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ABSTRACT. The purpose of this paper is to study the constructions between
Bihom-alternative superalgebras and Bihom-Malcev superalgebras and Bihom-
Jordan superalgebras. First, we explain in detail that every regular Bihom-
alternative superalgebra could be Bihom-Malcev-admissible superalgebra or
Bihom-Jordan-admissible superalgebra. Next, the bimodules and Tj -extensions
of Bihom-alternative superalgebras are also discussed as properties of Bihom-
alternative superalgebras.

1. Introduction. As for the non-associative algebras that have been gradually
developed on the development path of associative rings and associative algebras,
non-associative superalgebras are also important for superalgebras that delete the
associativity of multiplication on the basis of associative superalgebras, and then
satisfy certain identities. The basis of this paper is more typical non-associative
superalgebra, namely alternative superalgebras, Malcev superalgebras and Jordan
superalgebras.

As we know, Malcev superalgebra is a generalization of Lie superalgebra. Of
course, it is not Lie superalgebra. It is a class of non-associative algebra that is
very useful in the geometry of smooth rings. Therefore, it has also been widely
concerned in recent years [5, 6, 21]. Also Jordan superalgebra has a very important
position in quantum mechanics. For interested readers, please refer to the literature
[2, 16, 18, 22, 20]. Closely related to Malcev superalgebras and Jordan superalgebras
are alternative superalgebras, which is a superalgebra whose associator is a super-
alternating function [25]. In particular, all associative superalgebras are alternative.
We have known that alternative superalgebras are Malcev-admissible and Jordan-
admissible. More related results on alternative, Malcev and Jordan (super)algebra
can be found in [7, 11, 14].

In the past few years, many scholars have conducted indepth research on twisted
algebras (also known as Hom-algebras or Bihom-algebras) excited by g-deformation
of vector field algebras. We can find more related results in [8, 9, 10, 12, 13, 15, 19,
23, 24, 26, 27]. We noticed recently that quadratic Hom-Malcev superalgebras were
studied in [17] and Hom-alternative, Hom-Malcev and Hom-Jordan superalgebras
were studied in [1]. A Bihom-algebra is an algebra whose identity defining structure
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is twisted by two homomorphisms « and 8. This type of algebra is an extension of
Hom-algebras introduced through a category approach in [3, 4].

The main purpose of this paper is to study Bihom-type generalizations of alter-
native superalgebras, Malcev (-admissible) superalgebras and Jordan (-admissible)
superalgebras. QOutline of the paper is as follows. In Section 2, we give the defi-
nition of Bihom-alternative superalgebras, and provide the construction approach
to bidirectional between Bihom-alternative superalgebras and alternative superal-
gebras. In Section 3, we introduce Bihom-Malcev(-admissible) superalgebras and
their basic construction methods. Besides that, we show that every regular Bihom-
alternative superalgebra gives rise to a Bihom-Malcev superalgebra via the Bihom-
supercommutator bracket. In other words, regular Bihom-alternative superalge-
bras are all Bihom-Malcev admissible superalgebras, generalizing the well-known
fact that Hom-alternative superalgebras (resp. alternative superalgebras) are Hom-
Malcev admissible (resp. Malcev admissible superalgebras). In the meanwhile, Z,-
graded Bihom-type Bruck-Kleinfeld function f is super-alternating and has been
studied. In Section 4, we study bimodules of Bihom-alternative superalgebras and
dicusss its T -extension. In Section 5, we introduce Bihom-Jordan(-admissible) su-
peralgebras. Then we give a construction result from Jordan-admissible superalge-
bras to Bihom-Jordan admissible superalgebras. In the end, we present a main the-
orem, which says that regular Bihom-alternative superalgebras are Bihom-Jordan
admissible.

Throughout the paper, all algebraic systems are supposed to be over a field K
of chracteristic 0. Let A be a linear superspace over K that is a Zs-graded linear
space with a direct sum A = A5 ® A7. The elements of A;,j = 0,1, are said to be
homogenous and of parity j. The parity of a homogeneous element z is denoted by
|z|]. In the sequel, we will denote by H(A) the set of all homogeneous elements of
A. In this paper, we need to use the elements, all of which are not specified, are
homogeneous.

2. Bihom-alternative superalgebras. In this section, we introduce Bihom-
alternative superalgebras, study their general properties and provide some construc-
tion results. A Bihom-superalgebra is a quadruple (A4, u, «, ), where p: AQ A — A
is an even bilinear map and «, 3 : A — A are even linear maps such that aopu =
po(a®a)and Bopu=po(f®B) (multiplicativity).

Definition 2.1. Let (A, yu, a, 8) be a Bihom-superalgebra.
(1) The Bihom-associator of A is even trilinear map as, g : A®> — A defined
by
50,5 = po (L@ B —a® p). (1)
For any 2.y, z € H(A), asa,p(x,y,2) = p(p(z,y), B(2)) — pla(z), p(y, 2))-
(2) The Bihom-super-Jacobiator of A is even trilinear map J, 5 : A®® — A
defined as

a5 (2:Y: 2) =Og g,z (=)W (82 (2), n(B(y), a(2))). (2)
In particular, when o = 8 = id, as Bihom-superalgebra is to degenerate to the

superalgebra, so are Bihom-associator and Bihom-super-Jacobiator degenerate to
the original associator and super-Jacobiator.

Definition 2.2. [23] A Bihom-associative superalgebra is a quadruple (A, u, o, 8),
where o, 8 : A — A are even linear maps and p : A X A — A is an even bilinear map
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such that o = Ba, ap = pa®?, Bu = uBF®? and satisfying the following condition:
asq p(x,y,2) =0, for all z,y,z € H(A). (Bihom-associativity condition)
Clearly, when a = 3, we get a Hom-associative superalgebra.

Definition 2.3. A left Bihom-alternative superalgebra (resp. right Bihom-
alternative superalgebra) is a quadruple (A, u, a, 8) where o, 8 : A — A are even
linear maps and p: A X A — A is an even bilinear map such that a8 = fa, ap =
na®?, B = uB®? and satisfying the left Bihom-alternative super-identity, i.e. for
all x,y,z € H(A),

@80,5(B(x), aly), z) + (D)W as, 5(B(y), a(x), 2) =0, (3)
respectively, the right Bihom-alternative super-identity,
@5a,5(1, B(y), o(2)) + (—1)MFl a5, g2, B(2), aly)) = 0. (4)

A Bihom-alternative superalgebra is one which is both a left and right Bihom-
alternative superalgebra.

Observe that when a@ = 8 = id the left Bihom-alternative super-identity (resp.
right Bihom-alternative super-identity ) reduces to left alternative super-identity
(resp. right alternative super-identity).

Definition 2.4. Let (A, u,a, 8) and (A/,,u',a/,ﬁl) be two Bihom-alternative su-
peralgebras. An even linear map f : A —» A’ is said to be a Bihom-alternative
superalgebra homomorphism if the following conditions hold

fu= ul(f ® f)(weak morphism condition), fa = o f, fB=87. (5)

Definition 2.5. A Bihom-superalgebra (A, u, a, 8) is called
(1) regular if @ and 3 are algebra automorphisms.
(2) involutive if a and 3 are two involutions, that is a? = 8% = id.

