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ABSTRACT. The semi-linear problem of a fractional diffusion equation with the
Caputo-like counterpart of a hyper-Bessel differential is considered. The results
on existence, uniqueness and regularity estimates (local well-posedness) of the
solutions are established in the case of linear source and the source functions
that satisfy the globally Lipschitz conditions. Moreover, we prove that the
problem exists a unique positive solution. In addition, the unique continuation
of solutions and a finite-time blow-up are proposed with the reaction terms are
logarithmic functions.

1. Introduction. In this paper, we consider a semi-linear time-fractional diffusion
equation with time-varying coeflicients:

) utLu=flu), zeQ, t>0,
u(z,t) =0, z€0Q, t>0, (P)
u(z,0) = up(x), =e€Q,

where Q0 C R% (d > 1) is a bounded domain with smooth boundary 99 and the
initial data ug at ¢ = 0 is given. The operator L : D(L) € L*(Q) — L?*(Q)
be a positive, self-adjoint operator. In (PP), C(t”%)a will denote a Caputo-like
counterpart (C-LC) to hyper-Bessel operator (H-BO) of order a € (0,1) and the
parameter 0 < o < 1 (see formula (3)).
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Fractional calculus is a subject of a long history and has gained great interest in
different fields of applied science: mathematics [1-3,9,21,26,31], physics [18,28,30],
including stochastic processes [6,25,29], mechanics [13], chemistry and biology [16]
and some references therein. It is well known that the original definition of the H-BO
differential of higher (integer) order m > 1 was first introduced by Dimovski [11]:

B = t®° itm g co fOm—t Qtam
dt dt dt ’

where aq, a1, ..., a,, are arbitrary parameters that satisfy Z?;O a; < m. The frac-
tional power B® of the H-BO (as convolutional products in the sense of opera-
tional calculus) is developed by himself in [10] and Kiryakova [19,20], Lamb and
McBride [21], McBride [26], and references therein. In probability theory, it is useful
to illustrate heat diffusion of the fractional Brownian motion [6,25] and the study
of Tricomi-type [43] or Keldysh-type equations [42].

For the general case, Garra et al. [12] consider fractional differential equation
with time-varying coefficient of the form

(toc(iit) u(t) = —du(t), a€(0,1), ceR, A>0,t>0. (1)

The authors provided the solutions of the relaxation-type equation (1) obtained by
«@
the operator (t"%) that is related to the Erdélyi-Kober integrals [12]:

(1 =)t~y ifo <1,
d [e%
(F5) 90 =@ 110, o> )
“considered separately”, if o =1.

Note that as o = 0, this operator coincides with the Riemann-Liouville fractional
derivative, and for a@ = 1 expressions (2) include the conventional first-order deriv-
ative. In analogy with the classical theory of fractional calculus operators, we are
led to a generalization to describe the regularized C-LC of the H-BO for ¢ < 1 in
terms of Erdélyi-Kober fractional-order operator (see e.g. [5,12]):

) (taat) g(t) = (1 o)™t~ 12" (g(t) — g(0))

(A g(0) 0=
= () o0 Ty ®)

Recently, Al-Musalhi et al. [5] used the C-LC of H-BO (3) to study both a direct
problem and an inverse source problem:

‘ <tac§t> U(Z,t) - Umm(l’,t) - f(xvt)a T e (077T)’ te (O’T)

Basing on the appropriate eigenfunction expansions the authors have constructed
the solutions and the properties for existence and uniqueness are also presented. In
[34], Tuan et al consider a problem of recovering the initial data for a time-fractional
diffusion equation with a regularized hyper-Bessel differential. The solution to this
problem exists but isn’t stable, so, the authors use the fractional Tikhonov method
to construct a regularized solution. Also, they also provide the error estimates
between the regularized solution and the exact solution. Some recent studies on
the behavior of solutions can be listed as [22—-24,32,35,36,39,40] and the references
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therein. All works mentioned above give us a great motivation to study the well-
posed behavior of mild solutions to Problem (PP).
In this paper, for Problem (P), we study two cases of the source functions:

e the linear source functions;
e the nonlinear source functions.

