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ABSTRACT. Using elementary methods, we count the quadratic residues of a
prime number of the form p = 4n — 1 in a manner that has not been explored
before. The simplicity of the pattern found leads to a novel formula for the class
number h of the imaginary quadratic field Q(v/=p). Such formula is computable
and does not rely on the Dirichlet character or the Kronecker symbol at all.
Examples are provided and formulas for the sum of the quadratic residues are
also found.

1. Introduction. Given a prime number p and 0 < k < p, we look at the residues
of k2 modulo p. When we add those residues we obtain the sum of quadratic residues
relative to the prime number p. The question is, how does that sum behave? Is
there a formula for such sum? What is that sum related to? Here are the answers
to these simple questions. There is indeed a very simple formula for this sum when
the number is of the form p = 4n + 1, in fact this sum is (’2’) There is also a
formula when the prime is of the form 4n — 1, in fact this sum is (’2’) — p - h where
h(—p) is the class number of the imaginary quadratic field Q(y/—p). When p = 3
(mod 4), h(—p) is equal to the class number of primitive, positive-definite, integral
binary quadratic forms of discriminant —p and it can be calculated by counting the
numbers of reduced, primitive, positive-definite, integral, binary quadratic forms of
discriminant —p (see [2] page 68.) Formulas for the class number when the prime
is of the form p =4n — 1 > 3 are

h(-p) = g > @

where y is the Dirichlet character and (%) is the Kronecker symbol (which is

ultimately a Dirichlet character). The first formula is the Dirichlet class number
formula and can be found in [3] and the second formula can be found in [5] (Corollary
1 p. 428).

A formula developed by Cohen [1] [Corollary 5.3.16] provides the class number.
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Theorem 1.1. Let D < —4 be a fundamental discriminant. Then h(—D) is the
closest integer to the sum

S (2) - (erte (n [ 5) + D, —ev101)

n=1

where erfc(x) = 2 [ et dt, N= {\/ |D|1207§;|D|J and (%) is the Kronecker sym-

bol.

In Section 2 we will prove the basic lemmas as well as the definition of residue
whereas in Section 3 we will establish the main result for the sum of quadratic
residues. In Section 4 we establish several formulas for the class number when p is
of the form 4n — 1 and finally in Section 5 we provide some examples and foresee
some future work.

2. Sum of quadratic residues. If we look at small primes of the form p = 4n—1
and we add the residues of k? and (2n — k)2 mod p we observe some patterns as k
ranges from 1 to 2n. Unfortunately these patterns do not hold for larger primes,
however, we need to make some adjustments to those patterns. The following
lemmas will capture those patterns and these lemmas will be the building blocks of
our main theorems.

Definition 2.1. Let ¢ be a positive integer and x € Z. By ry(z) we denote the
least non negative residue of  modulo g. Clearly

x=|z/q] q+re(@).

Lemma 2.2. Let n € N, p,h,r,k € Z such that p is prime, p = 4n — 1, k? =
hp+r, 0<r<4n—-2and 0 <k <n.

(i) Ifk>r—3n+2 then
rp (%) + 1y (20— k)?) =2r —k +n.
(ii) Ifk <r—3n+2 then
rp (K*) +7rp (20— k)?) =2r —k —3n+ 1.
Proof. Notice that
(2n — k)2 =4n? —4nk 4+ k%> — (4n — 1)(n — k) (mod p)
=k 4+n—k=hp+r+n—k
=r+n—4k (mod p).
Clearly 0<r+4+n—=k. If k>r—3n+2,then r+n—k <4n — 2, hence
rp (%) + 1y ((2n — k)?) =2r —k +n.
This proves the first part. For the second part notice also that
2n—k)¥?=r+n—k—4n+1 (mod p)
=r—k—3n+1 (modp).

Clearly r—k—3n+1 < 4n—2. Since k < r—3n+2, r—k—3n+1=r+n—k—4n+1 >
—1, hence
rp (K%) + 1, (20— k)?) =2r —k —3n + L.



