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ABSTRACT. In this paper, we investigate a non-autonomous stochastic quasi-
linear parabolic equation driven by multiplicative white noise by a Wong-Zakai
approximation technique. The convergence of the solutions of quasi-linear par-
abolic equations driven by a family of processes with stationary increment
to that of stochastic differential equation with white noise is obtained in the
topology of L2(R™N) space. We establish the Wong-Zakai approximations of
solutions in Lt (]RN) for arbitrary I > ¢ in the sense of upper semi-continuity
of their random attractors, where ¢ is the growth exponent of the nonlinear-
ity. The L'-pre-compactness of attractors is proved by using the truncation
estimate in L? and the higher-order bound of solutions.

1. Introduction. In this paper, we consider the regularity of Wong-Zakai approx-
imations of a stochastic quasi-linear parabolic equation (with p-Laplacian) with
multiplicative white noise on the entire space RV,1 < N € N: For ¢t > 7 and
xr e RN,

du = (div(|VuP~2Vu) — Au + f(t,x,u) + g(t,z))dt +uo dW (t), (1)

where g € L? (R, L?(RY)), A > 0 and p > 2 are constants, f is a nonlinear func-

tion satisfying some dissipative conditions, W (t) is two-sided real-valued Brownian
motions on a probability space, o signifies the Stratonovich sense of the stochastic
term.

We introduce the canonical sample space of Wiener precesses Q := Cp(R), the
set of continuous functions on R with 0 at 0 with the compact open topology. %
denotes the Borel o-algebra of Q and P is the Wiener measure on (2,.%#). The
Brownian motion W (t,w) is identified as w(t), i.e., W(t,w) = w(t). Furthermore,
there is a Wiener shift {9};cg on Q defined by d,w(-) = w(t + ) — w(t) for every
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teRandw € Q2 Then ¥ :RxQ — Qis (B(R) x .#,.%)-measurable with 9, P = P
for all ¢t € R.
Let the mapping Gs : 2 — R be a random variable such that

Gs() =, 520 @)
By the Wiener shift {9;};cr on Q, we get
w(t+96) —w(t)
-5
By the stationary increment property of w(t), we have Gs(¥yw) ~ N (0, §) for every
0 # 0 and ¢t € R, and moreover it is easy to check that

Gs (Vi) = teR. (3)

2r
Gs(Vt1rw) — Gs(Vsw) ~ N(0, 52
and G5(V44rw) — Gs(yw) ~ N(0,2) for 6 < r. Then the process Gs(dw) also
possesses stationary increment. Furthermore, Gs(¥;w) may be regarded as an ap-
proximation of the white noise in the sense that for every T > 0,

) for § > r,

t
lim sup ’/ Gs(Vrw)dr — w(t)| = 05 (4)
6=04c0,17 " Jo
see [21].
Put

t
Ws = Ws(t,w) = / Gs(Ypw)dr, VteR,we .
0

In this paper, we study the following point-wise deterministic quasi-linear parabolic
equations driven by the process Ws:

dus = (div(|Vus|P~2Vus) — Aus + f(t, 2, us) + g(t, 2))dt + usdWs. (5)

Note that Eq.(5) is a random non-autonomous differential equation. Its solutions
admit a non-autonomous random dynamical system and therefore one can study its
path-wise dynamical properties such as random attractor and its regular properties.

On the other hand, in terms of the convergence property (4), we will show that
the limit of solutions of the deterministic differential equations (5) is a solution of
stochastic differential equation (1), which is equivalent to the following It6 stochastic
differential equations:

du = (div(|Vu[P~2Vu) — \u + %u + f(t,z,u) + g(t, x))dt + udW (t); (6)
see Theorem 4.9. The upper semi-continuity of their random attractors in L2(R™)
is also proved in Theorem 4.11. We here remark that the random elements (noise)
in the sense of Stratonovich or It6 may propose very different stabilization and
destabilization effects on the real models; see [6, 5, 23].

Our third work in this paper is to establish the Wong-Zakai approximation in the
Banach space L%(q > p > 2), where q is the growth exponent of the nonlinearity. To
this end, some further compactness in L? is needed. This is achieve by a truncation
approach, by which we prove that the solution vanishes in Li(¢ > p > 2) on a
domain on which the solution of Eq.(5) diverges to positive and negative infinite.
Then by the theorem in [38], we obtain that the random attractor of Eq.(5) con-
verges to that of Eq.(1) in LY(R™)(q > p > 2) in the sense of upper semi-continuity;
see Theorem 5.4.
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Finally, with some small additional assumptions on the coefficients, by using an
induction technique we obtain the solution is bounded in L'(RY) for arbitrary [ > q.
By Sobolev interpolation, we establish some compactness of random attractors in
LYRY). Following this, we obtain the Wong-Zakai approximations in this higher-
regular space L'(R™N) for arbitrary [ > ¢; see Theorem 6.4.

We now recollect some literature on the studying of p-Laplacian equation. This
equation arises naturally in a boundary value problem of partial differential equa-
tions and has been widely used in various fields of science and technology; see
[2, 7, 8] and the references therein. In the absence of noise, that is a deterministic
p-Laplacian equations, many studies have been done on various aspects of attrac-
tors. For the existence of a global attractor in WP N L9 when the state space
is bounded or unbounded, we refer the readers to [11, 12, 14, 32, 33]. For the
existence and upper semi-continuity of global attractors of p(z)-Laplacian systems
is studied in [25]. Recent years, the random dynamics of stochastic p-Laplacian
equation with additive or multiplicative noise, has been intensively investigated in
several literature. The existence and upper semi-continuity of random attractors in
L?(RY) were obtained by Krause et al. [16, 17] by using the the well-established
theory of pullback random attractors in Wang [27]. Then the regularity and upper
semi-continuity were extensively studied in [18, 19, 20, 34]. By estimating the dif-
ference of solutions, Zhao [35, 37] studied the regularity dynamics in higher regular
spaces, where the L°(RY)(Vé > 2)-attracting of the random attractor was proved
for arbitrary space dimension N > 1.

The approximation of stochastic equations by path-wise deterministic equations
was initiated by Wong and Zakai [30, 31]. So far, there has been a rich literature
about the Wong-Zakai approximations, and we only mention some recent work re-
lated to our topic. By means of the Wong-Zakai approximations, Brzezniak et al.[3]
and Manna et al.[22] proved the existence and uniqueness of solution of stochastic
Landau-Lifshitz-Gilbert equations with different energy. Lv and Wang et al.[21, 29]
and Shen et al.[24] studied the approximations of random attractors and invariant
manifolds for stochastic partial differential equations. More recently, Sun et al.[26]
studied the upper semi-continuity of attractors for the Wong-Zakai approximation
of the fractional stochastic reaction-diffusion equation driven by a white noise in
L2(RY). Jiang et al.[13] studied the smooth Wong-Zakai approximations given by
a stochastic process via Wiener shift and mollifier of Brownian motions. However,
there are few papers to attack the Wong-Zakai approximations in higher regular
spaces, except that the recent progress in Zhao and Zhang [40, 39]. Especially, in
[39] we require that the nonlinearity exerted on the equations is monotonic.

This paper is organized as follows. In the next section, we introduce some no-
tions on the random dynamical systems. In section 3, we give the conditions for
the coefficients of the stochastic p-Laplacian equation, and the related properties
of the stationary process Gs(¥:;w). Section 4 is devoted to establish the existence
of tempered random attractor, the convergence of solutions and the corresponding
Wong-Zakai approximation result in L?(R%), which will be used later to prove the
upper semi-continuity of attractors in L4(RY). In section 5, we obtain the uniform
compactness by a truncation approach, where the high-order Wong-Zakai approxi-
mations of the stochastic p-Laplacian equation driven by multiplicative white noise
in L4(RM),Vq > p > 2 is established. In the final section, we obtain the Wong-Zakai
approximation results in L!(RY) for arbitrary [ > gq.
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2. Preliminaries on non-autonomous random attractors. We present in this
section some basic notions about (non-autonomous) random attractor A(¢,w) [15,
28], which is a generalization of the (autonomous) random attractor A(w) for ran-
dom dynamical system; see [10, 9]. For a comprehensive knowledge of random
dynamical systems, the reader may refer to Arnold [1]. Let (H,| - ||z) be a sepa-
rable Banach space with o-algebra B(X) and 9 = (Q,.%#, P, {0; }+cr) be a metric
dynamical system(MDS); see [1]. Denote by Rt = {s > 0: s € R}.

Definition 2.1. A mapping ¢ : RT x R x 2 x X + X is called a random cocycle
on X over an MDS ¥ if for all T € R, w € Q and t,s € RT,

(1) (7 ) :RY X Qx X = X is (B(RT) x F x B(X),B(X))-measurable;

(i) ¢(0, T, w,-) is the identity on X ;

(iii) p(t + s, 7w, ) = p(t, 7 + 8, Fsw, (s, T,w, ) .

A random cocycle ¢ is said to be continuous in X if for each t € RT, 7 € R and
w € Q, the mapping ¢(t,7,w,-) : X — X is continuous.

Definition 2.2. A family of sets K = {K(7,w) : 7 € R,w € Q} is called a ran-
dom set in X with respect to % if the mapping w € Q — distx ({z}, K(7,w)) is
(&, B(R))-measurable for every fixed 2 € X and 7 € R, where distx is the Haus-
dorff semi-metric in 2%, i.e., for two nonempty subsets A, B € 2%, distx (4, B) =
SUp,e 4 infpep |la — bl x.

