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ABSTRACT. Existence and uniqueness of positive radial solutions of some
weighted fourth order elliptic Navier and Dirichlet problems in the unit ball
B are studied. The weights can be singular at x = 0 € B. Existence of posi-
tive radial solutions of the problems is obtained via variational methods in the
weighted Sobolev spaces. To obtain the uniqueness results, we need to know
exactly the asymptotic behavior of the solutions at the singular point z = 0.

1. Introduction. We study structure of positive radial solutions of the weighted
fourth order elliptic problems

™) A(el"d0) = fafwr in B,
u=Au=0, on 0B
and
A(|z|*Au) = |z/'v?  in B,
(D) { u:%:O, on 0B,
where N > 5, B is the unit ball of RN, a,] € R, 1 < p < p, with
N' +4+ 27
PP N B S | 1.1
P v b (1.1)
and
2N >N':=N+a>4, 7:=1—a>—4. (1.2)

It is known from (1.2) that « € (4 — N, N).
The weighted second order equations of the form

—div(|z|*Vu) = |z/'u? in Q CRY, (N > 3)

2020 Mathematics Subject Classification. Primary: 35B45; Secondary: 35J40.
Key words and phrases. Weighted fourth order elliptic problems, positive solutions, existence

and uniqueness, singular point, asymptotic behavior.
The first author is supported by NSFC 11571093.
* Corresponding author: Fangshu Wan.

3775


http://dx.doi.org/10.3934/era.2021061

3776 ZONGMING GUO AND FANGSHU WAN

with p > 1 and

N:=N+a>2 7:=l—a>-2 (1.3)
have been studied by many authors, see, for example, [1, 3, 4, 5, 6, 7, 8, 9, 11, 14,
15, 16, 17] and the references therein. It is known from [12] that under the basic
assumption (1.3), the problem

—div(|z|*Vu) = |z|'uP  in B,

{ u=0 on 0B
where 1 < p < p® := % and B is the unit ball of RY, admits a positive radial
solution v € C?(B\{0})NCY(B). It is known from [10] that u is the unique positive
radial solution in C?(B\{0}) N C°(B).

In a recent paper [13], under the basic assumption (1.2), the authors established
the embedding: D2 (Q) —» L (€2), where Q is a bounded domain of class C? and
0 € Q D*(Q) is the completion of C*(Q\{0}) with respect to the Hilbertian
norm

16[2.. = /Q 2] (Ad)2dr

and Ly (Q) is the space of functions ¢ such that |2|* [ € L*(Q) with the norm

Il = (/Q |x|l|1/z|"“d:n)%.

It is known from [13] that
Dy (Q) = Li(Q), & € [1,ps +1] (1.4)

(V=41 - and this embedding is compact for k € [1,ps + 1);

4
Dy (Q) — LE(Q), &€ [1,ps + 1], (1.5)

provided a >

provided o < %7’ and this embedding is compact for k € [1,p, + 1) and p, =
N42. The embedding in (1.4) with £ = p, 4+ 1 and the embedding in (1.5) with x =
p«+1 are corresponding to the generalized Caffarelli-Kohn-Nirenberg inequalities for
the fourth order case. Some special results related to the Caffarelli-Kohn-Nirenberg
inequality in the fourth order case can be found in [2].

If Q = B, we can obtain

Dy o(B) = Li(B), & € [1,ps +1] (1.6)

provided that the basic assumption (1.2) holds only and this embedding is compact
for i € [1,ps + 1), where D)2 (B) = {¢ € Dy*(B) : ¢(z) = ¢(|x|)}.
Set
On = D}5(B) N Dyrog(B),  Op = Dgu(B).
Using the embedding given in (1.6) and the variational method as in [13] in the
spaces On and Op respectively, we can obtain nontrivial nonnegative radial so-
lutions uy € Oy and up € Op for problems (N) and (D) with 1 < p < ps
respectively.
Let
on(r) = —r“Aun(r), vp(r):=—-r*Aup(r).
In this paper, we first study the regularity of (up,vp) and (uy,vn) at z = 0. We
will see that in some cases, x = 0 can be a removable singular point of (up,vp)
and (un,vn) and in some other cases, x = 0 is a nonremovable singular point of
(un,vn) and (up,vp). Then, we establish the asymptotic expansions of (uy,vy)
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and (up,vp) at = 0 and obtain more detailed regularity information of (uy, vn)
and (up,vp) at x = 0. Using these asymptotic behaviors at = 0, we also obtain
uniqueness results for problems (N) and (D). The main results of this paper are the
following theorems.

Theorem 1.1. Let N > 5, [, € R satisfy (1.2), uy € D>%(B) N Dé:fad(B) and

up € Dg:fad(B) be nontrivial nonnegative solutions of (]\;)adand (D) respectively.
Then,
(1) Ifao € (4—N,2) and 1l > —2, we have
un,up € C*(B\{0}) N C°(B), wy,vp € C*(B\{0})NC°(B).
(2) Ifa € (4—N,2) andl € (o — 4, —2], we have
uy,up € C*(B\{0}) NC°(B), wn,vp € C*(B\{0}).
(3) If « € 2, N) and 7 > —4, we have
uy,up € C*(B\{0}), wn,vp € C*B\{0})NC°B).
Theorem 1.2. Assume that the assumptions of Theorem 1.1 hold and
(N'"+4+27)— (N —4)p

q= 5 > 0.

Then,

(1) Ifa € (4—N,2) and l > —2, we have
(N'—4) (N—«a)  (N'—4)
2 P72 T2

q+

and, ?07 r near 0,
7 ’
)(N2—4)] )(N2—4)]

un(r) =a1 + asr?~ + qgrlat =1 ,

+ 0(7~[q+(p71

up(r) = by + byr?~® + bgr[qu(p*l)(N,%‘l)] + O(T[‘I‘F(p*l)(]\ﬂ%])’

where ay,as, ag, by, ba, by are constants and a3 = un(0) >0, by = up(0) > 0,

oN(r) =c1+ earlat ST Rr=F2) o plat SR -] O(T[QJ’(N;%) (=),

vp(r) =di + dz?“[q'F(N;%)p_ e + d37“[q+(Nl274) (=1 4 O(T[q"_(N;’%) (p_l)])a
where c1,ca, c3,dy,da,ds are constants and ¢ = vy (0) >0, di = vp(0) > 0.
(2) If o € (4— N,2) and | = —2, we have
(V) (N-a) (V1)

¢+ —5P=" 2

and, for r near 0,

UN(T) =e + 627'270‘ Inr + 631'270‘ + O(T‘Zia)

up(r) = fi + for® “Inr + far>7% + o(r?=%),
where eq, ea, €3, f1, f2, f3 are constants and e; = un(0) > 0, e3 # 0; f1 = up(0) > 0,

f2 # 0;
on(r) = —g1In7 + go + g3 *Inr 4+ o(r? "% Inr),

vp(r) = —hyInr 4+ hy + har® “Inr + o(r*~*Inr),

where g1, 92,93, h1,ha, hs are constants and ¢ = lim,_g qileer) > 0, hy =
vn() .

—1Inr

hmr—)O
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(3) Ifae(4—N,2) andl € (o — 4,—2), we have

(N’ —4) (N —4) (N —a)
> <q+ 2 p < 5
Moreover,
(N'—4) (N —a)
2 2p—1
¢+ 52 —1)>
provided T > —3 — 5,
(N —4) (N —a)
2p—1) =
¢+ ——5—@p-1) 3
provided T = =3 — 5,
N —4 N —
2q+(T)(2p—1) < . )

provided T € (—4, -3 — ).
Then, for T > =3 — 5 and r near 0,

. . (N =) () . _ _
un(r) =iy +dgr?t 2 = Dy igr? a+0(r2 “)s

(N’ —4)

up(r) = ji 4 jar?t P~ 4 jar?= 4 o(r27®),
where iy1,12,13, j1, jo, j3 are constants and i1 = un(0) > 0, j3 = up(0) > 0,

(N'—4) (N—a) (N'—4) (N—a)
on(r) = kirldt 2 Py 4 kgpPet T G

Lofrl2et B ) - ey

)

(N'—4) (N—o) (N'—4) (N—o) (N’ —4) (N—o)
vp(r) = [17«[‘1+ 5P~ ]+12+l37“[2q+ s (2p—1)— = ]+O(T‘[2q+ —4 (2p—1)— I ])7

where ki, ko, k3, l1,1l2,l3 are constants and k1 > 0, l; > 0.
For = -3 — 5 and r near 0,
_ g N (po1) | o 2-a 2—a
un(r) =iy + dor 2 + i3r Inr 4+ O(r<™°),

(N —4)

up(r) = g1 +jor®™ 7 @7V 4 G Inr + O(r*7),
where i1,12,13, J1, j2, j3 are constants and iy = un(0) >0, j1 = up(0) > 0,

(N/—4)p7 (N—a)
2

on(r) = kyrltt T 4 kolnr 4 ks + o(1),

(N'—4) (N

vp(r) = yrlat—=r- 7 +loInr 413+ o(1),

where ki, ko, k3, l1,l2,l3 are constants and ky > 0, l{ > 0.
Fort € (—4,-3— %) and r near 0,

(N'—4) (N'—4) (N'—4)

(p=1) 4 jap2lat =5 =1 4 (p2lat "5 (=Dl

un(r) =iy + ipr?t

w’

UD(T) =N +j2’l"q++4)(10*1) _|_j37,2[q+(N/*4)

(=1)] 4 o(p2lat F5 2 (- 1))

where i1, 12,13, j1, j2, j3 are constants and iy = un(0) > 0, j1 = up(0) > 0.