Proposition 1. Let (A, p, o, B) be a Bihom-superalgebra such that af = o, ap =
ua®? and Bu = pB®%. Then (A, u,a, 8) is a regular Bihom-alternative superalgebra
if and only if, for all x,y,z € H(A),

@sa,5 (B%(2), aB(y), 0*(2)) + (=)W asa 5 (82(y), ab(x),0*(2)) =0 (6)
and

50,5 (B°(x), aB(y), o’ (2)) + (=1)"Flas, 5 (B*(2), aB(2),0*(y)) = 0. (7)
Proof. Straightforward by Definition 2.3. 0

Remark 1. Let (A, i, a, 8) be a Bihom-superalgebra. Then A is a regular Bihom-
alternative superalgebra if and only if s, g o (82 ® a8 ® o?) is super-alternating.

Lemma 2.6. Let (A, u,«,B) be a Bihom-alternative superalgebra. Then for all
x,y,z € H(A) we have

CfLVSoe,ﬁ (IBQ(x),aﬁ(y),a2(z)) = _(_1)‘Z"z|+‘2||y|+|x|ly‘dvsa,ﬂ (62(2)7()‘6(7!)70‘2(:5)) )

aSa,3 (ﬂz(x),aﬁ(y),aQ(z)) = (—1)|Z”x‘+|2”y‘&3a,5 (62(2),a6(a:),a2(y)) )
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Proof.

nga,,@ (ﬁz(m)v Ba(y)7 O42('2)) = _(_1)‘2‘@'(%0@,@ (62(x)a /804(2), Oé2<y))
= (71)|Z||yl+|z”$‘dga,ﬂ (ﬁZ(z)a ﬂOz((ﬂ), a2(y))
= —(=1)lllylHlllel+lellvl gg (82(2), Ba(y), a®(z)) .
Another equation is obvious. O
Next, we provide a way to construct Bihom-alternative superalgebras starting
from an alternative superalgebra and two commuting alternative superalgebra mor-

phisms. This approach was applied to other algebras such as Bihom-Lie algebras,
Bihom-Novikov algebras and so on in [9], [10].

Definition 2.7. Let (A, u) be a superalgebra and o, : A — A be two even
algebra morphisms satisfying o8 = Sa. Define the Bihom-superalgebra induced by
« and 3 as

A@:B = (A?MO(,B = /.I/(O{ ®B)aaa6)'

Theorem 2.8. (i) Let (A, pn) be a left alternative superalgebra (resp. right alter-
native superalgebra) and o, 8 : A — A be two even left alternative superal-
gebra morphisms (resp. right alternative superalgebra morphisms) such that
af = PBa. Then A, p is a left Bihom-alternative superalgebra (resp. right
Bihom-alternative superalgebra).

(i) Suppose that (A/,ul) is another left alternative superalgebra (resp. right al-

ternative superalgebra) and a,B A — A be two commuting even left
alternative superalgebra morphisms (resp. right alternative superalgebra mor-
phisms). If f : A — A’ is an even left alternative superalgebra morphism
(resp. right alternative superalgebra morphism) that satisfies fa = o/f and

f8=pf, then
f . Aoz,ﬁ — Ala/76/

is a left Bihom-alternative superalgebra (resp. right Bihom-alternative super-
algebra) morphism.

Proof. We show that A, g satisfies the left Bihom-alternative super-identity. For
simplicity, we will write p(x,y) = 2y and pq g(z,y) = x oy. Then for all z,y, 2z €
H(Aq,p), we have

asa,p(B(x),a(y), z) = (B(x) 0 aB(y)) o B(z) — af(z) o (aly) o 2)
= (aB(z)aB(y)) o B(z) — aB(x) o (a*(y)ab(2))
= (a?B(2)a?B(y)) B (2) — a?B(x) (a®B(y) (=)
= as(a®B(x), o*B(y), B7(2))
= —(=)FWas(a®B(y), a®B(x), 5(2))
= —(=D¥ s, 5(8(y), a(x), 2).
So conclusion (4) is finisihed. (5) follows from
frrap = fula@B) =y (f@ flla®p)=p (@ @8) (f @ f) = to 5 (f © f).
That is, (i¢) holds. O
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Remark 2. Similar to Theorem 2.8, we may also construct a new Bihom-alternative
superalgebra starting with a given Bihom-alternative superalgebra and a pair of
commuting Bihom-superalgebra homomorphisms.

On the contrary, we will give an approach to get an alternative superalgebra from
Bihom-alternative superalgebra in the following proposition.

Proposition 2. Let (A, p,«,3) be a reqular Bihom-alternative superalgebra. De-
fine a new multiplication on A by x oy = p (ofl(x),ﬁfl(y)). Then (A,o) is an
alternative superalgebra.

Proof. Denote u(z,y) = vy and z oy = a1 (x)B~1(y), for all z,y € H(A). We just
need to show
as(z,y, z) + (=)W gs(y, 2, z) = 0 (left alternative super-identity)
and
as(x,y, z) + (—1)WI1#l@s(x, 2, y) = 0. (right alternative super-identity)
Since a and [ are bijective and A is a Bihom-alternative superalgebra, we have
as(z,y, 2) + (1) as(y, z, z)
= (zoy)oz—zo(yoz)+ (=) (yor)oz— (=1)*yo (z02)
= ( *()(aB)” ( )) ( ) —a (@) ((aB) " (y)B7%(2))
ke ”y‘( H2) = (D) () ((eB) 7 (@)872(2))
= aSap (Oé ( : + (=) @505 (a2 (), (@B) (@), B72(2))
= d5as (8 ( ) a(p e (y) ,6’2(2))
a

+(-1 )‘””"”as (BB a7 () a (B a (), 87%(2)
= 0.

@) B
62())

Similarly, right alternative super-identity is easy to prove. O

Corollary 1. Let (A, u,, 3) be an involutive Bihom-alternative superalgebra. De-
fine a new multiplication on A by xxy = p(a(z), 8(y)). Then (A, ) is an alternative
superalgebra.

Proof. We write p(z,y) = zy and z xy = a(z)8(y), for all z,y € H(A). It is easy
to show its left and right alternative super-identities. O

3. Bihom-Malcev superalgebras. In this section, we introduce Bihom-Malcev
superalgebras (as a generalization of Bihom-Lie superalgebras ) and provide a way
to construct Bihom-Malcev superalgebras. Some general properties are studied.
In the end, we show that Bihom-Malcev superalgebra could come into being from
regular Bihom-alternative superalgebra via the Bihom-supercommutator bracket.

Definition 3.1. [23] A Bihom-Lie superalgebra is a 4-tuple (A4, [-, ], a, B) consisting

of a, 8 : A — A are even linear maps and [-,-] : A x A — A is an even bilinear map,
which satisfies the following conditions: for all x,y, z € H(A),
(i) af = Ba,

(i1) a([z,y)) = [a(@),ay)],  B((z,y)) = [B(x), BW)),
(i) [3(2), a(y)] = —(—1) ¥ [3(y), a(x)], ( Bibom-skew supersymmetry)
Yy

(1 ) aﬁ(x y,z) = (—1)=ll ‘Ja, x,y, 2). (Bihom-Jacobi superidentity)
(Joc,ﬁ(x7y7 ) Ox,y,z (_1)‘z||z| [,@2(1‘), [B(y)va(z)u = 0)
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Definition 3.2. A Bihom-Malcev superalgebra is a 4-tuple (A, [-, -], a, §) consisting
of a, 8 : A — A are even linear maps and [-,-] : AQ A — A is an even bilinear map,
which satisfies the following conditions: for all z,y,z € H(A),

(i) af = Ba,
(i) a(fz, y]) = [e(2), a(y)], B([2, y]) = [B(2), B(y)],
iii) 8 ( ), a(y)] = —(— I8 ( ), a(x)], (Bihom-skew supersymmetry)

)

el
(iv) Jg g(ab(2), aB(y), [B(t), al(2)])
+(— )\xl|y|+|t\(\x|+\y|)y( () By), [B(x)

), [B(=
= (=1)llel |2 5 (B(x), Bly), B(2)), a2 82(1)|
Bly

(1)l D+ ) [JC (5() ), 8(2)), a2B2(x )}
(Bihom-Malcev super-identity)

ya(2)])

If a = 8 = id, the Bihom-Malcev super-identity will reduce to the Malcev super-
identity or equivalently,

2|t Iy, )] =T(t,2, [y, 2]) + () Tty [z, )
+ (=D J e 2 (2, ),
for all x,y, 2 € H(A).

