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Abstract. This is a survey article for this special issue providing a review of

the recent results in the mathematical analysis of active hydrodynamics. Both

the incompressible and compressible models are discussed for the active liq-
uid crystals in the Landau-de Gennes Q-tensor framework. The mathematical

results on the weak solutions, regularity, and weak-strong uniqueness are pre-

sented for the incompressible flows. The global existence of weak solution to
the compressible flows is recalled. Other related results on the inhomogeneous

flows, incompressible limits, and stochastic analysis are also reviewed.

1. Introduction. This article provides a survey of recent mathematical analysis
on the complex fluids in active hydrodynamics. Active hydrodynamics describes
the fluids with active constituent particles in a collective motion that constantly
maintains out of equilibrium by the internal energy sources, which is quite generic
in nature and has wide applications. For example, many biophysical systems are
considered as active hydrodynamics, such as bacteria [10], microtubule bundles
[59], dense suspensions of microswimmers [68]. Furthermore, the collective motion
usually induces the particles with elongated shapes to demonstrate orientational
ordering at high concentration. Thus, there are natural analogies with nematic
liquid crystals, and hence a large class of active systems are referred to as active
liquid crystals; see [5, 57, 25, 26, 52, 13] and the references therein for more infor-
mation and discussions. There are different phases of liquid crystals, which can be
distinguished by their distinct optical properties. One of the most common liquid
crystal phases is nematic. In the nematic phase, rod-shaped or elongated organic
molecules have long-range orientational order with their long axes approximately
parallel. Therefore, the molecules flow freely as in a conventional liquid, but still
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maintain their long-range directional order [12, 62]. Active nematic systems are
different from the typical passive counterparts since the constituent particles are
active and the system is out of equilibrium. Consequently, active hydrodynamic
systems are truly striking and leading to novel effects, such as the occurrence of
giant density fluctuations [56, 47, 48], the spontaneous laminar flow [63, 45, 27],
unconventional rheological properties [60, 24, 20], low Reynolds number turbulence
[68, 26], and very different spatial and temporal patterns [47, 7, 58, 22, 46].

Although active liquid crystals are popular in physics and applications, a rig-
orous mathematical description of active nematics is relatively new. A common
approach of modeling for active liquid crystals is to add phenomenological active
terms to the hydrodynamic theories for nematic liquid crystals; see for example [55].
There are several classical models for nematic liquid crystals in the literature, such
as the Doi-Onsager model [13], the Oseen-Frank model [49, 21], the Ericksen-Leslie
model [15, 37], and the Landau-de Gennes model [12]. We refer the readers to
[3, 4, 42] for the discussions of these models including their advantages and differ-
ences. The Landau-de Gennes theory is one of the most comprehensive models for
nematic liquid crystals, where the state of a nematic liquid crystal is modeled by
a symmetric traceless d × d matrix Q ∈ Md×d, known as the Q-tensor order pa-
rameter. The Landau-de Gennes Q-tensor order parameter describes primary and
secondary directions of nematic alignment along with variations in the degree of
nematic order [42]. A nematic liquid crystal is said to be (i) isotropic when Q = 0,
(ii) uniaxial when Q has a pair of equivalent non-zero eigenvalues, and (iii) biaxial
if Q has three distinct eigenvalues. A model for the incompressible flow of active
liquid crystal fluids in Rd, d = 2 or 3 is the following (see [4, 23, 25]):

∂tc+ (u · ∇)c = D0∆c,

∂tu+ (u · ∇)u+∇p− µ∆u = ∇ · σ +∇ · τ − λ∇ · (|Q|H),

∂tQ+ (u · ∇)Q− S(∇u,Q)− λ|Q|D = ΓH,

∇ · u = 0,

(1.1)

where c = c(t, x) > 0 is the concentration of active particles; u = u(t, x) ∈ Rd is
the velocity field of the flow; p = p(t, x) ∈ R is the pressure; Q = Q(t, x) ∈ Md×d

denotes the nematic tensor order parameter that is a traceless and symmetric d× d
matrix; D0 > 0 is the diffusion constant; µ > 0 is the viscosity coefficient; 1/Γ > 0 is
the rotational viscosity; λ ∈ R denotes the nematic alignment parameter. Moreover,
H = H(c,Q) is the molecular tensor, namely,

H = K∆Q− k

2
(c− c∗)Q+ b(Q2 − tr(Q2)

d
Id)− c∗Qtr(Q2),

which describes the relaxational dynamics of the nematic phase; it can be obtained
from the Landau-de Gennes free energy, i.e., Hij = − δF

δQij
, where

F =

∫ (K
2
|∇Q|2 +

k

2
(c− c∗)tr(Q2)− b

3
tr(Q3) +

c∗
4
|tr(Q2)|2

)
dA, (1.2)

K > 0 is the elastic constant for the elastic energy density, k > 0, b ∈ R are material-
dependent constants, c∗ denotes the critical concentration for the isotropic-nematic
transition, and Id ∈ Md×d denotes the identity matrix. Without loss of generality,
we take K = k = 1. Besides, the matrix valued function

S(∇u,Q) = ξD(Q+
1

d
Id) + ξ(Q+

1

d
Id)D − 2ξ(Q+

1

d
Id)tr(Q∇u) + ΩQ−QΩ



ON COMPLEX FLUIDS IN ACTIVE HYDRODYNAMICS 3819

describes how the flow gradient rotates and stretches the director field, as well as
the molecules can be tumbled and aligned by the flow, where

D =
1

2
(∇u+∇u>), and Ω =

1

2
(∇u−∇u>)

are the symmetric and antisymmetric part of the strain tensor with (∇u)ij = ∂jui,
and ξ is the liquid crystal material parameter that describes the relationship between
the tumbling and aligning effects imposed by the shear flow on the liquid crystal
directors. If the molecules only tumble in a shear flow but do not align, it tends to
a simple case ξ = 0. The stress tensor σ = (σij) consists of two parts:

σ = σr + σa,

where
σr = QH −HQ

is the elastic stress tensor from the nematic elasticity, and

σa = σ∗c
2Q

is the active contribution due to the contractile (σ∗ > 0) or extensile (σ∗ < 0)
stresses exerted by the active particles in the direction of the director field. The
symmetric additional stress tensor is denoted by:

