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Abstract. In this paper, we consider the initial boundary value problem for
a mixed pseudo-parabolic Kirchhoff equation. Due to the comparison principle

being invalid, we use the potential well method to give a threshold result of

global existence and non-existence for the sign-changing weak solutions with
initial energy J(u0) ≤ d. When the initial energy J(u0) > d, we find another

criterion for the vanishing solution and blow-up solution. Our interest also lies

in the discussion of the exponential decay rate of the global solution and life
span of the blow-up solution.

1. Introduction. In this paper, we consider the following initial boundary value
problem

ut − k∆ut −M(‖∇u‖pp)∆pu = |u|q−1u− 1

|Ω|

∫
Ω

|u|q−1udx,

(x, t) ∈ Ω× (0, T ),
∂u

∂ν
= 0, (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = u0(x), x ∈ Ω,

(1)

where u(x, t) : Ω× (0, T )→ R, ∆pu = div(|∇u|p−2∇u), p ≥ 2, 2p− 1 < q ≤ p∗ − 1,
Ω ⊂ Rn(n ≥ 1) is a bounded domain with smooth boundary, ν is the unit outside

normal vector on ∂Ω, M(s) = a + bs with a > 0 and b > 0, u0(x) ∈ W 1,p
N (Ω) with

W 1,p
N (Ω) =

{
φ ∈W 1,p(Ω) : ∂φ∂ν |∂Ω = 0,

∫
Ω
φdx = 0

}
. Integrating the first equation

of (1) with respect to x,, we have that
∫

Ω
udx =

∫
Ω
u0dx = 0.

Like the name in [27], we refer to (1) as the mixed pseudo-parabolic Kirchhoff
equation, which with the combination of M(·) and p-Laplacian, can be used to
describe the motion of a non-stationary fluid or gas in the nonhomogeneous and
anisotropic medium [11], the growth and movement of biological species [13]... Es-
pecially, if p varies according to (x, t), then this type of problem can be applied to
electrorheological fluids, nonlinear elastic and image restoration [34, 35, 25, 36, 9].
Equation (1) feathers several non-local mechanism. In the first instance, we choose
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the diffusion coefficient M(·) as a typical case of Kirchhoff form [16], which ex-
presses the dependence on the global information in the environment instead of
expressing the information at a local location. In this sense, M(·) can describe a
possible change in the global state of the population density, fluid or gas caused by
the corresponding motion in the considered medium. Further the pseudo-parabolic
viscosity ∆ut brings about an equivalent equation of (1)

ut − BM(‖∇u‖pp)∆pu = B(|u|q−1u− 1

|Ω|

∫
Ω

|u|q−1udx),

where B = (I − ∆)−1 is a nonlocal operator [33]. According to the above two
non-local effects, equations like (1) have had a high profile in the study of many
phenomena such as biological species dynamics, nonlinear elasticity, non-stationary
fluid, image recovery,... (see [28, 1, 5, 6, 21] and references therein). The third
non-local term comes from the source |u|q−1u− 1

|Ω|
∫

Ω
|u|q−1udx, which leads to the

conservation property
∫

Ω
u = 0, and points out that the solutions may change sign.

Hence the diffusion equations with such source usually model the phenomena in
population dynamics and biological sciences where the total mass of a chemical or
an organism is conserved [3].

The aim of this work is to reveal how the initial energy have an impact on the
properties of sign changing solutions to (1). It is worth mentioning that several
significant works have focused on such problems for nonlinear parabolic equations,
where local well-posedness, global existence and non-existence, asymptotic behav-
iors of solutions are investigated. In details, we refer to Zhou et. al [10, 37] for the
p-Laplace equation, Han et. al [13, 17] for the Kirchhoff equation, Su and Xu [32]
for the pseudo-parabolic equation with localized source and arbitrary initial energy.
For the non-local source case, we refer to some very recent related references, e.g.
[24] for the threshold results of the global existence and non-existence for the sign-
changing weak solutions of thin film equation; [14] and [8] for the Kirchhoff type
problem with non-local source 1

|Ω|
∫

Ω
|u|q−1udx; [15] for the finite time blow-up of

solutions with non-positive initial energy J(u0) and non-local source 1
|Ω|
∫

Ω
|u|qdx

with q > 1; [18] for the well-posedness of pseudo-parabolic equation with singu-
lar potential term at three initial energy levels, the logarithmic nonlinearity in [7]
and the non-local source 1

|Ω|
∫

Ω
|u|q−1udx in [30]. As far as we know, there are few

research works concerned with the sign-changing solutions for the mixed pseudo-
parabolic Kirchhoff equation. Due to the comparison principle being invalid for the
sign-changing solutions and the interaction of multi-nonlocal factors, the research
for (1) is more complicated. Inspired by the ideas of above papers, we combine
the modified potential well method, the classical Galerkin method and the energy
method to give a threshold result for the global existence and non-existence of the
sign-changing weak solutions. The potential well theory is first proposed by Payne
and Sattinger[22, 26]. It is useful to study the long time behaviors of solutions
to many evolution equations and be improved by Liu et al.[32, 19, 20]. Moreover,
learning from [12, 29, 23], we study the decay rate of the global solution and the
life span of the finite time blow-up solution.

In this paper, we consider the weak solutions as follows:

Definition 1.1. A function u(x, t) is called a weak solution to (1) on Ω × [0, T ),

if u(x, 0) = u0(x) ∈ W 1,p
N (Ω), u ∈ L∞(0, T ;W 1,p

N (Ω)) with ut ∈ L2(0, T ;W 1,2
N (Ω))
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and satisfies

(ut, ϕ)+k(∇ut, ∇ϕ) +M(‖∇u‖pp)(|∇u|p−2∇u, ∇ϕ)

= (|u|q−1u− 1

|Ω|

∫
Ω

|u|q−1udx, ϕ),

for any ϕ ∈W 1,p
N (Ω).