A COMPUTABLE FORMULA FOR THE CLASS NUMBER 3855

Lemma 2.3. Letn € N, p,k,m € Z such that p is prime, p =4n—1 and 0 < k < n.
(i) If mp—k<k®*—k<(m+1)p—n—1 then
rp (K°) + 1y (20 — k)?) = 2k* — k 4+ n — 2mp.
(ii) If (m+Dp—n—1<k?—k<(m+1)p—k then
rp (K°) +1p (20— k)?) =2k> —k+n — (2m + 1)p.
Proof. (i) Clearly mp < k> < (m+1)p+k—n—1<(m+1)p— 1. Hence there
is r € {1,2,..,p — 1} such that k& = mp + r. Since
r—3n+2=k —mp—3n+2
=k~ (m+1)p+n+1<k.
By Lemma 2.2,
rp (%) + 1, (2n—k)?) =2r+n—k =2(k*> —mp) + n—k
=2k? — k4 n — 2mp.

(i) Clearly mp < (m+1)p—n—1+k <k? Since k* < (m + 1)p, mp < k* <
(m + 1)p. Hence there is 7 € {1,2,..,p — 1} such that k> = mp + r. Since
r—3m+2=kK-mp—-3n+2=k>—(m+1)p+n+1>k, by Lemma 2.2,

rp (K°) +rp (2n—k)?) =2r —k—3n+1
=2k —2mp—k—p+n
=2k —k+n— (2m+ 1)p.
0

Corollary 1. Let n € N, p,k, € Z such that p is prime, p=4n—1 and 0 < k < n.
Consider an integer m > 0.

(i) If ymp <k<i+i/1+4[(m+1)p—n—1] then
rp (k%) + 1y ((2n — k)?) = 2k — k 4+ n — 2mp.
(i) If L+ 1 /T+4[m+1)p—n—1]' <k </ (m+1)p then
rp (%) +1p (20— k)?) = 2k* —k+n— (2m + 1)p.

Proof. Notice that v/m < k implies mp — k < k? — k, also the inequality k <
14+ 12V/1+4[(m+1)p—n—1]" implies 4k? — 4k < 4[(m + 1)p — n — 1]. Hence

mp—k<k*—k<(m+1)p—n-—1,
and by Lemma 2.3 we have the result. The second part is done similarly. O
The following notation will be very useful for our future theorems and identities.

Notation. For n € N, m, € Z with p is prime, p = 4n — 1 and m > 0 we denote

1 1 1 1
Qm=§+§\/1+4[(m+1)p—n—1]‘:§+§ dmp+3p — 4

R, = Vmp

The following lemma will allow us to estimate the quadratic residues.
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Lemma 2.4. Using the previous notation, consider n € N, p = 4n — 1 a prime
number and r € {0,1,...,p — 1} such that

n?= Mp+r.

Assume that M > 0. Then r > 1. If n =11 then r = 4n — 9 and if n # 11 then
r <4n — 10.

Proof. Clearly r > 1 otherwise p divides n which is impossible. If n = 11, then

p =43 and hence n? =121 =243 + 35, therefore r =35=4-n—9. Assume

now that n # 11. Let y = M + 1. Consider v = 4n —7r, u > 2 and

fy) =4y — (y+u—1).

Case u=3. Then n? = Mp+4n —3. Hence (n—3)(n—1)=n%—4n—3 = Mp,
therefore p divides (n —3) or p divides (n—1). This forcesn =3,p =11, M =
L%J =0 or n=1,p=3,M =0, which is impossible.

Case u=4. Then (n—2)? = Mp. This forces n =2,p =7, M = L%J =0, which
is also impossible.

Assume now that u # 3,4. Now
n?=Mp+in—u=M+Dp+1—u=y@dn—1)+1—u, (1)

hence n satisfies n? —n -4y + (y +u — 1) = 0, therefore

n=2y+\4?— (y+u-—1),

hence there is a non-negative integer  such that f(y) = 22. If x = 0 then n =2y

and 0 = 4y? — (y + u — 1). From Equation 1, we have 4y* = y(4n — 1) + 1 — u,
hence y(4n — 1) = y. This forces y = 0 and n = 0 contradicting n > 1.. Hence
necessarily x > 0. Therefore 4y? — 22 =y +u—1>1and then y+2 <u—1.
Hence y € {0,1,2,...,u — 2}. We know, y # 0. If y = 1 then M = 0 contrary to
our assumption. Therefore y € {2,...,u — 2}. We now continue analyzing the cases
u=2,56,7,..