ForanynZS(md_W<T<_%’
N -4 N N4
(nfl)q+%[(n—l)p7(n72)]<%<nq+(27)[npi(nim7

on(r) = kirtt 4 kot 4+ Lo kot + ey + Kttt ottt
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where k1, ka, ..., kn, kny1 are constants with k1 > 0,
N' —4 N -« N —4 N -«
NIZ(I"‘( )p_( )7 NQZQQ‘FQ(?p_l)_gan
2 2 2 2
N' —4 N —«
pr = =D+ D1 (-2 - 2
N' —4 N —«
fin+1 = ng + %[mﬂ —(n-1)] - %
vp(r) =Lr" +lr” + .o+ Lyoar™ Ly + Ly + o(rtt),
where l1,1la, ..., 1y, ln+1 are constants with l; > 0 and
(N —4) (N —a) (N' —4) (N —a)
- - =g+ oy )Y
141 q+ 2 p 2 , V2 q_|_ 2 ( P ) 2 ) ’
N —4 N —
v == 1g+ X1y oz B2 g
N' —4 N —«a
ver =g+ Dy -1y 0]
For = _7(0‘+4:’2),
N —4 N —
ng + g[np_ (n—1)] = Q,
2 2
on(r) = kPt + kort? 4+ o+ kot  ky Inr 4 kpgq + kpgortttt 4 ottt
where k1, ko, ..., kn, knt1, knto are constants with ky > 0,
(N —4) (N —a) (N’ —4) (N —a)
= - =g+ gy ) Y
M=t o =2t — () -
N' —4 N —«
pr = - Dg+ D 1p - -2 - W 2
N' —4 N -«
s =+ g+ g 1p - 20
vp(r) =hr"t +lr” + 4 L™+ Ly Inr + g + o™t + o(rPn ),
where ly,la, ..., ln, lnt1, lnya are constants with Iy > 0 and
_ o, WV =4) (N-q) _ (N'—4) (N —o)
V=gt —p 5 =2+ ———(2p-1) 5
N —4 N —«
vt = (0= D+ - 1p— -2 - =, g,
N' —4 N —
v =+ g+ D1y - - B,
a =2 and T > —4, we have
(4) [fa =2 and T > —4, we h
(V=4 (N-a) (N-2)
2 2 2
Then, for r near 0,
un (r) = —my Inr + mg + mg| InrPrlat T2 D) 4 o(| 1 plprlet SF2 -1
up(r) = —n1Inr + ny + na| lnT|pT[q+(N;2) (=11 4 o(] 1n7’|p7"[q—~_(N;2) (P=0l),

where m1, mg, m3, n1, N9, ng are constants and my; >0, n; > 0,

o () = pr + pal InrfPrlot STHOD] o1 pfpples S50,
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(N=2)
2

vp(r) = @1 + qa| InrfPrlat ST =D (| Injpplat S5 0-1))

where p1,p2,q1,q2 are constants and p1 = vn(0) >0, g1 = vp(0) > 0.
(5) If « € (2,N) and 7 > —4, we have
N— '
N-a) (N -4
2 2
Then, for 1 <p < (it;) and r near 0,

b

’
(N—a) (N 74)] +(N—cx)p (N 74)]

+0( gt —=—p—"——F— )7

N—a) N’ —4)
¢ 7 p_(T]),

un(r) = kT2~ + Ko + rgrldt

uD(T) = 91r2—a + 92 + 93T[q+(N;a)p_M} + O(T[q+

where K1, Kk, k3,01, 02,03 are constants and k1 > 0, 81 > 0,

on(F) = 11 + mrlat ST D] 4l SFR - Dra=2 | plet S (- Dta2)y

)

vp(r) = oy +02r[q+ ) (p-1)] +a3r[q+(N 2 (p—1)+a—2] + o(r [+ 55 (p—1)+a— 2,
where Ty, T2, T3, 01,02, 03 are constants and 71 = vy (0) > 0, o1 = vp(0) > 0.
F _ (447
orp= -5,

un(r) = k172" 4+ ko Inr + k3 + o(1),
up(r) = 617> + Oy Inr + 03 + o(1),
where K1, ko, k3,01, 02,03 are constants and k1 > 0, 61 > 0,

(N—a) (N—0a)
2 2

(P=D+a=2y 4 o(plat (p=DFa=2ly ),

on () =71 + Tor® 2 4 grlet

(N—a)

(N —a)
vp(r) = o1 + 0912 4 ggrldt (P=D+a=2l 1y 4 o(plat =7 (P=DFa=2l ]y 4,
where 71,7, 73,01, 09,03 are constants and 71 = vy (0) > 0, o1 = vp(0) > 0.

(4+71) 6+a+21
For *: 5 <p< 2(a—2) ’

W—a), (N'oa))

un(r) = kT2~ + gorldt + k3 +0(1),

up(r) = 617>~ + 92T[q+(N;a) i S 03 +o(1),

where K1, ka, k3,01, 02,03 are constants and k1 > 0, 81 > 0,

on(r) =1 + rprlat SR 0-1] o 2e+ S5 - 1)] O(rz[qﬂN;‘” (p=1)]y,
vp(r) = 01 + oprlat EEL D] | o 2at CR -]y (200 SF2 - D]y
where T1, T2, 73,01, 09,05 are constants and 71 = vy (0) > 0, o1 = vp(0) > 0.
For p = 6;6;"1‘22)7 ,

q+

W-a), (Vo))

un (r) = k127 + Kgrl + k3lnr + kg + o(1),

(N—0a)

up(r) = 01127 + 0+ 5= ST gy 40, + o(1),
where K1, Ko, K3, K4, 01,02, 03,04 are constants and k1 > 0, #; > 0,

(N—a)
oN(r) =71+ Tgr[‘f’%(”‘l)} + T3r® 7%+ o(r*7?),

vp(r) = o1 + oarltt TFTED) 4 gy g o(ra2),

where 71,7, 73,01, 09,03 are constants and 71 = vy (0) > 0, o1 = vp(0) > 0.
For p> 6+(y+27'

un(r) = K1t + ko™ + Lo K1 4 K+ K P 4 o(rFrtt),
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or
un(r) = k1t + kor?? 4+ L+ K1t + Ky Inr + kg1 + 0o(1),
up(r) = 017" + 0or”2 + .. 4 017" + 0 + Oy 0PV,
or
+O0p_qr"t + 0, Inr + 0,11 + 0(1),

Up, Un+1 are constants depending on N, p,

up(r) = 010" + 01" 4 ..

where (i1, 4o, .« .y i,y fnt1 and V1, Vo, ...,

l7a7
N -« N' —4
p=2—a, u2:q+( )p*( )7
2 2
with n > 4,
< p2 <o < pno1 < O(= pn) < pns,
N —« N' —4
v =2-aq, V2=q+( )p—( ),
2 2
with
v <Vy < ... <Upo1 <0(=1p) < Vptt,
l€17,‘€27...,Iin,lin+1,91,92,... 0, 60,41 are constants and k1 > 0, 61 > 0,

0)

on(F) = 11 + mrlat ST D] 4 2+ EFR =) o 20 ST (-]

)

—a) (N—«a)
2

g+ 552 (p—1)] + 031"2[‘” (=1 4 0(1"2[‘” (pfl)]),

vp(r) = o1 + oar

where Ty, T, T3, 01,02, 03 are constants and 71 = vy (0) > 0, o3 = vp(0) > 0.

Remark 1. It is seen from Theorem 1.2 that, for « € (4 — N,2) and | > —2,
(un,vn) and (up,vp) are Holder continuous at x = 0. For a € (4 — N, 2) and
Il € (o —4,-2], uy and up are Holder continuous at x = 0, but = 0 is a
nonremovable singular point of vy and vp. For a € [2,N) and 7 > —4, vy and vp
are Holder continuous at = 0, but £ = 0 is a nonremovable singular point of uy
and up.