We use the expressions ‖ · ‖p = ‖ · ‖Lp(Ω) and (u, v) =
∫

Ω
u(x)v(x)dx throughout

the paper. Using the potential well theory [26, 19], we introduce the potential
energy functional

J(u) =
a

p
‖∇u‖pp +

b

2p
‖∇u‖2pp −

1

q + 1
‖u‖q+1

q+1 (2)

and the Nehari functional:

I(u) = a‖∇u‖pp + b‖∇u‖2pp − ‖u‖
q+1
q+1 = −1

2

d

dt
(‖u‖22 + k‖∇u‖22). (3)

(2) and (3) imply that

J(u) =
1

q + 1
I(u) +

(
a

p
− a

q + 1

)
‖∇u‖pp +

(
b

2p
− b

q + 1

)
‖∇u‖2pp , (4)

d

dt
J(u) = −‖ut‖22 − k‖∇ut‖22. (5)

For any δ > 0, the modified Nehari functional can be defined as

Iδ(u) = δ(a‖∇u‖pp + b‖∇u‖2pp )− ‖u‖q+1
q+1. (6)

Then we can define the Nehari manifold and the potential wells

N = {u ∈W 1,p
N (Ω) : I(u) = 0, ‖∇u‖p 6= 0},

W = {u ∈W 1,p
N (Ω) : J(u) < d, I(u) > 0}

⋃
{0},

V = {u ∈W 1,p
N (Ω) : J(u) < d, I(u) < 0},

Nδ = {u ∈W 1,p
N (Ω) : Iδ(u) = 0, ‖∇u‖p 6= 0},

Wδ = {u ∈W 1,p
N (Ω) : J(u) < d(δ), Iδ(u) > 0}

⋃
{0},

Vδ = {u ∈W 1,p
N (Ω) : J(u) < d(δ), Iδ(u) < 0},

where d(δ) is the depth of the potential well Wδ and

d = d(1) = inf{J(u) : u ∈ N }, d(δ) = inf{J(u) : u ∈ Nδ}. (7)

It is worth pointing out that the nonlinear terms in (1) make the local existence
of solutions non-trivial. It is delightful that there are some important works on
the local well-posedness of parabolic Kirchhoff type problems involving fractional
Laplacian or p-Laplacian [11, 31]. By using the argument similar to the above
references, (1) admits local weak solutions, thus all the statements in the following
are for the weak solutions in Definition 1.1.

Theorem 1.2. Let u0 ∈W 1,p
N (Ω) with J(u0) < d and I(u0) > 0. Then (1) admits

a global weak solution u. Further there exists C > 0 such that ‖u‖22 + k‖∇u‖22 ≤
[(‖u0‖22 + k‖∇u0‖22)1−p +Ct]−

1
p−1 . In addition, the weak solution is unique when it

is bounded.
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Theorem 1.3. Let u0 ∈ W 1,p
N (Ω) with J(u0) < d and I(u0) < 0. Then the weak

solution of (1) blows up in finite time, namely there exists T > 0, such that

lim
t→T−

∫ t

0

(‖u‖22 + k‖∇u‖22)dτ = +∞.

Theorem 1.4. Let u0 ∈ W 1,p
N (Ω), J(u0) = d and I(u0) ≥ 0. Then (1) ad-

mits a unique global weak solution u satisfying I(u) ≥ 0. Moreover if I(u) > 0,
then there exists a constant C > 0 and t0 > 0 such that ‖u‖22 + k‖∇u‖22 ≤[
(‖u(t0)‖22 + k‖∇u(t0)‖22)1−p + C(t− t0)

]− 1
p−1 . Otherwise the solution vanishes in

a limited time.

Theorem 1.5. Let u0 ∈ W 1,p
N (Ω), J(u0) = d and I(u0) < 0. Then the weak

solution of (1) blows up in finite time, namely there exists T > 0 such that

lim
t→T−

∫ t

0

(‖u‖22 + k‖∇u‖22)dτ = +∞.

Theorem 1.6. (Life span) Let u0 ∈ W 1,p
N (Ω), J(u0) ≤ d and I(u0) < 0. Then

we have the following life span estimation of the blow-up solution in Theorem 1.3
and Theorem 1.5
(i) If J(u0) < 0, then T ≤ ‖u0‖22+k‖∇u0‖22

(1−q2)J(u0) .

(ii) If 0 ≤ J(u0) ≤ d, then

T ≤ 4‖u0‖22 + 4k‖∇u0‖22
(q − 1)2(a(q+1−p)

p(q−1) ‖∇u(t0)‖pp + b(q+1−2p)
2p(q−1) ‖∇u(t0)‖2pp − J(u0))

+ t0,

where t0 satisfies (20).

When J(u0) > d, we invoke the ideas in [37, 17, 32] and introduce the following
sets.

N+ = {u ∈W 1,p
N (Ω) : I(u) > 0},

N− = {u ∈W 1,p
N (Ω) : I(u) < 0},

Js = {u ∈W 1,p
N (Ω) : J(u) < s}, for any s > d,

N s = N ∩ Js = {u ∈ N :
a(q + 1− p)
p(q + 1)

‖∇u‖pp +
b(q + 1− 2p)

2p(q + 1)
‖∇u‖2pp < s},

λs = inf{‖u‖22 + k‖∇u‖22 : u ∈ N s},
Λs = sup{‖u‖22 + k‖∇u‖22 : u ∈ N s},

B = {u0 ∈W 1,p
N (Ω) : the solution of (1) blows up in finite time},

G = {u0 ∈W 1,p
N (Ω) : the solution of (1) is global in time},

G0 = {u0 ∈W 1,p
N (Ω) : u(t)→ 0 inW 1,p

N (Ω), t→ +∞}.

Theorem 1.7. Assume J(u0) > d.
(i) If u0 ∈ N+, ‖u0‖22 + k‖∇u0‖22 ≤ λJ(u0), then u0 ∈ G0.

(ii) If u0 ∈ N−, ‖u0‖22 + k‖∇u0‖22 ≥ ΛJ(u0), then u0 ∈ B.
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Theorem 1.8. λs ≥


[

a

βq+1
κp−θ(q+1)

] 2
(1−θ)(q+1)

, p >
n

n+ 2
(q + 1);[

a

βq+1
κ̃p−θ(q+1)

] 2
(1−θ)(q+1)

, p <
n

n+ 2
(q + 1),

and
Λs ≤ (1 + k)|Ω|

p−2
p κ̃2,

where θ = ( 1
2 −

1
q+1 )( 1

2 −
1
p + 1

n )−1, κ is the unique positive solution of f(y) = d

and κ̃ is the unique positive solution of f(y) = s with

f(y) =
b(q + 1− 2p)

2p(q + 1)
y2p +

a(q + 1− p)
p(q + 1)

yp, y ∈ R. (8)

The paper is arranged as follows. In section 2, we give some important lemmas.
We prove Theorem 1.2, 1.3, 1.4 and 1.5 in Section 3. Section 4 is devoted to Theorem
1.6. At last, we investigate the supercritical initial energy case, namely Theorem
1.7 and 1.8 in Section 5.