For the linear case, f = f(x,t), we obtain local well-posedness properties (existence
and regularity of (unique) weak solutions). In the case of nonlinear source functions,
we consider both the globally and locally Lipschitz cases. The existence of a local
solution and the regularity of the solution is established with the source function
f = f(u) satistying the globally Lipschitz condition. Moreover, we prove that
the Problem (P) exists a unique positive solution. With the locally Lipschitz source
function f = f,(u) = |u|?7"'log |u|?, ¢ > 1, we consider the extension of the solution
to larger time periods and the blow-up of the solution. In [7], for the fractional-
in time wave equations, the authors also consider the blow-up of solutions with
derivatives considered in Caputo sense, and the source function has a general form
that satisfies the given conditions. Hence, for this logarithmic type function as
above, this is almost the first work to study the blow-up of the solutions to the
Problem (PP).

The rest of the paper is organized as follows. Section 2, we first present some
relevant notations, and secondly, the definition of the Mittag-Leffler functions is
given and its useful properties for use throughout the paper. In Section 3, we
consider the linear problem, some regularity estimates of weak solutions are ob-
tained. In Section 4, we consider the semi-linear Problem (P). The results of local
well-posedness (local existence of solutions, uniqueness, regularity) are established
when the source function is global Lipschitz. Furthermore, we prove the problem
has a unique positive solution. For the nonlinearity source of the form as logarith-
mic functions f,(u) = |u|9 " log|ul?, ¢ > 1 (locally Lipschitz function type), the
uniqueness continuation of solutions and a finite-time blow-up are proposed. The
conclusion is stated in Section 5.

2. Preliminaries.

2.1. Relevant notations. Let us recall that the spectral problem
{Lep(z) = M\ep(z), TEQ,
ep(z) =0, x € 09,
admits a family of eigenvalues
O< <AL <AL S

The notation || - |p stands for the norm in the Banach space B. We denote
by L9(0,7;B),1 < q < oo, T > 0, the Banach space of real-valued measurable
functions v : (0;T) — B with norm

Q=

T
[vllzaor;8) = (/ IIU(t)IIqut> < oo, forl<gq<oo,
0

V|| Lago,;8) = esssup |lv(t)||p < 0o, for ¢ = oo.

s
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The norm of the function space C*([0,77]; B),0 < k < oo is denoted by
k

lvllex o, 11:8) = Z sup [[v(t)]|p < oo.
=0 tel0.T]

For any ¢ > 0, we define the Hilbert scale space

D(LS) = {v = Z(v,ep)ep(x) c L*(Q): Z(v,ep)zx\ff: < OO} )
p=1 p=1

is equipped with norm

N|=

[vllpwey = (Z(v,ep)QA]%C)

p=1
Obviously, we have D(IL) = L?(Q) if { = 0. We denote by D(IL=¢) the dual space of
D(L=¢) provided that the dual space of L?((2) is identified with itself, e.g. see [27].
The space D(}L_C) is a Hilbert space with respect to the norm

1
o] 2
||UHD(JI:<) = <Z(Uvep)2—c,c/\;2<> )
p=1
for w € D(L™¢) where (-,+)_¢, is the dual product between D(L~¢) and D(LS).
We note that

(v1,v2)—c.c = (v1,v2), for vy € L*(Q),v2 € D(LS).
Remark 1. From the definitions of the spaces D(IL¢) and D(L~¢), we observe that
Il < Cclloll, and ol < Cc ollpgs, . for Cc > 0.

Given a Banach space B, let C'((0,T]; B) be the set of all continuous functions
which map (0, 7] into B. For p > 0, we define the following Banach space

X*((0,T); B) = {v e C((0,T); B) : tes(lépT] t*|lv(t)| s < oo} ,

with the norm ||v||x«(o,r;8) = sup t"||v(t)||p < oo, see [33].

te(0,T]
2.2. Properties of Mittag-Leffler functions and some related results. The
Mittag-Leffler function is defined by (see [14,15])

m

o~ Y
Ea,ﬁ(y)*n;)F(am_i_ﬁ)a yGC,

where a > 0 and 8 € R are arbitrary constants, I" is the usual Gamma function.
Next, we give some properties of the Mittag-Leffler function. Let g € R, and
a € (0,2), we have:

C
Eq 5(—y)| < ,

where C > 0 depends on «, 8, u and % < pu < min{m, 75} (see e.g. [14,30]).

p < arg(y) <,

Lemma 2.1. For Q <ay <ay<1and a € [ar,as], then there exist the positive
constants C~,CT,C such that

a) Eai(~y) >0, for any y > 0;
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c- ct c

b — < Ea - < ) d Ea - S T, Ru .
) T4y S Py S an 8(=y) Ty JrPERy>0
Lemma 2.2. Let o > 0,A > 0,t > 0,n € N, we have
dr —n o
am [Eai(=At")] = =M Eq a—nt1(=At%); (4)
d
I [t Ega(—M)] =t* 2B a-1(—=At%). (5)

Lemma 2.3. The following equality holds (for proof, see [{4])

Baa(-y)= [ Wal2)e 7dz, foryeC.
0
where we recall the definition of the Wright type function (see [15], Formula (28))
- ()"
Wea(z) = -t 0 1.
0= s 0<as

Moreover, W, (2) is a probability density function, that is,
Wa(z) >0, forz>0; and / Wa(z)dz = 1.
0

Lemma 2.4 (Weakly singular Gronwall’s inequalities). Let A, B,o1,09 be non-
negative constants. For the continuous functions u : [0,T] — [0,00), assume that

¢
u(t) < At + B/ (t—7)"%u(r)dr, forall tel0,T].
0

Then, there exists a positive constant C(B, o2, T) such that
C(B, agg, T)
1-— g1

Proof. See [38], Theorem 1.2, page 2. O

u(t) <

At for a.e. t € (0,T).

The main result of the paper is based on two main goals, that is, consider problem
(P) with linear and nonlinear source functions. We get into the results presented
in the next section with the source function f = f(z,t) (depending on the space
variable z € Q and the time ¢ € [0, 7).

3. The linear problem. For the source function to be linear, we consider the
properties of existence, uniqueness and new regularity estimates. Indeed, we con-
sider the linear problem

) (t”aat)auu,t) L) t) = f@t),  weQ t>0,
u(z,t) =0, x eI, t>0, (6)
u(x,0) = ug(x), x € Q.

The function u is a mild solution of (6) if u € C([0,7]; L*()) and satisfies the
following integral equation

2 1 ! s sya—1 (ts — Ts)f’é s
u(t) = Ea (Lsa) up + 570‘/0 (t° = 71°)* ' Ea.q <Lsa> f(r)d(r?),
(7)
where t <T, s=1—0, a € (0,1).
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Theorem 3.1. For o € (%, 1) and s =1 — o, let us choose « such that it satisfies
max {1; 2=} <o < 1. Let ug € DLS) ND(L'¢), with ( = L and

f€C([0,T); D(L=)) N L*™(0,T; L*(Q) N D(LS) N D(L™F)),

for %—I—% =1, andl <n< 2_12 Then the Problem (6) has a unique weak solutwn
u € C([0,T); D(LS)) given by (7) and Oyu € L™(0,T; D(L™)), for 1 <m <
Moreover, there exists the constant C > 0 such that for all t € (0,T)

las

Il + 10 lo-c) < € (luollpe + 7 luollpeac) )
s(a— =41 as—2s
+C (t (=Dt gt If 1 L2m 0.7p ey + Zett ||f||L°°(O,T;D(L1—<))) :

We also have © (t72)" uw € C([0,T); D(L™°)) and

(e 2) wt

s(a— =41
<C (HUOHD(]Ll*C) + oo Dot HfHL?m(O,T;D(HJ*C))) + I lleo,mpe-oy) -

In addition, we have

D(L-¢)

1
tLlr& [u(t) —wollpyy =0, for some0<v < (= o (8)

Proof. The proof is divided into four steps.
Step 1. We prove that u € C([0,T]; D(L¢)). For t € [0,T], we have

”u(t)H"D(]LC) < ”Il(t)uO”D(]LC) + HIQ(t)f”D(]LC) ) (9)

where, we set
Li(t)uo == Ea (—LZS) U, (10)
t s _ ps\o
BOf = [ @ =) B (LT foae).