Theorem 1.3. Let N >5, a € (4—N,2) and T =1—a > —4, 1 <p < ps. Then,
problem (N) admits a unique positive radial solution uy € C*(B\{0})NC°(B) and
problem (D) admits a unique positive radial solution up € C*(B\{0}) N C°(B).

Combining Theorems 1.1, 1.2 and 1.3, we have the following corollary.

Corollary 1. Let N >5,0 > -4 and1 <p< %. Then, problem

{

admits a unique positive radial solution

A%y = |z|7uP
u=Au=0

in B,
on OB

CY(B\{0}) N C(B)

04(3\{0}) C22t7(B) N C*(B)
uny € ¢ CHB\{0})NC3*(B)NC?*(B) o
CY(B\{0}) N C**7(B) N C*(B)
c4(B)NC*(B)
and problem
{ A%y = |z|°u?  in B,
u = gﬁ =0 on OB

for —4 <o < =2,
for -2 <o < -1,
foro=—1,

for =1 <o <0,
for o >0,
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admits a unique positive radial solution
C’4(B\{0}) NC°%(B) for —4 <o < -2,
CYB\{0})nC*2*to(B)nC for =2 <o < -1,
up € CHB\{0}) N C3(B) N C? (E for o =-1,
cHB\{0})nC>H+(BYNC?*(B for =1 <0 <0,
C*(B)NC?*(B) for a > 0.

N~ N
A
v

/\
v

We only show that ux and up are the unique positive radial solutions of problems
(N) and (D) in C*(B\{0}) N C°(B) respectively for o € (4 — N, ) and T>—41in
this paper, since we know from Theorem 1.1 that, for a € (4 — ) and [ > —2,
uy € CHB\{0}) N C%B) and vy € CQ(B\{O}) N C°B); up e C’4(B\{0})
CY%(B) and vp € C*(B\{0}) N C°(B). For a € (4 — N,2) and | € (a — 4,-2],
uy € CHB\{0}) N C°%B) and vy € C*(B\{0}); up € C*(B\{0}) N C°(B) and
vp € C%(B\{0}). Moreover, r = 0 is a nonremovable singular point of vy and vp.
We think that uy and up are also the unique positive radial solutions of problems
(N) and (D) in DZ%(B) N D(l) oq(B) and Dg o .a(B) respectively for o € [2,N)
and 7 > —4. We can use the main idea in the proof of the case o € (4 — N,2)
and [ € (o —4,—2] to obtain the uniqueness result for this case. To obtain the
uniqueness result for @ € [2,N) and 7 > —4, we need to know the asymptotic
expansion up to arbitrary order of uy or up at r = 0 and show that if u; and us
are two positive radial solutions of problem (N) or problem (D), then (u; — us)(r)
can not oscillate near » = 0, i.e. there are sufficiently small positive €1, €3, €3
such that one of the three cases occurs: (i) (u1 — ug)(r) > 0 for r € (0,¢1), (ii)
(ug —ug)(r) =0 for r € (0,€2), (iil) (u1 —ug)(r) <0 for r € (0,€3). Different from
the case o € (4 — N,2) and [ € (o — 4, —2], there is an extra difficulty for the case
a € [2,N) and 7 > —4. The extra difficulty arises from the nonlinearities u%, and
ul), since it is known from Theorem 1.2 that r = 0 is a nonremovable singular point
of ux and up. Therefore, we only need a little more detailed asymptotic expansion
of uy or vp at r = 0 for the case « € (4 — N,2) and | € (o — 4, —2] (note that the
parameters N, [, « play important roles in the asymptotic expansions), but we need
the asymptotic expansion up to arbitrary order of uy or up at r = 0 for the case
a € [2,N) and 7 > —4 (note that the parameters N, [, a,p play important roles in
the asymptotic expansions). Of course, we can obtain the asymptotic behaviors up
to arbitrary orders of uy and up at r = 0 by arguments similar to those in the
proof of Theorem 1.2. We leave the details to the readers.

In section 2, we obtain some basic properties of (un,vy) and (up,vp). In section
3, we obtain the regularity of (uy,vy) and (up,vp) at = 0 given in Theorem
1.1. In section 4, we establish more delicate asymptotic expansions of (uy,vy) and
(up,vp) at x = 0 for different cases of the parameters [, o, p. In the final section,
we obtain the uniqueness result for positive radial solutions of problems (N) and
(D) and give the proof of Theorem 1.3.

2. Preliminaries. In this section, we obtain some basic properties of (uy(r),
vy (r)) and (up(r),vp(r)), where

on(r) = —1r*Aun(r), vp(r):=—r*Aup(r).

For (u(r),v(r)) = (un(r),vn(r)) or (up(r),vp(r)), (u,v) satisfies the system of
equations
—Au=1r"% in B,
{ —Av = rlyP in B. (2.1)
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The facts u € Dg"*(B) and the embedding Dy®(B) < Li(B) for 1 < k < p, + 1
imply that

/ |z['uPdx < oo, / |z|~*v?dr < oo (2.2)
B B

/B|x\_a\v|dx < (/B|x_“v2dx)é(/3|x|_°‘dx)é < 00, (2.3)

since @ < N and p < ps. Therefore, for any sufficiently small € > 0,

and

- |z|'uP da = Avdz = Ce¥ '/ (e), — |z|”%vdx = Audz = Ce™ M (e).
B. B. Be B.
These, (2.2) and (2.3) imply that
PN (1) =0, PN (r) -0 asr —0. (2.4)

On the other hand, if we write the system (2.1) to the form:

—(rN=/ (r)) = rN7o"ly(r)  in (0,1),
{ —(rN-l") = PN T 1yp in (0,1), (2.5)
we obtain from the second limit in (2.4) and the second equation of (2.5) that
v'(r) <0 forr e (0,1]. (2.6)
Moreover, if (u,v) = (un,vn), we easily see v(1) = 0 and (2.6) implies
v>0 forrel01). (2.7)
It follows from (2.7), the first limit in (2.4) and the first equation of (2.5) that
u'(r) <0 forre(0,1]. (2.8)
Since u(1) = 0, we obtain
u(r) >0 forre|0,1). (2.9)
Therefore, for (u,v) = (un,vn), we have
u(r) >0, v(r) >0 forrel0,1) (2.10)
and
u'(r) <0, v'(r)<0 forre(0,1]. (2.11)

We now consider the case of (u,v) = (up,vp). We obtain from the second limit
in (2.4) and the second equation of (2.5) that

v'(r) <0 for r € (0,1]. (2.12)

Since [, |z|"“vdz = Cu/(1) = 0, we easily know that v(r) changes sign in (0,1).
We also know from (2.12) that there is a unique rp € (0,1) such that v(rp) = 0,
v(r) >0 for r € (0,rp) and v(r) < 0 for r € (rp, 1]. We now claim

uw'(r) <0 forre(0,1). (2.13)

We obtain from the first limit in (2.4), the first equation of (2.5) and the fact
v(r) > 0 for r € (0,rp) that

u'(r) <0 forre (0,rp].
Suppose our claim (2.13) does not hold, we see that there is 7 € (rp, 1) such that
u'(7) = 0. Since u/(1) = 0, integrating the first equation of (2.5) in (7, 1), we obtain

1
/ sN==1y(s)ds = 0.
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This contradicts v(r) < 0 for r € (rp,1]. This implies that our claim (2.13) holds.
Since u(1) = 0, we obtain from (2.13) that u(r) > 0 for r € [0,1). Therefore, for
(u,v) = (up,vp), we have

u(r) >0 forr €10,1), v(r)>0 forre[0,rp), v(r)<O0 forre (rp,1] (2.14)

and
u'(r) <0, v'(r)<0 forre(0,1). (2.15)

Arguments as the above also imply that for both (u,v) = (un,vy) and (u,v) =
(up,vp),
u e C?0,1), veC?*0,1).