2. Several crucial lemmas. In this section, we state some lemmas that are es-
sential for proving the major theorems.

Lemma 2.1. For any u ∈W 1,p
N (Ω) with ‖∇u‖p 6= 0, there hold

(i) lim
λ→0

J(λu) = 0, lim
λ→+∞

J(λu) = −∞.

(ii) There exists a unique λ∗ > 0, such that d
dλJ(λu)|λ=λ∗ = 0, namely λ∗u ∈ N .

Furthermore d
dλJ(λu) > 0 on (0, λ∗), d

dλJ(λu) < 0 on (λ∗,∞), namely J(λu) takes
the maximum at λ = λ∗.

Proof. (i) For any u ∈W 1,p
N (Ω) and λ > 0,

J(λu) = λp
a

p
‖∇u‖pp + λ2p b

2p
‖∇u‖2pp −

λq+1

q + 1
‖u‖q+1

q+1. (9)

Since q + 1 > 2p, thus lim
λ→0

J(λu) = 0, lim
λ→+∞

J(λu) = −∞.

(ii) Derivative J(λu) with respect to λ, we have

d

dλ
J(λu) = aλp−1‖∇u‖pp + bλ2p−1‖∇u‖2pp − λq‖u‖

q+1
q+1

= λq
(

a

λq+1−p ‖∇u‖
p
p +

b

λq+1−2p
‖∇u‖2pp − ‖u‖

q+1
q+1

)
.

Set g(λ) = a
λq+1−p ‖∇u‖pp + b

λq+1−2p ‖∇u‖2pp − ‖u‖
q+1
q+1, then

lim
λ→0

g(λ) = +∞, lim
λ→+∞

g(λ) < 0,

g′(λ) = −a(q + 1− p)
λq+2−p ‖∇u‖pp −

b(q + 1− 2p)

λq+2−2p
‖∇u‖2pp < 0.

Therefore there exists a unique λ∗ > 0 such that g(λ∗) = 0, namely d
dλJ(λu)|λ=λ∗ =

0. It is easily to find that J(λu) is strictly increasing on (0, λ∗], strictly decreasing
on (λ∗,∞), and takes the maximum at λ = λ∗.

Lemma 2.2. For any u ∈ W 1,p
N (Ω) with ‖∇u‖p 6= 0, r(δ) = ( δa

Sq+1 )
1

q+1−p , where S
is the embedding coefficient of the Sobolev space inequality ‖u‖q+1 ≤ S‖∇u‖p, there
hold
(i) If 0 < ‖∇u‖p ≤ r(δ), then Iδ(u) > 0;
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(ii) If Iδ(u) < 0, then ‖∇u‖p > r(δ);
(iii) If Iδ(u) = 0, then ‖∇u‖p = 0 or ‖∇u‖p > r(δ).

Proof. (i) The Sobolev embedding inequality and 0 < ‖∇u‖p ≤ r(δ) indicate that

‖u‖q+1
q+1 ≤ Sq+1‖∇u‖q+1

p ≤ Sq+1rq+1−p(δ)‖∇u‖pp
= δa‖∇u‖pp < δa‖∇u‖pp + δb‖∇u‖2pp ,

which means Iδ(u) > 0.
(ii) can be directly derived from (i).
(iii) If ‖∇u‖p = 0, then Iδ(u) = 0. If Iδ(u) = 0 and ‖∇u‖p 6= 0, then δa‖∇u‖pp <

‖u‖q+1
q+1 ≤ Sq+1‖∇u‖q+1

p , namely ‖∇u‖p > r(δ).

Lemma 2.3. d(δ) satisfies
(i) lim

δ→0+
d(δ) = 0, lim

δ→+∞
d(δ) = −∞;

(ii) d(δ) is monotonically increased on 0 < δ ≤ 1, monotonically decreased on δ > 1,
and the maximum is obtained at δ = 1.

Proof. (i) For any λu ∈ Nδ, we have

δa‖∇u‖pp + λpδb‖∇u‖2pp = λq+1−p‖u‖q+1
q+1,

which indicates

δ =
λq+1−p‖u‖q+1

q+1

a‖∇u‖pp + bλp‖∇u‖2pp
. (10)

A directly computation on (10) show that λ increases as δ increases, δ increases as
λ increases and lim

δ→0+
λ(δ) = 0, lim

δ→+∞
λ(δ) = +∞. Thus from the definition of d(δ)

and Lemma 2.1, we can get

0 ≤ lim
δ→0+

d(δ) ≤ lim
δ→0+

J(λu) = lim
λ→0+

J(λu) = 0,

lim
δ→+∞

d(δ) ≤ lim
δ→+∞

J(λu) = lim
λ→+∞

J(λu) = −∞.

Therefore lim
δ→0+

d(δ) = 0 and lim
δ→+∞

d(δ) = −∞.

(ii) Assume 0 < δ′ < δ′′ ≤ 1 or 1 < δ′′ < δ′. Let h(λ) = J(λ(δ)u) with
λ(δ)u ∈ Nδ, then

h′(λ) = λp−1a(1− δ)‖∇u‖pp + λ2p−1b(1− δ)‖∇u‖2pp .

For any u ∈ Nδ′′ with λ(δ′′) = 1, set v = λ(δ′)u ∈ Nδ′ . If 0 < δ′ < δ′′ ≤ 1, since
λ(δ) increases as δ increases, then

J(u)− J(v) = h(1)− h(λ(δ′)) =

∫ 1

λ(δ′)

h′(λ)dλ

=

∫ 1

λ(δ′)

[λp−1a(1− δ)‖∇u‖pp + λ2p−1b(1− δ)‖∇u‖2pp ]dλ

> 0.

Therefore for any u ∈ Nδ′′ , there exists v ∈ Nδ′ such that J(u) > J(v), which leads
to d(δ′′) > d(δ′). The case for 1 < δ′′ < δ′ is similarly.

Lemma 2.4. For any u ∈ W 1,p
N (Ω) with 0 < J(u) < d, the sign of Iδ(u) doesn’t

change for δ1 < δ < δ2, where δ1 < 1 < δ2 are the two roots of d(δ) = J(u).
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Proof. If the sign of Iδ(u) changed for δ1 < δ < δ2, then there exists δ0 ∈ (δ1, δ2)
such that Iδ0(u) = 0. Thus u ∈ Nδ0 and d(δ0) ≤ J(u). According to Lemma 2.3,
d(δ0) > d(δ1) = d(δ2) = J(u), which is a contradiction.