τ = −ξ(Q+
1

d
Id)H − ξH(Q+

1

d
Id) + 2ξ(Q+

1

d
Id)tr(QH)−∇Q�∇Q,

where the symbol ∇Q�∇Q denotes the d× d matrix whose (i, j)-th term is given
by (∇Q�∇Q)ij = ∂iQmn∂jQmn. Here we use the Einstein summation convention,

i.e., the repeated indices are summed over, and ∂i = ∂
∂xi

.
Regarding modeling and analysis of the Ericksen-Leslie equations describing ne-

matic liquid crystals we refer the readers to the works [33, 32, 44, 43, 38, 65, 35, 36,
66, 31, 40] and the survey papers [30, 42, 70, 41] as well as the references therein
for more discussions on the physics and mathematical results. We now recall some
analysis results for the Q-tensor system in the Beris-Edwards hydrodynamics frame-
work. Paicu-Zarnescu [50, 51] proved the existence of global weak solutions to the
full coupled Navier-Stokes and Q-tensor system in Rd, d = 2, 3, and the existence of
global regular solutions with sufficiently regular initial data in the two-dimensional
case with ξ = 0 and ξ smallness hypothesis respectively. Wilkinson [69] obtained the
existence of strictly physical global weak solutions on the two and three-dimensional
torus and global strong solutions in dimension two over a certain singular potential
proposed in Ball-Majumdar [3] with ξ = 0. Feireisl-Rocca-Schimperna-Zarnescu
[18, 19] derived the global-in-time weak solutions of the nonisothermal Landau-
de Gennes nematic liquid crystal flows in three-dimensional periodic space with
Ball-Majumdar’s singular free energy bulk potential for arbitrary physically rele-
vant initial data for general ξ. For the initial-boundary value problems, we refer to
[1, 2, 28, 29] where the existence of global weak solutions, the existence and unique-
ness of local strong solutions were obtained. Furthermore, Wang-Xu-Yu [64] devel-
oped the existence and long-time dynamics of globally defined weak solutions for
the coupled compressible Navier-Stokes and Q-tensor system. See [11, 34, 6, 14, 70]
and the references therein for more results and discussions. All the above results are
about the passive nematic liquid crystals without active terms and the concentration
equation.

For the active systems, Chen-Majumdar-Wang-Zhang [8] analyzed active hy-
drodynamics in an incompressible Beris-Edwards framework and established the
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existence of global weak solutions in Rd, d = 2, 3, and the higher regularity of the
weak solutions and the weak-strong uniqueness in the two-dimensional case, under
the assumption that the concentration of active particles is constant. For the in-
homogeneous incompressible active liquid crystals, Lian-Zhang [39] obtained global
weak solutions in a three-dimensional bounded domain. For the active system with
non-constant particle concentration in the fluid, Chen-Majumdar-Wang-Zhang [9]
analyzed the initial-boundary value problems for compressible active nematic liquid
crystals in the three-dimensional space and proved the existence of global weak solu-
tions for the active system by the three-level approximations and weak convergence
argument. The incompressible limit was studied in [67]. Some stochastic analysis
of active hydrodynamics was done in [53, 54].

More detailed survey on the analysis of active hydrodynamics will be given in
the rest of the paper. In Section 2, we present the results on the incompressible
flow of active liquid crystals from [8]. In Section 3, we present the results on the
compressible flow of active liquid crystals from [9]. In Section 4, we review various
other related results and discuss some open problems.

2. Incompressible flows: Weak solution, regularity, and weak-strong
uniqueness. For the incompressible flows of active liquid crystals, Chen-Majumdar-
Wang-Zhang [8] established the existence of global weak solutions in Rd, d = 2, 3,
and the higher regularity and weak-strong uniqueness in the two-dimensional case,
for the constant concentration of active particles. When the concentration of active
particles changes, we consider the system (1.1) and can prove the same results by
some modifications of the arguments of the paper [8]. Below we shall present the
results of [8] but in the context of the system (1.1), and give an outline for the proof
of the existence of weak solutions; see [8] for the more detailed arguments.

We rewrite system (1.1) as

∂tc+ (u · ∇)c = D0∆c,

∂tu+ (u · ∇)u+∇p− µ∆u+∇ · (∇Q�∇Q)

= −ξ∇ ·
(
(Q+

1

d
Id)H +H(Q+

1

d
Id)− 2(Q+

1

d
Id)tr(QH)

)
+∇ ·

(
Q∆Q−∆QQ+ σ∗c

2Q
)
− λ∇ · (|Q|H),

∂tQ+ (u · ∇)Q− (ΩQ−QΩ)− λ|Q|D
= ξ
(
D(Q+

1

d
Id) + (Q+

1

d
Id)D − 2(Q+

1

d
Id)tr(Q∇u)

)
+ ΓH,

∇ · u = 0,

(2.1)

where

H = ∆Q− c− c∗
2

Q+ b(Q2 − tr(Q2)

d
Id)− c∗Qtr(Q2),

and D0 > 0, µ > 0, Γ > 0, c∗ > 0, b, σ∗, λ, ξ ∈ R, (t, x) ∈ R+ × Rd; and consider
the following initial condition:

(c, u,Q)|t=0 = (c0, u0, Q0)(x), for x ∈ Rd, (2.2)

with

c0(x)− ĉ ∈ L2(Rd), 0 < c ≤ c0 ≤ c̄ <∞, c0 → ĉ as x→∞, (2.3)

u0(x) ∈ L2(Rd), ∇ · u0 = 0 in D′(Rd), (2.4)

Q0(x) ∈ H1(Rd), Q0 ∈ Sd0 a.e. in Rd. (2.5)
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For the sake of convenience, we shall use the same notation of [8]. We denote the
Sobolev space by Hk for integer k ≥ 1, with the norm ‖ · ‖Hk defined by

‖v‖2Hk :=
∑

0≤|ν|≤k

‖Dνv‖2L2 ,

where Dν := ∂ν11 · · · ∂
νd
d is the distributional derivative. The space H−k is the dual

space of Hk
0 , with the norm:

‖v‖H−k := sup
ϕ∈Hk

0 ,‖ϕ‖Hk
0
≤1
|(v, ϕ)|,

where (·, ·) denotes the inner product in L2. If a and b are vector functions, (a, b) :=∫
Rd a(x) · b(x) dx and if A and B are matrices, (A,B) :=

∫
Rd A : B dx with A : B =

tr(ATB) = AijBij . We can also write A : B = tr(AB) if A or B is symmetric. We
denote by Sd0 ⊂Md×d the space of symmetric traceless Q-tensors in d-dimension:

Sd0 :=
{
Q ∈Md×d; Qij = Qji, tr(Q) = 0, i, j = 1, · · · , d

}
,

with the Frobenius norm |Q| :=
√
tr(QTQ) =

√
QijQij , and then define the

Sobolev space for the Q-tensors:

H1(Rd, Sd0 ) :=
{
Q : Rd → Sd0 ;

∫
Rd

(|Q(x)|2 + |∇Q(x)|2)dx <∞
}
,

where |∇Q|2 := ∂kQij∂kQij . We also denote |∆Q|2 := ∆Qij∆Qij .
Denote the Landau-de Gennes free energy for the nematic liquid crystals by

F(Q) :=

∫
Rd

(1

2
|∇Q|2 +

c− c∗
4
|Q|2 − b

3
tr(Q3) +

c∗
4
|Q|4

)
dx, (2.6)

and the energy of the system (2.1) by

E(t) := F(Q) +

∫
Rd

(1

2
|c− ĉ|2 +

1

2
|u|2
)
dx. (2.7)

First we have the following basic energy estimate.

Proposition 1. Let (c, u,Q) be a smooth solution of system (2.1) such that for any
given T > 0,

c− ĉ ∈ L∞(0, T ;L2(Rd)) ∩ L2(0, T ;H1(Rd)), (2.8)

u ∈ L∞(0, T ;L2(Rd)) ∩ L2(0, T ;H1(Rd)), (2.9)

Q ∈ L∞(0, T ;H1(Rd)) ∩ L2(0, T ;H2(Rd)). (2.10)

Then we have

d

dt
E(t) +D0

∫
Rd

|∇c|2dx+
µ

2

∫
Rd

|∇u|2dx+ Γ

∫
Rd

tr(H2)dx

≤ C(D0, c̄, σ∗, µ)

∫
Rd

(|Q|2 + |∇Q|2 + |tr(Q∆Q)|)dx,
(2.11)

for any t ∈ (0, T ).

