‖∇4nh‖L2 + ‖∇2n‖H1‖∇4uh‖L2

+ ‖∇2n‖H1‖∇4u‖L2 + ‖∇n‖H1‖∇5uh‖L2 + ‖u‖H1‖∇4nh‖L2)‖∇4nh‖L2

. δ0(‖∇4n‖2L2 + ‖∇5u‖2L2),

(2.64)
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For the term K22, we have

|K22| = |〈∇4(∇nl · u),∇4nh〉|

. ‖∇4(∇nl · u)‖L2‖∇4nh‖L2

. (‖u‖L∞‖∇5nl‖L2 + ‖∇nl‖L3‖∇4u‖L6)‖∇4nh‖L2

. (‖u‖H2‖∇4n‖L2 + ‖n‖H1‖∇5u‖L2)‖∇4nh‖L2

. δ0(‖∇4n‖2L2 + ‖∇5u‖2L2 + ‖∇4nh‖2L2).

(2.65)

For the term K23, we achieve

|K23| = |〈∇4(∇n · u)l,∇4nh〉|

. ‖∇4(∇n · u)l‖L2‖∇4nh‖L2

. ‖∇2(∇n · u)‖L2‖∇4nh‖L2

. (‖u‖L3‖∇3n‖L6 + ‖∇n‖L6‖∇2u‖L3)‖∇4nh‖L2

. (‖u‖H1‖∇4n‖L2 + ‖∇2n‖L2‖∇u‖
1
4

L2‖∇3u‖
3
4

L2)‖∇4nh‖L2

. δ0(‖∇4n‖2L2 + ‖∇4nh‖2L2) + (1 + t)−
11
4 −

1
2 ‖∇4nh‖L2

. δ0(‖∇4n‖2L2 + ‖∇4nh‖2L2) + (1 + t)−
11
2 + (1 + t)−1‖∇4nh‖2L2 .

(2.66)

Substituting (2.64)-(2.66) into (2.63), we can arrive at

K2 . δ0(‖∇4n‖2L2 + ‖∇4nh‖2L2 + ‖∇5u‖2L2) + (1 + t)−
11
2 + (1 + t)−1‖∇4nh‖2L2 .

(2.67)

For the term K3 and K4, similarly to the proof of (2.62) and (2.65), it holds that

|K3|+ |K4| . δ0(‖∇4Eh‖2L2 + ‖∇4n‖2L2 + ‖∇5u‖2L2) + (1 + t)−
11
2 + (1 + t)−1‖∇4Eh‖2L2 ,

(2.68)

For the term K5, we have

K5 =〈∇3(f2 + f3)h,∇5uh〉

=〈∇3(f2 + f3)h,∇5uh〉

=〈∇3(n∇n)h +∇(u∇u)h +∇(n∇3u)h −∇(nE)h,∇5uh〉
:=K51 +K52 +K53 +K54.

(2.69)

For the term K51, we have

|K51| = |〈∇3(n∇n)h,∇5uh〉|

. ‖∇3(n∇n)‖L2‖∇5uh‖L2

. (‖∇n‖L3‖∇3n‖L6 + ‖n‖L∞‖∇4n‖L2)‖∇5uh‖L2

. (‖∇n‖H1‖∇4n‖L2 + ‖n‖H2‖∇4n‖L2)‖∇5uh‖L2

. δ0(‖∇4n‖2L2 + ‖∇5uh‖2L2).

(2.70)
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For the term K52, we have

|K52| = |〈∇3(u∇u)h,∇5uh〉|

. ‖∇4(u∇u)‖L2‖∇5uh‖L2

. (‖u‖L∞‖∇5u‖L2 + ‖∇u‖L3‖∇4u‖L6)‖∇5uh‖L2

. (‖u‖H2‖∇5u‖L2 + ‖∇u‖H1‖∇5u‖L2)‖∇5uh‖L2

. δ0(‖∇5u‖2L2 + ‖∇5uh‖2L2).

(2.71)

For the term K53, we obtain

|K53| = |〈∇3(n∇2u)h,∇5uh〉|

. ‖∇3(n∇2u)‖L2‖∇5uh‖L2

. (‖n‖L∞‖∇5u‖L2 + ‖∇2u‖L3‖∇3n‖L6)‖∇5uh‖L2

. (‖n‖H2‖∇5u‖L2 + ‖∇2u‖H1‖∇4n‖L2)‖∇5uh‖L2

. δ0(‖∇5u‖2L2 + ‖∇4n‖2L2).