Lemma 2.5. Assume that u is a weak solution of (1) with 0 < J(u0) < d on
Ω× [0, T ), δ1 < 1 < δ2 are two roots of d(δ) = J(u0).
(i) If I(u0) > 0, then u(x, t) ∈Wδ, δ1 < δ < δ2, 0 < t < T.
(ii) If I(u0) < 0, then u(x, t) ∈ Vδ, δ1 < δ < δ2, 0 < t < T.

Proof. (i) We first prove u0(x) ∈ Wδ with δ1 < δ < δ2. On the one hand, since
I(u0) > 0 and Lemma 2.4, we have Iδ(u0) > 0. On the other hand, Lemma 2.3
leads to J(u0) = d(δ1) = d(δ2) < d(δ) with δ1 < δ < δ2. In what follows we prove
that u(x, t) ∈Wδ with δ1 < δ < δ2 on 0 < t < T . Suppose that there are t0 ∈ (0, T )
and δ0 ∈ (δ1, δ2), such that u ∈Wδ, δ1 < δ < δ2, 0 < t < t0, u(x, t0) ∈ ∂Wδ0 , then
we can get

Iδ0(u(t0)) = 0, ‖∇u‖p 6= 0 or J(u(t0)) = d(δ0).

Due to d
dtJ(u) ≤ 0, then J(u(t0)) ≤ J(u0) < d(δ0). We only need to consider

the first case, namely u(t0) ∈ Nδ0 , which indicates J(u(t0)) ≥ d(δ0). This is a
contradiction.

(ii) The proof is similar to (i).

Lemma 2.6. If u0 ∈ W 1,p
N (Ω), J(u0) = d, I(u0) > 0, then W is an invariant set.

If u0 ∈W 1,p
N (Ω), J(u0) = d, I(u0) < 0, then V is an invariant set.

Proof. Let T be the maximum existence time of the solution. If there exists t0 ∈
(0, T ), such that I(u) > 0, t ∈ [0, t0) and I(u(t0)) = 0. Due to −I(u) = (ut, u) +

k(∇ut,∇u) < 0, we get
∫ t

0
(‖uτ‖22 + k‖∇uτ‖22)dτ > 0, t ∈ (0, t0). Then

J(u(t0)) = J(u0)−
∫ t0

0

‖uτ‖22 + k‖∇uτ‖22dτ < d.

It is known from I(u(t0)) = 0 and the definition of d (7) that J(u(t0)) ≥ d, which
is a contradiction. Using the same method, we can prove the second part of this
lemma.

3. J(u0) ≤ d. In this section, we deal with the global existence and blowing-up of
the weak solution to (1) under the condition J(u0) ≤ d.

Proof of Theorem 1.2. From Lemma 2.1, for any u ∈ W 1,p
N (Ω) with ‖∇u‖p 6= 0,

there hold lim
λ→0

J(λu) = 0, and there exists a unique λ∗ > 0 such that d
dλJ(λu)|λ=λ∗

= 0, d
dλJ(λu) > 0 on (0, λ∗), d

dλJ(λu) < 0 on (λ∗,∞). Combined with d
dλJ(λu) =

1
λI(λu), there exists a λ∗ such that J(λ∗u) < d and I(λ∗u) > 0. Let λ∗u be the
new u, then we have found the initial value u0 that satisfies the problem setting.
In addition, according to (4), I(u0) > 0 and 2p < q + 1, we have J(u0) > 0.

Step1. Global existence.
Let {φj(x)}∞j=1 be the orthogonal base in W 1,p

N (Ω), which is also orthogonal in

L2(Ω). Construct the approximate solution um(x, t) of (1) as follows

um(x, t) =

m∑
j=1

αmj (t)φj(x), αmj (t) = (um, φj), m = 1, 2, ...
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which satisfy

(umt , φj) + k(∇umt , ∇φj) +M(‖∇um‖pp)(|∇um|p−2∇um, ∇φj)

=(|um|q−1um − 1

|Ω|

∫
Ω

|um|q−1umdx, φj), (11)

um(x, 0) =

m∑
j=1

αmj (0)φj(x)→ u0(x) in W 1,p
N (Ω). (12)

Multiplying (11) by d
dtα

m
j (t), summing for j from 1 to m and integrating with

respect to time, we can obtain

J(um(x, 0)) = J(um(x, t)) +

∫ t

0

(‖umτ ‖22 + k‖∇umτ ‖22)dτ, ∀t > 0.

By (12), we have J(um(x, 0)) → J(u0) < d. Hence for sufficiently large m, there
holds

J(um(x, t)) +

∫ t

0

(‖umτ ‖22 + k‖∇umτ ‖22)dτ = J(um(x, 0)) < d, ∀t > 0.

From (12) again, we have I(um(x, 0))→ I(u0) > 0. Hence for sufficiently large m,
there holds um(x, 0) ∈W . Then by Lemma 2.5, um(x, t) ∈W and∫ t

0

(‖umτ ‖22 + k‖∇umτ ‖22)dτ +
a(q + 1− p)
p(q + 1)

‖∇um‖pp +
b(q + 1− 2p)

2p(q + 1)
‖∇um‖2pp < d,

for all t > 0. Thus∫ t

0

(‖umτ ‖22 + k‖∇umτ ‖22)dτ < d, ‖∇um‖pp <
dp(q + 1)

a(q + 1− p)
,

‖|um|q−1 · um‖ q+1
q

= ‖um‖qq+1 ≤ Sq‖∇um‖qp < Sq
(

dp(q + 1)

a(q + 1− p)

) q
p

.

Then there exists a positive constant C, such that ‖M(‖∇um‖pp)|∇um|p−2·∇um‖ p
p−1

< C. By the diagonal method and the Aubin-Lion’s compactness embedding theo-
rem, there exist u and a subsequence of {um}∞m=1 (still represented by {um}∞m=1)
such that

umt ⇀ ut in L2(0,∞;L2(Ω)),

um
∗
⇀u in L∞(0,∞;W 1,p

N (Ω)),

um → u strongly in L2(Ω× (0, T )), a.e. in Ω× (0, T ),

|um|q−1 · um ∗
⇀ |u|q−1 · u in L∞(0,∞;L

q+1
q (Ω)),

M(‖∇um‖pp)|∇um|p−2 · ∇um ∗
⇀ξ in L∞(0,∞;L

p
p−1 (Ω)).

Similar to the process of [17], we can prove ξ = M(‖∇u‖pp)|∇u|p−2∇u. For fixed j,
let m→ +∞ in (11) to get

(ut, φj) + k(∇ut, ∇φj) +M(‖∇u‖pp)(|∇u|p−2∇u, ∇φj)

=(|u|q−1u− 1

|Ω|

∫
Ω

|u|q−1udx, φj).