Based on Proposition 1, Gronwall’s inequality and assumption of lower bound of
initial data c or the liquid crystal material parameter ξ, we obtain the following a
priori estimates.
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Proposition 2. Let (c, u,Q) be a smooth solution of system (2.1)-(2.2) in Rd, d =
2, 3. There exist some positive constants c∗ and ξ∗, such that, if c > c∗ or |ξ| < ξ∗,
then for the initial data (c0, u0, Q0) ∈ L∞ × L2 ×H1 and any t > 0, one has

0 < c ≤ c ≤ c̄ <∞, (2.12)

‖Q(t, ·)‖2H1 ≤ C1e
C2t‖Q0‖2H1 , (2.13)

and

‖u(t, ·)‖2L2 +
µ

2

∫ t

0

‖∇u(s, ·)‖2L2ds ≤ C3(‖Q0‖2H1 + ‖u0‖2L2)eC2t + C4, (2.14)

where constants Ci, i = 1, · · · , 4, depend on D0, µ, λ,Γ, c∗ and the initial data
(c0, u0, Q0).

Remark 1. For the passive system considered in [50], the hypothesis of small |ξ| is
necessary in Rd. In our system, because of the varying concentration in the energy
density, we can obtain the a priori estimates without smallness condition on ξ.

Next, we introduce the definition of weak solutions to the system (2.1) subject
to the initial condition (2.2) in Rd for d = 2, 3.

Definition 2.1. Let the initial data (c0, u0, Q0) satisfy (2.3)-(2.5). The triple
(c, u,Q) is called a weak solution to the system (2.1)-(2.2) if

c− ĉ ∈ L∞loc(R+;L2(Rd)) ∩ L2
loc(R+;H1(Rd)), (2.15)

u ∈ L∞loc(R+;L2(Rd)) ∩ L2
loc(R+;H1(Rd)), (2.16)

Q ∈ L∞loc(R+;H1(Rd)) ∩ L2
loc(R+;H2(Rd)), (2.17)

and the weak formulation holds:

−
∫ ∞
0

∫
Rd

c∂tφdxdt−
∫ ∞
0

∫
Rd

cu · ∇φdxdt+D0

∫ ∞
0

(∇c,∇φ)dt

=

∫
Rd

c0(x)φ(0, x)dx,

(2.18)

−
∫ ∞
0

(u, ∂tϕ)dt−
∫ ∞
0

(u, u · ∇ϕ)dt+ µ

∫ ∞
0

(∇u,∇ϕ)dt−
∫
Rd

u0(x) · ϕ(0, x)dx

= ξ

∫ ∞
0

(
(Q+

1

d
Id)H +H(Q+

1

d
Id)− 2(Q+

1

d
Id)tr(QH),∇ϕ

)
dt

+

∫ ∞
0

(
∇Q�∇Q− (Q∆Q−∆QQ)− σ∗c2Q+ λ|Q|H,∇ϕ

)
dt,

(2.19)

and

−
∫ ∞
0

(Q, ∂tψ)dt−
∫ ∞
0

(Q, u · ∇ψ)dt− Γ

∫ ∞
0

(∆Q,ψ)dt−
∫
Rd

Q0(x) : ψ(0, x)dx

= ξ

∫ ∞
0

(
D(Q+

1

d
Id)+ (Q+

1

d
Id)D− 2(Q+

1

d
Id)tr(Q∇u), ψ

)
dt

+ Γ

∫ ∞
0

(
− c− c∗

2
Q+ b

(
Q2 − tr(Q2)

d
Id
)
− c∗Qtr(Q2), ψ

)
dt

+

∫ ∞
0

(ΩQ−QΩ, ψ)dt+ λ

∫ ∞
0

(|Q|D,ψ)dt,

(2.20)
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for all φ ∈ C∞([0,∞) × Rd;R), ϕ ∈ C∞([0,∞) × Rd;Rd) with ∇ · ϕ = 0 and
ψ ∈ C∞([0,∞)× Rd;Sd0 ).

We now state the results on the system (2.1)-(2.2). The first result is the the
existence of global weak solutions in two and three dimensions.

Theorem 2.2 (Existence of weak solutions). Let the initial data (c0, u0, Q0) satisfy
(2.3)-(2.5). Then there exist some positive constants c∗ and ξ∗, such that if c > c∗ or
|ξ| < ξ∗ there exists a weak solution (c, u,Q) to the system (2.1)-(2.2) for d = 2, 3.

The second result states that, in two-dimensional case, the system (2.1) has
solutions with higher regularity, subject to the initial data with higher regularity.

Theorem 2.3 (Higher regularity). For s > 0 and the initial data (c0, u0, Q0) ∈
Hs(R2)×Hs(R2)×Hs+1(R2), there exist some positive constants c∗ and ξ∗, such
that if c > c∗ or |ξ| < ξ∗, there exists a global solution (c, u,Q) of the system
(2.1)-(2.2) satisfying

c− ĉ ∈ L∞loc(R+;Hs(R2)) ∩ L2
loc(R+;Hs+1(R2)),

u ∈ L∞loc(R+;Hs(R2)) ∩ L2
loc(R+;Hs+1(R2)),

Q ∈ L∞loc(R+;Hs+1(R2)) ∩ L2
loc(R+;Hs+2(R2)),

and

‖c(t, ·)− ĉ‖2Hs(R2) + ‖u(t, ·)‖2Hs(R2) + ‖∇Q(t, ·)‖2Hs(R2) ≤ C,

where the constant C depends only on t,D0, b, c∗, µ,Γ, λ and c0, u0, Q0. Moreover, if
ξ = 0 the increase in time of the above norms can be made only doubly exponential.

The third result is the weak-strong uniqueness, stated in the following theorem.

Theorem 2.4 (Weak-strong uniqueness). For s > 0 and the initial data (c0, u0, Q0)
∈ Hs(R2)×Hs(R2)×Hs+1(R2), there exist some positive constants c∗ and ξ∗, such
that, if c > c∗ or |ξ| < ξ∗, the weak solution of the system (2.1)-(2.2) in Theorem
2.2 and the strong solution in Theorem 2.3 are equal.

Next we shall give an outline of the proof for the Theorem 2.2. We will construct
the approximation system and obtain the uniform estimates to prove the global
existence of the weak solutions for the system (2.1)-(2.2). The proof of Theorem
2.2 will be divided into three steps following [8]. Firstly, we construct regularized
solutions (cε,n, uε,n, Qε,(n)) to the following approximate system (2.21) by the clas-
sical Friedrich’s scheme. Secondly, we obtain some a priori estimates and pass to
the limit as n→∞ to achieve the weak solution (cε, uε, Qε) to the modified system
(2.25). Finally, we finish the proof of Theorem 2.2 by passing to the limit as ε→ 0
in the modified system (2.25) with the uniform bounds.