Throughout this paper, we denote by ® a collection of some families of non-
empty subsets of X: ® = {D(7,w) C X : D(1,w) # 0,7 € R,w € Q}. The elements
Dy and D5 of D is said to be equal if D;(7,w) = Dy(7,w) for all 7 € R and w € .
® is said to be inclusion closed if for D = {D(1,w) : 7 € R,w € Q} € ® and
Dy(7,w) C D(1,w) for every 7 € R and w € Q, then Dy = {Dy(r,w) : 7 € R,w €
0} € D (see [28]).

Definition 2.3. Let ® be a collection of some families of non-empty subsets of X. A
family of sets K = {K(7,w) : T € R,w € O} is called a ®-pullback absorbing set for
pin X if K € © and forevery 1 e R,w € Qand D = {D(7,w) : T € R,w € Q} € D,
there exists a time T' = T'(7,w, D) > 0 such that for all t > T,

o(t, 7 —t,9 4w, D(T — t,¥_4w)) C K(1,w).

Furthermore, if K is a random set then K is called a ®-pullback random absorbing
set for .

Definition 2.4. A family of sets A = {A(T,w) : 7 € R,w € Q} is called a ©-
pullback random attractor for ¢ in X if A € © is random set and for every 7 € R
and w € 9, the following three conditions hold:

(i) A(7,w) is compact in X;

(ii) A(7r,w) is invariant, that is, (¢, 7,w, A(T,w)) = A(T + t,%w), for arbitrary
t>0;

(iii) A(7,w) is attracting in X, that is, for every element D € D,

lim distx(o(t, 7 —t, 9w, D(1T — t,¥_4w)), A(T,w)) = 0.
t——+oo
Definition 2.5. Let ® be a collection of some families of non-empty subsets of X.

A random cocycle ¢ is said to be D-pullback asymptotically compact in X if for all
7€ R,we Qand Vt, — 400, x, € D(T — t,,9_,w) with D € D, the sequence

{o(tn, T — tn, V1, w,x,)}0>; has a covergent subsequence in X.
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Theorem 2.6 ([28]). Let D be a collection of some families of non-empty subsets
of X and ¢ be a continuous random cocycle on X over an MDS Y. Then ¢ has a
unique D-pullback random attractor A = {A(r,w) : 7 € R,w € Q} in X if ¢ has a
closed ©-pullback random absorbing set K = {K(t,w) : 7 € R,w € Q} in X and ¢
is ©-pullback asymptotically compact in X . Furthermore, for all T € R,w € €,

A(Tv w) = r_]S>Out2590(tv T —t,10_sw, K(T —t, ﬁftw))xv

which is the omega-limit set of K(7,w).

Theorem 2.7 ([19, 38]). Let I be a metric space, 6,00 € I, and s be a continuous
cocycle on X. Suppose that
(i) For everyt € R, 1 € R, w € Q, 6, — do with 6, € I and x,,,x € X with
T, — x, there holds

lim s, (t, 7, w,zn) = s, (t, T,w, ) in X;

n—oo

(i) Let ® be a collection of some families of nonempty subsets of X, for every
T € Ryw € Q there exist s, (T,w) > 0 such that

Ks,(t,w) = {z € X;||z||x < 05,(T,w) : TER,w e N} €D.
Let As be a ®©-pullback attractor and Ks a D-pullback absorbing set of ¢5 in X,
such that for all T € R,w € Q,

lim sup || K5(7,w) || x < 05, (T, w);
d—do

(#ii) For all T € Ryw € Q, if §, — do and z,, € As, (T,w), then x, is pre-compact
in X.
Then for every T € R and w € 0, we have

Jim dist x (As (7, w), Asy (7, w)) = 0.

In addition, for all T € Rijw € Q, if 6, — 0o and z,, € A5, (T,w), then z, is
pre-compact in Y. Then for every T € R and w € ), we have

lim disty (As(7,w), As, (T,w)) = 0,
54)50

where we assume that o(t,7,w, ) : X =Y for everyt >0, 7 € R and w € , and
both Y and X N'Y are Banach spaces.

3. Mathematical settings. In this article, we denote by ¢,¢; > 0(i = 1,2, ...) the
generic constants which may depend on the 7,w and T', and may change their values
from to line to line. Denote by || - ||,(p > 0) the norm in LP(R") and in particular
l-II=1"12 for p=2,and || - | 1.» the norm in WhHP(RY).

In this section, we give some mathematical settings of Eq.(1), including the
conditions on the nonlinearity f and some known results in [21, 29]. We assume
that the nonlinear function f is continuous on R x RV x R and satisfies the following
conditions: for all t,s € R and 2 € RV,

f(tvxv 5)5 < *allslq + 1/11(75@)7 (7)
|f(t, 2, 8)] < anls|Th + o, x), (8)
D f(t,,5) < st 2), (9)

0s
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Where 2 < P < ga1 > 0,00 > 0, 91 € L} (R; LY(RY)), 9o € L (R; L% (RN))
with = —l— = =1, and 93 € LS (R; L"C(RN))
In addltlon the following condition will be needed for the non-autonomous terms

g and ¥; when deriving uniform estimates of solutions:

/T e (lv1 ()l + llg(s)]I*)ds < +00,¥7 € R, (10)

— 00

where A is as in Eq.(1), and especially in order to derive the tempered property of
attractor we further assume that for arbitrary ¢ > 0,

0
Jim e [ (ns + Ol + s + )P)ds = 0. (11)

oo

Let D = {D(r,w) C L*(RY) : 7 € R,w € Q} be a family of bounded nonempty
subsets of L2(RY). Such a family D is called tempered if for every ¢ > 0,7 € R and
w € Q,

3 ct 2
lim | D(r + 1, 0y)|? =

where || D|| = sup,¢cp ||u||. In what follows, we always suppose that D is a collection
of all families of tempered subsets of L?(R"), namely,

D ={D={D(r,w): 7 € R,w € Q}: D is tempered in L*(RY)}.  (12)

Then it is obvious that ® is inclusion closed.
For convenience, let us present the uniform convergence of the integral of sta-
tionary process Gs(¥w) on any finite interval, which is stated in [21].

Lemma 3.1. Given T € Rijw € Q and T > 0, then for every 0 < € < 1, there exists
8o = do(e, 7,w,T) > 0 such that for all 0 < |5| < do,

sup /ggﬁwdr— )| <e. (13)
Elr,7+T]
By the continuity of w(t) on [r,7 + T for any 7 € R and T > 0, there exists
¢ = ¢(r,w,T) such that

sup |w(t)] < e (14)
te[r,7+T]

By (13)-(14) there are positive constants §; = 01(7,w,T’) and ¢ = ¢(7,w,T) such
that for all 0 < || < 4y,

¢
sup / Gs(V,w) dr‘ < sup / Gs(rw)dr —w(t)|+ sup |w(t)] <ec
0

[T T+T] tel[r,7+T] te([r,7+T]
(15)

We give a convenient lemma about the property of the stationary process Gs(%w),
which will be used repeatedly in the subsequential arguments.

Lemma 3.2. Let 7 € R, w € 0,8 # 0 and Gs(9:w) be defined by (3). Then for any
v > 0, there exist positive constants ¢ = ¢(1,w, ) and 69 = do(T,w) < 1 such that
for any s <0 and 0 < |§] < do,

‘ ggﬁwdr’<c—m1n{f —}s.
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Proof. By the definition (2) of G5, we have

s —T s+0
Gs(Orw)dr (15 w(r)dr + %/ w(r)dr. (16)

-7 —7+0
Then according to the integration mean theorem, there exists ro between s and s+ 4§
such that

1 6+6
5 / w(r)dr = w(ro). (17)
Since the Wiener process w(t) satisfies ‘ l‘linoo T) = 0, there exists T1 = T (w, \,y) <

0 such that for all ro < Ty we have |w(rg)] < — mln{s, 3 }ro for any v > 0. Note
that ro — s < |d]. Then if s < T — |d] then ro < T1, whence we know that for all
S S Tl - |5‘7

1 s+6w(7~)dr lw(ro)| < — mln{ } (18)
‘5/5 6’8

Consider that s — 7 < |d] also holds true. Then by (18), for all 0 < |§] < 1 and
S S Tl — 1,

‘(15/:+6w(r)d7“‘ = |w(rg)| < —min{éa 1}7“0 < min{év 1}(|5| - 5)

<m1n{6 3 (I1-9)< é—mln{ (19)

6’ 8}
On the other hand, we have T1 + 6 —1 < s+ < for T} — 1 < s < 0. Then the
number 7 in (17) may belong to a finite closed interval [—|T1|—[6] — 1, |T1|+ 5]+ 1]
for Ty — 1 < s < 0, and therefore 7 € [—|T1| — 2,|T1| + 2] for 0 < |[§] < 1 and
T) —1 < s <0. Then by the continuity of w again, there exists ¢a(w) such that for
allT; —1<s<0and 0< |§] <1,

}% /:Mw(r)dr’ = |w(ro)| < c2(w). (20)

By (19) and (20) we get for all 0 < |§] <1 and s <0,

1 s+d
‘g/ dr‘ < cof )—i—i—mln (21)

6 68}

According to the continuity of w(t) in ¢, we have hm s/ rysw(r)dr = w(—7), and
thereby there exists 0; = d1(7,w) such that for all 0 < 0] < 4y,

1 —T
‘ 5 /T+5 w(r)dr

Let 09 = min{dq,1}. Then from (16), (21) and (22) we obtain that, for all 0 < |§]| <
dp and s <0,