Case u=2. Then y+ x <1, this is impossible as x > 1 and y > 2.

Case u=5. Then y € {2,3}. Clearly f(2) =10 # 2% and f(3) =29 # 2°.

Case u=6. Then y € {2,3,4}. If y = 2, then f(2) = 9 = 22, this forces
x=3,n=1,p=3,M =0 which is impossible. Clearly f(3) =28 # 2> and
f(4) =55 # 22,

Case u=17. Then y € {2,3,4,5}. Clearly f(2) = 8, f(3) = 27, f(4) = 54 and
f(5) = 89 none of which is a perfect square.

Case u=38. Then y € {2,3,4,5,6}. Clearly f(2) =7, f(3) = 26, f(4) = 53, f(5) =
88 and f(6) = 131 none of which is a perfect square.

Case u=9. Then y € {2,3,4,5,6,7}. Cleatly f(2) = 6,f(4) = 52, f(5) =
87, f(6) = 120 and f(7) = 181 none of which is a perfect square. This leaves
us with the case y = 3, which forces f(3) = 25,2 = 5,n € {11,1}. But we
know n # 11, hence n = 1, M = 0, which is impossible.

Therefore u > 10 and hence r < 4n — 10. O

The following lemma provides the computation of quadratic residues when n is
congruent to 0,1,2 and 3 modulo 4 and p = 4n — 1. Such lemma will be useful when
we provide some formulas regarding quadratic residues.
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Lemma 2.5. Let Qyn = 5 + 3y/Amp +3p — 4, R,y = /mp' and M = Vﬂ'[f

n

p=4n—1 is prime and r =1, (n2) then M = LZJ and r is given in Table 1 for
each possible n of the form 4k, 4k + 1,4k + 2 and 4k + 3.

L n [M] » | r |
4k k| 16k —1 M
dk+1| k | 16k+3 | bM +1
dk+2 | k | 16k+7 | 9M +4
4k +3 | k | 16k+11 | 13M +9
TABLE 1. The quadratic residues r = r, (nQ) for each of the four

different cases of n.

2
Proof. We will verify that M =
in —1

similarly. Let n =4k, k > 1. Clearly
k- (4(4k) — 1) < 16k* < 16k*> + 15k — 1 = (k+ 1) - (4(4k) — 1),

=k in one case, the other cases are done

2 2
hence £ < 2 - 7 < k + 1, therefore M = Llnn 1J = k. Now, observe that
4k)* = k- (4(4k) — 1) + k,
(4k+1)2 k- (4(4k+1) — 1) + 5k + 1,
(4k +2)* =k (4(4k +2) — 1) + 9k + 4,
(4k +3)> =k - (4(4k +3) — 1) + 13k + 9.

We can see that each of the numbers 7 in Table 1 satisfies n? = Mp+r in each of
the four different cases. O

The following lemma will allow us to place n — 1,n,n + 1 in the right interval as
established in Corollary 1. This lemma and the following one will be useful to the
proof of our main theorem which will come right after.

Lemma 2.6. Letp = 4n—1 prime, Q,, = %—l—%\/élmp—i— 3p—4" R, = /mp', M =

{’%J and r =1, (nz) Then

(i) Form <M —1, R, <Qm < Rnt1.
(ii) If M >1 then Rpy—1<n—1<Qum.
(Z’LZ) IfMZl then Rpy—1<n—2<Qp—1.
(iv) Ry <n<Qpy-
(U) RM<TL+1<QM+1.
(vi) "#2n—-3, and r#2n—2. Ifn>1 thenr #2n — 1.
(vii) If M >1 then n—1¢ (Qp-1,Rum)-
(viii) If M >1 then n—1<Qn-1 = n+1<Qy = n+1¢& (Qun, Rary1)-
Alson —1< Qup_1 < r <2n-—3.
(ix) Ry<n—1 = Ryty1<n+1 = n+1¢ (Qn,Rrp+1)-
(Zl?) QM<RM+1<:>2’I7,—2<7“.
(xi) Qpm <n+2, Ry <n—+2.
Proof. (i) Notice that R, < Q. <= 2 < 3n which is true for all n. Notice also

that Qm < Ryp1 < (m+1)(4n — 1) <n? +2n+ 1. Since m < M — 1, we
have that (m +1)(4n — 1) < Mp=n? —r <n?+2n+ 1.