Using Lemma 2.1b), we imply that there exists the constant C' > 0 such that
2

t(XS
I @olles, = | o (~L5 ) uo
$ D(LS)

Z (uo,ep)” B2 (—)\ >)\2<

] 2 C’Jr 2
< Z o, ep) (Htas)\> >\2§ <C ”UOHD(]LC) (12)
p=1

Using Lemma 2.1b) and Hoder inequality, we infer that there exists the constant
C > 0 such that

||I2(t)f||?>(u)

- i; EY LGSR Gy Gt SR TS g

SO(
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= 32% Z/O (f(7),ep)" (t° = 7°)**?EL <(tssaTS))\P) d(r)Az
(C)zt s 2a 2 20
52 /0 Z )‘ d(r*)

CV 2 t
< [ = 10y )

IN

1

< O ([ - ropevraen) : ( NI dn> Ceer

< Op2sla—D)+3+1 ||f||L2m(0TD(IL<))’ Y

where m,n > 0 : L + 1 = 1. By the assumption on 1 < n < 34—, we have
s+n+2s(e—1)n > 0 and from (9), (12) and (13), we get that the operartors
(10)-(11) converges in D(IL¢) uniformly for all ¢ € [0, T]. Thus, we have proved that
u € C([0,T]; D(LS)). We also get from (12) and (13) that there exists the positive

constant C holds

[u(®)lpeey < C (HUOHD(LC) + oDt ||f||L2m(o,T;D(1LC))> , Vte[0,T].

Step 2. We shall prove that d,u € L™ (0, T; D(L™°)), for 1 <m < . For t €
(0,T), we have

+ i {1 /Ot (f(T)yep) Ap(t* = T5)* 2 Ep 01 <_MAP> d(TS)} o
= I3(t)ug + I4(1) f, (respectively). (14)

We proceed as in Step 1, from Lemma 2.1b) and Parseval’s relation, one obtains

o0

2
B e tOLS
||I3(t)u0||2D(IL*<) = Z |:('U/0;ep) )\11) Ct 1Ea7a <_A >:|

p=1
< Ct2&872”u0”%(ﬂl1*4)7 vt € (OvT]a

and we have

1Z4() D<)

<1 |1t e evas (t*—7°)° .
= zz: )\_QC 870‘/0 (f('vT)vep) )‘p(t -7 ) 2Eo¢,a71 (_ 5 )\p> d(T )
< CZ sup ) e )Al_<‘2 /t(TS)a—QE 4 (_ (TS)O‘)\ ) d(Ts) 2
10<T<T TR 0 L se P
20i5—4s+2 2 2s —1
<Ct [0, 7p@1-¢)) > for o> vt e [0,T]. (15)
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It follows readily from these estimates that there exists the constant C' > 0 such
that for all ¢t € (0,7, a > %,

[0eu( D) lpr-¢) < C (t”’llluollmp—c) g Hf”LW(O,T;D(ILl*C))) ,

this implies d;u € L™(0,T; D(L~%)),

Step 3. Next, show that © (t"%)au € O([0,T); D(L=¢)). From (6), one has

a (o3
ad t < ||La(-,t _ ot —¢y -
(o) w0, S Do 160
From (7), we get the following estimates

2
”]Lu(v t)HD(]L*C)

oo 2
tos 3
= 22 [(uo,ep) Ea,l (—Sa)\p)] )\Z 2¢
2

v 22 A R T e N N P

SlX

2 s(a— = 2
<C HUOHD(Ll—C) + Ct? (=1 +1 Hf||L2m(O,T;D(]Ll*<)) :

By an argument analogous to the previous one. We get for every t € [0, T],
6 [e%

7 t

©(rg) w0

From n < 5—5— 2 , we imply that 2sn(a—1)4s+n > 0, this implies that © (t"%)a u €

C([0,T); DIL~)).
Step 4. Next, we shall be proving (8). One has

tOLS
Ju(t) — UOHD(Lu) < H (Eml (-L s ) - 1) g

< Clluollpa-o) + 1 leqompa-—o)
D(L-¢)

s(a— =41
+ CtelemDFants ”fHLZM(O,T;D(JLl*C)) :

T 1@ fllpwey - (16)
D(LY)