[ stocral <l [ oo s

A A
< Jo(=7) + 1+ ea(w) + £ —min {7, %}5, (23)

which completes the proof. O

<J|w(—7)]+ 1. (22)
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To discuss the random attractors and the Wong-Zakai approximation, we need
to transform the stochastic p-Laplacian equation (1) into a path-wise deterministic
equation. We first make a transformation for Eq.(1) by means of the geometric
Brownian motion e*(*). By Ito’ formula (see e.g.[4, Theorem 6.2.1]), we have

1
dew(t) = ew(t)dw(t) + iew(t)dt.

w(t

Let u(t,7,w,u,;) = e*BOu(t,7,w,v,), where u is the solution of Eq.(6). Then we

have
du — w(t) w(t) 7, _ 1 w(t)
u = vde*"" 4+ e*Ydv = udw(t) + §udt + e Yo,

in the It6 sense. Therefore v solves the following equation: for any 7 € R, w € Q,
t>7and z € RY,
d
dit) = 2+ P 2O div(|VoP2V0) + e O f(t, 2, u) + e gt z),  (24)
with the initial condition v(r,z) = v,.
We also introduce the transformation:

vs(t, T, w,v5,) =€ s gﬁ(ﬁs‘”)dsu(;(t,ﬂw, Us,r), (25)
with vs, = e~ I7 gé(ﬂsw)dsug,T. Then we get from Eq.(5) that for any ¢ > 7 and
z € RV,

dv5

Z2 = s+ e(P=2) J5 95 (0:)ds Qi (| Vg [P~ 2V 05) 4 e~ Jo G5 (Pe)ds (¢ g2 )

+e7 Jo Goeddsg(y ), (26)

with the initial condition vs(7,x) = vs ;.

Give w € Q,7 € R and v, € L2(RY), if f satisfies (7)-(9) then Eq.(24) has a
unique solution v(-,7,w,v,) € C([r,00); L*RY)) N LY ((1,00); LY(RY)). In addi-
tion v(-, 7,w,v,) is continuous in the initial v, in L2(RY) and is (Z, B(L?(RY)))-
measurable in w € 2, and thus we can define a continuous cocycle ¢ : RT x R x
Q x L2RYN) — L2(RY) for Eq.(1) by

olt, T w,ur) = u(t + 7, 7,0 _rw, uy) = D CDy(t 47 79w, v,), (27)

for every t € RT,7 € R and w € Q. By a similar method, we define the random
cocycle for Eq.(5) by

os(t, Tyw,ur) = us(t+ 7, 7,9 _rw, us 1)

= el G5Oy (4 4 T 9w, v5,). (28)

4. Random attractors and L?-Wong-Zakai approximations. In this section,
we consider the existence of random attractors and the Wong-Zakai approximations
of p-Laplacian equation in L?(RY).

4.1. Existence of random attractors. In this subsection, we present the exis-
tence of random attractors for random cocycles defined by (27) and (28) without
detailed proof.
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Lemma 4.1. Suppose (7)-(11) hold and ® is defined by (12). Then the continuous
cocycle ¢ associated with Eq.(1) admits a closed ©-pullback random absorbing set
K ={K(r,w) : 7 € Rw € Q} € D in L*(RY), which is depicted by, for every

TER andw € N,
K(r,w) = {ue L2RY) : u)? < o(r,w)},

where o(T,w) is given by

0
i re gu(e), 3
Q(T»W):4/ 32N (S llg(s + )17 + 191 (s + 7)) ds.

Proof. Taking the inner product of (24) with v in L2(R"), we have

Ld

5 0l + Aol + (—e® =22 0Odiv(|TolP-2V0), 0)

= (e_“(t)f(t,x,u),v) + (e_“’(t)g(t,x),v).
Using the assumptions (7), we get

(e @ f(t, z,u),v) = e 2O (f(t, z,u),u)
< —age 2O g+ 20 s, (1)

For the p-Laplacian part in (31), we have

(—eP=DOiv(|T0]P=2V0), ) = @220 (Vo 2T, V)

— 20|,

The second term on the right hand side of (31) is bounded by

—w A 3 _ w
(e (t)g(t,z)w)ﬁgl\vllzﬂL* 2O,

22"
Combine (31)-(34) to find
d AN s py
ZIol? + Il + 72 OVl + aallullg + L

3
< 27O (g + 1 (D)]1)-

(29)

(32)

(33)

(35)

Multiplying (35) by et and integrating from 7 — ¢ to &, along with replacing w by

Y_,w, and then using the formula ¥_,w(s) = w(s — 7) — w(—7), we find that

H’U(é, T—1, 197#”7 UT*t)”2
2w(—T) ¢ A (s—¢)—2w(s—T) D q A 2
+e e (IVu(s)llp + aalluls)lig + 3 luls)l")ds

EDN

3
< B 20207 [T RO B (g (5) P+ (5]

T—t

(36)
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By the formula w(é, 7 — t,9_rw,u,_;) = e*E =Ty 7 — 91w, vr_y), we
have

e 2E D ulg, 7 — 9w, ur )2

5 4N
+/ es CmO72ETD (| Tu(s) |15 + auls) I + IIU( )1?)ds

t
%(7— t—.f)—Qw(—t)HuT_tHQ

-7 3
vz [ RETOBO Sk P 4 rs 4 Dl (1)

— 00

Let & = 7. Then we get

lu(r, 7 = t9_rw,ur )| < e 520,y 2
0
+2/ s 2w(s)( A||g(s+T)||2+Hz/u(s+r)||1)ds- (38)

Since ur—¢ € D(17 —t,9_4w), then there exists a T' = T'(7,w, D) such that for all
t>T, e 520 ”llu el? <20 e B2 (K lgls + 7)) + (s + 7)1)ds.

From (10) we can deduce that f_oo 557290 (2 ||g(s + 7)]|1% + [va (s + 7)[1)ds <
400. Denote by

0
ax 3
olriw) =4 [ BB Sgls )P + s+ Dl )ds

Then by (11) it is easy to check that K(7,w) = {u € L*(RY) : ||Ju|?* < o(r,w)} is
tempered; that is, lim K (1 + t,9w)|]? < Jim eto(r + t,9w) = 0 for any
——00 ——00

v > 0. Furthermore, since for fixed 7 € R and for each w € Q and x € L?(RY),

0, z € K(1,w);

dist(z, K(7,w)) = {|~T|| —Vo(r,w), z¢ K(r,w),

then the mapping w — dist(z, K(r,w)) is (%, B(R))-measurable for every fixed
r € X, and therefore K (7,w) = {u € L2(RY) : |Jul|? < o(7,w)} is a closed random
set, which completes the proof. O

To prove the D-pullback asymptotical compactness in L?(RY) for Eq.(1), we
need to prove that the tail of solution is small enough on larger and larger space
domains, which is given as below.

Lemma 4.2. Suppose (7)-(11) hold and ® is defined by (12). Given T € R,w € Q,
D ={D(r,w) : 7 € R,w € Q} € D, then for every u,_s € D(7 —t,9_1w) and any
e > 0, there exist T = T(1,w,D,e) > 1 and R = R(7,w,&) > 0 such that for all
¢ €lr—1,7], the solution u of Eq.(1) satisfies

sup/ Ju(€, 7 —t,9_rw,ur_¢)|2de < e.
t>T J|z|>R

Proof. Let p be a smooth function defined on R™ such that 0 < p(s) < 1 for all
s €RT,

p(t) =0 for t € [0,1] and p(t) =1 for t € [2, +00). (39)
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Then there exists a positive constant ¢ such that |p'(s)| < ¢o for all s € RT. For

convenience, we write p(‘]f—f) = pi. Taking the inner product of Eq.(24) with pgv

in L2(RY), we obtain that

1d
f—/ p|v2dx + )\/ pr|v|2de — / P22 div(|Vo[P~2Vv) ppvde
Zdt RN RN RN
< / e @ ppf(t, x, u)vdx + / e O prg(t)vda. (40)
RN RN
By (7), the first term on the right-hand side of (40) satisfies
/ e W prft, z, u)vde < —ale_Qw(t)/ pk|u\qu+e_2w(t)/ Pl (t, z)|d.
RN RN RN
(41)

For the forcing term we have

» A 3 a
/ e O prg(t)vde < f/ prlvPde + —~e™? (t)/ prlg(t, z)|2de. (42)
RN 3 RN 2)\ RN

For the p-Lapacian part, by using Young’s inequality and Sobolev interpolation
inequality [[u[ < |lullg + [Jull*(¢ > p > 2), we have

_/ e(p_Q)W(t)diV(|Vv|p_2Vv)pkvd$
]RN
= eP=2)w() / V[P Vo(Vprv + prp Vo)da
RN
2
— o(p-2)(t) / Vol 2V 0.0 g vda + 220 / pi|VolPdz
RN RN

2
—etr 220 [ (7ol 2 ol as
RN

v

2

2\/500 —2w
> === O (|Vullf + [[ull)

Cl1 _9y,
> ELe=200) (| a2 + s + [Ju?), (43)
k
where ¢1 = ¢1(p, ¢, ¢p). It follows from (40)-(43) that
d 2 4\ 2 2c1 _ouu 2
G [ optoPde+ 55 [ puloPde < 2 O (Vulp + July + ul?)
3
200 [ pufna)lde + Fe O [ pulg(t,n) P, (44)
RN A RN

Applying Gronwall’s lemma and replacing w by 9_,w, we have for every £ € [t—1, 7],

/ PRIV(ET — 19,0y )Pdz < 3O o, 2

RN

¢ B -2(n) 2
e =027 ([ Tu(s) |2+ us) 2 + lu(s)]?)ds

T—1
-7 3
+ eQw(*"’)/ 6%(5“1’7‘*5)72&)(5) /l (X‘g(s + 7, 1,)‘2 + 2|¢1(5 + 7, JL‘)DdCCdS
— oo x| >k
(45)