Theorem 3.3. Let (A,[,-]) be a Malcev superalgebra and o, : A — A be two
algebra homomorphisms such that: af = Pa. Then (A7 [, ~]/,a,ﬁ) is a Bihom-

Malcev superalgebra, where [-,-] : Ax A — A is defined by [z,y] = [a(z), B(y)], for
all z,y € H(A).

Proof. Step 1, for any z,y € H(A), we have

[a(z),a(y)) = [o®(2),aB(y)] = a([a(z), B(y)]) = a([z.y]') -
Similarly, we can check that [8(x), 8(y)] = 8 ([z,y]").

Step 2, we are going to show the Bihom-Malcev super-identity. For all z,y,z €
H(A),

T 5 (aB(@),aBw), 18(1), a()])
=(=)IT, (@), aBly), [aB(E), aB(2)])
—(-1)lltt=lag (ox,y,[t,z] (~)lll= [ 82 (a), [B(y)a(t), a(2)]) | )

=(=1)10+1a28% (0 oy (~)1 A, [y, 1, 2]]))
=a?B*(J(x,y, [t, 2]))-
On the other hand, we have
7 5(8(2), Bly), A=), a*82(1)]
=[(=)F 1= (O . (—1)IF[B2(B(2)), [B(B(y)), a(B(2)] ]), B2 (1)]
=[(~ D)1y (~1) N 0B, [y, 21]), 2B ()] ]
=[(~)l 1= (O e (—1)NEI02 3 2, [y, 21]), 232 (1)]]
=a?B*[J(x,y, 2),1].
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So,
75 s(aB(x), aB(y), [B(t), a(2)] )
(1)l D e o (ap(t), aB(y). [B(z), al2)])
= ?B(J(x,y, [t 2]) + (—1) W=D J (e (2, 2]))
= a23((=1)1I= [f(fc,y,z),t} + (= 1)l v+l D+l [j(t’y’z)’xb
()M [T (8, Blu), B:)),282(0)]
(1) D ey [féﬁ(ﬂ(t),ﬁ(y),5(2)%@2/32(:6)}/ :
Thus, (A, [, ~]/, Q, 5) is a Bihom-Malcev superalgebra. O

Remark 3. Similar to Theorem 3.3, one may construct a new Bihom-Malcev super-
algebra starting with a given Bihom-Malcev superalgebra and a pair of commuting
Bihom-superalgebra homomorphisms.

Lemma 3.4. Let (A, [-,-],a, ) be a Bihom-superalgebra. Then we have,
jaﬁ o(aB)®3 =afo jaﬁ.
Proof. Let x,y,z € H(A), we have
Jo,5(aB(x), aB(), 4B (2)) =Oa .= (=115 (aB(2)), [B(aB(y)), a(aB(2))]
=Ozy.e (-1 Hap[5%(2), [B(y), a(2)]
= aﬁjaﬁ(a:,y, z).
So the Lemma 3.4 holds. O
Remark 4. Let (A4, [, ], @, 8) be a Bihom-superalgebra. Then we have
joct’ﬁ o(aB)®3 =afo j,iﬁ
We recall the associative super-commutator in [23] in the following definition.

Definition 3.5. Let (A, u,«, ) be a regular Bihom-superalgebra. Define the as-
sociative super-commutator Bihom-superalgebra as the Bihom-superalgebra

A" = (A [ ]=po(id— (05716 ® aﬁil) o7),a, B3),
where 7(z,y) = (=1)1#l¥l(y, x), i.e. for all 2,y € H(A), we have
[2,y] = pl,y) — (=)W (0™ B(y), 0B~ (2)).

We call a Bihom-superalgebra A is Bihom-Malcev-admissible if A~ is a Bihom-
Malcev superalgebra.

Lemma 3.6. Let (A, u, a, 8) be a regular Bihom-superalgebra. Then, in the Bihom-
superalgebra A~ , we have

JS 5= a5ap(a ' B@B®a)o (id+ &+ E%) o (6 —id),

where £(x@y®z) = (—1)FIEHEIYIE(20r0y) and §(z@y®2) = (—1)VIF§(z022y).



3748 YING HOU AND LIANGYUN CHEN

Proof. For x,y,z € H(A),
OJ¢ 4(z,y,2)

= (=1)F(Og . (DI (@), [B(y), al2)]])
= (=1 (00 y.: (DFIFE% (@), By)alz) — (~1)IFB(z)a(y)])
= (1)1 (O s (1)1 (2), B(y)eu(2)]

— Op g,z (~)FIEFRD[82(2), B(2)a(y)))
= (- (04 - ()72 (2)(B(y)a(2))
— Opy.z (D) (071 B2 (2)B(y))aB(2)— Op .= (—1)FHFDE2(2) (8(2)a(y))
+ Opy,e (=)D (07182 (2) 8(2)) B (y))
= — (=) O,y - (1) G5, (a7 B2(2), BY), a(2)))
+ (=) O,y . (=)D GS, s(a718%(), B(2), aly)))
=asap0 (@ '@ B@a)o (id+ &+ E2) o (6 —id)(z,y, 2).
O

Proposition 3. Let (A, u,a, ) be a reqular Bihom-alternative superalgebra and
A~ be its associative super-commutator Bihom-superalgebra. Then

TS 5(x,y,2) = —6a34,5(a" B%(2), B(y), a(2)), for all z,y,z € H(A),

where the Bihom-associator is taken in A and the Bihom-super-Jacobiator is con-
sidered in A™.