(2.72)

For the term K54, we have

|K54| = |∇3(nE)h,∇5uh〉|

. ‖∇4(nE)‖L2‖∇5uh‖L2

. (‖E‖L∞‖∇4n‖L2 + ‖n‖L3‖∇4E‖L6)‖∇5uh‖L2

. (‖∇E‖H1‖∇4n‖L2 + ‖n‖H1‖∇4n‖L2)‖∇5uh‖L2

. (‖n‖H1‖∇4n‖L2 + ‖n‖H1‖∇4n‖L2)‖∇5uh‖L2

. δ0‖∇4n‖2L2 + ‖∇5uh‖2L2 .

(2.73)

Thus, we can arrive at

|K5| . δ0(‖∇4n‖2L2 + ‖∇5u‖2L2). (2.74)

Substituting (2.62), (2.67)–(2.68) and (2.74) into (2.61) and using the smallness of
δ0, we conclude that

1

2

d

dt

∫
R3

|∇4nh|2 + |∇4uh|2 + |∇4Eh|2dx+ (µ1 + µ2)

∫
R3

|∇5uh|2dx

. δ0(‖∇4Eh‖2L2 + ‖∇5u‖2L2 + ‖∇4n‖2L2)

+ (1 + t)−
9
2 + (1 + t)−1‖∇4nh‖2L2 + (1 + t)−1‖∇4Eh‖2L2 .

(2.75)

Step 2. Dissipation of ∇4nh. Applying the operator ∇3F−1(1− φ(ξ)) to (2.1)2,
multiplying the resulting equality by ∇4nh, integrating over R3, we have

d

dt

∫
R3

∇3uh∇4nhdx+

∫
R3

|∇4nh|2 − |∇4uh|2 + |∇4Eh|2dx

=− 〈∇4(n∇ · u)h,∇3uh〉 − 〈∇4(∇n · u)h,∇3uh〉 − 〈∇4(f2 + f3)h,∇4nh〉

+ (µ1 + µ2)〈∇5uh,∇4nh〉 := K6 +K7 +K8 +K9.

(2.76)

For the term K6, we have

|K6| . δ0(‖∇4n‖2L2 + ‖∇5u‖2L2 + ‖∇4uh‖2L2). (2.77)
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For the term K7, similarly to the proof of (2.67), we obtain

|K7| . δ0(‖∇4n‖2L2 + ‖∇4nh‖2L2

+ ‖∇4uh‖2L2 + ‖∇5u‖2L2) + (1 + t)−
11
2 + (1 + t)−1‖∇4uh‖2L2 .

(2.78)

For the term K8, similarly to the proof of (2.69), it holds that

|K8| . δ0(‖∇4n‖2L2 + ‖∇5u‖2L2 + ‖∇4nh‖2L2). (2.79)

For J9, we have

|K9| . (µ1 + µ2)‖∇5uh‖L2‖∇4nh‖L2

.
1

4
‖∇4nh‖2L2 + ‖∇5uh‖2L2 .

(2.80)

Substituting (2.77)–(2.80) into (2.76) and using the smallness of δ0, we dedeuce that

d

dt

∫
R3

∇3uh∇4nhdx+

∫
R3

|∇4nh|2 + |∇4Eh|2dx

. δ0(‖∇4n‖2L2 + ‖∇5u‖2L2 + ‖∇4uh‖2L2 + ‖∇4nh‖2L2) + (1 + t)−
11
2

+ (1 + t)−1‖∇4uh‖2L2 +
1

4
‖∇4nh‖2L2 + ‖∇5uh‖2L2 +

∫
R3

|∇4uh|2dx.