201

2w(—T)
+e 3
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Since u,—; € D(T—t,¥_4w) and D is tempered, we find that for every & € [ —1, 7],

lim sup e T o[> < e lim sup e 5 12000 ||y, |12
t—o00 t—o00

< e Jim sup e~ 7 1~ 2(~1) |D(T —t,9_,w)||* = 0.

t—o0

As a consequence, there exists a 77 = Ty (7, w, D) such that for all ¢t > T,

lim sup ¢5 9 o, < © (46)
t—o0 3

Using (10), there exists a radius Ry = Ry (7,w,¢) such that for every & € [t — 1, 7]
and all £ > Ry,
2u(er) [T 8 (shrg)—2u(s) 3 2 €
e es (<lg(s +1,2)|" + 21 (s + 7, 2)|)dxds < =.
—00 |z|>k A 3
(47)

From (37) it follows that there exists a Ty = Ta(r,w, D) > Ty such that for all
t > 15,

EN

€
[ e us) ;4 ulo)lg + u)])ds is bounded.
T—t

Then there is a radius Ry = Ra(7,w, D,e) > Ry such that for every & € [t — 1, 7]
and all ¢t > Ty and k£ > Ro,

9 3
o2 [ B2 Tl + )] + )P < 5 (49)

£

k), =3

Therefore it follows from (45)-(48) that for every £ € [t—1,7] and all ¢t > T5(7,w, D)
and k > R,

/ v (€, 7 — t,9_rw,vr_y)|2de

< [ oller -t o Pdr e @)
RN
which along with the formula
U(f, T = t7 1977'(*)7 ’U/Tft) = eW(g_T)_w(_T)U(§7 T = t7 1977'(")7 UT*i)
implies the desired result. O

We now prove the ®-pullback asymptotical compactness of solutions of Eq.(1)
in L?(RY).

Lemma 4.3. Suppose (7)-(11) hold and ® is defined by (12). Then the continuous
cocycle ¢ defined by (27) is ©-pullback asymptotically compact in L*(RY).

Proof. This is followed by a same procedure as in [39, Lemm 3.6]. O

By Lemmas 4.1, 4.3 along with Theorem 2.6 we immediately get the following
result.

Theorem 4.4. Suppose (7)-(11) hold and © is defined by (12). Then the con-
tinuous cocycle ¢ generated by the solution of Eq.(1) admits a unique tempered
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D-pullback random attractor A = {A(T,w) : 7 € R,w € Q} € ® in L2(RY) which
is structured by, for each T € R and w € Q0

L2(RY)
A(T,w) = UK, T,w) = NssoU>s(t, 7 — t, 0w, K (1T — t,9_4w)) ,

where K = {K(7,w) : 7 € R,w € Q} is given in Lemma 4.1.

Proof. Tt follows from Lemma 4.1 that there exists T = T(7,w, D) > 0, such that
forallt > T,

o(t, T —t, 94w, D(T — t,9_4w)) C K(1,w),

therefore, K € ® is a closed ®-pullback random absorbing set of ¢, and by Lemma
4.3 ¢ is D-pullback asymptotically compact in L?(RY). Then the desired result
follows from Theorem 2.6 immediately. O

In what follows, we will prove the existence of ®-pullback random absorbing set
K for the cocycle s in L2(RM).

Lemma 4.5. Suppose (7)-(11) hold and ® is defined by (12). Then the continuous
cocycle s associated with Eq.(5) has a closed ©-pullback random absorbing set
Ks = {Ks(t,w) : 7 € R,w € Q} € D, which is structured by, for every T € R and
w € Q,

Ks(r,w)={u¢€ L3RY): lul|? < os(T,w)}, (50)

where o5(T,w) is given by

0
4 s 3
os(rw) =4 [ FeR 00 D g(s )P4 (s D)ds. (51)

In addition, for every T € R and w € Q, lims_,0 05(7,w) = o(T,w), where o(T,w) is
defined by (50).

Proof. By a similar technique as in the proof of Lemma 4.1 we have
d 4\ ot w)dr A
sl + S sl + €7 IO (T2 4 cn gl + S husl)
ot w 3
< 2e72 o o0 )d’“(ﬁﬂg(t)llQ + [1(#)]1)- (52)

In (52), utilizing Gronwall’s lemma over the interval [7—t,&] with § € [r—1,7],t > 1,
we get

||U5(€7 T — t7 1977“’\”7 U§,T7t)||2

N . A
b [ SOOI S0 (s (s) [+ anus(s) ] + 5 a5

T—

t
< e g,y
13 . 3
bz [ RO GO (g2 4 s (9] )ds, (53)
T—1

It follows from (53) and the formula

£77 Gs(9sw)ds

Vs (6) T — ta 1977'0-}7 ’U5’7—) =e f7 Ug <£7 T — t7 ’1977—&}, Ué,r)
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that
e 2I5 TG W (¢ 7t D w, us )|
¢ X (5—€)=2 [577 G (Prw)dr P gy A 2
b e o SIE([Vus(s)[f + arllus () + 3 llus(s)]1*)ds
é 4 (T t—f)—?f[;t gé(ﬁrw)dr||u57_7t||2
13
44/ OO GO ( S lg(s) 2 4 (s) )
T—t
< RO GaOredr |y |12
+ 2/ es (s==0-2[7 gé””””@llg(s + DI + [[¢1(s + 7)1 )ds. (54)

Let £ = 7 in (54). Then for every us,—; € D(7 — t,9_4w) there exists T3 =
Ty (1,w,d, D) > 2 such that for all t > T,

.
lus (7,7 = t,0 7w, us o) |I” + / e 5 (T 2T Gy () | s
T—2

0
3
<os(rw)i=d [ RSO gs 4 D+ (s +7)|1)ds. (55)
That is, for all t > T7,
os(t, T —t, 0w, D(T — t,9_4w)) = us(r, 7 — t,9_;w, D(7 — t, ¥ _4w))
g K(;(T,LU). (56)

By (55), we can verify that Ks(7,w) is tempered. Indeed, for every 7 € R and
w € Q, it follows from (51) that for any v > 0,

eV Ks(T +t,0w)||* < eos(T + t,%w)
0
3
:46’71&/ e 252 [ Gs( 7‘+tw)d’l"(ﬁ||g(8+7+t>|l2 + HT/)l(S—‘rT—Ft)HﬁdS. (57)

Note that by Lemma 3.2, there exist positive constants ¢ = ¢(w) and Jy = Jp(w)
such that for every s < 0 and 0 < |§| < dy,

- 2/8 G5 (0yw)dr| < & — min{2, LY. (58)
0 34

Then by (58) for every s < 0,t <0 and 0 < |d] < do,

‘—2/% T+twdr: /gmwdr—z/ Gs (9,w)dr

< 2¢— min{ }t - mln{ (s +1)

A
<26-Zs— gt. (59)

From (57) and (59) it gives that
eV Ks(T +t,9w) |

0
3
< de3'e 2C/ e)‘s(—z)\Hg(s + 74+ + [1(s + 7+ t)[|1)ds. (60)

— 00
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Consequently, by (11) and (60) we have for any v > 0 and 0 < |[6| < dg,

lim || Ks(r +t,9w)|? = 0. (61)
t——o0
On the other hand, by Lemma 3.1 and Lebesgue’dominated convergence theorem,
we have
lim g5 (7, w) = o(7,w)
6—0
for every 7 € R and w € .
Furthermore, since by (58) we get e5 (s =2 57T Gs(Prw)dr > o—EHEN(=T) for

every s < 7 and 0 < |§| < dp, then it follows that for every 0 < |§| < dg, the second
term on the left hand side of (55) is bounded by

T T
6*%/ lua(s)l3ds < / LT us(9)llgds
T— s

< / e B2 [T Ga(0r)dr |y (5) 195
T—2

0
<de® [ e(lgls + D) + [vals +7)ll1)ds

o0

A

+00, (62)

which concludes the proof. O

Lemma 4.6. Suppose (7)-(11) hold. Given 7 € R,w € Q, then for everye > 0 ,
there exist &g = do(T,w,e) > 0,T =T(1,w,e) >0 and R = R(1,w,e) > 0 such that
for all 0 < |8] < &, the solution of Eq.(5) satisfies

sup/ |ug (T, T — t,ﬁ,Tw,ug,T,t)de <e,
12T Jjz|> R

for all us—y € K5 (T —t,9_4w), where K5 is given by (50).