Proof. The result follows immediately from Lemma 3.6. O

Definition 3.7. Let (A, pu,«, ) be a Bihom-superalgebra. Define the function
H: A®* — A by:

H(w,x,y,2) = @50,6(8*(w)ap(z),a*B(y), a*(2))
— (=plelletieliviielslas, 5(6%(@)ab(y), o®B(2), o (w))
+ (—)HEDU =D g5, 5(82(y)aB(2), 0 B(w), o (x)).
Lemma 3.8. In a regular Bihom-alternative superalgebra (A, p, o, 8), the identity
H(w,z,y,2) = ” % (w)asa,s(aB(@), a* (y), @’ 87" (2)) + @5a,5 (8 (w), af(x), a*(y))a’ B(2)
holds, for all x,y, z,w € H(A).
Proof. First, since (A, i, «, ) is a regular Bihom-alternative superalgebra, we have
asa,5(8%(x)aB(y), o”B(2), @’ (w))
= @50,5(5(waf ™ (y)), aB(a(2)), a*(a(w)))
= (—nlllerlelvirielizlgs, 5(ap®(w), a)a®(y),o®(2)).
In addition,
asa,6(5°(y)aB(2),a?B(w), a*(z))
= @5a,5(8(yaB 1 (2)), aBla(w)), «
= (-1 )(|w|+|x|)(\y\+\ Das., B(aﬁz( ),

*(al(x)))
a?B(x),0*(y)a’ 87 (2)).
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So,
H(w,z,y, z)
= @s0,5(8%(w)aB(x),a®B(y), o’ (2)) — dsa,5(5*(w)ab(z), a*B(y), a*(2))
+ @sa,5(8% (w)aB(z), a?B(y), a’(2))
= B (w)asa,s(aB(x), a®(y),a’ 871 (2)) + a5a,6(5 (W), af(x),a*(y))a’ B(2).
The proof is finished. 0

Definition 3.9. Let (A, u, a, §) be a regular Bihom-superalgebra. Define the Zo-
graded Bihom-Bruck-Kleinfeld function f: A®* — A as the even multilinear map,

f(w,x,y, Z) = djsa,B(BQ(w)aﬂ(aj)a a25(y),a3(z))
_ (_1)|w\\xl+\w|ly\+|w\\Z\C;gaﬁ(52(x),ag(y))a2(z)>a35(w)
— (—1)I¥a? 5% (2)@s 0 5 (aB(w), 0% (y), @87 (2)), (8)

for all w, x,y,z € H(A).
Define another even muti-linear map F : A%* = A as

F=[,]o((aap0 (8 @af®a’)®a’f)o(id— £ +& — &), (9)
where [-,-] = po (id— (e !B ®aB 1) o1) is the super-commutator bracket of y and
£ is the super cyclic permutation

Cweroy®z2) = (—1) el gy oz oy,
ie., for all w,z,y,z € H(A),
F(w,2,y,2) = [5a,6(8%(w), af(z), o*(y)), o’ B(2)]
— (=)l = s, 5(82(2), af(w), o (x)), 0® B(y)]
+ (1) WD (G5, 5(6%(y), ab(z), o* (w)), o® B(x))]
— (—1)lllettellvitrel=lgs,, 5(6%(x), aB(y), a®(2)), @*B(w)].

Lemma 3.10. Let (A, pu,a,B) be a Bihom-alternative superalgebra, the F and f
described above satisfy the following equation:

F=fol(id—p+p?),

where p = €3 is the super cyclic permutation p(wRzrRyRz) = (—1)wllzi+lwlyl+lwllz]
(x ®y®z@w). Further, for all w,z,y,z € H(A),

F(w,z,y,2)
=f(w,z,y,2) — (_1)|w\\r|+\wlly|+|w|\2\f($7y’ z,w) + (_1)(\y|+\Z\)(\w|+\z|)f(y’ Z,w, ).
Proof. For each w,x,y,z € H(A), we have
(@50,5(8%(x), aB(y), a2(2)), a* B(w)]
—50,5(8%(2), aB(y), a2(2))a? B(w)
— (—p)lellellvbnllzla2 62 ) ds, 5 (aB(), a2(y), 0?67 (2)):
Then, by Lemma 3.8 we get
0 B2 (w)asa 5 (af(x), a*(y),@° B (2)) + d50,5(8(2), aB(y), a*(2)) o’ B(2)
=a50,5(6%(w)ap(z), a®B(y), a*(2))
— (el gy, (682 (2)aB(y), o® B(2), o (w))
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+ (1) WHED I g5, 5 (8% (y)aB(2), o2 B(w), a*(x))
=f(w,x,y,2) + (-1l gy, 5(82(), aB(y), o (2)a® B(w)
+ (=Dl 0 82 (@) @sa 5 (aB(w), 0 (y), a* 57 (2))
— (=D)lwllzltlellyltlwllzl £y 2 w)
= (=)D D s, (32(y), a8 (=), 0% (w))a* ()
— (=1)lwllztellyl+ellzltlzlvl 02 82 () a5, 5 (B(x), a?(2), a8 (w))
+(-1) (yl+1z)( |w|+|r|)f(y z,w, )
(el Y G 5 (82(2), B (w), 02 (2))a* B(y)
+ (=1)(vlHID (w2 2 52 (2)@54.8(aB(y), a*(w), a® B~ (x)).
Moreover, since s, g o (82 ® a8 ® a?) is super-alternating, we have
sa,5(aB(y), o (w), o’ f7H(x)) = aB ™ (@5a,6(5(y), aB(w), a*(z)))
= (—) Il ap =Y (a0 5 (5% (), aB(z), @ (y)))
= (_1)|yllw\+|y\\zl(;gaﬁ(aﬁ(w),a2(x)’a35—1 Y)),

Similarly, as, g(aB(z),a?(2),a®871(w)) and as, g(aB(w),a?(y),a®871(2)) can
also be obtained as follows:

dsa,5(aB(x),0®(2),0* 87 (w)) = (1) Gs, 5(ap(2), 0®(w), 057 (@),
5a,5(aB(w),a*(y), a7 (2)) = (~)IWHIE G, 5(aB(y), o®(2),0® 871 (w)).
Then
F(w,z,y,2) = flw,z,y,2) — (,1)\WIIIHIwHyIHwIIZIf(x’y,sz)
+ (_1)(|y|+|2|)(|w\+|9¢\)f(y7 z,w, ),
for all w,z,y,x € H(A). O

Proposition 4. Let (A, p,«, B) be a reqular Bihom-alternative superalgebra. Then
the even Bihom-Bruck-Kleinfeld function f is super-alternating.

Proof. The proof is similar to that Proposition 4.1 in Reference [1], it is easy to
check it. 0

Next, we will give a relationship between Bihom-alternate superalgebra and
Bihom-Malcev superalgebra, and use the above preparation knowledge to prove
it.

Theorem 3.11. FEwery reqular Bihom-alternative superalgebra is Bihom-Malcev-
admussible.

Proof. Let (A, i, a, B) be a Bihom-alternative superalgebra and A~ = (A, [, ], a, 8)

be its super-commutator Bihom-superalgebra. For any z,y € H(A™):

Step 1, it’s not difficult to find multiplicativity for o and 8 in A™.

Step 2, since the associative super-commutator bracket [-,-] = po (id — (a8 ®
af~1) o 1) is Bihom-skew-supersymmetric, that is to say [8(z), a(y)] = —(—1)=Ilvl
[B(y), a(z)]-

Step 3, we need to show that the Bihom-Malcev super-identity holds in A™, i.e
Jep(aB(@), aB(y), [B(1), a(2)]) + (=1)' WD TE L (aB(t), aB(y), [B(x), a(2)])
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== [Je 5 (B(@), Bw). B(2)), 06 (1)]
+ (= 1)l vl +ely] [jg’ﬁ(ﬁ(t),,B(y),ﬂ(z)),aQBQ(m)] .
Note first that jc 5@y, 2) = =6asa, g 52(x), B(y), a(2)).
In addition, [8(x), a(z)] = B(x)a(z) — (=1)1#I#1 3(2)a(z). So,
Jap(aB(x),aB(y), [B(t), a(2)]) + (=) AWHAUHD FE S (aB(1), aB(y), [B(x), a(2)])
= — 6d50,5(8°(2), 0B (v), aB(t)a’ (2)) + 6(=1) @5, 5 (8% (2), @B (), @B (2)0* (1))
—6(— 1)\ z||y|+[t|(|z \Hy\)CLNS 5(5 (t), ﬂQ(y),Ocﬂ( Yo ( )