Then from Definition 1.1 u(x, t) is a global weak solution of (1).
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Step2. Uniqueness.
Assume (1) has two global bounded weak solution u and v. Set w = u− v, then

w satisfies

1

2

d

dt

∫
Ω

w2dx+
k

2

d

dt

∫
Ω

|∇w|2dx+M(‖∇u‖pp)‖∇u‖pp +M(‖∇v‖pp)‖∇v‖pp

=M(‖∇u‖pp)
∫

Ω

|∇u|p−2∇u∇vdx+M(‖∇v‖pp)
∫

Ω

|∇v|p−2∇v∇udx

+

∫
Ω

q|θu+ (1− θ)v|q−1w2dx

with 0 < θ < 1 and w(x, 0) = 0. Using the Young inequality, we can get

1

2

d

dt

∫
Ω

w2dx+
k

2

d

dt

∫
Ω

|∇w|2dx+M(‖∇u‖pp)‖∇u‖pp +M(‖∇v‖pp)‖∇v‖pp

≤M(‖∇u‖pp)
p− 1

p
‖∇u‖pp +M(‖∇u‖pp)

1

p
‖∇v‖pp +M(‖∇v‖pp)

p− 1

p
‖∇v‖pp

+M(‖∇v‖pp)
1

p
‖∇u‖pp +

∫
Ω

q|θu+ (1− θ)v|q−1w2dx,

which with the form of M(s) indicates that

1

2

d

dt

∫
Ω

w2dx+
k

2

d

dt

∫
Ω

|∇w|2dx+
b

p
(‖∇u‖pp − ‖∇v‖pp)2

≤
∫

Ω

q|θu+ (1− θ)v|q−1w2dx.

Thus we have

1

2

d

dt

∫
Ω

w2dx ≤
∫

Ω

q|θu+ (1− θ)v|q−1w2dx ≤ C
∫

Ω

w2dx,

where C is a positive constant depending only on q and the bound of u, v. Therefore
by the Gronwall inequality, we have u = v.

Step3. Progressive estimation.
According to u0 ∈W and Lemma 2.5, we have u(x, t) ∈Wδ, δ1 < δ < δ2, where

δ1 < 1 < δ2 are two roots of d(δ) = J(u0). Furthermore, from the Hölder inequality
and the Poincaré inequality, there exist positive constants C∗ and C∗, such that

1

2

d

dt
(‖u‖22 + k‖∇u‖22) = −Iδ1(u) + a(δ1 − 1)‖∇u‖pp + b(δ1 − 1)‖∇u‖2pp

≤ b(δ1 − 1)‖∇u‖2pp

≤ b(δ1 − 1)

C∗2p
‖∇u‖2p2

≤ (δ1 − 1)γ(‖u‖2p2 + kp‖∇u‖2p2 )

with γ = min
{

b
2kpC∗2p ,

bC2p
∗

2C∗2p

}
. Since there exists Kp > 0 for each p, such that

Kp(a
p + bp) ≥ (a+ b)p with non-negative a and b, then

1

2

d

dt
(‖u‖22 + k‖∇u‖22) ≤ (δ1 − 1)

γ

Kp

(
‖u‖22 + k‖∇u‖22

)p
, (13)

which implies ‖u‖22+k‖∇u‖22 ≤
[(
‖u0‖22 + k‖∇u0‖22

)1−p
+ (1− δ1)(p− 1) 2γ

Kp
t
]− 1

p−1

.
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Proof of Theorem 1.3. Assume u is a global solution of (1). Let

H(t) =

∫ t

0

(‖u‖22 + k‖∇u‖22)dτ + (T ∗ − t)(‖u0‖22 + k‖∇u0‖22), t ∈ [0, T ∗],

where T ∗ is a sufficiently large time. Then H(t) ≥ 0 with t ∈ [0, T ∗]. By a direct
computation, we can get

H ′(t) = ‖u‖22 + k‖∇u‖22 − ‖u0‖22 − k‖∇u0‖22, (14)

H ′′(t) = 2(ut, u) + 2k(∇ut,∇u) = −2I(u), (15)

and

(H ′(t))2 = 4

[∫ t

0

((uτ , u) + k(∇uτ ,∇u))dτ

]2

≤ 4

[∫ t

0

(‖uτ‖22 + k‖∇uτ‖22)dτ

] [∫ t

0

(‖u‖22 + k‖∇u‖22)dτ

]
≤ 4H(t)

[∫ t

0

(‖uτ‖22 + k‖∇uτ‖22)dτ

]
.

Therefore we can deduce that

H ′′(t)H(t)− q + 1

2
(H ′(t))2 ≥ H(t)

[
−2I(u)− 2(q + 1)

∫ t

0

‖uτ‖22 + k‖∇uτ‖22dτ
]
.

(16)

Set

ξ(t) = −2I(u)− 2(q + 1)

∫ t

0

(‖uτ‖22 + k‖∇uτ‖22)dτ,

which with the definition of J(u) indicates

ξ(t) = −2(q + 1)J(u0) +
2a(q + 1− p)

p
‖∇u‖pp +

b(q + 1− 2p)

p
‖∇u‖2pp .

When J(u0) ≤ 0, then (5) means J(u) ≤ 0, which with (4) leads to I(u) < 0. By
Lemma 2.2, there holds ‖∇u‖p > r(1). Therefore

ξ(t) > σ1 > 0 with σ1 =
2a(q + 1− p)

p
rp(1). (17)

When 0 < J(u0) < d and I(u0) < 0, then Lemma 2.5 implies Iδ2(u) ≤ 0 and
‖∇u‖p ≥ r(δ2) > 0 with δ1 < 1 < δ2 being the two roots of J(u0) = d(δ). Thus
from (15), we find that

H ′′(t) = 2a(δ2 − 1)‖∇u‖pp + 2b(δ2 − 1)‖∇u‖2pp − 2Iδ2(u)

≥ 2a(δ2 − 1)rp(δ2),

which with (14) guarantees

‖u‖22 + k‖∇u‖22 ≥ H ′(t) ≥ 2a(δ2 − 1)rp(δ2)t.

Thus there exists a T∗ > 0 such that (17) is established for t ≥ T∗.
Substituting (17) into (16), we can deduce that

H ′′(t)H(t)− q + 1

2
(H ′(t))2 > σ1H(t).