Proof. By some similar calculations as in (44), from (26) we get

d 4 Co _ot
i/uw prlvs*dz + ?/RN pre|vs|*dx < fe 2Jo G5 Ordr (|5 1B 4 |lug|[2 + [|us )
—2 [t w)dr 3
+ 9e-2Ji Ga(0,w)d / (= lg(t, @) + |1 (t, ) ) (63)
2| >k 2A

Multiply (63) by e5t and then integrate over the interval [t —t, 7], along with w
replaced by ¥_,w, to find that

o200 gmrw)dr/

R
< e~ B2 J =t Gs(9rw)dr

. prlus(m, 7 —t,9_rw, u(s,T_t)|2dz

s, 7|

& T s—T)—=2 [°°T w)dr
#[1 BO T SO (55 + s + (o) s

" A (s—7)=2 77 w)dr 3
+2/ (5= =2 [T Gs (D) / (2 1g(s, 2)[2 + |91 (s, )| )deds,
T—t |z|>k 22
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from which it follows that
_4hy_g [t
/RN pk|u5(7—, T—1, 19,7_(4), U5777t)|2d1' <e 3 =2Jo g5(19,,.w)d7‘||u6"r7t“2

co [T —r
+ [ RO GO (| Gug ()] + s (s) 1 + llus(s)]*)ds
T—1

T s—r 3
_|_2/ e%(s—r)—Qfo g5('l9rw)d7'/ (=|g(s, ZL‘)‘ + [y (s, 2)|)dads. (64)
r—t o>k 2A

Since usr—¢ € Ks(7 —t,9_w), then by (58) we have for all 0 < || < § and ¢ > 0,
e—%t—2 I gszw)dT”U&,-rft”Q < eée_/\tHK(;(T —t ﬁ,tw)HQ,

from which and (61) that there exists Ty = T1(7,w,&) > 0 such that for all t > T}

and 0 < |6 < do,

e B2 Gy 2 < € (65)

— 3'
By (54), (58) and (10), there exists To = To(T,w, ) > T} such that for all t > Ty
and 0 < |4 < do,

T s—T )\
[ BT O a5 (5) [+ o s () + o) s
0 LN s 3
<t [ RO S (s )P+ (s + T
—00

0
z 3
<tet [ M(atlgls I + s + Dl )ds <+,

— 00

by which it gives that there exists a constant R; = R;(7,w,e) > 0 such that for all
tZTQ,kZRl and 0 < |($| Séo,

2 T s—T1)—2 [F7T Yrw)dr
I (oo =2 [T G Oedr (157 () 15 + [lus ()14 + [lus(s)]|)ds

By (58) and (10), there exists Ry = Ra(7,w,e) > Ry such that for all k£ > Ry and
0< |5| S 507

2/‘e%sﬂ2f %%””/ (olgls, ) + 91 (s, ) s
i lol2k 22

(66)

co\m

T—t

< 2¢° /0 /M 19l + @) 4 (s + 7y0) dads < < (67)
Then combine (64)-(67) to get that for all k > Rs and 0 < || < do,
/ lus (T, 7 — t,9_rw, us,_¢)|*dx
o> /2K
< /RN prlus (T, 7 — 6, 9w, us )| Pdx < e, (68)
which completes the proof. O

Consider that if we let o(t,z,u) = u then f and o(¢,x,u) satisfy the total as-
sumptions (8)-(12) in the reference [39]. Thus by Theorem 3.7 in that paper the
random cocycle ¢s(d # 0) defined by (28) possesses a unique random attractor in
L%*(RY), which reads as follows.



REGULARITY OF WONG-ZAKAI APPROXIMATION 3671

Theorem 4.7. Suppose (7)-(11) hold and ® is defined by (12). Then the contin-
uous cocycle @s defined by (28) admits a unique D-pullback random attractor in
L2(RYN), which is pictured by, for each 7 € R and w € Q ,

L2(RY)
A5<va) = Q(K§7 T, bu') = ms>0ut28¢(t7 T — t7 19—tw7 Ké(T - t7 ﬁ—tw)) 3

where Ks = {Ks(T,w) : 7 € Ryw € Q} is defined in Lemma /.5.

4.2. Wong-Zakai approximation in L2. In this subsection, we study the Wong-
Zakai approximation of solutions in L?(R™). We first prove the convergence of
solutions to Eq.(5).

Lemma 4.8. Suppose (7)-(11) hold. Given 7 € R,w € Q,T >0 and € € (0,1), let
u and us be the solutions of Eq.(1) and (5) with initial data us, and u,, respectively.
Then there exist g = do(T,w,T,e) > 0 and ¢ = ¢(r,w,T) > 0 such that
sup sup {|lus(t, T, w,us.) — u(t, 7, w,ur)||1?} < eljusy — ur|?
0<|6|<éo te[r,7+T)
T+T

+ee([lur |l + llus,- | +/ (lg()I* + 1 ()][1)ds).  (69)
Proof. Let Vs(t,7,w, Vs ) = vs(t) —v(t) = vs(t, T,w,v5,-) —v(t, T,w, v, ), where v(t)
and vs(t) are the solutions of (24) and (26), respectively. Then V; satisfies that for
allt > 7,

d ¢

% = —\Vs+e® 2L g“(ﬁrw)drdiv(|V05|p72Vv5)

— eP=2M div(|Vo|P~2Vv) + e~ Jo Gs(Or)dr g (1 z us) — e f(t,2,u)

+ (e Jo Gs(Ww)dr _ eiw(t))g(t, ), (70)

with the initial Vs(7,z) = V5. = v5,r — v-. From (70), we have
1d

5 IV AV = (2213 950 iy (T2

— eP=2®) iy (|Vo|P~2 V), V5)

B _/ (67 fUt G (ﬂrw)drf(ta z, UJ) - 67w<t)f(ta z, U))ngx
RN

- / (e” Jo GsWrw)dr _ o=w(t)) (4 2)Vsda. (71)
R

Put
Us(t) = us(t) — u(t) = edo 96(0a0)dsy ) e (®y(¢),
Then we have

%(t) — e IS gg(ﬁrw)drUé e s gg(ﬁrw)dr(efot Gs(Vrw)dr 6w(t)),u. (72)

By Lemma 3.1 and (14)-(15), we deduce that for arbitrary 0 < ¢ < 1, there exists
¢o = ¢o(1,w,T) and 6g = do(T,w, T, €) such that for all 0 < |§| < §p and t € [1, 74T,

efot g(s(ﬁrw)d’r’ o ew(t) S £; (73)

‘e— I G (9w)dr _ e—w(t)‘ <e (74)
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eP=2) [§ Gs(Orw)dr _ (p=2w(®)| < ¢ (75)

and
e o Gs(Orw)dr < ¢, e M < ¢, (76)
We are now ready to estimate the terms in (71). We rewrite the nonlinearity as
(e Jo GsOr)dr p(t g ) — e~ f(t,2,u)) Vs

—e Jo Gs(Wrw)dr( £tz us) — f(t,x,u))Vs
+(e JEGs(0,w)dr _ e Y F(t, 2, u))Vs. (77)

By (72), (8) and (9), the first term on the right hand side of (77) is estimated as
/ e Jo G0 (f(t, 2, us) — f(t, @, 1)) Vada
RN

Ry ga(mwdr/ (f(t,z,us) — f(t,z,u)Usdx

o
o2 gg(ﬁ,.w)dr(efot Gs (Irw)dr _ gw(t)) /RN(f(t,x,ué) — f(t,z,u))vdx
< €72 B sy (1) o | U |

e PO [ (51, 0,05) = f(t..0)olda

< 2 SO g 1) o | U

e RO [ (g (a1 fult™) + 2t ) fulda

RN
< e72J5 G @)y ) | U5 |12

+ cee2Jo 980 ddr =) |lus||2 4 |lullg + [|4pa(t)]2)
by (76) < c[|Us)|* + ce(llus | + lulld + lw2()]12), (78)

where q% + % =1, for all 0 < || < dp and ¢ € [r,7 4+ T, and the second term on
the right hand side of (77), using (8) and (74), we get

/ (e~ Jo Go(Wrw)dr _ o=w(0)) ¢(¢ ¢ ) Vyda < 5/ |f(t, z,u)Vs|dx
RN RN

< E/RN(Oé2|u\q—1 + o (t, ) )| Vs|dz < e(IV5s[IE + [Julld + [[12()]12)
by (76) < ce([lus|g + [[ull§ + [lw2(D)IF)), (79)

for all 0 < |8] < dp and ¢ € [1,7 + T]. By a combination of (77)-(79) we find that
for all 0 < 0] < &g and ¢ € [r,7 + T,

/ (e~ Jo G5 Orddr £t g uig) — e~ f(t, 2, u)) Vyda
RN

< ce([lusllg + lulld + w2011 + cllUs 1%, (80)
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where ¢ = ¢(7,w,T). For the p-Laplacian part we have
— (€@ J5 G5 (0re)dr gy (V05| P~2V05) — eP~ 2O div(|Vo|P2V), V)
02 [ G0, /R (v (Vs us) — div(VelP 2 0) Vde
_ /RN(e(p—2) Jo Gs@rw)dr _ o (p=2)w()) div(|Vo|P~2Vv)Vidz, (81)
where the first term on the right hand side of (81) is estimated as
— P~ Jo Go(Drc)ir /R (div(|VosP~>Vog) — div(| Vo]~ Vo)) Vida

= (=2 [5 Gs@re)dr / (|Vos[P~2Vvs — |[VolP~2Vo) (Vs — Vo)dz >0, (82)
RN

since the mapping s — |s|P~2s for p > 2 is increasing on R. The second term on
the right hand side of (81), by (75) we have

_/ (6(p72) Jo G5 (9rew)dr —6(p72)“)(t))div(|Vv|p72Vv)V5dx
]RN
= / (e®=2) Jo Gs(r)dr _ ((r=2)w())(|Vp|P~2V0)V Vsda
RN
> [ 190l (9] + Ve
RN

= *6/ (|VolP + |VolP~| Vs |)dz
RN
—ce([[Vosl + [[Voll})- (83)

v

By a combination of (81)-(83) we get that for all 0 < |6] < dp and t € [1,7 + T,

— (P2 Jo G (0r)dr Qi (|5 P2V 05 ) — e @ 2D div (| Vv [P~2V), V)
> —ce(|[Vusly + [[Voll})- (84)

By (74) and Young’s inequality, we have for all 0 < |6| < §p and ¢ € [r,7 + T,
— [t w)ar —w A
[ e Bt syt ) Vida < SIVAIE + cellg@. (59)
R