(2.81)

Step 3. Closing the estimates. Now, we are in a position to close the estimates.
To do this, we define the temporal energy functional

E3(t) =
D3

2

(
‖∇4nh‖2L2 + ‖∇4uh‖2L2 + ‖∇4Eh‖2L2

)
+

∫
R3

∇3uh∇4nhdx, (2.82)

for t ≥ T3, where it is noticed that E3(t) is equivalent to ‖∇4nh‖2L2 + ‖∇4uh‖2L2 +

‖∇4Eh‖2L2 if we choose sufficiently large time T3 and positive constant D3. Substi-
tuting (2.75) and (2.81) into

D3 × (2.75) + (2.81),

and using the smallness of δ0, for t ≥ T3, we have

d

dt
E3(t) + (

3

4
− δ0)‖∇4nh‖2L2

+ [(µ1 + µ2)D3 − 2]‖∇5uh‖2L2 + ‖∇4Eh‖2L2 . ‖∇4nl‖2L2 + ‖∇5ul‖2L2 ,

(2.83)

since T3 is large enough. On other hand, it is clear that

(
3

4
− δ0)‖∇4nh‖2L2 + [(µ1 + µ2)D3 − 2]‖∇5uh‖2L2 + ‖∇4Eh‖2L2 ≥ C3E3(t). (2.84)

Therefore, together with (2.4)-(2.5), (2.83)-(2.84) and Gronwall’s argument, we have

‖∇4nh‖2L2 + ‖∇4uh‖2L2 + ‖∇4Eh‖2L2 . (1 + t)−
11
4 . (2.85)

Consequently, we have from (2.4)-(2.5) and (2.85) that

‖∇4n‖2L2 . ‖∇4nh‖2L2 + ‖∇4nl‖2L2

. (1 + t)−
11
4 ,

(2.86)

‖∇4(u,E)‖2L2 . ‖∇4(uh, Eh)‖2L2 + ‖∇4(ul, Eh)‖2L2

. (1 + t)−
9
4 .

(2.87)
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This completes the proof of Theorem 1.1 for k = 4.
Therefore, we complete the proof of Theorem 1.1.

Appendix A. Analytic tools. We will use the Sobolev interpolation of Gagliardo-
Nirenberg inequality.

Lemma A.1. Let 0 ≤ i, j ≤ k; then we have

‖∇if‖Lp . ‖∇jf‖1−θLq ‖∇kf‖θLr ,

where θ satisfies

i

3
− 1

p
=

(
j

3
− 1

q

)
(1− θ) +

(
k

3
− 1

r

)
θ.

Lemma A.2. Let k ≥ 1 be an integer; then one has

‖∇k(fg)‖Lp . ‖f‖Lp1 ‖∇kg‖Lp2 + ‖∇kf‖Lp3 ‖g‖Lp4 ,

where p, p2, p3 ∈ [1,+∞] and

1

p
=

1

p1
+

1

p2
=

1

p3
+

1

p4
.

Finally, we introduce the lemma concerning the estimate for the low-frequency
part and the high-frequency part of f .

Lemma A.3. If 2 ≤ p ≤ ∞, f ∈ Lp(R3), then we have

‖f l‖Lp + ‖fh‖Lp . ‖f‖Lp .

Proof. For 2 ≤ p ≤ ∞, by Young inequality’s for convolutions, for the low-frequency,
we have

‖f l‖Lp . ‖F−1φ‖L1‖f‖Lp . ‖f‖Lp ,

and hence

‖fh‖Lp . ‖f‖Lp + ‖f l‖Lp . ‖f‖Lp .
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compressible barotropic self-gravitating fluids, Discrete Contin. Dyn. Syst., 11 (2004), 113–
130.

[9] C. Hao and H.-L. Li, Global existence for compressible Navier-Stokes-Poisson equations in

three and higher dimensions, J. Differential Equations, 246 (2009), 4791–4812.
[10] Y. Kagei and T. Kobayashi, On large time behavior of solutions to the compressible Navier-

Stokes equations in the half space in R3, Arch. Rational Mech. Anal., 165 (2002), 89–159.

[11] Y. Kagei and T. Kobayashi, Asymptotic behavior of solutions of the compressible Navier-
Stokes equations on the half space, Arch. Ration. Mech. Anal., 177 (2005), 231–330.

[12] T. Kobayashi, Some estimates of solutions for the equations of motion of compressible viscous

fluid in an exterior domain in R3, J. Differ. Equ., 184 (2002), 587–619.
[13] T. Kobayashi and Y. Shibata, Decay estimates of solutions for the equations of motion of

compressible viscous and heat-conductive gases in an exterior domain in R3, Comm. Math.
Phys., 200 (1999), 621–659.