JORGE GARCIA VILLEDA

Notice that Ry—1 <n—1<= (M — 1)p < n? — 2n + 1. We certainly have
Mp—p=n?—r—p<n?®—2n+1. Also n—1<Qu < n?—-3n+4<
(M+1)p—-n—-1 < n? +4<n?—7r+p+2n—>5, and certainly by
Lemma 2.4, r < 6n — 10.

We observe that Ryy_1 < n—2 <= (M —1)p < n? —4n + 4. We
do have Mp —p < n? —r —4n + 1 < n? — 4n + 4. Likewise, n — 2 <
Qrm-1 <= n?>—-5n+6 < Mp—n— 1, we certainly have, by Lemma 2.4,
n?—5n+6<n?—r—n-—1.

Observe that Ry < n is equivalent to Mp < n? which is definitely true. Also
n < Qur is equivalent ton? —n < Mp+p—n—1=n?>—r+p—n—1 which
is true as r < p — 1.

Note that Ry < n + 1 is equivalent to Mp < n? 4+ 2n + 1 which is true
because n? —r < n?+2n+1. Also n+1 < Qs is equivalent to n? +n <
(M+2)p—n—1=n?—r+2p—n—1, this last inequality is true by Lemma 2.4.
If r =2n — 2 then

n? +n(—4M —2)+ M +2 =0, (2)

hence there is a non-negative integer x such that (2M + 1)? — (M + 2) = 22,
Thus 2M +1+2 < (2M + 1)2 — 22 = M +2, therefore M +z < 1. This gives
us three possibilities M =0,z =0or M =0,x =1or M = 1,2 = 0. From
n =2M + 1+ z and Equation 2, each of the previous possibilities leads us to
a contradiction.

If r = 2n — 3 then Mp = n? — 2n + 3 hence p divides 4n? — 8n + 12. Since
p divides 4n? —n and 8n — 2, we conclude that p divides n+ 10, which is not
possible. Now let n > 1, and assume r = 2n — 1. Then Mp = (n — 1)? which
forces M = 0,n = 1, contradicting our assumption.
Ifn € (Qun_1,Ra), then Mp—n—1<n?—3n+2andn?—-2n+1< Mp =
n? — r, this forces 2n — 3 < r < 2n — 1, i.e. r = 2n — 2, which was proven
impossible in case vi. Hence n € (Qnr—1, Rar) is impossible.
Clearly n — 1 < Qu-1 <= r<2n—-3. Now,n+1<Qp iff r<2n-3
iff r<2n —3 as by case vi, r # 2n — 3.
Observe that Ryy <n—1 = r>2n—1and Ryr11 <n+1 <= Mp+p<
n?+4+2n+1 <= 2n — 2 < r. The results follows.
Note that Qar < Ryrp1 <= (M +1Dp<n?>+2n+1 < 2n—-2<r.
Observe that Ryry1 < n + 2 is equivalent to Mp < n? + 4n + 5 which is
the same as 0 < 7 + 4n + 5, of course this last inequality is true. Finally,
Qy < n + 2 is equivalent to Mp < n? + 4 which is the same as the true
inequality 0 < r + 4.

O

Remark 1. Let x,y two real numbers. Then

[{keZ : a<k<y}|=ly] - |z].

Remark 2. Let x € R, y € R —Z. Then

{keZ : z<k<y}| =yl —|=].