+6(— 1)\ el(fyl+l=D -+l +HyD) oo 3(5 (t )7aﬂ2(y),ocﬂ(z)a2(x))
= 6(=1) DD G, (a7 5(1)5% (2), 0% (2), 0B (w))
- 6(—1) D g, (07 % ()82 (1), 08 (), 02 B(w)
— 6(—1)llHEIFE s (07! 8% (2)8°(2), aB° (1), o B(y))
+6( 1)\9€Hz\+|f\|y|+\z|\t|+\ Hy\as 6(04 B () (m)7a52(t),a2ﬁ(y))
=6(— 1)(Itl+lzl)(\x\+ly\)a— B{(— )‘tmleylel)[asa,g(ﬁQ(z),aﬁ(w),aQ(y)),agﬁ(t)]

— (=)D G5, 5(8%(1), aB(x), 0 (), *B(2)]}
+6(— 1)\tl\y\+\2\ItH—IZ\IyIa—lﬁ{(_l)lﬁl(\zmtlﬂy\) [(i‘?a,ﬁ(/@2(z), afB(t), aQ(y)), OcSﬁ(x)}
= () G 5 (5 (), aB(2), 0 (1)), 0 B(2)]}
=(=1)"11 e 5(B(2), Bw), B(2)), 8 (1)]
() D [ 5 (8(8), B(y), B(2)), 0°B%()]

Thus, every regular Bihom-alternative superalgebra is Bihom-Malcev-admissible.
O

Proposition 5. Let (A, u,«, 8) be a regular Bihom-alternative superalgebra. Then
the Zo-graded Bihom-Bruck-Kleinfeld function f satisfies

f=3F =aso((l]o (B @ap)@a?foad)olid+(), (1)

where F is defined as before and ( is the super permutation
(WRrRyRz2) = (_1)(Iy\+|Z|)(\w\+\w\)y RzRw R .

Proof. By Lemma 3.14, we have F' = f o (id — p + p?) = 3f, which proves the first
equality in (10). It remains to prove that f is equal to the second entry in (10).
Use the definition of f and its super-alternativity,

2f(t,x,y,2) = f(t,2,y,2) — (=)W1 f (21,9, 2)
= @sa,5(8° ()aB(x), a*B(y), o’ ()
— (—D)eH D g5, (82 (2), aB(y), o (2))a® B(t)
— (—1)""la? B2 (2)@sq 5 (aB(t), @2 (y), 0B (2))
— (=) @50 (8 (x)aB(t), @*B(y), o’ (2)
+ (—)HWEED G5, 5(8%(1), aB(y), o (2))a® B()
+ B2 (t)asa p(af(x), a?(y), o’ B71(2)),
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which implies that
asa,6([8%(t), aB(@)], a®B(y). o’ (2))
=2f(t,x,y,2) = [0*B(t), G50,5(aB(z),0*(y), 0’ 7' ()]
+ (—)MUFIHED (0262 (), @505 (aB(y), *(2), o871 (1)) (11)

Interchanging (t,x) with (y,z) in (11) and using the super-alternativity of f,we
obtain

(=))W =D G, 6 (16%(y), aB(2)], @2 B(1), 0 ()
=(—1) I (02 5% (2), @5a,6(aB(t), 0 (2), 0° 57 (1))
— (_1)(|t\+|36\)(|y|-s-\ZI)[a252(y)7 @30.5(aB(2), 0%(t), a® B~ (z))]
+ 2(=D)UEH=DUAYIHED £y 2 ¢ 1)
=(=DlIHETED (02 62 (2), @50, 5 (aB(1), 0 (2), 0* 57 ()]
= (1) DD [0252(y), G (0B (2), %), 0857 (@)
+ Qf(t7 x? y’ Z)?

@5a,5([8%(t), aB(@)], o B(y), o® (2)) + () IAFEDUIHD G5, 5 ((8%(y), aB(2)], @*B(2), 0 (2))
:(4f_ F)(t7x7yvz)
=f(t,z,y,z) (since F = 3f).

Thus f is equal to the second entry in (10). O

4. Bimodules and Tj-extention of Bihom-alternative superalgebras. For
convenience and without confusion, we denote Bihom-alternative superalgebra (A,

p, av, 3) by (A, 0)

Definition 4.1. Let (4,0, «,3) be a Bihom-alternative superalgebra and V be a
Zo-graded vector space. Let L, R: A — gl(V') be two even linear maps (L(z)(u) =
zu, R(y)v = (=1)I"Wloy) and ay, By € gl(V), avBy = Bvav. (V,L,R,ay,By) is
called a representation or a bimodule of A, if for any z,y, 2z € H(A) and v € H(V)

ayL(z) = L(a(z))ay, ayR(x) = R(a(z))ay, 12)
By L(z) = L(B(x))Bv, BvR(z) = R(B(z))av, 13)

L(B(x) 0 a(y)By () — L(aB(@))L(a(y)w + (~1) M L(E() 0 alz))By (v)

— (=)W L(aB(y)) L(a(z))o = 0, (14)

(
(

(1) R(aB(2))R(B(y))v — R(B(y) o al2))av (v) + R(aB(y)) R(B(2))v

— (=D)MIER(B(2)a(y)) oy (v) = 0, (15)
(1) IR(B(y)) L(B(x)av (v) — L(aB(x)R(y)av (v) + (=1 R(B(y)) R(a(z))Bv (v)
— R(a(z) oy)avBv(v) =0, (16)

(=)W R(ap(y)) L(x) By (v) — L(a(x)) R(e(y)) By (v) + L(z 0 B(y))av By (v)
— L(a(x)) L(B(y)) o (v) = 0. (17)
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Let (A, o,a, ) be a Bihom-alternative superalgebra, (V, L, R, oy, By) be its a
bimodule and L*, R* : A — gl(V*), a*,8* : A* = A" ai,, By : V¥ — V* be the
dual even maps of respectively «, 3, ay, By given by

< L*(z)u*,v >=<u*, L(z)v >, < R*(z)u*,v >= (-1 < o* R(z)v >,
a*(z)(y) = =" (a(y)), B*(x")(y) = 2" (B(y)),
ay (u*)(v) = u*(av (v), By (u")(v) = u*(By(v)).