Then

[H
1−q
2 (t)]′′ ≤ σ1(1− q)

2
[H

1−q
2 (t)]

q+1
q−1 , t ∈ [T∗, T

∗].
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Let y(t) = H
1−q
2 (t),

y′′(t) ≤ σ1(1− q)
2

[y(t)]
q+1
q−1 , t ∈ [T∗, T

∗].

Then there is T ∈ (T∗, T
∗) such that lim

t→T−
y(t) = 0, which means lim

t→T−
H(t) =

+∞.

Proof of Theorem 1.4. Since J(u0) = d, u0 6= 0. Set λs = 1 − 1
s , s = 1, 2, ... and

consider the following initial value problem:
ut − k∆ut −M(‖∇u‖pp)∆pu = |u|q−1u− 1

|Ω|

∫
Ω

|u|q−1udx, (x, t) ∈ Ω× (0, T ),

∂u

∂ν
= 0, (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = λsu0(x), x ∈ Ω.

According to I(u0) ≥ 0 and Lemma 2.1, there exists a unique λ∗ ≥ 1 such that
I(λ∗u0) = 0. Notice that λs < 1 ≤ λ∗, then I(λsu0) > 0, J(λsu0) < J(u0) = d. By
Theorem 1.2 and Lemma 2.5, for any s, there exists a unique global weak solution
us ∈ L∞(0,∞;W 1,p

N (Ω)), ust ∈ L2(0,∞;W 1,2
N (Ω)) such that us ∈W and∫ t

0

(‖usτ‖22 + k‖∇usτ‖22)dτ + J(us) = J(λsu0) < d, 0 ≤ t < +∞.

Since I(us) > 0, then we have∫ t

0

(‖usτ‖22 + k‖∇usτ‖22)dτ +
a(q + 1− p)
p(q + 1)

‖∇us‖pp +
b(q + 1− 2p)

2p(q + 1)
‖∇us‖2pp < d.

Therefore ∫ t

0

(‖usτ‖22 + k‖∇usτ‖22)dτ < d,

‖∇us‖pp <
dp(q + 1)

a(q + 1− p)
,

‖|us|q−1us‖ q+1
q

= ‖us‖qq+1 ≤ Sq‖∇us‖qp < Sq(
dp(q + 1)

a(q + 1− p)
)
q
p .

Similar to the proof of Theorem 1.2, (1) has a unique global weak solution u ∈
L∞(0,∞;W 1,p

N (Ω)), ut ∈ L2(0,∞;W 1,2
N (Ω)) with I(u) ≥ 0 and J(u) < d.

If I(u) > 0, 0 < t < +∞, it can be seen from d
dt (‖u‖

2
2 + k‖∇u‖22) = −2I(u) < 0

that ut 6= 0. Further there exists t0 > 0 such that

0 < J(u(t0)) = J(u0)−
∫ t0

0

(‖uτ‖22 + k‖∇uτ‖22)dτ = d1 < d.

Taking t0 as the initial time, as it can be seen from Lemma 2.5, u ∈Wδ, δ1 < δ < δ2
for t > t0, where δ1 and δ2 are the two roots of d(δ) = J(u(t0)). Therefore we have
Iδ1(u) ≥ 0 for t > t0. Similar to the proof of (13), we have

1

2

d

dt
(‖u‖22 + k‖∇u‖22) ≤ (δ1 − 1)γ

Kp
(‖u‖22 + k‖∇u‖22)p

with γ = min
{

b
2kpC∗2p ,

bC2p
∗

2C∗2p

}
. Then we can get

‖u‖22 + k‖∇u‖22 ≤
[
(‖u(t0)‖22 + k‖∇u(t0)‖22)1−p +

2(1− δ1)(p− 1)γ

Kp
(t− t0)

]− 1
p−1

.
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If there exists t∗ > 0, such that I(u) > 0, 0 < t < t∗, I(u(t∗)) = 0, then∫ t∗

0

(‖uτ‖22 + k‖∇uτ‖22)dτ > 0,

J(u(t∗)) = d−
∫ t∗

0

(‖uτ‖22 + k‖∇uτ‖22)dτ < d.

By the definition of d, we know u(t∗) = 0. Thus for all t > t∗, u = 0, which means
the weak solution of (1) distinguishes at a finite time.

Proof of Theorem 1.5. Similar to Theorem 1.3, we get

H ′′(t)H(t)− q + 1

2
(H ′(t))2

≥
[

2a(q + 1− p)
p

‖∇u‖pp +
b(q + 1− 2p)

p
‖∇u‖2pp − 2(q + 1)J(u0)

]
H(t).

From J(u0) = d > 0, I(u0) < 0 and Lemma 2.6, there exists t0 > 0 such that
I(u(t)) < 0, 0 < t < t0. Then (14) leads to H ′′(t) > 0 and ‖ut‖22 + k‖∇ut‖22 6= 0

for 0 < t < t0. Therefore J(u(t0)) = d −
∫ t0

0
(‖uτ‖2 + k‖∇uτ‖2)dτ = d1 < d. We

choose t0 as the initial time and complete the proof according to Theorem 1.3.

4. Life span. For the solutions that have been discussed in Section 3, we here fur-
ther establish life span estimation of finite time blow-up solution without additional
restriction on the initial data in Theorem 1.3.

Proof Theorem 1.6. Let θ(t) = 1
2‖u‖

2
2 + k

2‖∇u‖
2
2, η(t) = −J(u).

(i) If J(u0) < 0, then we have θ(0) > 0, η(0) > 0, η′(t) = ‖ut‖22 + k‖∇ut‖22 ≥ 0
and η(t) > 0. From a simple computation, we can find that

θ′(t) = −I(u)

= −(q + 1)J(u) +
a(q + 1− p)

p
‖∇u‖pp +

b(q + 1− 2p)

2p
‖∇u‖2pp

> (q + 1)η(t) > 0, (18)

θ(t)η′(t) =
1

2
(‖u‖22 + k‖∇u‖22) · (‖ut‖22 + k‖∇ut‖22)

≥ 1

2
((ut, u) + k(∇ut,∇u))2

=
1

2
(θ′(t))2 >

q + 1

2
θ′(t)η(t),

which implies[
η(t) · θ

−q−1
2 (t)

]′
= θ−1− q+1

2 (t)

[
θ(t)η′(t)− q + 1

2
η(t)θ′(t)

]
> 0. (19)

Thus (18) and (19) lead to

0 < η(0)θ
−q−1

2 (0) ≤ η(t)θ
−q−1

2 (t) ≤ 1

q + 1
θ′(t)θ

−q−1
2 (t) =

2

1− q2

[
θ

1−q
2 (t)

]′
,

which further indicates that

0 ≤ θ
1−q
2 (t) ≤ 1− q2

2
θ
−q−1

2 (0)η(0)t+ θ
1−q
2 (0).