Lemma 2.7. Let p=4n —1 prime, Q,, = %—l— %\/4mp +3p—4',R,, = /mp' and
M = {%J AfM>1, andr =1y (n2) Then

(i)

Fither n—1= |_QM71J = I_RMJ or n—2= \_QM71J = LRMJ .
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(ii) FEither n+1=|Qnm] = |Ry+1] or n=|Qm] = [Rm+1]-

P?“OOf. FI‘OHI Lemma 2.6, n—1 S (R]L{_]_,Q]\/[) — (QM—I,RM) = (Rju_l,Q]\/[_l] U
[Rar, Qur)-
e Assume now n —1 € (Rp—1,Qpn-1]- fn—1=Qp_1 then r=2n-3
which is not possible, hence n — 1 < Qps. By Lemma 2.6, n+1 < Q) and
Rps < n. Therefore n—1 = |Qp—1| = |Ram] . The situation looks like the
one on Figure 1.

n—1 n n+1
. ) (. . )

Q-1 Ry Qum
FIGURE 1. The resulting case when n — 1 € (Ryr—1, Qnrr—1]-

If 2n—2 < r, by Lemma 2.6 (x),(xi), Q@ < Ry41 <n+2. If 2n—2 > r, by
Lemma 2.6 (x),(xi), Ry+1 < Qu < n+2. In either case, n+1 < Ry41, Qum <
n+ 2 and hence n + 1= [Qnm]| = [Rm+1] -

e Assume now n —1 € [Rp,Qpr). If n—1= Ry then r=2n—1 which,
by Lemma 2.6, is not possible as M > 1. Hence Ry; < n — 1. By Lemma 2.6
(ix), n < Qpr. Therefore n—2 = |Qp—1] = |Rar] . The situation looks like
the one on Figure 2

n—2 n—1 n

. e e

FIGURE 2. The resulting case when n — 1 € [Ry, Q).

Since Qupr—1 < n — 1, by Lemma 2.6 (viii),(x) r > 2n—3, Qa < Rary1-
Since Ry; < n— 1, by Lemma 2.6 (ix), Rar41 < n+ 1. Hence, n < Qp <
Ryry1 <n+1and hence n = |Qn| = [Ryv+1] -

O

3. Main result. The following theorem provides a formula to compute the sum
of the quadratic residues modulo p = 4n — 1. Such a formula did not exist at the
moment.

Theorem 3.1. Let n € Nyn > 1 such that p = 4n — 1 is prime. If Q. = %—l—

%\/4mp+3p— 4" R, = /mp' and M = {%J then

p—1 M—-1 M-—-1
S () = Y em A D) (Roa] — [Bu) ~ 20 Y m(1Qu) — [Ron))
k=1 m=0 m=0

4n3 4+ 3n% —n

- —Mp(Qn—l—ZLQM_lj).

(3)
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Proof. We observe that the sum of quadratic residues from 1 to p — 1 is twice the
sum of the quadratic residues from 1 to 2n — 1 as they repeat. Hence it is enough to
look at the sum from 1 to 2n—1. Let ay =y (k%) +1, ((2n — k)?), by = 2k*—k+n
and ¢ = ap — bg. In the sum of the quadratic residues from 1 to 2n — 1, if we add
the first one and the last one, the second and the second to the last and so on, we
obtain that

2n—1

Z k2 —an—i-Zak—an—l—Zbk—Fch

k=1

From Corollary 1 we know that

72mp k € (Rma Qm]
C =
—C2m+1p k€ (Qm,Rmnt1)-

From Lemma 2.6, n — 1 € (RMfl,QM) — (QMfl,RM> = (RMfl,Qj\/[,l] U
[Rar,Qnr). From the proof of Lemma 2.7, we know that n — 1 # Qp—1 and
n—1% Ry, hencen—1€ (Ry—1,Qpm—1)U(Rar,Qar). Let T={1,2,...n—1}.

e Case n—1<Qn_1.
By Lemma 2.7, n — 1 = |[Qum-1] = |[Rm] and also Rpy—1 <n—2<
n—1< Qup_1. Since all the ¢’s, for k that are in certain intervals, have the
same value, we have

§ ck = E _ Ck
] keIn(UmZg (Rm»Qm]N(Qm,Rm 1))

M—1
= Z Cr + Z Ck
m=0 \keIN(Rm,Qm] keIN(Qm,Rm+1)
M—1 M-1
= Sl SRS SR SR
m=0 kEIN(Rm,Qm] m= Okem(Qm Rimt1)
-1
= (=2mp))_ 1+ Z em+1)p) Y 1
m=0 k€IN(Rm,Qm] m=0 kem(Qm, 1)
M—1