Step 1. construction of the approximation system. Let χ ∈ C∞0 be a radial
positive function such that

∫
Rd χ(y)dy = 1 and we define Rε as the convolution

operator with kernel ε−dχ(ε−1·). We also define P as the Leray projector onto
divergence-free vector fields, i.e.,

P : L2 → H = {v ∈ L2 : ∇ · v = 0}

and the mollifying operator Jn (n = 1, 2, · · · ) as

F(Jnf)(ξ) := 1[2−n,2n](|ξ|)F(f)(ξ),
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where F is the Fourier transform. For any fixed ε > 0 and n > 0, by using
the convolution operator Rε, the Leray projector P and the mollifying operator
Jn, n = 1, 2, · · · , adding some regularizing terms to the system (2.1), we construct
the following approximation system by the classical Friedrich’s scheme, which is sim-
ilar to [8] (from now on, we denote the solution (cε,n, uε,n, Qε,(n)) by (cn, un, Q(n))
for simplicity):

∂tc
n + Jn((Rεu · ∇)cn) = D0∆cn, (2.21a)

∂tu
n + Jn((Rεu · ∇)un)− µ∆un + P∇ · JnRε(∇Q(n) �∇Q(n))

=− εPJnRε
(
∇cn(Rεu

n · ∇cn)
)

− εPJnRε
(
∇Q(n)(Rεu

n · ∇Q(n))|Rεun · ∇Q(n)|
)

+ εP∇ · JnRε(∇Rεun|∇Rεun|2)

− ξP∇ · JnRε
(
(Q(n) +

1

d
Id)JnH̄

(n) + JnH̄
(n)(Q(n) +

1

d
Id)
)

+ 2ξP∇ · JnRε
(
(Q(n) +

1

d
Id)tr(Q

(n)JnH̄
(n))
)

+ P∇ · JnRε
(
Q(n)∆Q(n) −∆Q(n)Q(n) + σ∗(c

n)2Q(n)
)

− λP∇ · JnRε(|Q(n)|JnH̄(n)),



(2.21b)

∂tQ
(n) + Jn((Rεu · ∇)Q(n))− Jn(RεΩ

nQ(n) −Q(n)RεΩ
n)

= ξJn
(
RεD

n(Q(n) +
1

d
Id) + (Q(n) +

1

d
Id)RεD

n
)

− 2ξJn
(
(Q(n) +

1

d
Id)tr(Q

(n)∇Rεun)
)

+ λJn(|Q(n)|RεDn) + ΓJnH̄
(n),


(2.21c)

(cn, un, Q(n))|t=0 = (JnRεc0, JnRεu0, JnRεQ0), (2.21d)

where

H̄(n) = ∆Q(n) − cn − c∗
2

Q(n) + b
(
(Q(n))2 − tr((Q(n))2)

d
Id
)
− c∗Q(n)tr((Q(n))2),

and (cn, un, Q(n)) ∈ C1([0, Tn);∩∞k=1H
k). Then we have the existence and unique-

ness of the approximate system, which can be regarded as a system of ordinary
differential equations in L2 as well as the conditions (PJn)2 = PJn, (Jn)2 = Jn.
We also have that Q(n) = (Q(n))> a.e. in [0, Tn]× Rd.
Step 2. the limit as n → ∞. Before we pass to the limit as n → ∞, we need to
derive the following a priori estimates for the system (2.21):

d

dt

(
En(t) +M‖Q(n)‖2L2

)
+D0‖∇cn‖2L2 +

µ

4
‖∇un‖2L2 +

c2∗Γ

2
‖Jn(Q(n)|Q(n)|2)‖2L2

+
Γ

2
‖∆Q(n)‖2L2 +

ε

2
‖Rεun · ∇cn‖2L2 +

ε

2
‖Rεun · ∇Q(n)‖3L3 +

ε

4
‖∇Rεun‖4L4

≤ C(‖un‖2L2 + ‖Q(n)‖2L2 + ‖∇Q(n)‖2L2 + ‖Q(n)‖4L4),
(2.22)

where M = M(c, b, c∗) > 0 is a suitable large constant satisfying

0 ≤ M

2
|Q(n)|2+

c∗
8
|Q(n)|4 ≤ (M+

c− c∗
4

)|Q(n)|2− b
3
tr((Q(n))3)+

c∗
4
|Q(n)|4, (2.23)

and C = C(c∗, c̄, b,Γ, D0, σ∗, µ, λ, ε,M) is independent of n.
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From the above estimates, by Gronwall’s inequality, we can conclude the a priori
bounds of the solution (cn, un, Q(n)) of the system (2.21) for any T < ∞ as the
following:

sup
n
‖cn − ĉ‖L∞(0,T ;L2)∩L2(0,T ;H1) ≤ C, 0 < c ≤ cn ≤ c̄ <∞,

sup
n
‖un‖L∞(0,T ;L2)∩L2(0,T ;H1) ≤ C,

sup
n
‖Q(n)‖L∞(0,T ;H1∩L4)∩L2(0,T ;H2) + sup

n
‖Jn(Q(n)|Q(n)|2)‖L2(0,T ;L2) ≤ C,

sup
n
‖Rεun · ∇cn‖L2(0,T ;L2) ≤ C,

sup
n
‖Rεun · ∇Q(n)‖L3(0,T ;L3) ≤ C,

sup
n
‖∇Rεun‖L4(0,T ;L4) ≤ C,

(2.24)
where C is independent of n.

Because of the symmetry properties of the Q-tensor Q(n), it remains to show
tr(Q(n)) = 0 to prove that Q(n) ∈ Sd0 . We take the trace on both sides of the
equation (2.21c) to obtain the following initial value problem:

∂ttr(Q
(n)) + Jn(Rεu

n · ∇tr(Q(n))) = ΓJn∆tr(Q(n))− ΓJn(
cn − c∗

2
tr(Q(n)))

− c∗ΓJn(tr(Q(n))tr((Q(n))2))− 2ξJn(tr(Q(n))tr(Q(n)∇Rεun)),

tr(Q(n))|t=0 = JnRεtr(Q0) = 0,

where we have used the fact that (Q(n))> = Q(n), and tr(Q(n)Ω(n)) = tr(Ω(n)Q(n)).
Then one has the following estimate:

d

dt
‖tr(Q(n))‖2L2 ≤ (C1 + C2‖∇Rεun‖

4
4−d

L4 )‖tr(Q(n))‖2L2 .

Hence, we conclude that tr(Q(n)) = 0 by using Gronwall’s inequality and the trace-
lessness of the initial condition of Q(n).

From the uniform energy estimate (2.22) with respect to n, we can conclude
that Tn = ∞. Moreover, from the system (2.21) and the estimates (2.24), we can
compute the bounds for ∂t(c

n, un, Q(n)) in some L1(0, T ;H−N ) space for sufficiently
large N . Therefore, by the classical Aubin-Lions compactness lemma, as n → ∞,
we have

Q(n) ⇀ Q in L2(0, T ;H2), Q(n) → Q in L2(0, T ;H2−δ
loc ) for any δ > 0,

Q(n)(t) ⇀ Q(t) in H1, for any t > 0,

Q(n) ⇀ Q in Lp(0, T ;H1), Q(n) → Q in Lp(0, T ;H1−δ
loc ) for any δ > 0, p ≥ 2,

cn − ĉ ⇀ c− ĉ in L2(0, T ;H1), cn − ĉ→ c− ĉ in L2(0, T ;H1−δ
loc ), for any δ > 0,

cn(t)− ĉ ⇀ c(t)− ĉ in L2, for any t > 0,

un ⇀ u in L2(0, T ;H1), un → u in L2(0, T ;H1−δ
loc ), for any δ > 0,

un(t) ⇀ u(t) in L2, for any t > 0.