3. Regularity of (uy,vy) and (up,vp) at z = 0: Proof of Theorem 1.1.
In this section, we consider the regularity of (uyn,vy) and (up,vp) at = 0 and
present the proof of Theorem 1.1. Since the parameters o and [ play important
roles in the regularity of uy,vn,up,vp at x = 0, we will consider several cases
of (a,l) separately. We will see that when o € (4 — N,2) and [ > -2, z = 0 is
a removable singular point of both (uxn,vy) and (up,vp); when a € (4 — N,2)
and | € (a — 4, —2], z = 0 is a removable singular point of uy and up, but it is a
nonremovable singular point of vy and vp; when o € 2, N) and 7 > —4, =0 is
a nonremovable singular point of uy and up, but it is a removable singular point
of vy and vp.
For (u(r),v(r)) = (un(r),vn(r)) or (up(r),vp(r)), we have

1
/ er_l_ZO‘UQ(r)dr < 00. (3.1)
0

We also obtain from the embedding Dy®(B) < LP**'(B) that

1 /
’ ( T)
/ PN 1y T (r)dr < oo. (3.2)
0

This implies that, for r near 0,

N'—4 N—«a

u(r)y=o(r—"=z ), w(r)=o(r 2 ). (3.3)

We only show (3.3); by using (3.2). The proof of (3.3), is similar to that of (3.3),
by using (3.1). We easily see from (3.2) that

T 2(N/47)
/ sN ATy TN=1 (s)ds = o(1) for r near 0.
0
Using the fact that u(r) is decreasing, we have that

r ’ N'+1 ’
g 2Nt T 2N 1)
/ sN ATy TN (s)ds > u N=1 (r).
0

This implies

and
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Proof of Theorem 1.1. We only consider (uy, vy ), another case can be studied sim-
ilarly. For convenience, we use (u,v) to replace (uy,vn). Let

w(t) = r T ulr), 2(8) = r T 0(r), t=—lor

A simple calculation and (3.3) imply that (w(t), z(t)) satisfies the problem

wtt+(a—2)wt—Ww+z:O t € (0,00),
20+ (2— )z — Wz +e P =0 te(0,00), (3.4)
w(t),z(t) =0 as t — o0,

where
N +4427]—[N' -4
qz[ + +72] [ }p>0 for 1 <p < ps.

The characteristic equations of the first and the second equations of the system
(3.4) are

N —a)(N' -4
M4 (a— 2 O‘)4( ) _ g (3.5)
and
N —a)(N'—4
0?4+ (2—a)o — ( a)4( ) =0 (3.6)
respectively. The two roots of (3.5) and (3.6) are
_ (V-4 _WN-o
A= 5 A2 5
and
N -« N —4
SRNCET R

respectively. Therefore, it follows from the second equation of (3.4) that, for any
T>1landt>T,

At) = AT 45T 4 B /T e 52 -0 L g5 (4 (5)))ds
~B, / " O () [ 5 ()] ds (3.7)
t
and
w(t) = Crem T4 e 4 Dy /T e ()]s
—Ds /Ooe(N;a) (t=5)[—2(s)]ds, (3.8)
t

where A1, Ao, C1, Cy are generic constants, By, By are constants depending on o1, 02
and Dy, Dy are constants depending on Ay, As. Since z(t), w(t) — 0 as ¢ — oo, we
have As =0 and Co = 0. Then, for ¢t > T,

N—« t N—«
) = A )t+Bl/ e SFH I e (5))P)ds
T

—&/mf%ﬁ“@%f“m@mw (3.9)

t
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and

I_4 t ’_
w(t) = C’le*(N2 )t—l—Dl/ e 4)(“5)[—2'(5)]035
T

D, / e ST [ 5(5)]ds. (3.10)
t
We consider three cases for a: (i) @ € (4 — N, 2), (ii) a = 2, (iii) o € (2, N).
For the case (i), we see

(V=1  (N-a)

2 < 2
We claim that, for ¢t > T,
(A+o(1))e St for I > —2,
N’'—4 o
w(t) = (C+ 0(1))6_( 2 )t7 2(t)=4 (B+ 0(1))te’<N2 bt for [ = —2,
(B+ O(l))e_(q'*'%p)t for I < —2
(3.11)
where A, B, C' are some constants.
To show (3.11), we first notice that
qu(NIQ 4)p>(N2;a) for [ > -2,
g+ DAy = o) g = 2, (3.12)
q+%p< (N;a) for | < —2.
We see also from (3.9) that
2(t) = O(e~min{ S5 at) (3.13)
provided g # @ and
(1) = Ote =) (3.14)

provided ¢ = w An important fact is that if ¢ > %, then [ > —2 must
hold. ,

If (3.14) holds, using the fact that (N2774) < (NQ;O‘), we directly see from (3.10)
that

w(t) = (C + o(1))e~ "zt (3.15)
for some constant C. Substituting (3.15) to (3.9) and using the fact that ¢ = (N;a),
we obtain :
N—«
2(t) = (A+o(1))e~ "7, (3.16)
for some constant A.
If (3.13) holds with ¢ > w, we directly see from (3.9) that
2(t) = (A +o(1))e~ =, (3.17)
for some constant A. Substituting (3.17) to (3.10) and using the fact that M >
(N'—4) .
5—, we obtain
(N’ —a)
w(t) = (C+o(1))e =z (3.18)

for some constant C. )
If (3.13) holds with % <g< @, we see from (3.9) that

2(t) = O(e™ ). (3.19)
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Substituting (3.19) to (3.10), we see that

w(t) = (C + o(1))e S7 1, (3.20)

for some constant C. Then, for [ > —2, we substitute (3.20) to (3.9) and use (3.12)
to obtain

(N—a)
51

z(t) = (A+o(1))e” (3.21)
for some constant A. For [ = —2, we substitute (3.20) to (3.9) and use (3.12) to
obtain

a)t

2(t) = (B +o(1))te™ "7, (3.22)
for some constant B. For o — 4 < | < —2, we substitute (3.20) to (3.9) and use
(3.12) to obtain

(N —4)
2(t) = (B + o(1))e~ @+ "= P, (3.23)
for some constant B. ,
If (3.13) holds with ¢ = (Ni;‘l) < w, we see from (3.9) that
2(t) = O(e™ ). (3.24)
We substitute (3.24) to (3.10) to obtain

(N —4)

w(t) =0(e” 2 ). (3.25)
Substituting (3.25) to (3.9) and using (3.12), we have that, for some constant A,
(A+o(1))e= =2t forl> -2,
2t) = O(r+le= T for | = -2, (3.26)

(N —4)

O(tPe~lat—=2—Pt)  for | < —2.
Substituting (3.26) to (3.10), we obtain

(N’—4)t

w(t) = (C+o(l))e” =7, (3.27)
for some constant C. Substituting (3.27) to (3.9) and using (3.12), we obtain
(A+ 0(1))6_(N§a)t for I > -2,
2(t) ={ (B +o(1)te= 571 for | = —2, (3.28)
(B +o(1)e~ @70t for | < 2

for some constants A and B. )
If (3.13) holds with ¢ < Lz_él) < (N2;O‘), we see from (3.9) that

2(t) = O(e™ ). (3.29)
We substitute (3.29) to (3.10) to obtain

w(t) = O(e™ ). (3.30)
Let g1 = ¢(1 + p). Substituting (3.30) to (3.9), we have

— o t —a
z(t) = Ale*(N2 bt + Bl/ e*(N2 )(t*S)O(e*qls)ds
T
—B, / e STt O (e~ N ds. (3.31)
t

Using ¢; to replace ¢ and arguments similar to the above, we obtain:
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For ¢ > W5,
A1) = (A+o(1))e ST, w(t) = (C + o(1))e~ T2 (3.32)
for some constants A and C.
For%<q < Woo),
w(t) = (C + o(1))e~ T, (3.33)
for some constant C' and
(A+o(1))e~ "z for I > —2,
2(t) =4 (B +o(1))te "z for | = —2, (3.34)

(B+o(1))e~ @00t for | < —2

for some constants A and B.

We only need to consider the case g1 < M It follows from (3.31) that
z(t) =O(e™ qlt). (3.35)
We substitute (3.35) to (3.10) to obtain
w(t) = O(e™ ). (3.36)
Let g2 = ¢+ q1p = q(1 + p + p?). Substituting (3.36) to (3.9), we have
z(t) = Ale_(N;a)t + B /t e_(N;M(t_S)O(e_q”)ds
T
B, /OO ST O (%) s, (3.37)
¢
Arguments similar to the above that:
For gy > 2,
A1) = (A+o(1))e "7, w(t) = (C + o(1))e= 72 (3.38)
for some constants A and C.
for B8 2y < e
w(t) = (C + o(1))e SF, (3.39)
for some constant C' and
(A+ 0(1))6_(N§a)t for I > -2,
2(t) =14 (B+o(1))te T for I = —2, (3.40)

(B +o(1))e( +EFIDE for < 2

for some constants A and B.
We only need to consider the case g2 < %. For any p > 1, we can find a least
positive integer m := m(p) such that
N' —4
am =gl +p+p*+... +p") > %
Using an iteration argument, we have that:
For g > Y72,

(N—a) (N'—4)
t ——a—t

2(t) = (A+o(1))e 72, w(t) = (C+o(1))e

for some constants A and C.