Thus we can deduce that T ≤ ‖u0‖22+k‖∇u0‖22
(1−q2)J(u0) .
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(ii) For 0 ≤ J(u0) ≤ d, if there exists t∗ > 0 such that J(u(t∗)) < 0, we can get
the upper bound estimation of T by (i). Therefore we only need to consider the
case 0 ≤ J(u) ≤ d for any t ∈ (0, T ). According to Lemma 2.4 and Lemma 2.6, we
have I(u) < 0 with 0 < t < T , which means θ′(t) = −I(u) > 0. Since u blows up
in finite time and θ(t) increases with respect to time, there exists 0 < t0 < T such
that

min
t∈[t0,T )

(
2a(q + 1− p)

p
‖∇u(t)‖pp +

b(q + 1− 2p)

p
‖∇u(t)‖2pp

)
− 2(q + 1)J(u0) > 0.

(20)
Let

F (t) =

∫ t

t0

(‖u‖22 + k‖∇u‖22)dτ + (T − t)(‖u0‖22 + k‖∇u0‖22) + β((t− t0) + σ)2

with t0 ≤ t < T and positive constants β and σ to be determined later. By a direct
computation, we can get

F ′(t) =

∫ t

t0

d

dτ
(‖u‖22 + k‖∇u‖22)dτ + 2β((t− t0) + σ),

F ′′(t) =
d

dt
(‖u‖22 + k‖∇u‖22) + 2β

=− 2(q + 1)J(u(t0)) + 2(q + 1)

∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ

+
2a(q + 1− p)

p
‖∇u‖pp +

b(q + 1− 2p)

p
‖∇u‖2pp + 2β.

Then F (t0) > 0, F ′(t0) > 0 and F ′(t) > 0 for t ∈ [t0, T ), provided that β or σ is
large enough. For any ρ > 0, we have

F ′′(t)F (t)− ρ(F ′(t))2

=F ′′(t)F (t) + 4ρ
[(∫ t

t0

(‖u‖22 + k‖∇u‖22)dτ + β((t− t0) + σ)2

)
·(∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ + β

)
−
(∫ t

t0

[(uτ , u) + k(∇uτ ,∇u)]dτ + β((t− t0) + σ)

)2

− (F (t)− (T − t)(‖u0‖22 + k‖∇u0‖22))

(∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ + β

)]
=F ′′(t)F (t) + 4ρ(T − t)(‖u0‖22 + k‖∇u0‖22)

(∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ + β

)
+ 4ρζ(t)− 4ρF (t)

(∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ + β

)
,

where

ζ(t) =

(∫ t

t0

(‖u‖22 + k‖∇u‖22)dτ + β((t− t0) + σ)2

)
·(∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ + β

)
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−
(∫ t

t0

[(uτ , u) + k(∇uτ ,∇u)]dτ + β((t− t0) + σ)

)2

≥ 0, t ∈ [t0, T ).

Thus

F ′′(t)F (t)− ρ(F ′(t))2

≥F (t)

[
F ′′(t)− 4ρβ − 4ρ

∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ

]
=F (t)

[
−2(q + 1)J(u(t0)) + 2(q + 1− 2ρ)

∫ t

t0

(‖uτ‖22 + k‖∇uτ‖22)dτ

+
2a(q + 1− p)

p
‖∇u‖pp +

b(q + 1− 2p)

p
‖∇u‖2pp + 2β − 4ρβ

]
.

Take ρ = q+1
2 and using (5), the above inequality can be reduced to

F ′′(t)F (t)− q + 1

2
(F ′(t))2

≥F (t)
[2a(q + 1− p)

p
‖∇u‖pp +

b(q + 1− 2p)

p
‖∇u‖2pp

− 2(q + 1)J(u(t0))− 2(q + 1)β
]
.

Since (20), we can get

F ′′(t)F (t)− q + 1

2
(F ′(t))2 ≥ 0 with t0 < t < T,

provided that

β ∈
(

0,
a(q + 1− p)
p(q − 1)

‖∇u(t0)‖pp +
b(q + 1− 2p)

2p(q − 1)
‖∇u(t0)‖2pp − J(u0)

]
. (21)

Set G(t) = F 1− q+1
2 (t) with t ∈ [t0, T ), then

G′(t) =

(
1− q + 1

2

)
F−

q+1
2 (t)F ′(t) ≤ 0,

G′′(t) =

(
1− q + 1

2

)
· F−1− q+1

2 (t)

[
−q + 1

2
(F ′(t))2 + F ′′(t)F (t)

]
≤ 0,

G(t) ≤ G(t0) +G′(t0)(t− t0).

Because of G(t0) > 0 and G′(t0) < 0, we have

t− t0 ≤ −
G(t0)

G′(t0)
=

(T − t0)(‖u0‖22 + k‖∇u0‖22) + βσ2

(q − 1)βσ

with t ∈ (t0, T ). For fixed β0 satisfies (21), taking σ ∈
(
‖u0‖22+k‖∇u0‖22

(q−1)β0
,+∞

)
, then

T − t0 ≤
β0σ

2

(q − 1)β0σ − (‖u0‖22 + k‖∇u0‖22)
.

Define

Tβ0
(σ)

β0σ
2

(q − 1)β0σ − (‖u0‖22 + k‖∇u0‖22)
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with σ ∈
(
‖u0‖22+k‖∇u0‖22

(q−1)β0
,+∞

)
. We can find that Tβ0

(σ) takes the minimum at

σ =
2‖u0‖22 + 2k‖∇u0‖22

(q − 1)β0
,

which indicates that

T − t0 ≤ inf
σ∈

(
‖u0‖22+k‖∇u0‖22

(q−1)β0
,+∞

)Tβ0
(σ) =

4‖u0‖22 + 4k‖∇u0‖22
(q − 1)2β0

.

Combining the above inequality with (21), we can get

T − t0 ≤ inf
β0∈(0,

a(q+1−p)
p(q−1)

‖∇u(t0)‖pp+
b(q+1−2p)
2p(q−1)

‖∇u(t0)‖2pp −J(u0)]

4‖u0‖22 + 4k‖∇u0‖22
(q − 1)2β0

=
4‖u0‖22 + 4k‖∇u0‖22

(q − 1)2(a(q+1−p)
p(q−1) ‖∇u(t0)‖pp + b(q+1−2p)

2p(q−1) ‖∇u(t0)‖2pp − J(u0))
.