Hence we can pass to the limit as n→∞ to obtain a weak solution (cε, uε, Qε) for
the following modified system (from now on, we denote the solution (cε, uε, Qε) by
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(c, u,Q) for simplicity):

∂tc+ (Rεu · ∇)c = D0∆c,
∂tu+ P(Rεu · ∇)u− µ∆u+ P∇ ·Rε(∇Q�∇Q)
= −εPRε

(
∇c(Rεu · ∇c)

)
− εPRε

(
∇Q(Rεu · ∇Q)|Rεu · ∇Q|

)
+εP∇ ·Rε

(
∇Rεu|∇Rεu|2

)
−ξP∇ ·Rε

(
(Q+

1

d
Id)H +H(Q+

1

d
Id)− 2(Q+

1

d
Id)tr(QH)

)
+P∇ ·Rε

(
Q∆Q−∆QQ+ σ∗c

2Q
)
− λP∇ ·Rε(|Q|H),

∂tQ+ (Rεu · ∇)Q− (RεΩQ−QRεΩ)− λ|Q|RεD
= ξ
(
RεD(Q+

1

d
Id) + (Q+

1

d
Id)RεD − 2(Q+

1

d
Id)tr(Q∇Rεu)

)
+ ΓH,

(c, u,Q)|t=0 = (Rεc0, Rεu0, RεQ0).
(2.25)

From the above analysis, we have the following proposition about the existence of
weak solutions of the modified system (2.25).

Proposition 3. Assume the initial data (c0, u0, Q0) satisfies (2.3)-(2.5). Then
there exists a weak solution (cε, uε, Qε) to the modified system (2.25), for d = 2, 3,
satisfying

cε − ĉ ∈ L∞loc(R+;L2(Rd)) ∩ L2
loc(R+;H1(Rd)),

uε ∈ L∞loc(R+;L2(Rd)) ∩ L2
loc(R+;H1(Rd)),

Qε ∈ L∞loc(R+;H1(Rd)) ∩ L2
loc(R+;H2(Rd)).

Step 3. the limit as ε → 0. Now we will complete the proof of Theorem 2.2 by
passing to the limit in system (2.25) as ε → 0. Through the similar procedure
in Step 2 and the classical Aubin-Lions lemma, we can conclude that there exists
(c, u,Q) satisfying

c− ĉ ∈ L∞loc(R+;L2(Rd)) ∩ L2
loc(R+;H1(Rd)),

u ∈ L∞loc(R+;L2(Rd)) ∩ L2
loc(R+;H1(Rd)),

Q ∈ L∞loc(R+;H1(Rd)) ∩ L2
loc(R+;H2(Rd)),

such that, as ε→ 0, we have

Qε ⇀ Q in L2(0, T ;H2), Qε → Q in L2(0, T ;H2−δ
loc ) for any δ > 0,

Qε(t) ⇀ Q(t) in H1, for any t > 0,

Qε ⇀ Q in Lp(0, T ;H1), Qε → Q in Lp(0, T ;H1−δ
loc ) for any δ > 0, p ≥ 2,

cε − ĉ ⇀ c− ĉ in L2(0, T ;H1), cε − ĉ→ c− ĉ in L2(0, T ;H1−δ
loc ), for any δ > 0,

cε(t)− ĉ ⇀ c(t)− ĉ in L2, for any t > 0,

uε ⇀ u in L2(0, T ;H1), uε → u in L2(0, T ;H1−δ
loc ), for any δ > 0,

uε(t) ⇀ u(t) in L2, for any t > 0.

Hence, by passing to the limit in system (2.25) as ε → 0, we can obtain a weak
solution (c, u,Q) of the system (2.1) satisfying (2.18)-(2.20). The proof of Theorem
2.2 is completed.

3. Compressible flows: Weak solutions in a bounded domain. In this sec-
tion we shall present the result taken directly from [9] on the existence of weak
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solutions for the compressible flows of active liquid crystals (c.f. [23, 25]) in a
bounded domain O ⊂ R3:

∂tc+ (u · ∇)c = D0∆c,

∂tρ+∇ · (ρu) = 0,

∂t(ρu) +∇ · (ρu⊗ u) +∇P (ρ)− µ∆u− (ν + µ)∇div u = ∇ · τ +∇ · σ,
∂tQ+ (u · ∇)Q+QΩ− ΩQ = ΓH[Q, c],

(3.1)
where ρ is the density of the fluid, u ∈ R3 is the flow velocity, P = κργ denotes
the pressure with adiabatic constant γ > 1 and constant κ > 0, and all the other
variables are the same as in the system (1.1) of incompressible flows. Consider the
initial-boundary value problem of (3.1) under the following initial condition:

(c, ρ, ρu,Q)|t=0 = (c0, ρ0,m0, Q0)(x) for x ∈ O ⊂ R3, (3.2)

with

c0 ∈ H1(O), 0 < c ≤ c0 ≤ c <∞,
Q0 ∈ H1(O), Q0 ∈ S3

0 a.e. in O,

and the following boundary condition:

∇c · ~n|∂O = 0, u|∂O = 0, ∇Q · ~n|∂O = 0, (3.3)

with the compatibility condition:

ρ0 ∈ Lγ(O), ρ0 ≥ 0; m0 ∈ L1(O), m0 = 0 if ρ0 = 0;
|m0|2

ρ0
∈ L1(O), (3.4)

where ~n is the unit outward normal on ∂O.
We shall construct the global finite-energy weak solution to (3.1)−(3.4) in the

following sense:

Definition 3.1. For any T > 0, (c, ρ, u,Q) is a finite-energy weak solution of the
initial-boundary value problem (3.1)−(3.4) if the following conditions are satisfied:

(i) c > 0, c ∈ L∞(0, T ;L2(O)) ∩ L2(0, T ;H1(O)); ρ ≥ 0, ρ ∈ L∞(0, T ;Lγ(O));
u ∈ L2(0, T ;H1

0 (O)), Q ∈ L∞(0, T ;H1(O)) ∩ L2(0, T ;H2(O)), and Q ∈ S3
0

a.e. in OT = [0, T ]×O.

(ii) The system (3.1) is valid in D′(OT ). Moreover, the continuity equation is

valid in D′(0, T ;R3), if (ρ, u) are extended to be zero on R3 \ O.

(iii) Energy E(t) is locally integrable on (0, T ) and satisfies the energy inequality:

d

dt
E(t) +

D0

2
‖∇c‖2L2 +

µ

2
‖∇u‖2L2 + (ν + µ)‖div u‖2L2 +

Γ

2
‖∆Q‖2L2 +

c2∗Γ

2
‖Q‖6L6

≤ C
(
‖u‖2L2 + ‖∇Q‖2L2 + ‖Q‖2L2 + ‖Q‖4L4

)
in D′(0, T ),

where

E(t) :=

∫
O

(1

2
|c|2 +

1

2
ρ|u|2 +

ργ

γ − 1
+

1

2
|Q|2 +

1

2
|∇Q|2 +

c∗
4
|Q|4

)
dx.

(iv) The continuity equation is satisfied in the sense of renormalized solutions; that
is, for any function g ∈ C1(R) with the property:

g′(z) ≡ 0 for all z ≥M for a sufficiently large constant M,
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the following holds

∂tg(ρ) + div (g(ρ)u) +
(
g′(ρ)ρ− g(ρ)

)
div u = 0 in D′(0, T ).