(3.41)
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N'—4 N—«o
For =4 < g < W=a),

w(t) = (C + o(1))e= 72, (3.42)
for some constant C' and
(A+o(1))e= "7t for I > -2,
2(t) = (B+o(1))te "=t for | = —2, (3.43)

(B +o(1)e @50t for < 2
for some constants A and B.
All the arguments above imply that our claim (3.11) holds. This completes the
proof of the case (i).
For the case (ii), we have

N —4 N — N+242l)—(N-2
(V-4) _(N-a) (N2 =N,
2 2 2
We claim that, for ¢t > T,
2t) = (A+o(1)e” "7t w(t) = (C+o(1))te "7 1, (3.44)
for some constants A and C.
It is seen from (3.9) and (3.10) that
t
) = e Ty [ ST ) s
T
(-2
—B2/ ez [ (w(s))P]ds (3.45)
t
and
— t —
w(t) = Cle_(N2 2y Dl/ e ST (t=9) [—z(s)]ds
T
—D» / T =) [ (s)]ds. (3.46)
t
We see also from (3.45) that
2(t) = Ofe~ min{ 72 alty (3.47)
provided g # % and
2(t) = O(te™ "7t (3.48)

provided g = (N;Q).

If (3.48) holds with ¢ = (NQ_Q), we substitute (3.48) to (3.46) to obtain

w(t) = O(t2e= 720, (3.49)
Substituting (3.49) to (3.45) and noticing ¢ = (N2_2), we obtain
2(t) = (A +o(1))e~ "=t (3.50)
for some constant A. Substituting (3.50) to (3.46), we obtain
w(t) = (C +o(1))te "7, (3.51)

for some constant C.
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If ¢ > (Nz_2)7 we directly see from (3.45) that
_(N-—-2) t
z(t) = (A+o())e” =7, (3.52)
for some constant A. Substituting (3.52) to (3.46), we obtain
w(t) = (C +o(1)te "7 1, (3.53)
for some constant C.
If g < (NQQ), we see from (3.45) that
2(t) = O(e™ ). (3.54)
Substituting (3.54) to (3.46), we obtain
w(t) = O(e™ ). (3.55)

Let ¢1 = q¢(1 + p). Then, it follows from (3.45) that

t
z(t) = Ale_(Ngz)t—&—Bl/ e_(NQZ)(t_S)O(e_qls)ds
T

—Bg/ e(N;m(t_s)O(e_‘hs)ds. (3.56)
t

An iteration argument as in the proof of the case (i) implies that our claim (3.44)
holds.
For the case (iii), we have

(N'—4) (N—a)_

2 ~ 2
We claim that, for ¢t > T,
_ Ny _N—a)y
z(t)=(A+o(l)e” 2 " wlt)=(C+o(l))e = °, (3.57)
for some constants A and C.
We see also from (3.9) that
2(t) = O(e~ min{ S akt) (3.58)
provided g # L;O‘) and
2(t) = O(te™ "zt (3.59)
provided g = (Ngo‘).
If (3.59) holds with ¢ = (NQ_‘X), we substitute (3.59) to (3.10) and obtain
w(t) = O(te= 7Y (3.60)
Substituting (3.60) to (3.9) and noticing q = (N;a), we obtain
2(t) = (A +o(1))e T, (3.61)
for some constant A. Substituting (3.61) to (3.10) and noticing (N/T%) > (NQ;Q),
we obtain o
w(t) = (C+o(1))e = 1 (3.62)

for some constant C.
If g > (N;a), we directly obtain from (3.9) that

N—
W—a)

2(t) = (A+o(1))e” , (3.63)
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for some constant A. Substituting (3.63) to (3.10) and noticing %7_4) > (NZ;O‘),
we obtain

(N—a)
2at

w(t) = (C +o(1))e” , (3.64)

for some constant C.
We now consider the case ¢ < w It is known from (3.58) that, for ¢t > T

2(t) = O(e™ ). (3.65)
Substituting (3.65) to (3.10) and noticing ¢ < LQ_O‘) < (N/T_AQ, we obtain
w(t) = O(e™ 7). (3.66)

Let ¢1 = q(1 + p). Substituting (3.66) to (3.9), we have

(N—«a)

t
z(t) = Aje” 2 t—&-Bl/ e_(N2a)(t_s)O(e_qls)ds
T

_B, / ST -9 O () g, (3.67)
t

An iteration argument as in the proof of the case (i) implies that our claim (3.57)

holds.
We obtain the conclusions of Theorem 1.1 from the claims (3.11), (3.44) and
(3.57). The proof of Theorem 1.1 is complete. O

4. Asymptotic behaviors of (uy,vny) and (up,vp) at = 0: Proof of
Theorem 1.2. In this section, we will obtain more detailed asymptotic behav-
iors of (uy,vy) and (up,vp) at & = 0. Of course, the parameters a and [
also play important roles in the asymptotic behaviors of (un,vy) and (up,vp)
at x = 0. As in Section 3, we also need to consider several cases of («, 1) separately.
We still only consider (u(r),v(r)) = (un(r),vn(r)). The study of another case
(u(r),v(r)) = (up(r),vp(r)) is similar.

Proof of Theorem 1.2. Let (w(t), z(t)) be given in (3.4). We will continue the study
of Section 3. We also consider three cases here: (i) o € (4 — N,2), (ii) o = 2, (iii)
a€(2,N).

For the case (i), we see from (3.11) that, for t > T,

(A+o(1))e St for I > -2,
N'—4) N—a
w(t) = (C+o())e™ "7t 2(t)={ (B+o(1))te” "7 for [ = —2,
(B+ 0(1))6_((1—"_(1\]2774)17” for I < —2
(4.1)

where A, B, C are some constants. We now write the system (3.4) to a fourth order
equation of w(t):

w® _ {(N—OZF Z (N’—4)2}wu+ [

The characteristic equation of (4.2) is

o [(N—a)2 1— (N’—4)2}A2 N [(N—a)(N’ —4>r —0 (4.3)

(N —a)(N'—4)
4

2
} w=e TwP. (4.2)
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and the four roots of (4.3) are: iw and :I:LQ_LL). Therefore, for t > T > 1,
we have

w(t) = A1e_(N,274)t—|—A26_(N;a)t—|—A3e<N/274)t+A46(N§a)t

t i ¢ —a

+B; / e ST =9~ 05P (5)ds + By / e~ ST (9 = a5 P (5)ds
T T

—Bg/ e(Nl2_4) (t=5)e=a5 P (s5)ds
¢

7B4/ 6(N;a)(t73)equwp(s)ds, (4.4)
¢

where Ay, Ay, A3, Ay are generic constants, By, By, Bs, By are constants only de-
pending on the four roots of (4.3). Since w(t) — 0 as t — oo, we have A3 = A4 =0

and
_(N'—9)

w(t) = Aje =T 4 Age”

(N—a)
5t

t ' ¢ o
+B, / e~ T (=9 o= 05P (5)ds + By / e~ ST (=9) =05 P (5)ds
T T

—Bg/ e(N/2_4) (t=5)e=a5 P (s5)ds
t

—B4/ T (t=5)e=a5P () ds. (4.5)
t

For oo € (4 — N,2) and [ > —2, we see from the proof of Theorem 1.1 that

(V-4 (N-a)  (N-4) _(N-a)
R A L

Then, we obtain from (4.5) and (4.6) that

(4.6)

w(t) = e (N’;‘U ¢ T coe” (N;a) t + 036—[q+ (N';‘l) Pt + 0(6_[q+ (N/2—4>p+2—a]t)7 (47)
where ¢y, co, c3 are constants. The third and fourth terms in the right hand side of
(4.7) come from the nonlinearity e~ %*wP(s) in (4.5). The fact that «(0) > 0 implies
¢1 = u(0) > 0. Note that

_ Wy _(N—a) \P
e qt(cle 7l egeT 2 t)

’_ ’
— O la+ 520t + De—la+95

Ca ’_ ’_ Ca ’_
9y Noa) (N oay +o(e_[q+(N2 49y N-a) (V- 4)]t)

— Ce—la+ 540t + De—la+E5 2 pt2—alt + O(e—[q+Mp+2—a}t)

?

since, forany b >a >0, p>1land t > T > 1,
(efat + efbt)g _ efgat(l + ef(bfa)t)g
— e—oat (1 + Ble—(b—a)t + 326—2(17—11)15

4. 4 Bre Ro-at o(e*k“’*a)t)). (4.8)
Substituting (4.7) to (3.9), we have that
Z(t) _ d167 (N;a)t +d267[q+(N/2_4)p]t +d367[‘1+(N/2_4);D+2*0‘]t +0(67[q+(N/2_4)p+27a]t).