5. J(u0) > d. This section is devoted to proving Theorem 1.7 and Theorem 1.8 to
investigate the conditions that ensure the global existence or finite time blowing-up
of solution to (1) when J(u0) > d.

Proof of Theorem 1.7. (i) If u0 ∈ N+ and ‖u0‖22+k‖∇u0‖22 ≤ λJ(u0), then we assert
that u(t) ∈ N+, 0 ≤ t < T (u0) with T (u0) being the maximum existence time of
the solution. Otherwise there exists t0 ∈ (0, T (u0)) such that u(t) ∈ N+, 0 ≤ t < t0
and u(t0) ∈ N . Furthermore, (5) indicates that J(u(t0)) < J(u0), which with the
definition of Js leads to u(t0) ∈ JJ(u0). Thus u(t0) ∈ N J(u0). According to the
definition of λJ(u0), we can get

‖u(t0)‖22 + k‖∇u(t0)‖22 ≥ λJ(u0). (22)

It can be seen from u(t) ∈ N+ with 0 ≤ t < t0 that

I(u) = −1

2

d

dt
(‖u‖22 + k‖∇u‖22) > 0, 0 < t < t0.

Then we have

‖u(t0)‖22 + k‖∇u(t0)‖22 < ‖u0‖22 + k‖∇u0‖22 ≤ λJ(u0),

which contradicts (22). Hence u(t) ∈ N+, 0 ≤ t < T (u0).
Using (4) and (5), there holds

J(u0) ≥ J(u) =
1

q + 1
I(u) + (

a

p
− a

q + 1
)‖∇u‖pp + (

b

2p
− b

q + 1
)‖∇u‖2pp

>
a(q + 1− p)
p(q + 1)

‖∇u‖pp,

which means ‖∇u‖pp ≤
p(q+1)J(u0)
a(q+1−p) and further T (u0) = +∞. Define the ω − limit

set of u0 by ω(u0) =
⋂
t≥0

{u(·, s) : s ≥ t}. Then for any ω ∈ ω(u0), we have

‖ω‖22 + k‖∇ω‖22 < ‖u0‖22 + k‖∇u0‖22 ≤ λJ(u0), J(ω) ≤ J(u0).

So that ω(u0)∩N = ∅, which with the convergence result in [4] leads to ω(u0) = {0},
namely u0 ∈ G0.
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(ii) If u0 ∈ N−, ‖u0‖22 + k‖∇u0‖22 ≥ ΛJ(u0), then similar to (i), we can get

u(t) ∈ N−, u(t) ∈ JJ(u0) for 0 ≤ t < T (u0). If T (u0) =∞, then for any ω ∈ ω(u0),
we conclude that

‖ω‖22 + k‖∇ω‖22 > ΛJ(u0), J(ω) ≤ J(u0).

Then ω(u0)∩N = ∅, which with the convergence result in [4] leads to ω(u0) = {0}.
However due to u ∈ N−, we have

a‖∇u‖pp < a‖∇u‖pp + b‖∇u‖2pp < ‖u‖q+1
q+1 ≤ Sq+1‖∇u‖q+1

p ,

which means ‖∇u‖p ≥
(

a
Sq+1

) 1
q+1−p . It is a contradiction. Then T (u0) < +∞ and

u0 ∈ B.

Proof of Theorem 1.8. The definitions of λs and Λs indicate that λs ≤ Λs. By the
definition of the potential well depth d (7), we have

d = inf
u∈N

J(u)

= inf
u∈N

[
a(q + 1− p)
p(q + 1)

‖∇u‖pp +
b(q + 1− 2p)

2p(q + 1)
‖∇u‖2pp

]
= inf
u∈N

f(‖∇u‖p),

where f(·) is given in (8). Since f(·) is strictly increasing on [0,+∞) and f(0) = 0,
there exists a unique

κ =

(
−a(q + 1− p) +

√
a2(q + 1− p)2 + 2db(q + 1− 2p)p(q + 1)

b(q + 1− 2p)

)1/p

such that f(κ) = d. Then for any u ∈ N , there is

‖∇u‖p ≥ κ > 0. (23)

By the Gagliardo–Nirenberg inequality [2], we get

‖u‖q+1 ≤ β‖u‖(1−θ)2 ‖∇u‖θp,

where β is a positive constant and θ( 1
2 −

1
p + 1

n ) = 1
2 −

1
q+1 . Then it follows from

the above inequality that for any u ∈ N

a‖∇u‖pp ≤ ‖u‖
q+1
q+1 ≤ βq+1‖u‖(1−θ)(q+1)

2 ‖∇u‖θ(q+1)
p ,

which says

a‖∇u‖p−θ(q+1)
p ≤ βq+1‖u‖(1−θ)(q+1)

2 . (24)

Moreover by the definition of N s, it is known that if u ∈ N s,

f(u)− s < 0,

which implies

‖∇u‖p ≤ κ̃ =

(
−a(q + 1− p) +

√
a2(q + 1− p)2 + 2sb(q + 1− 2p)p(q + 1)

b(q + 1− 2p)

)1/p

.

(25)
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For the lower bound of λs, we divide into two cases to discuss.

Case 1. p − θ(q + 1) ≥ 0, namely p > n
n+2 (q + 1), then using (23) and (24), we

have

λs = inf
u∈N s

{
‖u‖22 + k‖∇u‖22

}
≥ inf
u∈N

{
‖u‖22 + k‖∇u‖22

}
≥ inf
u∈N

[
a

βq+1
‖∇u‖p−θ(q+1)

p

] 2
(1−θ)(q+1)

≥
[

a

βq+1
κp−θ(q+1)

] 2
(1−θ)(q+1)

.

Case 2. p − θ(q + 1) < 0, namely p < n
n+2 (q + 1), then using (23) and (25), we

have

λs = inf
u∈N s

{
‖u‖22 + k‖∇u‖22

}
≥ sup
u∈N

[
a

βq+1
‖∇u‖p−θ(q+1)

p

] 2
(1−θ)(q+1)

≥
[

a

βq+1
κ̃
p−θ(q+1)

p

] 2
(1−θ)(q+1)

.

For the upper bound of Λs, using the Hölder inequality and (25), we have

Λs = sup
u∈N s

{
∥∥u‖22 + k‖∇u‖22

}
≤ sup
u∈Ns

(1 + k)|Ω|
p−2
p ‖∇u‖2p

≤ (1 + k)|Ω|
p−2
p κ̃2.
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