Therefore, plugging (80) and (84)-(85) into (71), it follows that for all 0 < |§] < dg
and ¢ € [1,7 + T7,
d
T IVall® < cllUslI* + cellus§ + llell§ + lusllp + lull} + 9@ + lv2(6)lI5)
< clVsl? + es(lull + llusllg + llulld + [IVusf + [Vull})
+ee(lg@I + v ()113), (86)

where we have used

U011 < ellVs ()1 + cellu(t)]*. (87)
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Apply Gronwall’s lemma in (86) over the interval [7,7 + T to show that for all
0< 0] <dpand te[r,7+T],

IVa()1? < =7 Vs(r)1?

t
+eeeT) / (lu() 1 + llus($)1E + ()17 + [Vus ()5 + [IVuls)|[5)ds

e [ (lg(o) P+ (o) 7). (53)

Integrate (35) from 7 to t to yield
t
e A
/ e 2O (| Vuls)[[h + anlluls) ]| + 3 ()

t
(), 3
< ||vrll2+2/ e? (S)(ﬁllg(S)H“r [¥1(s)ll1)ds

T+T

by (76) < e([lu- || +/ (lg() 1 + 1 (s)l11)ds)- (89)

T

Similarly, by (52) we have

t 3 R )\
/ e G (17w (5) |2 + an [lus ()] + 3 lus(9)I*)ds
t R 3
e L L I PR T TAETAY

T+T
by (710) < cllusl + [ (g + [1(5)]1)ds). (90)

Then (88)-(90) together imply that
IVs@)II* < e [Va,rlI* + ce(llurll® + llurs|®

T+T
" / (g(I? + i (s)1)ds), (91)

from which and (87) we get for all 0 < || < §p and ¢ € [r,7 + 17,

T+T
1+ ce(llurl® + llus,||* + / (lg() 1 + e1(s)ll1)ds).  (92)

T

1Us ()7 < cl|Us.-

This concludes the proof. O

From Lemma 4.8, we immediately get the convergence of solutions in L2(R™)
whenever d,, — 0 and ||us, - — u,|| = 0 as n — oo.

Theorem 4.9. Given T € Rjw € Q and T > 0, if §,, = 0 and ||us, » — ur|| — 0 as
n — oo, then for every t € [r,7 + T,

us, (t,7,w,us, ) — u(t, 7,w,ur) in L2(RY) as n — oo.

Next, we derive the compactness result, which is one of the crucial conditions to
prove the upper semi-continuity of attractor As = {As(r,w) : 7 € R,w € Q}.

Lemma 4.10. Suppose (7)- (11) hold. Then for every 7 € R and w € Q, if
8n — 0 asn — 0o and u, € As, (T,w), then {u,}, is pre-compact in L*(RY) for
q=p>2.
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Proof. By Lemma 4.6 and Theorem 4.9, and a similar procedure to prove [39,
Lemma 4.11], we can obtain this result and so the detailed proof is omitted. O

We now show that the random attractor of the approximation equation (5) con-
verges to that of the stochastic p-Laplacian equation (1) driven by multiplicative
white noise in L2(R?), in the sense of upper semicontinuity of sets. The main result
of this section is given below.

Theorem 4.11. Suppose (7)-(11) hold. Then for every T € R and w € €,
lim dist 2 gy (As (T, w), A(T,w)) = 0,
6—0

where A = {A(T,w) : 7 € Ryw € Q} and As = {As(T,w) : 7 € Rw € Q} are
random attractors of Egs.(1) and (5), respectively.

Proof. Let 6, — 0 and u, , — u, in L>(RY), then by Lemma 4.9 we have that
forall 7 € R,t > 0 and w € €, s, (t,T,w,us, ») — @(t,7,w,u,) in L2(RY); By
Lemma 4.5 we have for all 7 € R and w € Q, limsup;_,, || Ks(7,w)|| < o(r,w). Then
in conjunction with Lemma 4.10 we show that all conditions in Theorem 2.7 are
fulfilled, and whence the proof is concluded. 0

5. Li-Wong-Zakai approximations. In this section, we discuss the convergence
of random attractors in LY(RY), where ¢ > 2 is the growth exponent of the non-

q
linearity. For this purpose, we need to further assume that 1, € L2 (R; L3 (RY))
such that

/T i (3)]) s < +oc. (93)

— 00

5.1. Uniform truncation estimates of solutions. We now deal with the uni-
form L9-estimate of solution of Eq.(26) by a truncation approach. To this end, we
need to prove the bound of solutions in L4(R™Y).

Lemma 5.1. Suppose that (7)-(10) and (93) hold and © is defined by (12). Given
T €R and w € Q, then for every us,—+ € D(t —t,9_w) with D € ®, there exist
positive constants 09 = 0p(T,w), ¢ = G(T,w)(i = 1,2) and T = T(1,w) > 2 such
that the solution of Fq.(20) satisfies that

s sup sup {llos(67 — 0w i} S@(rw), (99)
t>T ce[r—1,7] 0<|8]|<do

.
sup sup {/ llus(s, 7 —t,9_rw, v(;yT,t)Hggigds} < G(r,w), (95)
t>T 0<|6|<do T—1

where vs .y = e~ (OO

Proof. Taking the inner product of Eq.(26) in L?(RY) with |vs|9~2vs, we have

1d t
5@””5“3 + Avs|| = / =2 Jo Gs(0r)r qiy (| Tug [P~ 2V v5) v |7~ vsda
RN
e B0t [ (e sl usde
RN

e 00 [ g, a) sl 2usda. (96)
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The first term on the right hand side of (96), we have
/ e(p—z)fJga(ﬁTW)drdiv(\Vvl;|p_2VUg)|U5|q_2v§dx
RN

— (g— 1)L géwrmdr/

|Vus|P|vs|72dz < 0. (97)
RN

By (7), we get
e~ I3 Gs (Orw)dr / f(t7$7u5)|1}5|q_21}5d$
RN

< 2§ Go(ordr / (—onfus]? + u (L, 2)|vs| T2 da
RN

< el B g

4
q — 5 _ 3
T Al e i B s 1)

[SIESINSY
—~
©
[0¢]
=

On the other hand, we have
e Jo Go(Orerdr / g(t, x)[vs|* *vsd
RN
< g0 i GO 202 1 o [ G )2 (99)

By a combination of (96)-(99), we get

d

4\ oy [t _
Lol + 22 s+ cnelo=2) 1 9ot g 212

< et GO ([l (1) + 9. (100)

We apply [36, Lemma 6.1] in (100) over the interval [r — 2,¢] for £ € [t — 1, 7] and
p > 2, to find that

,
AN (5_7)4(q—2) [°=7 . -
IIUs(SJ—t719—7w7v5,r—t)||3+a1/ ¢ F TR TGO s () |52 3ds

T—1
< (67 + 1)/ 6%(577)‘@5(5’7 - taﬁf‘l'wavfgy‘l'*t)”gds
T—2
a T B (sr)—q [T Gs(D,w)dr :
P 42) [ A GO0 o) 4 o) P
T—2
e [ e o e
T—2

0 ) q
(e ) [ SO0 (s ) 4 g+ )]s (100)
—2

We estimate every term on the right hand side of (101). By (62) we deduce that
there exist T = T'(7,w) > 0 and §; = 01(7,w) > 0 such that for all ¢ > T and
0< |(5| < éy,

/ lvs(s, 7 —t,0_rw,vs—¢)||dds < +o0. (102)
T—2
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By Lemma 3.2, there exists d2 = J2(7,w) such that for all 0 < [6] < d3, we have
5512 G (rw)dr o (Bstqe(rw) =G5 < paer)+ B for all 5 € [—2,0], and there-

fore by (10) and (93) it follows that
0 e g [* w)dr 2
[ eI B0y s 1+ gls + ) P
-2

0 q
<t [ s+ )l + o+ m)P)ds <o (108)

Let o = min{dq,d2}. Then (101)-(103) together imply that there exists positive

constant ¢; = ¢;(q, 7,w) (¢ = 1,2) such that

sup sup sup {Hvé(fﬁ - taﬂ—TW?vé,T—t)”g} S 51(7—7("})7
t>T ¢e€lr—1,7]) 0<|8]|<do

and
.
sup sup / llvs(s, 7 —t,9_;w, vanyt)Hggigds < Go(r,w).
t>T 0<|6|<do JT—1
which completes the proof. O

The following lemma is concerned with the truncation approach, by which we
show that the solution of Eq.(5) vanishes in L9 with a changing domain on which
its value diverges to infinite.

Lemma 5.2. Suppose that (7)-(10) and (93) hold. Let 7 € R, w € Q and
ur—t € Ks(m — t,9_4w). Then for any € > 0, there exist positive constants §y =
do(T,w, ), ¢ = ¢(t,w), Mg = My(T,w,e) and T = T(7,w,e) such that the solution
us of Eq.(1) satisfies that

sup sup {/ lus (T, 7 — t,ﬁ_Tw,u57T_t)|qdas} < ce, (104)
127 0<[5<80 \ J (Jus ()] Mo)

where (|us(T)] > Mp) = {x € RY : |us(r,7 — t,9_,w,us-—¢)| > Mo} and Ky is as

in (29).