[14] H.-L. Li, A. Matsumura and G. Zhang, Optimal decay rate of the compressible Navier-Stokes-

Poisson system in R3, Arch. Ration. Meth. Anal., 196 (2010), 681–713.
[15] H.-L. Li, T. Yang and C. Zou, Time asymptotic behavior of the bipolar Navier–Stokes–Poisson

system, Acta Math. Sci. B , 29 (2009), 1721–1736.

[16] Y. Li and J. Liao, Existence and zero-electron-mass limit of strong solutions to the stationary
compressible Navier-Stokes-Poisson equation with large external force, Math. Methods Appl.

Sci., 41 (2018), 646–663.

[17] Y. Li and N. Zhang, Decay rate of strong solutions to compressible Navier-Stokes-Poisson
equations with external force, Electron. J. Differential Equations, (2019), Paper No. 61, 18

pp.

[18] A. Matsumura and T. Nishida, The initial value problem for the equations of motion of
compressible viscous and heat conductive fluids, Proc. Japan Acad. Ser. A Math. Sci., 55

(1979), 337–342.

[19] A. Matsumura and T. Nishida, The initial value problem for the equations of motion of viscous
and heat–conductive gases, J. Math. Kyoto Univ., 20 (1980), 67–104.

[20] A. Matsumura and T. Nishida, Initial boundary value problems for the equations of motion
of compressible viscous and heat conductive fluids, Comm. Math. Phys., 89 (1983) ,445–464.

[21] W. Shi and J. Xu, A sharp time–weighted inequality for the compressible Navier–Stokes–
Poisson system in the critical Lp framework, J. Differential Equations, 266 (2019), 6426–
6458.

[22] Z. Tan and G. Wu, Global existence for the non-isentropic compressible Navier-Stokes-Poisson

system in three and higher dimensions, Nonlinear Anal. Real World Appl., 13 (2012), 650–
664.

[23] Z. Tan and X. Zhang, Decay of the non-isentropic Navier–Stokes–Poisson equations, J. Math.
Anal. Appl., 400 (2013), 293–303.

[24] W. Wang and X. Xu, The decay rate of solution for the bipolar Navier–Stokes–Poisson system,

J. Math. Phys., 55 (2014), 091502, 22 pp.

[25] Y. Wang, Decay of the Navier-Stokes-Poisson equations, J. Differential Equations, 253
(2012), 273–297.

[26] Z. Wu and W. Wang, Pointwise estimates for bipolar compressible Navier–Stokes–Poisson
system in dimension three, Arch. Rational Mech. Anal., 226 (2017), 587–638.

[27] G. Zhang, H.-L. Li and C. Zhu, Optimal decay rate of the non-isentropic compressible Navier-

Stokes-Poisson system in R3, J. Differential Equations, 250 (2011), 866–891.
[28] Y. Zhang and Z. Tan, On the existence of solutions to the Navier-Stokes-Poisson equations

of a two-demensional compressible flow, Math. Methods Appl. Sci., 30 (2007), 305–329.

[29] F. Zhou and Y. Li, Convergence rate of solutions toward stationary solutions to the bipolar
Navier–Stokes–Poisson equations in a half line, Bound. Value Probl., 2013 (2013), 22 pp.