Proposition 6. Let (V,L, R, oy, By) be a bimodule of a Bihom-alternative super-
algebra (A, o, a, 8). Then (V*,L*, R*, o5, Bt) is a bimodule of (A, o, o, B) provided
that for any x,vy, z,v are homogeneous,

BvL(B(x) 0 a(y))(v) — (=D La(y)) LaB(@))v + (1) 8y L(B(y) o a(x)) (v)
— L(a(z))L(aB(y))v = 0, (18)

R(B(y))R(aB(2))v — avR(B(y) o a(2))(v) + (~1)FIVR(B(2)) R(aB(y))v
— (=1)"Flay R(B(z)a(y))(v) = 0, (19)

av L(B(@)R(B(y))(v) = (=1)"Way R(y) L(aB(2))(v) + By R(a(z)) R(B(y))(v)
— ayfy R(a(z) o y)(v) =0, (20)

Bv L(z)R(aB(y))(v) — (=)W 8y Ra(y)) L(a()) (v) + av By L(z o 5(y))(v)
— (=1)¥ay L(B(y)) L(a(z))(v) = 0, (21)
Proof. Straightforward by calculation. O

Theorem 4.2. Let (V, L, R, oy, By) be a bimodule of Bihom-alternative superalge-
bra (A,o,a, ), 0 : AX A — V be an even bilinear map. Define a new multiplication
on A®V by

(@ +u)* (y+v) =z oy +0(x,y) + L)+ (=) R(y)u, (22)
and a4+ ay, B+ Py € End(A @ V) such that
(a+av)(z+u)=alz)+ay(u), (B+8v)(z+u)=P8(z)+bv(u), (23)

for any x,y € H(A), u,v € H(V), then (A® V,*x,a + ay,B + Bv) is a Bihom-
alternative superalgebra if and only if 0 satisfies the following conditions: for any
X1, %2, x3 € H(A),

0(B(w1) 0 aws), Blws)) + (—1) =1 1=1 2D R(B(24))0(B(x1), a(w2))
—0(aB(x1), a(r2) 0 w3) — L(af(21))0(c(w2), w3) + (—1)*11210(8(22) 0 a1), B(ws))
+(—1) sl ttlzbrinlle2l Rg(24))0(B(2s), alz1)) — (—1)111°210(aB(22), a(w1) 0 25)
—(=1)* 2 L (0B (22))0(a(@1), 23) = 0, (24)

0(z1 0 B(xz), aB(xs)) + (=1)!*1 172D R(aB(23))0(21, B(a2))
—0(a(x1), B(w2) 0 a(zs)) — L(a(21))0(B(x2), alws)) + (~1)*21710(z1 0 f(z3), ab(x2))
+(=1)" 12 R(aB(22))0(x1, B(ws)) — (—1)*21" L(a(21))0(B(za), alx2))
—(=nll=2lg(a(er), B(as) 0 alz2)) = 0. (25)
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Proof. First we prove the commutativity of maps,

(a+av)(B+Bv)(z+u) = (a+av)(B(@) + By (u)
= af(z) + ay By (u)
= Ba(z) + Bvay (u)
= (B+Bv)(a+av)(z+u).

By the fact that (A ® V,x,a + ay,S + Byv) is a Bihom-alternative superalgebra.
BiHom left super-alternativity holds.

asq,8((8 + Bv) (@1 +v1), (@ + av) (w2 + v2), T3 + v3)
+ (=nlell=2las, 5((8+ Bv) (2 +v2), (a+ av)(z1 +v1), 73 + v3) (26)
=((8+ Bv)(w1 +v1) * (@ + ay) (@2 +v2)) * (B + Bv) (23 + v3)
—(a+av)(B+ Bv)(@1 +v1) * (o + v ) (w2 + v2) * (T3 + v3))
+ (=Dlellz2l(B 4 By ) (2 + v2) * (@ + av)(z1 +v1)) * (B + Bv) (w3 + v3)
— (=Dl 4+ ay ) (B + By ) (@2 + v2) * (o + av ) (@1 + v1) * (23 + v3))
=(B(z1) 0 aw2)) 0 B(xs) + 0(B(x1) 0 ae(w2), B(w3)) + L(B(x1) 0 a(w2)) By (v3)
+ (=leslza 122D R(B(23))0(8 (1), ax2)) + (1) 310z 1+ 122D R(B(23)) L(B(21))av (v2)
+ (=plmslzltizaDtizlle2l R((25)) R(a(z2)) By (v1)
—af(z1) o (a(w2) 0 w3) — O(aB(x1), aw2) 0 w3) — L(aB(w1))0(cx(w2), x3)
— L(aB(x1)) L{a(w2))vs — (—=1)*21173] L(aB (1)) R(z3)ay (v2)
_ (,1)\11I(IzzHIZSI)R(a(xg) o z3)aB(v1)
+ (=Dlelle2l(B(z5) 0 a(z1)) 0 Blas) + (—1) "1 11210(8(22) 0 a(x1), B(x3))
+ (=)PlIP2 L (B(2) 0 a(21))By (vs) + (—1)IwslIza¥lz2D ¥zl R (5 (25))0(8(22), a(x1))
+ (—plmsllzltizaDrizllezl R((2s)) L(B(22)arv (v1)
+ (—1)l=sllzalrle2l R(B(xs)) R(a(z1)) By (v2)
— (=plmllE2laB(@s) o (a(w1) 0 w3) — (—1)1*1117210(aB(22), a(w1) 0 23)
— (Dl LaB(w2))0(a(z1), 23) — (=112l L(aB(22)) L(a(z1))vs
— (=plmlUz2l+lzsD 1 aB(e)) Rzs)ay (v1) — (—=1)1*2/173I R(a(z1) 0 23)aB(v2).
Since (V, L, R, ay, By ) is a bimodule of Bihom-alternative superalgebra (A, o, a, 8),
by (14), we set x = x1,y = x9,v = vz, then we rewrite (14) as (a), by (16),

we set * = 1,y = x3,v = v, then we rewrite (16) as (b), and by (16), we set
T = X9,y = x3,v = vy, then we rewrite (16) as (c). In additon, the fact is that

s (c
@50,8(B(x1), a(x2), 3) + (—1)Hlle2las, g(B(x2), alw:), 5) = 0.
(26) = @805 (B(x1), a(w2), x3) + (—1)1*11172la@5s, 5(B(22), alz1), 23)

+ (a) + (_1)\zz\lz3l(b) +(~1 )\I1\(Iz2|+lz3l)( )

+0(B(x1) 0 a(w2), B(wz)) + (—1)1alI=2 122D R(B(5))0(B(21), alw2))

— 0(aB(@1), a(2) 0 w3) — L(aB(w1))0(a(w2), w3) + (—1)1*1112216(8(22) 0 a(21), B(w3))

+ (—p)leslleri+lezDtleiliez] R(B(25))0(B(x2), alx1)) — (~1)I*1112210(aB(22), a(a1) 0 z3)

— (—n)lmill=2l L (aB(22))0(a(e1), 23)

=0(B(x1) 0 a(w2), Blws)) + (—D)I=alI=1 122D R(B(23))0(B(21), a(w2))

— 0(aB(x1), a(x2) 0 w3) — L(aB(21))0(c(x2), x3) + (—1)1"2117210(3(3) 0 au(x1), B(ws))

+ (—n)leslloltle2Dtlelizl R(B(23))0(8(22), alwr)) — (—=1)I"117210(aB(22), a(w1) 0 23)

— (—1)l=2ll#2l L(aB(x2))0(a(1), 3) = 0.
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So the BiHom left super-alternativity is finished. By the same calculation, we
also obtain (25) holds. Thus, (A ® V,x,a + ay,f + By) is a Bihom-alternative
superalgebra if and only if 6 satisfies Egs.(24) and (25). O

Theorem 4.3. Let (A, 0, q, ) be a Bihom-alternative superalgebra, 0 : Ax A — A*,
define two new operations on A & A*:

(¢ +a)x (y +b) =woy+0(z,y) + (1) VIR (@)p" + L*(y)a*,  (27)
(@+a®)(z+u) =a(@)+a (), (B+F7)(@+u)=0x)+ 5 (u), (28

for any x,y € A;a*,b* € A*, then (A® A*, *,a+ o*, 8 + B*) is a regular Bihom-
alternative algebra if and only if 6 satisfies the following conditions:

0(B(x1) o aw2), B(ws)) + (1)1 1=L 2D L2 (B(24))0 (B (1), a(w2))

—0(aB(x1), a(r2) 0 w3) — R*(aB(w1))0(cx(w2), w3) + (—1)*11210(8(22) 0 a1), B(s))
_|_( 1)\w3\(lw1|+lrzl)+\w1HmlL (5( ))9(( ) (331)) ( 1)|x1|‘x2‘0(aﬂ($2)7a($1)03,’3)
— (=112 R (0 (22))0(a(w1), 25) = 0,

0(w1 0 B(xz), af(xs)) + (=)D LY (0 (23))0 (1, B(x2))
—0(a(1), B(x2) 0 alws)) — R*(a(21))0(B(x2), alws)) + (—1)1*2!1210 (21 0 B(x5), @B (x2))
(=12 L (aB(@2))0(@1, B(ws)) — (—1)1721178 R* (a(21))0(B(ws), a(w2))
—(=1)'*2*lg(a(x1), B(ws) 0 aw2)) = 0.