Proof. Given 7 € R,w € Q and s € [t — 1, 7], let vs(s) = vs(s,7 — t,9_rw, Vs5.r—1)
be the solution of Eq.(26) at the sample ¥_,w with the initial value vs,—;. Put
M = M(r,w) > 0. Denote by (vs(s) — M), the nonnegative part of vs(s) — M.
Multiplying (26) by |(vs(s) — M),|972(vs(s) — M); and integrate over RV, we
obtain
1d
pds Jgn

- / e®=2)J5 GO iy (Vg (5)[P 2V w5 (5))| (v (5) — M)-4|7(v5(s) — M) sda
RN

(vs(s) — M)% dx + )\/RN (vs(s) — M)%dx

b [ e IO it g () (05(s) — M) (us() = M) s
RN

- / e 90 g 5 )| (05(5) — M) |7 (vs(s) — M) yda. (105)
]RN
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The first term on the right hand side of (105) is estimated by

/ =) [ 950 )dr iy (| (5) P2V 05(5)) | (v () — M) 1|92 (vs(s) — M) 1 da
RN

—(q — 1)6“’72) J5 Go(0r—rw)dr /N |Vus(s)[P|(vs(s) — M), |7 2dx < 0. (106)
R

Since vs(s) > M > 0 for s € [r — 1,7] , we have us(s) = elo G(Wr—rwldrys(5) > (
Therefore utilizing (7) the nonlinearity term in (105) is bounded by
. — [5 Gs(Vr—rw)dr
£(5,7,u5(s)) < —aye@ D J5 Ga@rre)drpy, (gya=t 4 & 7 Yuls 2)

vs($)

) _ f; ga(ﬂrffw)drw (S .’E)
o (g=1) [ G (D rw)dr -1, € (s,
aje 0 lvs(s)] + ENEN: :

IN

from which it follows that for each s € [ — 1, 7],
/]RN e Jo GoUrr (5,2 us(9)| (vs(8) — M)+ ]2 (v5(s) — M) de

S / et ST G ()92 (w5 (5) — M) 4|72 (v5(s) — M)
R

b [ e OOy (5, ) (05(s) — M) P
RN

s 1 1

< el D OO [ (012 05(5) = M)+ 3 (vs(s) ~ M)+ 17
RN

(05(s) = M) |72 (v5(s) = M) + e~ 115 950r=re)4r gy (5)]

+ All(es(s) = M) g

[MSINVSY

(e73] _ s - _ _
< _?e(q 2) [5 95(9r—rw)d (M4 2||(U6(3) _ M)Jng + [[(vs(s) — M)+|\§g_§)
+ ce~ 10 G0 r=r sy (5)||F 4+ A (w5 (s) — M) 4|12 (107)

If v(s) = M for s € [T — 1,7], then (107) also holds true. For the non-autonomous
term, using Young’s inequality we have

/RN e Jo G (Ir=r g (s, 2)| (vs(s) — M) 4|72 (vs(s) — M)y da

a — ¢ r — —q [ _ r
< ST G (05 (5) — M) [[375 4 ce ™o 9ot g (5)] 7. (108)
Therefore (107)-(108) together show that
d s
75 | (wa(s) = M) da + el 1s ga(ﬁr**“)d’“M"”/ (vs(s) — M)%dx
S JrRN 2 RN

<cemtlo g‘sw“’w)dr(\lw(S)Hg +llg(s)I?)- (109)
By Lemma 3.2, there exists a §; = d1(7,w) > 0 such that for all 0 < || < é; and
se[r—1,71],

‘/s gg(ﬁT,TOJ)dT < CT,(.U' (110)
0
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Then (109) is rewrote as

d

[ sty = aytds 0 [ sts) - 2y

RN
< cech<||¢1<s>||§ +llg(s)I?). (111)

where y(M) = e~ (972)Cw /[9=2 and constant ¢ > 0. Clearly Mlirﬁ X(M) =
—+o0
for any g > 2. We apply [37, Lemma 4.2] to over interval [T — 1, 7] to yield

/ (u5(7) — M).da < / XD 5 (5)2ds
RN 7—1

teerCr [T xODE g+ )]

[SISTNISY

)ds (112)

In terms of (94), there exist constants do = da(7,w) > 0, ¢ = ¢(7,w) > 0 and
Ty = T1(7,w) such that for all ¢ > 77 and 0 < [§] < ds,

o~

XDy (5 7 — 9w, v501)||9ds < ——— — 0, M — 4+00. (113
/ los(s olls < (113)

As for the non-autonomous term of the right in (112), for a large positive number
M such that x(M) > X and taking n € (0,1), we may derive

T TN T
[ e g s = [ et go)ds [ e o)
T—1 T—1

7

T—n T
e B ey R PO R
T—1 TN

T

6Asllg(8)ll2ds+/ lg(s)l*ds. (114)

=7

< e~ X(MDmA(-7) / ’

— 00

for M large enough. Indeed, by (10) the first term on the right hand side of (114)
converges to zero when M — +oo, by g € L? (R, L?*(RY)) and 7 is small enough
that the second term is small enough. Analogously, the integral f:_l eX(M)(s—7)

||’(/J1(S)||§d$ also approaches zero when M — 4o00. Put
2
60 = min{dl, 52}

Then from (112)-(114) it follows that there exists M; large enough such that

sup sup / (vs(T) — My)dda < e. (115)
t>T1 0<|6]<do /RN

Note that vs — My > % for vs > 2M;. Then we have the set inclusion {z € RN .
—M, >%}D{ze RN vs > 2M;}. So we see from (115) that

sup  sup / lvs(T)]9dx < 29 sup  sup / (vs() — My)%da < ce,
t>Ty 0<[8]<80 J (v5 (1) >20M1) t>Ty 0<|5|<80 JRN
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0

from which and vs(r,7 — t,9_;w,v5.) = €~ =, g“wrw)dru(;(T,T —t,0_rw,us ) we
have

sup  sup / |us(T)|?dx

t>Ty 0<[5|<60 J (us(r)>2e/2r 96 Pr)dr yp

0
=sup sup e?/-- gawrwdr/ lvs(7)|?dz < ce. (116)
t>T, O<|5|§50 (’U(s(T)ZQMl)

By (110), we get that us(7) > 2¢)°+ Gs(rw)dr pr - if us(T) > 2« M;. Put J\Z =
2eCw M. Then it follows from (116) that

sup sup / lus(7)|?dx
2Ty 0<|6<d0 J (us()> M)

< sup sup

|us(T)|%dx < ce. (117)
t>T1 0<|8]<do /(u(;(f)zzefow GsDrw)dr

Multiplying (26) with |(vs+M)_|7"%(vs+M)_ and integrate over RY | where (vs+
M)_ is negative part of vs + M for some M = M (7,w) > 0, and exerting a similar
procedure, we can deduce that there exist positive constants Th = Ta(7,w),d) =
0y (T, w) and M, = My(7,w) such that

sup sup / |us(7)|?dz < ce. (118)
t>T5 0<[8] <8, J (us (1)<~ M)

Then (117) and (118) together imply the desired. O

5.2. Wong-Zakai approximations in L?. By the result in [19, Theorem 3.1],
we know that for every 0 # 0, the ®-pullback random attractor As established in
L*(RY) is also a unique tempered D-pullback random attractor in LI(RY) with
q > p > 2, that is to say, for every 7 € R and w € Q, As(7,w) is compact and
attracting in the topology of L9.

Proposition 1. Suppose that (7)-(11) and (93) hold and D is defined by (12). Then
for every 6 # 0, the tempered ©-pullback random attractor As derived in Theorem
4.7 for the continuous cocycle @s defined by the (28) is also a unique tempered ©-
pullback random attractor in LI(RN) with ¢ > p > 2. Moreover, for each T € R
and w € (Q,

LI(RN
As(T,w) = QUK5, 7, w) = NesoUrssp(t, T — t, 0w, Ks(1 — t,9_4w)) ( ),

where Kg = {Ks(T,w) : 7 € R,w € Q)} is given by (50).

We now consider the high-order Wong-Zakai approximation of equation (5) in
L4(RYN). We first show the pre-compactness of the family of attractors As in LI(RY)
as 0 — 0.

Lemma 5.3. Suppose that (7)-(10) and (93) hold. Then for every 7 € R and
weQ, if o, = 0 asn — oo and u, € As, (T,w), then {u,}22, has a convergent
subsequence in LI(RN).

Proof. According to the invariance of As and the decomposability of space RY,
along with Lemma 4.10, the proof is quite similar to that of [39, Lemma 5.4]. The
details are omitted here. O
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We are ready to state the main result of this section in the following theorem,
which shows the convergence in LI(R”) for the tempered random attractors Ag
and A for Egs.(5) and (1).

Theorem 5.4. Suppose that (7)-(11) and (93) hold. Then for every fized 7 € R
andw € Q) .

lim dist oz (As(7,w), A(T,w)) = 0,

6—0

where A = {A(r,w) : 7 € R,w € Q} and As = {As(T,w) : 7 € Ryw € Q} are the
tempered pullback random attractors corresponding to Egs.(1) and (5), respectively.

Proof. By Theorem 4.9 we have that for all 7 € R;t > 0 and w € ,

(p(sn (t7 7—7 w? Uén’-,—) % Sp(t7 T7 w? uT)
in L2(RY) whenever §,, — 0 and u,, , — u, in L?(RY). By Lemma 4.5 it follows
that lim sup;_,q || Ks(7,w)|| < o(7,w). Then in conjunction with Lemma 4.10 and

Lemma 5.3 we see that all conditions in Theorem 2.7 are fulfilled, which concludes
the proof. O

6. L'-Wong-Zakai approximation (VI > ¢). In this section, we consider the
Wong-Zakai approximation in L!(RY) for arbitrary [ > ¢, which is an interesting
work and not done in any literature. To do this, we need to further assume that

9,11 € Lis,(R; L=(RY)). (119)

By g € L2, (R; L2(RV)) and ¢, € L7, (R; L#(RV)), we know that

loc loc

g9,%1 € L, (R; LHRY))

loc

for any [ > ¢, under which we can prove that the solution is bounded in L!(R") for
arbitrary [ > ¢. This is done by the traditional mathematical induction technique.