For I5(t)f defined as in (11), and since = = ¢ > v > 0, we deduce that D(LS) <
D(L¥), and we obtain

HI2(t)fH’D(JLV) S ||12(t)f“'p(]LC) S CtS(a_lH—ﬁ-H/Q ||f||L2m(0,T;D(]LC)) - 0, ast — 0+~

Using Lemma 2.1b), we also have

tas 2 > 5 tas 2 )
[E RN =
D(L¥) p=1

o0
< (CT+1) 22 U, €p) )\12)”
p=1

s

LoXp) = 1last— 0T, then

tOlS
lim (EQJ ( —A ) > =0, Vp € N*.
t—0t

From the properties of function E, ; (f
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We invoke the Lebesgue’s Dominated Convergence Theorem that

lim (Ea,l (—}Lt() - 1) uo ~0. (17)
t—0+ s¢ D(LY)
From (16)-(17) that (8) is satisfied. The proof of the theorem is complete. O

To get the next interesting result, we need to build a complementary lemma.
From the properties of Mittag-Leffler functions, we have the following lemma:

Lemma 3.2. For a € (0,1),s = 1—0,p > 0 and for 0 < t < T, we have the
following:

tOLS
a) HEa,l (Lsa> v

< Crsres ”v“’D(ILfl) : (18a)
L2(Q)

t(XS
b) HEQ 1 ( L) v < Otsogos [vllpe-r) - (18b)
5%/ o)
c) HEWX ( ( - )" ) v <Os™(t° —75) ¢ [vllp-1y - (18¢)
5 L2()
5 — 8 o B o
d) HE” (—L(a)> v <O (t° =) " ollpe-sy . (18)
s D(Le)

Proof. a) For v € D(L™1), using the Lemma 2.1, one obtains

tOéS
[7es (25 )
VA PETOS

> tas 2 2 N
Z ol —a (v,ep) § t% ) (v,ep)
1

p=1 p=
o0

< (O+)252at72as Z (v,e,,)z /\;2 < (O+)2$2at72as HU||2D(]L—1) )

p=1

Taking the square root, we imply (18a).
b) For v € D(L"~!), One has similar to the above, we get

. 2 [e'e) .
tos tas 9
Ea L = E E2 ——A s )\Qp
H 1 ( s ) v a,l ( 5@ p) (U ep) D

DL)  po

e’} C+ >2 )
< (tas (v,ep)” AP
p=1 1 + S )\

< (C+)282at—2as Z (’U7 ep)2 )\12)/)—2
p=1
< (CTPPs2 72 ol gy -
which implies (18b).
¢) For v € D(L™1), one obtains

HEQ"Q <_]L(t_7)) v
s(l

L2(Q) p=1
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_ 2
< _ v, e
> (i) o

p=1
S(OPs™ (t° = 7)Y (v,6,)° N,
p=1

<(CPs* (0 =) Jellp)
taking the square root, we obtain (18c). In the same way as in the one above, we
obtain (18d). The proof of the lemma is complete. O

Based on the Lemma above, we proceed now to establish the next results.

Theorem 3.3. For the constants o, s,a,( as given in Theorem 3.1. Let m,n € N*
such that i + l =1, and 1 <n <14 a. We have the following two results:

o Ifuy € D( D, f € L™(0,T;D(L™Y)), then the Problem (6) has a unique
weak solution v € X**(0,T; LQ(Q)). Moreover, there exists a positive constant
C' satisfying the following estimate for all t € (0,7,

||U||xas((o,T];L2(Q)) <C (HUOHD(L—l) A TerasTne Hf||Lm(o,T;D(H:1))) :

o Ifug € D(LSY), f € L?>™(0,T; D(LY)), then Oyu € X1((0,T); D(L)) and we
also get that for the constant C > 0

- = 43
||atuHX1((O,T],D(]LC)) S C (HUOHD(]LC*I) + Ts(a 2)+2n+2 Hf||L2m(O,T,L2(Q))) .