(4.9)
The fact that v(0) > 0 implies d; = v(0) > 0. We obtain the identities in (1) of
Theorem 1.2 via (4.7) and (4.9).
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For @ € (4 — N,2) and | = —2, we see from the proof of Theorem 1.1 that

(N’2— 4) _ (N2—a)’ - (N’2— D (Nz—a). (4.10)

We obtain from (4.5) and (4.10) that

(N'—4) N—a

( ) (N—a) (N—a)
w(t) = 0167Tt + CQt@iTt + CgeiTt + O(tef[(Zfa)Jr >

Iy, (4.11)

where ¢1, ¢, cs are constants. The fact w(0) > 0 implies ¢; = u(0) > 0. On the
other hand, it follows from (4.1) that

z(t) = (B +o(1))te

and the facts u(0) = ¢; > 0 and —Av = rlu? = r~2u? imply B > 0 and v(r) =
—(B+ 0(1))1nr. Substituting (4.11) to (3.9), we have that

(N—o)
— 2(’t

(N—a)

2(t) = dlt(f Rt d26 St d3te*[ d2—alt o(te™ +2-alty ' (4.12)

where dy = B > 0. The facts d; > 0 and —Au = r~%v also imply cs # 0. We
obtain the identities in (2) of Theorem 1.2 via (4.11) and (4.12).
For « € (4 — N,2) and | € (o — 4, —2), simple calculations imply

(N’—4)<q+(N’—4) (N —a)

5 P < (4.13)
and

I _
2q+w(2p_1)>M for 7> -3-9, (4.14)

N —4 N —
2q+%(2p_1):% for7':—3—%7 (4.15)

N' —4 N —

2(] + (T)(Qp _ 1) < % for 7 € (—47 -3 — %) (416)

For 7 > —3 — &, we obtain from (4.5), (4.13) and (4.14) that

(N

ey —la+

wt)=cre” = tese Ut | ogem T L O(em et ST @Dl (4 17)

where ¢y, ca, c3 are constants and ¢; > 0. Note that

et (616_ S puAt cze_[‘”(N 74)1’“)
— Cela+ S50t | po—2a+ N (2p- 1))t + O(eBa+ S 2 (3p— ),
Substituting (4.17) to (3.9), we have that
z(t) = R e T (27”71)“4—0(67[2‘#(N/%(Qp*l)]t)7
(4.18)

where dy, ds, ds are constants and d; > 0.
For 7 = —3 — &, we obtain from (4.5), (4.13) and (4.15) that

ST, (419)
where ¢1, co, c3 are constants and ¢; > 0. Substituting (4.19) to (3.9), we have that

(N'—4) (N'—4) (N—a)
w(t) =cre” 2 Py eyt TRy e T 4 O(e”

N (N— (N—a)

P | dyte™ ST o dgem T Tt 4 o(e” T, (4.20)

2(t) = dye” 9t

where dy, ds, d3 are constants and d; > 0.
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For 7 € (—4,—-3 — §), we obtain from (4.5), (4.13) and (4.16) that
w(t) = cre” = I ’4)p]t+c o120+ 0 (2p— Dt 4 o(e™ 20+ L0 (2p— ity
(4.21)

where cq, co, c3 are constants and ¢; > 0.
_ (a+4n—2) _ (a+4n—6)
Y <7< e

For any positive integer n > 3 and
N' —4
e

N —4 N —
=1+ 0 1p - -2 < D g B
Substituting (4.21) to (3.9), we have

2(t) = die” " +doe™ " + Lt dpore It dpem U 4 O(em I, (4.22)

d,, are constants with d; > 0 and

Wheredl,dg,..., n
N' —4 N' —4
N —4 N -«
dacr = - Dg+ Do 1p - (0 -2)) v, = B,

W=D - (- 1)

ﬂn-l—l =ng+
For 7 = —W, we have
N —4 N -«
ng+ XDy - oy = E_,

Substituting (4.21) to (3.9), we have

(t) = dlefﬁlt +d267192t +. .. +dn_1€719"71t +dntefl9nt +dn+16719"t +O(€779"+1t),

(4.23)

d, are constants with d; > 0 and

where dy,ds, ..., d,
N' —4 N' —4
791=q+(72)p, 192:2(]"_%(2])_1),3
N —4 N —
19"_1:(n—l)q#-%[(n—l)p—(n—Q)}, ﬁn:%,

Unp1=(n+1)g+ %[(n +1)p —n].

We obtain the identities in (3) of Theorem 1.2 via (4.17) and (4.18); (4.19) and

(4.20); (4.21) and (4.22) or (4.23).
For a = 2 and 7 > —4, we easily see that
(N'-4) (N—-a) (N-2)
5 = 5 = 5 (4.24)

) are :I:(N 2) :I:(N 2)  Then,

t
_-2), + t/ e~ (N—2) (t_s)e_qswp(s)ds
T

S (=) = a50P (5)ds — t/ 5 (t=5)e=a5 P (s5)ds
t

(4.25)

Moreover, the four roots of (4.3

w(t) = Alte_(

t
—/ se
T
+/ se Tt e~ PP (s)ds.
t
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We obtain from (4.25), (4.24) that, for ¢t > T > 1,

N-—2

w(t) = 017&3*7(N2_2)t + 026*7( T2ty C3tpe*[q+(N;2)p]t + O(Igfﬂe*[ﬁ(N;Z)W)7 (4.26)
where ¢y, ¢o, c3 are constants. Substituting (4.26) to (3.9), we obtain
2(t) = dyem "7t dytPe T TRy o lar TR (4 97)

where dj,dy are constants and v(0) = dy > 0. Tt follows from —Au = r~ % = r—2p
and dy > 0 that ¢; > 0 in (4.26).

We obtain the identities in (4) of Theorem 1.2 via (4.26) and (4.27).

For a € (2, N) and 7 > —4, we have

(N—a) (N'—-4)
. 4.2
5 < (4.28)
Moreover, simple calculations imply
(N ) > (N,T_Al) for 1 <p< gitg)),
— o b i
g+—5—pq =552 forp= (g, (4.29)
N'—4 44T
<! 5 ) for p > §at2)),
N > (N/T%) for1 <p< %,
2 + %(2;; —1{ =W g = a2, (4.30)
< (N%Ll) for p > %.

For1<p< g4+2)), we obtain from (4.5), (4.28) and (4.29) that

N—a) (N’—4)

_ (N—a) _(N"—4) _ (N 7(1)
wt) =cre” 7 tqege 7 b4 ege 0t

Pt 4 o(elat ST (4.31)

where ¢y, c2, c3 are constants. Substituting (4.31) to (3.9), we obtain

N

“plt + dse” o+ 72 pta—2)t +o(e [q+(N;a)p+a—2]t)’

(4.32)
where dy, da, ds are constants and v(0) = dy > 0. The facts d; > 0 and —Au = r~%v
imply ¢; > 0 in (4.31).

For p = f +72)) we obtain from (4.5), (4.28) and (4.29) that

z(t) :dle_ e +dge la+

(N—a (N'—4) _(N'—4)t

_(N—o) _ (N =4 _(N'-a
w(t)=cre” 2z 'Hegtem 2 ldezer 2 f4olem = f

), (4.33)

where ¢, ¢, c3 are constants. Substituting (4.33) to (3.9), we obtain

(N o)y

+ N;a)p+a72]t + O(tef[q+(N2_°‘)p+a72]t)’
(4.34)
where dy,dy,ds are constants and dy > 0. Similarly, we have ¢; > 0 in (4.33).
For W) ) « (600427 e obtain from (4.5), (4.28) and (4.30) that

2(t) = die” t o dpe Ut 4 datela

(a—2) 2(a—2)
w(t) = e B o(e_(Nzﬂ)t), (4.35)
where ¢y, c2, c3 are constants. Substituting (4.35) to (3.9), we obtain

(N—a)

(N;M (2p—1)]t +0(67[2q+ (N;a) (2p71)]t),

(4.36)
where dy,dy,ds are constants and dy > 0. Similarly, we have ¢; > 0 in (4.35).

2(t) = diem "7 dpe Tt ST e et
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For p = (62'*('371'22;) we obtain from (4.5), (4.28) and (4.30) that
w(t) = cre™ T e[t cste” R O(e” Mt)a (4.37)

where ¢1, 02, cg are constants. Substltutmg (4.37) to (3.9), we obtain

( ) d16 +d2€7[q+ = a)

plt | g~ 20+ @p=DIt 4 (e~ 2a+ SF= 2p- 1]ty
(4.38)
where dy,ds, d3 are constants and d; > 0. Similarly, we have ¢; > 0 in (4.37).