The main result on the existence of solutions can be stated as follows.

Theorem 3.2 ([9]). Let γ > 3
2 and O ⊂ R3 be a bounded domain of the class

C2+τ for some τ > 0. Assume that the initial data (c0, ρ0,m0, Q0)(x) satisfies
the compatibility condition (3.4). Then, for any T > 0, the initial-boundary value
problem (3.1)−(3.3) admits a finite-energy weak solution (c, ρ, u,Q)(t, x) on OT .

Theorem 3.2 can be proved by the Faedo-Galerkin’s method [61] with three levels
of approximations in [9], as well as the weak convergence argument in the spirit of
[17, 16]. The first level of approximation is to add the artificial pressure in order
to increase the integrability of the density. The second level approximation is to
add the artificial viscosity in the continuity equation for the higher regularity of
the density. The third level approximation is the Faedo-Galerkin’s approximation
from the finite-dimensional to infinite-dimensional space. This approach was used
to construct weak solutions to the compressible Q-tensor system in [64]. New dif-
ficulties arise from the concentration equation and its coupling with both the fluid
and Q-tensor equations, and thus new techniques are needed.

The approximate problem for (3.1)−(3.3) is the following: for fixed δ > 0 and
ε > 0,

∂tc+ (u · ∇)c = D0∆c, (3.5)

∂tρ+∇ · (ρu) = ε∆ρ, (3.6)

∂t(ρu) +∇ · (ρu⊗ u) +∇
(
ργ + δ∇ρβ

)
+ ε(∇ρ · ∇)u

= µ∆u+ (ν + µ)∇div u+∇ · (F(Q)I3 −∇Q�∇Q)

+∇ · (Q∆Q−∆QQ) + σ∗∇ · (c2Q), (3.7)

∂tQ+ (u · ∇)Q+QΩ− ΩQ = ΓH[Q, c], (3.8)

subject to the modified initial condition:

c|t=0 = c0 ∈ H1(O), 0 < c ≤ c0(x) ≤ c̄, (3.9)

ρ|t=0 = ρ0 ∈ C3(Ō), 0 < % ≤ ρ0(x) ≤ %̄, (3.10)

(ρu)|t=0 = m0(x) ∈ C2(Ō), (3.11)

Q|t=0 = Q0(x) ∈ H1(O), Q0 ∈ S3
0 a.e. in O, (3.12)

and the boundary condition:

∇c · ~n|∂O = 0, ∇ρ · ~n|∂O = 0, (3.13)

u|∂O = 0,
∂Q

∂~n
|∂O = 0, (3.14)

where c, c̄, %, and %̄ are positive constants, and ~n is the unit outward normal
on ∂O. The classical Faedo-Galerkin method can be used to construct a solu-
tion (cn, ρn, un, Qn) of the initial-boundary value problem (3.5)–(3.14). We know
that the family of smooth eigenfunctions {ψn}∞n=1 of the Laplacian operator form
an orthogonal basis of H1

0 (O). Define a sequence of finite-dimensional spaces:
Xn = span{ψ1, ψ2, · · · , ψn} for n ∈ N. First, it is shown that there is a unique
solution (ρ[un], c[un], Q[un]) to the initial-boundary value problem (3.5)–(3.6) and
(3.8) for any given un ∈ C(0, T ;Xn). Then, substituting (ρ[un], c[un], Q[un]) into
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the variational formulation of the momentum equation, one can obtain a local solu-
tion (ρn, cn, un, Qn) of the approximation system (3.5)–(3.14) on the time interval
[0, Tn] by using the contraction map theorem. Using some cancellation property
of the system and some maximum principle argument, one can extend the local
solution to a global solution by the uniform energy estimates of the system with
respect to n and also obtain the existence of the first level approximation solution
as n → ∞. The next step is to let the artificial viscosity ε → 0 to recover the
original continuity equation, for which the convergence of the effective viscous flux
sequence is applied to deal with the lack of regularity of the density sequence to
retrieve the compactness results of the solutions. The last step is to pass to the
limit of the vanishing artificial pressure sequence (δ → 0) to obtain a finite-energy
weak solution of the original problem, including the vacuum case. The details of
the proof can be found in [9].

4. Other results and open problems. Inhomogeneous incompressible flow of ac-
tive liquid crystals: In [39] the incompressible flow of the active liquid crystals with
inhomogeneous density was discussed in the Q-tensor framework. Global solutions
are constructed by the Faedo-Galerkin method for the initial-boundary value prob-
lem. Two levels of approximations are used and the weak convergence is obtained
through compactness estimates to obtain the existence of global weak solutions in
a two or three dimensional bounded domain.

Incompressible limit: In [67] the connection between the compressible flows and
the incompressible flows of liquid crystals was studied when the Mach number is
low. The convergence of the weak solutions of the compressible model to the in-
compressible model is proved as the Mach number approaches zero based on the
uniform estimates of the weak solutions and various compactness criteria.

Stochastic analysis: In [53, 54] the martingale solution and strong solution were
obtained for the stochastic active liquid crystal system. The three-dimensional com-
pressible flow of active nematic liquid crystals with the random force was studied
in [53] and the global martingale solution via an approximation scheme was con-
structed. The strong solution to the compressible stochastic Navier-Stokes equa-
tions coupled with the Q-tensor system of active liquid crystals was established in
[54] through the energy method up to a stopping time. The incompressible limit
was also proved for the stochastic flows of active liquid crystals in [67].

Open problems: Many fundamental mathematical problems remain open for the
active hydrodynamics, for example, the global existence of smooth solutions with
large data and uniqueness for the compressible flows, large-time behavior of strong
and weak solutions, singular limits of solutions. The stochastic analysis is widely
open for the active hydrodynamics, for example, global strong solutions, qualitative
behavior of solutions, noise effect on the stability of solutions, and so on.
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[22] F. Ginelli, F. Peruani, M. Bär and H. Chaté, Large-scale collective properties of self-propelled
rods, Phys. Rev. Lett., 104 (2010), 184502.

[23] L. Giomi, M. J. Bowick, X. Ma and M. C. Marchetti, Defect annihilation and proliferation in
active nematics, Phys. Review Lett., 110 (2013), 228101.

[24] L. Giomi, T. B. Liverpool and M. C. Marchetti, Sheared active fluids: Thickening, thinning,

and vanishing viscosity, Phys. Rev. E., 81 (2010), 051908, 9 pp.

[25] L. Giomi, L. Mahadevan, B. Chakraborty and M. F. Hagan, Excitable patterns in active
nematics, Phys. Rev. Lett., 106 (2011), 218101.

[26] L. Giomi, L. Mahadevan, B. Chakraborty and M. F. Hagan, Banding, excitability and chaos
in active nematic suspensions, Nonlinearity, 25 (2012), 2245–2269.

[27] L. Giomi, M. C. Marchetti and T. B. Liverpool, Complex spontaneous flows and concentration

banding in active polar films, Phys. Rev. Lett., 101 (2008), 198101.
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[29] F. Guillén-González and M. Rodriguez-Bellido, Weak solutions for an initial-boundary Q-
tensor problem related to liquid crystals, Nonlinear Anal., 112 (2015), 84–104.