For any x1,22,x3 € H(A). Under the circumstances, A® A* is called Ty -extension
of A, write as Ty A.

Proof. By Proposition 6, we know A* is also a bimodule of A, so it is clear by
Theorem 4.2. O

In Section 2, we introduced the construction from alternative superalgebra to
Bihom-alternative superalgebra. As an application, next we will give the construc-
tion from bimodules of alternative superalgebras to bimodules of Bihom alternative
superalgebra.

Proposition 7. Let (V,L,R) be a bimodule of an alternative superalgebra (A, o).
Given four even linear maps o, : A — A and ay,By : V — V such that aff =
Ba, ayBy = Byay, ayL(z) = Lla(z))ay, avR( ) = R(a(x))ay, fyL(x) =
L(B(z))Bv and ByR(z) = R(B(x))By. Then (V,L,R,av,By) is a bimodule of
the Bihom-alternative superalgebra (A, pia.g,c, 3), where L = L(a(z))By, R =
R(B(x))av and pap(z,y) = afz) o B(y).

Proof. Let z,y € H(A), v € H(V) and set pop(z,y) = x*y, that is zxy =
a(z) o B(y). Then we have

L(B(z) * a(y)) By (v) — L(aB(x)) Lla(y)v + (1) L(B(y) * a(x)) By (v)
— (=) L(ap(y)) Lia(z))v
=L(aB(x) o aB(y))Bv (v) — L(aB(x))L(a>(y))By (v)

+ (=) L(aB(y) o ap(x)) By (v)

— (=)W L(aB(y)) L(a® () Bv (v)
=L(a”B(z) 0 a*B(y)) B3 (v) — L(a®B(x)) Lo B(y)) B (v)
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+ (=1)IML(a?B(y) 0 a2B(2)) BT (v)
— (—1)=IM L(a2B(y)) L(a?B(x)) B} (v)

=0
and
(=)W R(B(y)L(B(z))ay (v) — L(af(z))R(y)ay (v)
+ (=)W R(B(y)R(a(x)) By (v) — R(a(z) * y)ay By (v)
=(=1)"WR(B(y)) L(afB(x))o By (v) — L(aB(x))R(B(y))ai (v)
+ (1) R(B(y)) R(aB(x))av By (v) — R(a2(z) o By))av By (v)
= (=)W R(B2(y)) L(a?B(x))ad By (v) — L(a?B(x))R(B*(y))a? By (v)
+ (=1)=WR(B2(y))R(a?B(x))a? By (v) — R(a?B(x) o 52(y))a? By (v)
=0.
Similarly, other identities can also be obtained. [

5. Bihom-Jordan superalgebras. In this section, We also give constructions for
Bihom-Jordan and Bihom-Jordan admissible superalgebras. Additionally, we figure
out that regular Bihom-alternative superalgebras are Bihom-Jordan admissible.

Definition 5.1. A BiHom superalgebra (A, i, «, 8) is called a Bihom-Jordan su-
peralgebra if for all x,y, z,t € H(A) :

(i) af = Ba,
) u(B(x), ay) = (=D u(B(y), a()),

(i
(BlhOm super commutativity condition)
(

i) Oy (1)1 as, 5(u(52(2), aB(y)), a?B(2), o’ (t)) = 0.
(Blhom J ordan super-identity)

In particular, it is reduced to a Jordan superalgebra when o = 8 = id.

Definition 5.2. Let (A, u, o, 8) be a Bihom-superalgebra such that « and f are
bijective maps. Define its plus Bihom-superalgebra as the Bihom-superalgebra
AT = (A, *,, 3), where

vy = 2(ula.9) + (DM a1 8(3), 087 (@),

Note that product * is Bihom-supercommutative. In fact, for all z,y € H(A),
B(x) x aly) = 5 (Bx)aly) + (1) IV 5(y)a(z))
= (—1)‘9””1“’%(6(1/)04(33) + B(x)a(y) = (~DHHB@Y) « a(e).

Moreover, the plus Bihom-superalgebra A* = (A, *,a,8) of a Bihom-Jordan-
admissible superalgebra is a Bihom-Jordan superalgebra.

Proposition 8. Let (A, u) be a Jordan-admissible superalgebra and o, 5 : A — A
be two even superalgebra morphisms satisfying a8 = Ba and they are reversible.
Then the induced BiHom-superalgebra Ay p = (A, 1/ = p(a® B), o, B) is a BiHom-
Jordan-admissible superalgebra.
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Proof. We need to prove that (A, x, «, ) is a BiHom-Jordan superalgebra, where
1 _ _
5 @)+ (D (07 B(y), B (@),
The Jordan superalgebra obtained from Jordan-admissible superalgebra (A, p) is
denoted as (A, o), where o = (u+ p°P) and p°P(z,y) = (—1)=1¥u(y, ).

Also, it is easy to check that zxy = a(x) o 8(y) and B(z)*a(y) = (—1)*I¥18(y)
a(z). On the other hand,

asa,6(8%(2) * aB(y), o B(2),a’(t)) = o’ B2as(z oy, 2, 1).

THY =

So,
Oyt (=D)!AHED G5, 5(8%(2) x aB(y), o?B(2), 0 (2))
—a B2 Oy (~)0HD 50 01y, 2,1) = 0.
Conclusion proof ends. O

Theorem 5.3. Let (A, u) be a Jordan superalgebra and o, : A — A be two even
commuting and reversible superalgebra morphisms. Then (A, 1 = po(a® B),a, 8)
is a Bihom-Jordan superalgebra.

Proof. Firstly, note that p is super-commutative since A is a Jordan superalgebra.
For any z,y, z,t € H(A):
Step 1,

1 (B(x), aly)) = w(aB(z), af(y)) = (1) u(aB(y), af(z)) = (=11 (B(y), a(2)).

Step 2, by direct calculation,
@sa,5(1 (8% (2), aB(y)), a®B(2),a°(t)) = o’ B*as(u(, y), 2, 1).

further, we have

Oyt (DD G5, (4 (8°(2), @B(y)), @®B(2), 0%(1))
=a3p? O,y t (—1)"5‘”%"H |)as(u(:r,y),z,t) =0.
Thus, (A, ' = po(a® B),a, ) is a Bihom-Jordan superalgebra. O
Remark 5. Similar to Theorem 5.3, we may construct a new Bihom-Jordan super-

algebra starting with a given Bihom-Jordan superalgebra and a pair of supercom-
muting Bihom-superalgebra morphisms.