M —
=—p > 2m(|Qm] — [Rm] pz @2m + 1) (|Rms1) — [Bum))

g 3
Dyl
g 3
DN

— 3 2m(1Qn] ~ [Bn)) =2 3 @m0+ V(| Rt ] — (R

m

3
Il
=
I
=

- QMP(TL —1-[Qnm-1] )

e Case Ry < n— 1. From the proof of Lemma 2.7, |Qn—1] = |Ry] =n—2
|Qnm| = |Rm+1] =n andalso Ry—1 <n—-2<Qu-1<Ry<n-l<n<
Q. Sincen—1 € (Rpr, Qur) then ay,—1 = 2(n—1)%>—(n—1)+n—2Mp, hence
Ccn—1 = —2Mp. As in the previous case, to compute the sum of the ¢;’s, we
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have the same terms plus this additional one. Note that n —1 — |Qn—1] = 1.

n—1 n—2
Ck = Ck + Cn—1
k=1 k=1
M—1
= > (@m+0p)( LRnsa] — [Qu) ) — 2Mp
m=0

M-1

+Z (=2mp) (1Qu] — R )

M-1
=—p Y @n+ D[R] = [@m] ) —2Mp
m=0

—p Y 2m( Q) — [ Bn] )
m=0
M-1
=—p Y 2m((Qn) = |Bn) ) —20p(n 1~ [Qu-1] )
" M-1
—p Y @m+1)(1Busi] — Q) )
m=0
Notice that a, = 3(rp (n?) + 1, ((2n — n)?) = $(2n? — 2Mp) = n? — Mp. Since
n—1 n—1 3 2 _
Zbk+n2 = ;(QkQ—k—i—n)—&—nZ = M#,

we can now put all the pieces together to obtain,

1p71 2n—1 n—1 n—1
3207 () = 30 () =t bt 3o
k=1 k=1 =
n—1
‘M# ~Mp+ e
k=1
M—1 M-1
== > 2m(1Qu) = LBm]) =p 3 2m+1)(LRmia] = [Rm])
m=0 m=0
4n? + 3n? —
+ n++ - Mpf2Mp<nf 1- LQM—ﬂ)
M-1
=—p Z (2m+ 1)(LRm+1J - —2p Z QmJ J)
m=0
4n? + 3n? —
wap(anszQM_lJ).

O
Corollary 2. Under the hypothesis of Theorem 3.1,

1 p—1 M M-1 e
24 rp (k2) = p (Z [ R ] + mz::O LQmJ> ~ Mp(2n —1) + ;%

1 m=0
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Proof. From Theorem 3.1,
M—-1

p—1 M-—1
S () = =p Y @m 4 ) ([Rua] — [R)) =20 3 m(1Qn) — [R))
k=1 m=0 m=0

An® +3n%2 —n
_— Mp(2n— 1-2 LQM_lj)

6
M-1
-2y m( |Ronsr] — | Ron ) — Mp(2n—1-2[Qu1])
m=0
4 3 2 M—2
$ IS (LR~ [@n))
m=0
M M-1
—p (Z [R| + Y LQmJ> — Mp(2n—1-2(Qu1])
m=0 m=0
w —2Mp | R -
By Lemma 2.7, |Qar—1] = | Rar], the result follows. O

4. A computable class number formula. We now establish our formula that
allows us to compute the class number for the imaginary quadratic field Q(v/—p)
when p = 4n — 1 is prime.