http://www.ams.org/mathscinet-getitem?mr=MR1976375&return=pdf
http://dx.doi.org/10.1090/qam/1976375
http://www.ams.org/mathscinet-getitem?mr=MR2334596&return=pdf
http://dx.doi.org/10.1016/j.jde.2007.03.008
http://dx.doi.org/10.1016/j.jde.2007.03.008
http://www.ams.org/mathscinet-getitem?mr=MR2982802&return=pdf
http://dx.doi.org/10.3934/cpaa.2013.12.985
http://dx.doi.org/10.3934/cpaa.2013.12.985
http://www.ams.org/mathscinet-getitem?mr=MR2073949&return=pdf
http://dx.doi.org/10.3934/dcds.2004.11.113
http://dx.doi.org/10.3934/dcds.2004.11.113
http://www.ams.org/mathscinet-getitem?mr=MR2523304&return=pdf
http://dx.doi.org/10.1016/j.jde.2008.11.019
http://dx.doi.org/10.1016/j.jde.2008.11.019
http://www.ams.org/mathscinet-getitem?mr=MR1946756&return=pdf
http://dx.doi.org/10.1007/s00205-002-0221-x
http://dx.doi.org/10.1007/s00205-002-0221-x
http://www.ams.org/mathscinet-getitem?mr=MR2188049&return=pdf
http://dx.doi.org/10.1007/s00205-005-0365-6
http://dx.doi.org/10.1007/s00205-005-0365-6
http://www.ams.org/mathscinet-getitem?mr=MR1929890&return=pdf
http://dx.doi.org/10.1006/jdeq.2002.4158
http://dx.doi.org/10.1006/jdeq.2002.4158
http://www.ams.org/mathscinet-getitem?mr=MR1675129&return=pdf
http://dx.doi.org/10.1007/s002200050543
http://dx.doi.org/10.1007/s002200050543
http://www.ams.org/mathscinet-getitem?mr=MR2609958&return=pdf
http://dx.doi.org/10.1007/s00205-009-0255-4
http://dx.doi.org/10.1007/s00205-009-0255-4
http://www.ams.org/mathscinet-getitem?mr=MR2589101&return=pdf
http://dx.doi.org/10.1016/S0252-9602(10)60013-6
http://dx.doi.org/10.1016/S0252-9602(10)60013-6
http://www.ams.org/mathscinet-getitem?mr=MR3745336&return=pdf
http://dx.doi.org/10.1002/mma.4634
http://dx.doi.org/10.1002/mma.4634
http://www.ams.org/mathscinet-getitem?mr=MR3956501&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR555060&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR564670&return=pdf
http://dx.doi.org/10.1215/kjm/1250522322
http://dx.doi.org/10.1215/kjm/1250522322
http://www.ams.org/mathscinet-getitem?mr=MR713680&return=pdf
http://dx.doi.org/10.1007/BF01214738
http://dx.doi.org/10.1007/BF01214738
http://www.ams.org/mathscinet-getitem?mr=MR3926073&return=pdf
http://dx.doi.org/10.1016/j.jde.2018.11.005
http://dx.doi.org/10.1016/j.jde.2018.11.005
http://www.ams.org/mathscinet-getitem?mr=MR2846870&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2011.08.005
http://dx.doi.org/10.1016/j.nonrwa.2011.08.005
http://www.ams.org/mathscinet-getitem?mr=MR3003985&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2012.09.021
http://www.ams.org/mathscinet-getitem?mr=MR3390768&return=pdf
http://dx.doi.org/10.1063/1.4894766
http://www.ams.org/mathscinet-getitem?mr=MR2917409&return=pdf
http://dx.doi.org/10.1016/j.jde.2012.03.006
http://www.ams.org/mathscinet-getitem?mr=MR3687877&return=pdf
http://dx.doi.org/10.1007/s00205-017-1140-1
http://dx.doi.org/10.1007/s00205-017-1140-1
http://www.ams.org/mathscinet-getitem?mr=MR2737817&return=pdf
http://dx.doi.org/10.1016/j.jde.2010.07.035
http://dx.doi.org/10.1016/j.jde.2010.07.035
http://www.ams.org/mathscinet-getitem?mr=MR2285432&return=pdf
http://dx.doi.org/10.1002/mma.786
http://dx.doi.org/10.1002/mma.786
http://www.ams.org/mathscinet-getitem?mr=MR3068641&return=pdf
http://dx.doi.org/10.1186/1687-2770-2013-124
http://dx.doi.org/10.1186/1687-2770-2013-124


3908 GUOCHUN WU, HAN WANG AND YINGHUI ZHANG

[30] C. Zou, Large time behaviors of the isentropic bipolar compressible Navier–Stokes–Poisson
system, Acta Math. Sci. Ser. B (Engl. Ed.), 31 (2011), 1725–1740.

Received June 2021; revised July 2021; early access September 2021.

E-mail address: guochunwu@126.com

E-mail address: wanghan85@stu.gxnu.edu.cn

E-mail address: yinghuizhang@mailbox.gxnu.edu.cn

http://www.ams.org/mathscinet-getitem?mr=MR2884946&return=pdf
http://dx.doi.org/10.1016/S0252-9602(11)60357-3
http://dx.doi.org/10.1016/S0252-9602(11)60357-3
mailto:guochunwu@126.com
mailto:wanghan85@stu.gxnu.edu.cn
mailto:yinghuizhang@mailbox.gxnu.edu.cn

	1. Introduction 
	1.1. History of the problem
	1.2. Main results

	2. Proof of theorem 1.1
	Acknowledgments
	REFERENCES