Theorem 5.4. Every reqular BiHom-alternative superalgebra (A, u, o, 8) is BiHom-
Jordan-admissible, that is to say (A',*,a, B) is a Bihom-Jordan superalgebra.

Proof. As usual we write u(x,y) as the juxtaposition zy. we only need to vertify
BiHom-Jordan super-identity. For all z,y, z,t € H(A),

Oyt 8(=D)IHU=FIED G5, 5(82(2)  aB(y), a®B(2), 0% (2))
=8(—1)! 1= =D ((82(2) = aB(y)) * ?B(2)) * o®B(t) — (aB?(z) * a*B(y)) * (o (2) * (1))
3
+8(=1)I=IVIFED (82 (y)  aB(1) * a2 B(2)) * o®B(x)) — (aB2(y) * &2B(1)) = (o (2) * 0 ()))
n
+8(—)WIIHED (B2(2) x aB(2)) * a?B(2)) * o® By) — (aB2(t) * o B(x)) * (o (2) * a®(y))),

Y
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Further, we have the following via calculations:
¢ = (=)MUFEDL((B2 (2)aB(y))a® B(2))a’ B(1)
1)|tl(|r|+|y|+| z|) o232 (1) ((aB(2)a?(y))a?(2))
D (02 (2) (aB(2)a® (y)))a® B(t)
1)|Z\(\$|+\y|)+\t|(|w\+|y\+|2|) 282(1) (02 B(2) (0 (2)a® B~ (y)))
D82 (y)ap(x))a?B(z))a’ (¢
)Itl(lwl+|y|+| |)+\L|Iy\a252( £ ((aBy)a?(x))a(2))
YAl (02 (2) (0 (y)a? (@) BL( )
)I z|(lz[+y D+t (o] +ly [+ 2+ |y] 2B () (2B(2)(a*(y)a? B (2)))
2(2)a®B(y))(@®B(2)a’ (1)) — (~1)FHDEHD (052 (2)a? (1)) (0® ()0’ (y))
D (ap?(2)a” B(y) (@ B(t)a’ (2))
1)(| z[+t) (=l +ly)+|z IIt\(a52() 23(2))(02B(x)a? (y))
Dl (% (y)a®B(x)) (a?B(2)a’ (1))
1)(|Z\+|t\)(|x|+|y|)+|x|Iy\(QBZ( )a2B(1)) (2 B(y)o® (z))
I (5 (y)a® B(x) ) (a2 B ()’ (2))
— (=1) =Dl lyDHlly I+ (0, 32 (1) 02 B(2)) (a?B(y)® (2)) },

analogously, there are concrete equations of 1 and <y, in this time,

Oy S(=1)1HU=HD G5, 5(8%(2) x aB(y), a?B(2), 0% (2)) = &+ + 7.

(=
(=
(=
(=
(=
(=
(—1
(
- (=
(=
(=
(=
(=

So,

Ot 8(=1)IHD G5, 5 (82 (2) * aB(y), a*B(2), a’(2))
= +n+y
={(-D)"=H =D G5, 5 (8% (2)aB(y), o (Z) a’(t))
DIl D+ G 5 (aB?(t), 02B(2), o (z)a® B (y))
l=lyl+1zD g5 582 (y)as

_|_

)"

) (1), a*5(2), *(x))
DG (0 (2), 0?(2), 0 (y)a’ 87 (1)
DI a5 (5 (1)a(e), a*0(6), o)

)"

_|_

- (-

(-

- (-

(-

(=)D Gy (aB%(y), a2 B(2), a2 (1)aP B ()
(0D o () p(r) %0(2), ()
- (-

-

- (-

-

- (-

-

_|_

1)l (el +D g5, 5 (aB2(2), a2B(2), a2 (y)ad 8~ (z))
DD s, o (5 (1)0B (), 0?6 (2), 0° (1))

+

)"
)
1)\Zl(lt\+|y\)+|t|(|$|+|y| e ﬂ(aﬁz( ),a2B(z), a2(t)a® B (y))
+ (D gy, 5 (52 (2)aB(t), o2 B(2), 0’ (y))
1)\ZI(It\+|x\)+|x\(\t|+|y|)as s(aB?(y),a®B(2), a3 ()
)

D282 (1) (aB(z)a?(y))a®(2))

o’ (1))} (29)
{+
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D HEED (052 (2) (0B ()0 (9)) o B (1)
=~ 52(1) (aB(y)a? (2))a’ (2))
—1)ltlzl+zDF Iz D= lv] (052 (2) (aB(y)a? () o B(t)
—DIa?5 (@) (af(y)a? (B)a’ (=)
—1)lelul+DFIEIHYD (082 (2) (B (y) (1)) B ()
—DID A2 (@) (af(t)o? (1) o (2)
_1)l=l(yl+1zD+]= I(It\+\y\)+|tlly|(aﬁ2( NaB(t)a?(y))a?B(z)
—DMFa?52 () (B (t)a® (2))a* (2)

— 1)yl \)+|2|(\t|+\x|)(a52(z)< B(t)a?(x)))a’B(y)
AW 5 ) (B (w)a® (t)a’ (2)

—1) WD+ e+ 2D+l (0 32(2) (0

)
)
)
)
)
)
)
)
)
—1)
)
—1) (DU (082 (2)a2B(1)) (Bl
)
)
)
)
)
)
)
)
)
)
)

+ 4+ + + + + + + + o+ o+

AAAAAA/-\A/-\AAA/-\/—\/-\/-\/-\AA/-\/-\/-\/—\
\_//é\\/
-

o
—

~

=
=
Nt

w
—
=

(
~DlE (@B (@)a?B(y)) (@®B(t)a’ (2))
_1) (=Dl +He 1] (0,82 ()02 B(1)) (a2 B(y)a® (x))
—1)lelvi+l1 (0,82 () a2 B(2)) (a2 B(t) a3 (2))
—1)(=+1=D Y+ (082 (2)a2B(2)) (a2B(y)a® (¢))

~DF (B (y)a?B(1)) (a?B(w)a’(2))

— 1)+ AU+ (0,52 (2)a2B(2)) (028 (E)ad (y))
—Dltlv+llel (082 (1) a2 B(y)) (a2 B(z)a?(2))

— 1)+ =l+1E) (082 (2) a2 B(y)) (a?B(t) a3 (x))
~1)FW (a2 (t)a® B(x)) (a®B(y)a®(2))
— 1)Uzl l D+l (0, 52(2)02B(y)) (a2B(2) a3 (t))

— )l (052 (2) 0 B(1) (0 B(y)a® (2)) }- (30)

Since A is a Bihom-alternative superalgebra, as,, s(8>®af®a?) is super-alternating.
(29) equals 0. So
Oyt 8= G5, 5(8%(2) + aB(y), o B(2), 0% (2))
=(30)
=(=1)"Mdsa,5(8'0), aB(2), * (9) + (=1) ¥ @50 5 (8'1), aB(y), o’ (2)), o’ B(2)]
2 3

+ (=) dsa,5(82), aB(y), (1) + (=1)"" @505 (8'2), aB(1), a* (), a” B(2)]
+ (=) ds4,5(8'), aB(t), o (@) + (1) @50 5 (8'y), aB(@), a*(2)), a’B(2)]
=0.
Thus, it satisfies the Bihom-Jordan super-identity for AT = (A, *, o, ). O
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