Theorem 4.1. Let n € Nyn > 1 such that p = 4n — 1 is prime. If Q,, = %—i—

%\/4mp+3p— 4" Ry, = /mp' and M = VT?J then

M M-1 (7’L2 +n)
h(=p) = (@M +1)(2n— 1) 2 (Z ENEDS LQmJ> -2
m=0 m=0

Proof. According to the formula

2%%2) = (g) —p-h(=p),

and Corollary 2, we obtain that

(g) —ph(-p) =2 (Z R+ 3 LQmJ> anp(n - 1)+ T

3
m=0 =0

the formula follows. O

Corollary 3. Let n € Nyn > 1 such that p = 4n — 1 is prime. If Qp = %+

$VAmp +3p =4, Ry, = /mp', M = {”;J and
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then
g(32k2 + 14k —3) — 2y, p=16k—1
1
g(32k2 + 18k +1) — 2y, p=16k+3
h=p)=1 |
g(32k2 + 22k +3) — 2y, p=16k+7
1
g(32k2 + 26k +3) — 2y, p =16k +11.
Proof. The proof is immediate by applying Theorem 4.1 and Lemma 2.5. O

A concise way to compute the class number is

Corollary 4. Let n € N,n > 1 such that p = 4n — 1 is prime. If Qn = L +

2
%\/4mp+3p74 sy Ry = /mp', M = {%J and

11
then
k
%Z(64m+6—6LRmJ—6LQmJ>—BO+1, p—16k—1
1m":1 13
gz(64m+10—6LRmJ—6LQmJ)—ﬂo+§, p =16k +3
h(=p) = 1’",?
=2 (64m+ 14 =6 (Rn) =61Qu) ) —Bo+5.  p=16k+7
m=1
k
%Z(64m+18—6LRmJ—6LQmJ)—ﬂo+7, p = 16k + 11.
m=1

Proof. Observe that from Lemma 2.6 and Lemma 2.7, r < 2n — 3 implies |Qpr] =
n+ 1 and r > 2n — 3 implies |Qas] = n. Now, Table 1 in Lemma 2.5 provides the
different values for r in each of the four cases and we notice that when n = 4k or
n = 4k + 1, we have r < 2n — 3 and hence |Qa] = n+ 1. In the other two cases
r > 2n — 3 and | Q] = n. Consequently, if we look closely at Corollary 3 and we
write 7, and [@Qpr ] as well as the term containing 32k2 as a sum from 1 to k, in we
obtain desired result. O

5. Examples, conjectures and future work.

Example. As a simple example, consider p = 103 = 4 - 26 — 1 a prime number,
here n =26 =4 -6 4+ 2. We compute

Qo] =9 | [@1) =13 | [Q2) =17 | [Q3] =20 | [Qu] =22 | |Q5] =24
|Ri| =10 | |Ry] =14 | |Rs] =17 | |Ry4] =20 | |Rs) =22 | |[Rg| =24




3864 JORGE GARCIA VILLEDA

Hence by using Corollary 3, case n = 4k + 2, we obtain k = 6,7 = 107 4+ 105 =
212, and hence

1
h(—103) = §(3Qk2 + 22k +3) — 2y, = 429 — 424 = 5.

Example. As a more complicated example, consider k£ = 50,000, n = 4 x k,p =
4n — 1 ="799,999 a prime number. We compute

By = 1550,

50,000
3 (64m+ 6—6|Rm|—6|Qn] ) — 6216,
m=1

and hence by using Corollary 4, case n = 4k, we obtain
1
h(=799,999) = §(6216) — 1550 + 1 = 523.
(We used Maple 2019 to compute the sum)

The author has been able to check the formula for the class number for all the
primes p = 4n — 1,p < 10%.

As opposed to the Shanks’ Baby-Step—Giant-Step method introduced by Shanks
in 1969 [6], which is an algorithm, we obtained a specific formula that does not

rely on the Dirichlet character x or the Kronecker symbol (g) The algorithm

implementation of this formula is straight forward. Further questions may arise
such as Does the formula provide some insight about the structure of the class group?
What do the different |Qum |, |Rm| tell us about the class group? What do they
represent?

Whereas there does not exists a formula yet for 2711/1:1 | Ry, | or me\/[:o |Qm ], in
a coming paper [4], we found several identities involving these terms and others.
This will allow us to simplify a bit more the new formula for the class number as
well as relate it to an oscillating term that we called jumps.

The author does not have an extension of this class number formula to other
discriminants d < 0 where —d is not a prime of the form 4n — 1; however, this is an
interesting area of research and it must be pursued. Perhaps where one may start
is with Lemma 2.2 and replace p with d and see if patterns emerge.
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