[30] M. Hieber and J. W. Prüss, Modeling and analysis of the Ericksen-Leslie equations for nematic

liquid crystal flows, Handbook of Mathematical Analysis in Mechanics of Viscous Fluids,
1075–1134, Springer, Cham, (2018).

[31] X. Hu and Q. Liu, Global solution to the 3D inhomogeneous nematic liquid crystal flows with

variable density, J. Differential Equations, 264 (2018), 5300–5332.
[32] X. Hu and D. Wang, Global solution to the three-dimensional incompressible flow of liquid

crystals, Comm. Math. Phys., 296 (2010), 861–880.

http://www.ams.org/mathscinet-getitem?mr=MR1352465&return=pdf
http://dx.doi.org/10.1103/PhysRevLett.113.248303
http://www.ams.org/mathscinet-getitem?mr=MR3485967&return=pdf
http://dx.doi.org/10.1137/15M1048550
http://dx.doi.org/10.1137/15M1048550
http://www.ams.org/mathscinet-getitem?mr=MR3631304&return=pdf
http://dx.doi.org/10.1016/j.jde.2017.02.035
http://dx.doi.org/10.1016/j.jde.2017.02.035
http://www.ams.org/mathscinet-getitem?mr=MR3825614&return=pdf
http://dx.doi.org/10.1137/17M1156897
http://dx.doi.org/10.1137/17M1156897
http://dx.doi.org/10.1016/j.bpj.2010.01.053
http://www.ams.org/mathscinet-getitem?mr=MR3576270&return=pdf
http://dx.doi.org/10.4310/CMS.2016.v14.n8.a3
http://dx.doi.org/10.4310/CMS.2016.v14.n8.a3
http://www.ams.org/mathscinet-getitem?mr=MR4134151&return=pdf
http://dx.doi.org/10.1007/s00205-020-01554-y
http://dx.doi.org/10.1007/s00205-020-01554-y
http://www.ams.org/mathscinet-getitem?mr=MR158610&return=pdf
http://dx.doi.org/10.1122/1.548883
http://www.ams.org/mathscinet-getitem?mr=MR2040667&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1867887&return=pdf
http://dx.doi.org/10.1007/PL00000976
http://dx.doi.org/10.1007/PL00000976
http://www.ams.org/mathscinet-getitem?mr=MR3109430&return=pdf
http://dx.doi.org/10.4310/CMS.2014.v12.n2.a6
http://dx.doi.org/10.4310/CMS.2014.v12.n2.a6
http://www.ams.org/mathscinet-getitem?mr=MR3383939&return=pdf
http://dx.doi.org/10.1007/s10231-014-0419-1
http://dx.doi.org/10.1007/s10231-014-0419-1
http://dx.doi.org/10.1103/PhysRevE.83.041910
http://dx.doi.org/10.1103/PhysRevE.83.041910
http://dx.doi.org/10.1103/PhysRevLett.104.184502
http://dx.doi.org/10.1103/PhysRevLett.104.184502
http://dx.doi.org/10.1103/PhysRevLett.110.228101
http://dx.doi.org/10.1103/PhysRevLett.110.228101
http://www.ams.org/mathscinet-getitem?mr=MR2736249&return=pdf
http://dx.doi.org/10.1103/PhysRevE.81.051908
http://dx.doi.org/10.1103/PhysRevE.81.051908
http://dx.doi.org/10.1103/PhysRevLett.106.218101
http://dx.doi.org/10.1103/PhysRevLett.106.218101
http://www.ams.org/mathscinet-getitem?mr=MR2946185&return=pdf
http://dx.doi.org/10.1088/0951-7715/25/8/2245
http://dx.doi.org/10.1088/0951-7715/25/8/2245
http://dx.doi.org/10.1103/PhysRevLett.101.198101
http://dx.doi.org/10.1103/PhysRevLett.101.198101
http://www.ams.org/mathscinet-getitem?mr=MR3274285&return=pdf
http://dx.doi.org/10.1016/j.na.2014.09.011
http://dx.doi.org/10.1016/j.na.2014.09.011
http://www.ams.org/mathscinet-getitem?mr=MR3916795&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3760175&return=pdf
http://dx.doi.org/10.1016/j.jde.2018.01.009
http://dx.doi.org/10.1016/j.jde.2018.01.009
http://www.ams.org/mathscinet-getitem?mr=MR2628824&return=pdf
http://dx.doi.org/10.1007/s00220-010-1017-8
http://dx.doi.org/10.1007/s00220-010-1017-8


ON COMPLEX FLUIDS IN ACTIVE HYDRODYNAMICS 3831

[33] X. Hu and H. Wu, Global solution to the three-dimensional compressible flow of liquid crystals,
SIAM J. Math. Anal., 45 (2013), 2678–2699.

[34] J.-R. Huang and S.-J. Ding, Global well-posedness for the dynamical Q-tensor model of liquid

crystals, Sci. China Math., 58 (2015), 1349–1366.
[35] F. Jiang, S. Jiang and D. Wang, On multi-dimensional compressible flows of nematic liquid

crystals with large initial energy in a bounded domain, J. Funct. Anal., 265 (2013), 3369–
3397.

[36] F. Jiang, S. Jiang and D. Wang, Global weak solutions to the equations of compressible flow

of nematic liquid crystals in two dimensions, Arch. Ration. Mech. Anal., 214 (2014), 403–451.
[37] F. M. Leslie, Some constitutive equations for liquid crystals, Arch. Ration. Mech. Anal., 28

(1968), 265–283.

[38] X. Li and D. Wang, Global strong solution to the density-dependent incompressible flow of
liquid crystals, Trans. Amer. Math. Soc., 367 (2015), 2301–2338.

[39] W. Lian and R. Zhang, Global weak solutions to the active hydrodynamics of liquid crystals,

J. Differential Equations, 268 (2020), 4194–4221.
[40] F.-H. Lin and C. Liu, Nonparabolic dissipative systems modeling the flow of liquid crystals,

Comm. Pure Appl. Math., 48 (1995), 501–537.

[41] F. Lin and C. Liu, Static and dynamic theories of liquid crystals. J. Partial Differential
Equations, 14 (2001), 289–330.

[42] F. Lin and C. Wang, Recent developments of analysis for hydrodynamic flow of nematic liquid
crystals, Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 372 (2014), 20130361,

18 pp.

[43] F. Lin and C. Wang, Global existence of weak solutions of the nematic liquid crystal flow in
dimension three, Comm. Pure Appl. Math., 69 (2016), 1532–1571.

[44] Q. Liu, C. Wang, X. Zhang and J. Zhou, On optimal boundary control of Ericksen-Leslie

system in dimension two, Calc. Var. Partial Differential Equations, 59 (2020), Paper No. 38,
64 pp.

[45] D. Marenduzzo, E. Orlandini, M. E. Cates and J. M. Yeomans, Steady-state hydrodynamic

instabilities of active liquid crystals: Hybrid lattice Boltzmann simulations, Phys. Rev. E.,
76 (2007), 031921.

[46] S. Mishra, A. Baskaran and M. C. Marchetti, Fluctuations and pattern formation in self-

propelled particles, Phys. Rev. E., 81 (2010), 061916.
[47] S. Mishra and S. Ramaswamy, Active nematics are intrinsically phase separated, Phys. Rev.