Forp > %, we obtain from (4.5), (4.28) and (4.30) that there are an integer
n > 4 and 91,7,...,9,_1,0,9p41 with ¥, = (N;a)ﬂ% =g+ & a)Pa’@

2q + %;O‘)(Qp— 1),... and

(V' —4)

<t <...<V,1< 5 (=9,) < 9pt1
such that
(N —a) (' —a)
w(t) = cre "t e 2t 4 oot p e B o(e” M ), (4.39)
or
(' —1) (' —2) (V' —4)
w(t) = cre™ " tere " e 1e T et T benae” 2 o(e” ),
(4.40)
where ¢1, ¢, ..., Cpn,Cnt1 are constants. Substituting (4.39) or (4.40) to (3.9), we
obtain
2(t) = die” " +doe” " + L+ dpore U o(em I, (4.41)
where ¥, s, ...,9,_1 are given in (4.39), d1,ds, ... ,d,—_1 are constants and d; > 0.

Similarly, we have ¢; > 0 in (4.39) or (4.40).

We obtain the identities in (5) of Theorem 1.2 via (4.31) and (4.32), (4.33) and
(4.34), (4.35) and (4.36), (4.37) and (4.38), (4.39) or (4.40), (4.41).

The proof of Theorem 1.2 is complete. O

5. Uniqueness results for problems (N) and (D): Proof of Theorem 1.3.
In this section, we consider the uniqueness results for positive radial solutions of
problems (N) and (D) and present the proof of Theorem 1.3. We only consider
the case for & € (4 — N,2) and 7 > —4. We expect that uy and up are also the
unique positive radial solutions of problems (N) and (D) in Dfa'fi(B) Dé va(B)
and DO .q(B) respectively for a € [2, N) and 7 > —4.

Proof of Theorem 1.3. We first consider the case o € (4 — N,2) and [ > —2 for
problem (N). Let uy,us € Dmd(B) N D(l) ~.4(B) be two positive radial solutions of
problem (N) for 1 < p < ps. It follows from Theorem 1.1 that uy,us € C*(B\{0})N
C°(B) and v1,v2 € C*(B\{0}) N C°(B).

Setting )\% = Z;—Egg and defining the function

us(s) = Ni=Dus(As) s € [0, A1),
clearly we have ug satisfies the problem
(sN=1(s¥Aug)") = sNVH -1y} for s € (0, 1),
L S anl S o1

and
U3(O> = u1(0) (52)
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On the other hand, we see that uy(s) := ui(r), s = r satisfies the problem

(sN =1 (sAuy)) = sNH-1yb for s € (0,1),
u1(1) = (Auq)(1) = 0.

Let v1(s) = —s*(Auq)(s), vs(s) = —s*(Aug)(s). Then,

—Aup = s % for s € (0,1),
—Av; = stul for s € (0,1),

and
—Auz = s 3  for s € (0,A\71),
—Avs = slu} for s € (0,A71).

It follows from (2.11) that
ui(s) <0 vi(s) <0 forse(0,1]
and arguments similar to those in the proof of (2.11) imply that
uj(s) <0 wvi(s) <0 forse (0,A71].
Moreover, it follows from (2.10) that
ui(s) >0, vi(s) >0 for se€0,1)
and
uz(s) >0, vz(s) >0 forse [0,A7h).
Let R(A) = min{1,\"*}. We now show
v1(0) = v3(0).

On the contrary, without loss of generality, we assume v1(0) > v3(0).
show

v1(s) > v3(s) for s € [0, R(N)].
Suppose that there is s € (0, R(A)] such that
v1(s) > v3(s) for s € [0,s0) and v1(sg) = v3(so).
Then, we have that

— (N (ug —ug)/(s)) = sV Hui(s) — ws(s)) > 0 for s €[0,s0).

3797

(5.8)

(5.9)

(5.10)

We will

(5.11)

(5.12)

The fact that sV~ (u; —u3)’(s) — 0 as s — 0 implies (u; —u3)’(s) < 0 for s € (0, s¢).
Since (u1 — u3)(0) = 0, we obtain (u; — usz)(s) < 0 for s € (0, sp]. This implies

(sV Yoy —w3)/(s)) = sV (WP —uf) > 0 for s € (0, 50].
Since lim,_,o sV 1 (v — v3)’(s) = 0, we obtain
(v1 —w3)'(s) >0 for s € (0,sg].
The fact that (v1 — v3)(sg) = 0 implies
(v1 —w3)(s) <0 for s € (0, s0),
which contradicts (5.12). This implies that (5.11) holds. Since

vi(ATH) if A>T,
(v1 —v3)(R(\) =4 0 if A =1,
—U3(1) if A <1,
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we deduce that necessarily A > 1. Now as the above, we show that (uq —us)(s) <0
for s € (0, R(\)]. Since
wy(A7h A>T,
(’LL1 - ’U,3)(R()\)) = 0 if A= 1,
—ug(l) A<,
we deduce that necessarily A < 1 and obtain a contradiction. The case v1(0) < v3(0)
can be handled in the same way. Thus, (5.10) is proved.
Now, we see from (5.4) and (5.5) that

(u1 77.L3 / tl N/ N-a- 1 Ul 71}3)( )dpdt (513)
and
(v1 —v3)(s /tl N/ NH=L(f — uf)dpdt, (5.14)

where we use the facts (u; —u3)(0) = 0 and (v; — v3)(0) = 0. Then, we see from
(5.13) and (5.14) that, for sufficiently small € > 0 and s € [0, €],

52704

(0 = w)(5)] < (=g 2 [ — ) ()], (5.15)
SZ-H

(01— 03)(8)] < 5 max |(ur — uz)(s), (5.16)

(N +0)(2 +1) selo]

where C' = pmax,¢g ]max{uf_l(s),ug_l(s)}. Therefore,

1
’2

62—04
_ < - — 5.17
grg[g}g]l(ul uz)(s)| < N =)@ —a) 220X [(v1 —v3)(s)], (5.17)
Ce>t!
e - . 1
s (0= 0)0)| < g e - W)l (618)
Combining (5.17) and (5.18), we have
CE4+T
_ < — . (5.19
eyt =l < e - e Ayt T Ok 6:19)
Choosing € such that (note that 4 + 7 > 0)
C€4+T

D ED e ED

we see that
(u1 —ug)(s) =0 for s € [0, €.
The ODE theory implies
u1(s) = us(s) for s € [0, R(N)].
This also implies A = 1 and
up(r) = ue(r) for r €[0,1].

The proof of uniqueness result for o € (4 — N,2) and [ > —2 of problem (N) is
completed.

We now consider the case a € (4 — N,2) and | = —2 for problem (N). Let
Uy, Uz € Dmd(B) N Dé:ffad(B) be two positive radial solutions of problem (N) for
1 < p < ps. It follows from Theorems 1.1 and 1.2 that uy,us € C*(B\{0})NC°(B),
but r = 0 is a nonremovable singular point of vy, v, € C?(B\{0}).
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. @)y (0) . .
Setting A@-D = w2 (0) and defining the function

(a47) )
uz(s) = A@=Dug(As) s€[0,A77],

clearly we have ugz satisfies the problem

(sN71(s*Aug)") = sV H 1k for s € (0, %),
5.20
{ us(3) = (Aug)(3) = 0 (5.20)
and
Let v1(s) = —s*(Auq)(s), vs(s) = —s*(Aug)(s). Then,
—Aup = s % for s € (0,1),
{ —Avy = stuf] for s € (0,1), (5.22)
and )
—Aug =s s  for s € (0,\71),
{ —Avs = slu} for s € (0,A71). (5.23)
Moreover,
uy(s) <0, vi(s) <0 forse (0,1], wuj(s) <0, vi(s) <0 forse (0,71,
(5.24)
and
ui(s) >0, wvi(s) >0 for s€ (0,1), wus(s) >0, vs(s) >0 for s (0,A71).
(5.25)

On the other hand, noticing from Theorem 1.2 that the asymptotic expansion
of v1(s) at s = 0 is similar to that of vs(s), the only difference is the coefficients
in the expansions, we can conclude that one of the following three cases occurs: (i)
lims_o(v1 — v3)(s) > 0 (maybe +00), (ii) lims—o(v: — v3)(s) =0, (iii) lims_o(vy —
v3)(s) < 0 (maybe —oo). Note that if the case (i) occurs, there is a sufficiently
small € > 0 such that vy (s) > v3(s) for s € (0,¢€); if the case (iii) occurs, there is a
sufficiently small € > 0 such that v1(s) < vs(s) for s € (0,€). Arguments similar to
those in the proof of the case a € (4 — N, 2) and [ > —2 imply that (i) and (iii) can
not occur. Suppose (i) occurs, we can show that (5.11) holds and a contradiction
is derived. A contradiction is also derived for (iii). Then, (ii) must hold. It follows
from the asymptotic behavior obtained in Theorem 1.2 and lim;_,o(v1 —v3)(s) = 0,
we see that, for s near 0,

(v1 —v3)(s) = O(s* *Ins) forl = —2. (5.26)
Substituting (5.26) to

=)o) == [ 8 [ o = ) p)ap,
we obtain
(u; —uz)(s) = O(s***1ns), (5.27)

where we use (u1 — u3)(0) = 0. Note 3 — 2o > —1 since a < 2. Substituting (5.27)
to

s t
(=)o) == [0 [l — i,

we obtain
(v1 —vs3)(s) = O(s* 2 Ins) = O(s*? ¥ Ins), (5.28)
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where we use (v; —v3)(s) — 0 as s — 0. Note that uf —u} = p€P~!(u; —us), where
&(s) is between u; (s) and u3(s). Repeating the same procedure, we obtain that, for
any large positive integer n,

(uy — us)(s) = O(s"? Y 1ns). (5.29)

Note that a simple calculation implies that the constants arising from the integra-
tions do not make any trouble here. This also implies that, for s near 0,

(up —ug)(s) =0. (5.30)
The ODE theory implies (u; — ug)(s) = 0 for s € [0, R(\)]. Therefore, we obtain
A=1and

up(r) = ue(r) for r €[0,1].