Lemma 6.1. Let | > g be arbitrary. Suppose that (7)-(10) and (119) hold and
D is defined by (12). Given 7 € Ryw € Q and k € N, then for every us.—; €
D(r—t,9_w) with D € ®, there exist positive constants g = do(T,w), ¢ = ¢(T,w,1)
and T = T(7,w,l) > 2 such that the solution of Eq.(5) satisfies that

sup sup {||U5(T,T — t,ﬁ_fw,U57T_t)\\§} < c(r,w,l).

t>T 0<|5|<do
Proof. We first prove by induction that there exist positive constants dy = do(7,w),
?:ﬁk) =g (r,w)(i =1,2) and Ty = Ty (7,w) > 2 such that the solution vs of Eq.(26)

T
satisfies

X 1
sup sup {Ilos(€, 7 — 0w ver i } <AV (), g lr—Lorl, (120)
t>Ty 0<|6|<&o k
and
sup sup {/ |vs(s, 7 — t,ﬂ_Tw,vg,T_t)HgZ’;iids} < Eék)(T,w), (121)
>Ty 0<[8]<80 b Jro1
where

q—2
ay =1, ak+1:ak+T-

If £ = 1, the result is given in Lemma 5.1. We assume that (120) and (121) hold
for k, we then prove that it is true for k + 1.
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Multiplying (26) by |vs|9%+1~205 and integrating over RY, we have

dan || sllgasts + Mlvsllgayty

z/ e(p—Q)fJga(ﬁrw)drdiv(\Vv(;|p_2va)|v5|qa’“+1_2v5dx
RN
" / e Jo G0 dr £ (¢, ) |os |+ 2 vsde

RN

4o LG5 wydr /RN g(t, 2)[vs| 9941 2y, (122)
where we have
/N e(=2) [y s (rw)dr Qiy (|Vos|P~2Vus)|vs| 19+ 2vsda < 0; (123)
R
For the nonlinearity in (122) by using (7) and Young’s inequality we obtain
/N e Jo I (0r)dr £(4 o ug) |vs| 1941 2vgda
R

< 672f0t Gs(Vrw)dr /N(fal‘uﬂq + 1/)1(t,$))|1)5|qak+172d:17
R

= 2o Garer / (—ane®Jo o |ug]0 -y (1, ) ug| 7+~ de
RN

— (a—2) [§ Gs(Orw)dr qak+1+q—2
= —Qj¢€ fo " HU ank+1+q—2

e B0 [ (k)
RN

t
< oyl 5 g

5
a —2)A 1
= Py + e OOy ET (12)
k+1

And for the last term on the right hand side of (122), by Young’s inequality again
we get

e B [ gt )fuslr usde
RN

1
<

qa H sllgaes + cpe e Jo Go(0rddr g || exss - (125)

By (122)—(125), we deduce that

4\
|| sllfart: + 5 losllgarss +one 2 Jo Ga(@rw)dr |y g | dar-2

qay,

.
< cke‘q“’““f‘f GO (|l g(t) | Gt + llba (¢ Maoir)- (126)

qak+1

We apply [36, Lemma 6.1] in (126) over the interval |7
every & € [T — %_H,T],

- kT_l,T] to find that, for

qark+1 qak+2

Ies(@fsest o [ ORI S )52 20

k+1
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< k(k + 1) (e +1)/ ¢ 56 5(s) 408+ ds
1

qak+1

P ) [ S TR )
—t

9k

[l (s >\|ﬁ>ds

< k(k+ 1)(@m +1) / lvs(s)||d%s+1ds
7'71

qagk+1
&

0
Fau(etin ) [ B L g(s 4l

1 qak+1
Tk
99k 41

+ [J1h1(s + 7)[ aal )ds. (127)

By Lemma 3.2, there exists 6; = d1(7,w) such that for all 0 < |4| < 61, we have

qkak+1 ”k+1

e%sfqakﬂ J2 Gs(Wrw)dr 42 stqanqic(rw)— s < e2¢(7; w)+2

for all s € [—+,0]. Then by (127) and our induction abbumptlon (121), we get that
there exist positive constants d2 = d2(7,w) < 1, = Afk)( w)(i = 1,2) and

Ty = T (7,w) > 2 such that for every 0 < |d] < 52, t Z T, and € € [T — %_‘_1,7'],
a T (s 7)+(q—2) [°77 Gs(9rw)dr a
los(©lgeiss +on [ BT LT S0 )
R
< k(k + 1) (e3840 + 1)E§k)(7, w)
0
c(T,w k+1 ARt
R e lf (N (ORI
qak41 *
+{[1(s + 7)[l aapyy )ds. (128)
2

By Lemma 3.2 again, for every s € [1 — k%_l, 7], there exist constants C- ., > 0 and
83 = d3(7,w) < &3 such that (¢ —2) [*7 Gs(Vrw)dr > —(q — 2)(Cr — %(s —-7)),
then we have

B (s=)+a=2) [177 G5 (0rw)dr 5 = (a-2)Crwt(3+557)A =)

Thus e% (=7 H@=2) [277 Gs(@rw)dr 5 o—(4-2DCrwt(GHFET for every 0 < [§] < 3.

Therefore by (128), we deduce that there exist positive constants ¢ “{’H_ )( w)(i =
1,2) such that for every 0 < |§| < d3 and ¢ > T,
1
[vs(&,7 —t,0rw, v57 1) [[fartt < N(kﬂ)(ﬂw% Eelr— Py 7]; (129)
and
T a k+1
[ st =t s lmds < Ve (130)

=a
For arbitrary [ > g, there is a kg € N such that ¢ < ! < qay,, then by the Sobolev
interpolation theorem, there exists 6 € (0,1) with } = g + qla;ke such that
°0

o5 (7,7 = £,0 7w, v5 )|} < lJvs (7,7 = £,0 7w, v5- )|
1(1-6)

X ||’U6(7—7 T — t7 1977(0, U5,T*t)||qak0 ’
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which along with (94) and (129) (with & = 7), we conclude the proof. O

By the bound in L!(R¥) and the Sobolev interpolation, we can obtain the trun-
cation estimate of solution of Eq.(1) in L'(R™) for arbitrary [ > g.

Lemma 6.2. Suppose that (7)-(10) and (119) hold and D is defined by (12). Let
TER weQand ur—y € D(r — t,9_yw) with D € ©. Then for any € > 0,
there exist positive constants 69 = do(7,w,€),¢c = ¢(T,w,1), My = My(1,w,¢e,l) and
T =T(7,w,e,l) such that the solution us of Eq.(5) satisfies that

sup sup {/ |us (T, T — t,ﬁ,Tw,u(;,T,t)Vdm} < ce,
t2T 0<[§]|<do (|lus (T)|=Mo)
where (Jus(T)| > My) = {z € RN : |us(r,7 — t,9_rw,us )| > Mo}.

Proof. By Lemma 6.1, there exist positive constants kg, 6; = 61(7,w), cFo) =
cko)(7,w) and Ty, = Tk, (T,w) > 2 such that the solution of Eq.(1) satisfies that

sup  sup {||u5(7, T —t, 9w, u(;’T,t)HgZZE} < ko) (7, w). (131)
t>They 0<]8]<61

By Lemma 5.2, for any € > 0 there exist positive constants ds = do(7,w, ) > dp,c =
e(t,w), My = My(1,w,e) and Ty = To(7,w, ) such that the solution us of Eq.(1)
satisfies that
sup  sup {/ lus(T, T ft,ﬁ_fw,u(;ﬁ_tﬂqdm} < ce. (132)
2T 0<]6|<82 ~ J(Jus ()| >Mo)

For arbitrary ! > g, there exists a kg such that ¢ < | < gag,, and then by the
Sobolev interpolation we get

/ lug (T, 7 — t,ﬁ,Tu),u(;,T,t)Vdm
(lus (7)|=Mo)

10
< (/ lus (7,7 — t,ﬁ,Tw,u(;’T,tﬂqda:) !
(lus(T)|=>Mo)

1(1—6)

X (/ |us(T, T —t,ﬁ,Tw,u(;’T,t)Pa’“de) ko (133)
(lus (7)|=Mo)

where 6 satisfies 7 = g + %. Let T = max{Ty, Tk, } and dp = min{d;,d2}. Then
‘0
by (131)-(133), it follows that for all ¢ > T and 0 < |§] < dp,

1(1—6)

/ |ug (T, T — t,ﬁ,ToJ,u(;,T,t)Vda: < (CE)%(EMO)(T,LU)) ko
(lus(T)|>Mo)

This complete the proof. O

We now present the following compactness of random attractor As in L'(RY) as
6 — 0 for arbitrary [ > q.

Lemma 6.3. Suppose that (7)-(10), (93) and (119) hold. Then for every 7 € R
andw € Q, if §, = 0 asn — oo and u, € As, (T,w), then {u,}22, has a convergent
subsequence in L'(RN) for arbitrary | > q.

Proof. This is followed by a same procedure as in [39, Lemma 5.4], using the asymp-
totical compactness in LI(RY) as in Lemma 5.3. The detailed is omitted here. [

We now obtain the upper semi-continuity of random attractors in L'(R™) for
any [ > q.
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Theorem 6.4. Suppose that (7)-(11), (93) and (119) hold. Letl > q be arbitrary.
Then for every fired T € R and w € Q,

lim diStLl(RN) (-/45(7—7 W), A<T7 UJ)) = 0’
6—0

where A = {A(T,w) : 7 € Rjw € Q} and As = {As(T,w) : 7 € R,w € Q} are the
tempered pullback random attractors corresponding to Egs.(1) and (5), respectively.

Proof. This is followed by Theorem 4.9, Lemmas 4.5, 4.10, 6.3 and Theorem 2.7. [J
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