Lett., 97 (2006), 090602.
[48] V. Narayan, S. Ramaswamy and N. Menon, Long-lived giant number fluctuations in a swarm-

ing granular nematic, Science, 317 (2007), 105–108.

[49] C. W. Oseen, The theory of liquid crystals, Trans. Faraday Soc., 29 (1933), 883–899.
[50] M. Paicu and A. Zarnescu, Global existence and regularity for the full coupled Navier-Stokes

and Q-tensor system, SIAM J. Math. Anal., 43 (2011), 2009–2049.
[51] M. Paicu and A. Zarnescu, Energy dissipation and regularity for a coupled Navier-Stokes and

Q-tensor system, Arch. Ration. Mech. Anal., 203 (2012), 45–67.

[52] T. J. Pedley and J. O. Kessler, Hydrodynamic phenomena in suspensions of swimming mi-

croorganisms, Annu. Rev. Fluid Mech., 24 (1992), 313–358.
[53] Z. Qiu and Y. Wang, Martingale solution for stochastic active liquid crystal system, To appear

in Discrete and Continuous Dynamical Systems, 41 (2021), 2227–2268.
[54] Z. Qiu and Y. Wang, Strong solution for compressible liquid crystal system with random

force, Submitted, (2020), arXiv:2003.06074 [math.AP].

[55] S. Ramaswamy, The mechanics and statistics of active matter, Annu. Rev. Condens. Matter

Phys., 1 (2010), 323–345.
[56] S. Ramaswamy, R. A. Simha and J. Toner, Active nematics on a substrate: Giant number

fluctuations and long-time tails, Europhys. Lett., 62 (2003), 196–202.
[57] M. Ravnik and J. M. Yeomans, Confined active nematic flow in cylindrical capillaries, Phys.

Rev. Lett., 110 (2013), 026001.

[58] D. Saintillan and M. J. Shelley, Instabilities and pattern formation in active particle suspen-
sions: Kinetic theory and continuum simulations, Phys. Rev. Lett., 100 (2008), 178103.

[59] T. Sanchez, D. T. N. Chen, S. J. DeCamp, M. Heymann and Z. Dogic, Spontaneous motion

in hierarchically assembled active matter, Nature., 491 (2012), 431–434.
[60] A. Sokolov and I. S. Aranson, Reduction of viscosity in suspension of swimming bacteria,

Phys. Rev. Lett., 103 (2009), 148101.

http://www.ams.org/mathscinet-getitem?mr=MR3101087&return=pdf
http://dx.doi.org/10.1137/120898814
http://www.ams.org/mathscinet-getitem?mr=MR3344065&return=pdf
http://dx.doi.org/10.1007/s11425-015-4990-8
http://dx.doi.org/10.1007/s11425-015-4990-8
http://www.ams.org/mathscinet-getitem?mr=MR3110506&return=pdf
http://dx.doi.org/10.1016/j.jfa.2013.07.026
http://dx.doi.org/10.1016/j.jfa.2013.07.026
http://www.ams.org/mathscinet-getitem?mr=MR3255696&return=pdf
http://dx.doi.org/10.1007/s00205-014-0768-3
http://dx.doi.org/10.1007/s00205-014-0768-3
http://www.ams.org/mathscinet-getitem?mr=MR1553506&return=pdf
http://dx.doi.org/10.1007/BF00251810
http://www.ams.org/mathscinet-getitem?mr=MR3301866&return=pdf
http://dx.doi.org/10.1090/S0002-9947-2014-05924-2
http://dx.doi.org/10.1090/S0002-9947-2014-05924-2
http://www.ams.org/mathscinet-getitem?mr=MR4066012&return=pdf
http://dx.doi.org/10.1016/j.jde.2019.10.020
http://www.ams.org/mathscinet-getitem?mr=MR1329830&return=pdf
http://dx.doi.org/10.1002/cpa.3160480503
http://www.ams.org/mathscinet-getitem?mr=MR1883167&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3273501&return=pdf
http://dx.doi.org/10.1098/rsta.2013.0361
http://dx.doi.org/10.1098/rsta.2013.0361
http://www.ams.org/mathscinet-getitem?mr=MR3518239&return=pdf
http://dx.doi.org/10.1002/cpa.21583
http://dx.doi.org/10.1002/cpa.21583
http://www.ams.org/mathscinet-getitem?mr=MR4056815&return=pdf
http://dx.doi.org/10.1007/s00526-019-1676-z
http://dx.doi.org/10.1007/s00526-019-1676-z
http://dx.doi.org/10.1103/PhysRevE.76.031921
http://dx.doi.org/10.1103/PhysRevE.76.031921
http://dx.doi.org/10.1103/PhysRevE.81.061916
http://dx.doi.org/10.1103/PhysRevE.81.061916
http://dx.doi.org/10.1103/PhysRevLett.97.090602
http://dx.doi.org/10.1126/science.1140414
http://dx.doi.org/10.1126/science.1140414
http://www.ams.org/mathscinet-getitem?mr=MR2837493&return=pdf
http://dx.doi.org/10.1137/10079224X
http://dx.doi.org/10.1137/10079224X
http://www.ams.org/mathscinet-getitem?mr=MR2864407&return=pdf
http://dx.doi.org/10.1007/s00205-011-0443-x
http://dx.doi.org/10.1007/s00205-011-0443-x
http://www.ams.org/mathscinet-getitem?mr=MR1145013&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR4225912&return=pdf
http://dx.doi.org/10.3934/dcds.2020360
http://arxiv.org/pdf/2003.06074
http://dx.doi.org/10.1146/annurev-conmatphys-070909-104101
http://dx.doi.org/10.1209/epl/i2003-00346-7
http://dx.doi.org/10.1209/epl/i2003-00346-7
http://dx.doi.org/10.1103/PhysRevLett.110.026001
http://dx.doi.org/10.1103/PhysRevLett.100.178103
http://dx.doi.org/10.1103/PhysRevLett.100.178103
http://dx.doi.org/10.1038/nature11591
http://dx.doi.org/10.1038/nature11591
http://dx.doi.org/10.1103/PhysRevLett.103.148101


3832 YAZHOU CHEN, DEHUA WANG AND RONGFANG ZHANG

[61] R. Temam, Navier-Stokes Equations: Theory and Numerical Analysis, Reprint of the 1984
Edition. AMS Chelsea Publishing: Providence, RI, 2001.

[62] E. G. Virga, Variational Theories for Liquid Crystals, Chapman & Hall: London, 1994.

[63] R. Voituriez, J. F. Joanny and J. Prost, Spontaneous flow transition in active polar gels,
Europhys. Lett., 70 (2005), 404.

[64] D. Wang, X. Xu and C. Yu, Global weak solution for a coupled compressible Navier-Stokes
and Q-tensor system, Commun. Math. Sci., 13 (2015), 49–82.

[65] D. Wang and C. Yu, Global weak solution and large-time behavior for the compressible flow

of liquid crystals, Arch. Ration. Mech. Anal., 204 (2012), 881–915.
[66] D. Wang and C. Yu, Incompressible limit for the compressible flow of liquid crystals, J. Math.

Fluid Mech., 16 (2014), 771–786.

[67] Y. Wang, Incompressible limit of the compressible Q-tensor system of liquid crystals, Preprint.
[68] H. H. Wensink, J. Dunkel, S. Heidenreich, K. Drescher, R. E. Goldstein, H. Löwen and J. M.
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