The proof of uniqueness result for o € (4 — N,2) and [ = —2 of problem (N) is
completed.

We now consider the case a € (4— N, 2) and | € (aw—4, —2) for problem (N). Let
uy,uy € D2%(B) N Dé:fad(B) be two positive radial solutions of problem (N) for
1 < p < ps. It follows from Theorems 1.1 and 1.2 that uy,us € C*(B\{0})NC°(B),
but r = 0 is a nonremovable singular point of v1, v, € C?(B\{0}).

(4+7)
Setting A0 = (0

and defining the function

(a47) .
ug(s) = A@=Dug(As) s €[0,A77]

as the above, we will show A = 1.
Let (u1(s),v1(s)) and (us(s),v3(s)) be defined as in the proof of the case a €
(4= N,2) and | = —2. It follows from (3) of Theorem 1.2 that, for any n > 2 and

—W <7< —% (note 7 < —(a + 2) is equivalent to [ < —2),
N' —4 N -« N' —4
=10+ - -2 <« T g BBy )

and, for s near 0,
v1(8) = k18" 4 kost? + ...+ kp_18" " + ky + kpprstrtt + o(sHrt),

’US(S) = llsul =+ Z2SM2 + ...+ ln71$Mn71 + ln + ln+18’un+1 + O(SMnJrl),

where k1, ko, ..., kn, knt1,01, 02, ..., 1y, 141 are constants with £ > 0 and {; > 0,
P =q+ (N/2_4)p— (N;a) <0,
,u2:2q+L2_4)(2p—1)—(NT_a)<O,...7
s == D+ D p— -2 - o o, =0,
un+1=nq+@[np—(n—1)]—w>0~

From the expansions of v1(s) and v3(s), we can conclude that one of the following
three cases occurs: (i) lims_,o(v; —v3)(s) > 0 (maybe 4+00), (ii) lims_,o(vi —v3)(s) =
0, (iii) lims—0(v; —v3)(s) < 0 (maybe —c0). Arguments similar to those in the proof
of the case a € (4 — N, 2) and | > —2 imply that (i) and (iii) can not occur. Then,
(ii) must hold. It follows from the asymptotic behaviors and lims_,o(v; —v3)(s) = 0,
we see that, for s near 0,

(v —v3)(s) = O(sHn+1). (5.31)
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Note that
fin+1 = nq+w[m&—(n—1)]—w
= g+ By - - B
= g(N'+4—|—27)—(n—1)(N2_4)—(N;a)

= a+nr+4n—2.
Substituting (5.31) to

s t
(i = u)(s) = = [ 67V [ = ) p)dp,
0 0
we have
(u1 = uz)(s) = O(s"**7), (5.32)
where we use (u; —u3)(0) = 0. Substituting (5.32) to

s t
(v1 —w3)(s8) = —/ tl’N/ PN (WP — ub)dpdt,
0 0
we obtain
(01— v3)(s) = O(s> 7)), (5.33)
where we use (v; —v3)(s) — 0 as s — 0. Note that (a < 2),
(a4 4n — 2) (2+ a+4n)

n n—+1

and
24+1l+n(d+7)=2+a+4n+ (n+1)7 > 0.
Using (u1 — u3)(0) = 0 and substituting (5.33) to

(ug —us)(s) = — /OS tl_N/O PN (v — w3)(p)dpdt

again, we obtain

(ug — us)(s) = O(sHFDE+), (5.34)
Repeating this procedure, we obtain
(u1 —us)(s) =0 for s near 0. (5.35)
This implies A = 1 and uq(r) = ua(r) for r € [0, 1].
_ (a+4n—2)

The uniqueness result for the case of 7 = with any n > 2 can be
obtained similarly. The proof of uniqueness result for @ € (4 — N,2) and [ €
(a — 4, —2) of problem (N) is completed.

We now consider the case a € (4—N,2) and | > —2 for problem (D). Let uy, us €
Dg:fa 4(B) be two positive radial solutions of problem (D) for 1 < p < p,. It follows

from Theorem 1.1 that uy,us € C*(B\{0}) N C°(B), vi,vs € C?(B\{0}) N C°(B).

. @)y (0) . .
Setting A@-D = w2 (0) and defining the function

(4+7) 1
uz(s) = A@=Dug(As) s €[0,A77],
clearly we have ugz satisfies the problem
{ (sN71(s¥Aug)") = sV H1uE for s € (0, 1),

us(}) = u(3) =0 ' (5:39)
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and

u3(0) = uq(0). (5.37)
Let (ui(s),v1(s)) and (us(s),vs(s)) be defined as in the proof of problem (N). We
also know from (2.14) and (2.15) that

uy(s) <0, vi(s) <0 forse (0,1), uj(s) <0, vi(s) <0 forse (0,A71),
u1(s) >0 for s €[0,1), wuz(s) >0 for s € [0,A71),
and
U,l(l) = O, U3()\71) =0.
Let R(A) = min{1,\"*}. We now show

v1(0) = v3(0). (5.38)
On the contrary, without loss of generality, we assume v1(0) > v3(0). Then, argu-
ments similar to those in the proof of (5.11) imply

v1(s) > v3(s) for s € [0, R(N)]. (5.39)
From this, u1(0) = u3(0) and —(sV "1 (u; —u3)’)’ = sV =271 (v; — v3), we obtain
u1(s) <wus(s) for s € (0, R(N)], (5.40)
and
(uy —us)'(s) <0 for s € (0, R(N)]. (5.41)

Note that s~ (u; —u3)’(s) — 0 as s — 0. Since

wy (A7 A>T,
(’LL1 - U3)(R()\)) = 0 if A= 1,
—uz(1) if A <1,

we deduce that necessarily A < 1. On the other hand, for A < 1, we have R(\) =
and

(ur —ug)' (1) = —us(1) > 0.
This contradicts (5.41) and hence (5.38) holds. Arguments similar to those in the
proof of the case a € (4— N,2) and [ > —2 for problem (N) above imply that A =1
and

ui(r) = ua(r) for r €[0,1].
The proof of uniqueness result for o € (4 — N,2) and I > —2 of problem (D) is
completed.

The proof of uniqueness result for @ € (4 — N,2) and [ € (o — 4, —2] of problem
(D) is exactly same as that of the same case of problem (N) above. The proof of
uniqueness result for o € (4— N, 2) and | € (v —4, —2] of problem (D) is completed.
These also complete the proof of Theorem 1.3. O

Remark 2. It is known from Theorem 1.1 that if « € [2,N) and 7 > —4, u is uy
or up, then vy € C2(B\{0})NC°(B) or vp € C*(B\{0})NC°(B). In order to use
arguments similar to those in the proof of Theorem 1.3 to obtain the uniqueness
result for this case, we can make scaling on v, i.e., for (ui,v1) and (ug,vs), we set

(2—a)(p—1)+4+7 v1(0
(p—1) = 1( )

and
(447) (2—a)(p—1)+4+7

uz(s) = A P=1 ug(As), vs(s) = A »=D va(As),
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we have that (ug,vs) satisfies

an

—Auz = s %3 for s € (0,
—Avs = slub for s € (0,

ATY),
AT,
d

U3(0) =1 (O)

Therefore, if we can show that there are sufficiently small positive €1, €2, €3 such that

on

e of the three cases occurs: (i) (u1 —wug)(s) > 0 for s € (0,¢€1), (ii) (u1 —us)(s) =0

for s € (0,€2), (iii) (w3 —us)(s) < 0 for s € (0,€3) (actually we can show that one

of
an

the three cases occurs by using the asymptotic expansions near s = 0 of uy(s)
d us(s), since we can obtain the asymptotic expansions up to arbitrary orders at

s =0 of uy(s) and ug(s)), we see that (ii) must hold and the uniqueness result is
obtained.
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