Proof. The proof is divided into two steps.
Step 1. We show that u € X**((0,T]; L3(£2)). For t € [0,T], we have

(Ol L2y < IT@uoll L2y + 120 Il L2(q) »

where, we set I (t)ug, Iz(t) f are defined as in (10) and (11). Using Lemma 3.2a),
we imply that there exists the constant C' > 0 such that

tOéS
1 (@)uollp2(9) = ([Baa | —L7 | uo
( ) s«

Using Lemma 2.1b) and Hoder’s inequality, we infer that there is a constant C' > 0

such that
1 t o ts o 7_3 [e%
12 (t) £ oy < :/ @y |E (—L(Q)) )
s Jo s

< Ct ol pg -1y -
12(@)

d(r®)
L2(©)

<c / (t° = ) () gy A7)

m—2

A S ( [ s, dn> -

s(a— 1><m +s
—1

<Ct

HL%(O T:L2(Q))]

where 2 < m < 22 From this condition on m, we have s[(m —1)(2a—1)+1] > 0.

From these 1nequahtles above, we deduce that
s[(m—1)(2a—1)+1]

te® Hu( )HL2(Q) < C <||u0|’D(]L 1) +T mot || ||L“(O,T;L2(Q))) ’
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S0 we get

[(m—1)(2a—1)+1]
N, 2 ) 09
Thus, we have shown that u € X**((0,T); L?()) and satisfies the estimate (19).

Step 2. Next, we show that d,u € X1((0,T]; D(LS)). For t € [0, 7], from the oper-
ators I5(t) and I(t) are defined as in (14), and by an argument similar to Lemma
3.2d) and Parseval’s relation, one obtains

[ull xas 0,77522(0) < <|“0|D<L n+T

o0

_ tOtS
Z {(uo,ep)to‘S 'Bo.a (sa)\pﬂ ep

p=1
< Ct Y uollpae-ry, vt e (0,7,

HIS(t)UOHD(]LC) =

D(LS)

and the same way as in (15), one obtains
Ha(®) Fllpey < CECDT52 | £l am o pepreyy s VE € [0,T].

By choosing of n satisfies 1 < n < 1+ a, then s + (2a — 4)sn +3n > 0. It
follows readily from the above inequalities that there exists the positive constant C'
satisfying the following estimate for all ¢ € [0, T],

s(a— =43
t10u(t)llpe) < C (Huonp(LH) (a2t ||f||L2m(O’T;L2(Q))) :

This implies that d;u € X1((0,T]; D(LL¢)). This concludes the proof. O

4. The semi-linear problem. For the nonlinear source function f = f(u), we
consider the following two cases:

o f(u) satisfies the globally Lipschitz condition: local well-posedness and regu-
larity estimates and the problem exists a unique positive solution.

e f(u) satisfies the locally Lipschitz condition: large existence times, continua-
tion and finite-time blow-up.

We consider the semi-linear problem

“(rrg) w4 L) = fw), ae e
u(z,t) =0, x€dQ, t>0,
u(:c,O) — uo(.’I]), T € Q.

(20)

The mild solution of Problem (20) is represented by the following integral equation

u(t) = Eu s <1Ltas> ug + —/ 7°)* ' Ea.a (L(tsscj)) fw)d(r?),
(21)

where t <T, s=1—0, a €(0,1).

4.1. The local well-posedness results for the source term [ is globally
Lipchitz. In this subsection, we prove that the Problem (20) is a local well-posed.
First, prove that for the Problem (20) exists a unique mild solution, then the regu-
larity of the solution is established. Moreover, we prove that the problem exists a
unique positive solution.

We shall begin with introducing the following two standing hypotheses for the
globally Lispchitz source term:
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e Assume that f satisfies the global Lipschitz condition:

[f (1) = f(v2)ll 2y < K llvr = vall L2 (a » (Hypl)

with K > 0 independent of vy, vs.
e Suppose that f(0) =0, and

1702y < K ol 20y - (Hyp2)

For £ > 0, denote by Cg([0,T]; B) is the function space C([0,T]; B) equipped
with the following weighted norm:

Iolle. = o llexp (=€) v(®)lz, w € C(0,T) B).
The main results of this section are the following theorems.

Theorem 4.1 (FEzistence). Assume that [ satisfies (Hypl). Then, the integral
equation (21) has a unique mild solution u € Cg([0,T); L%(2)) for the constant £ is
large enough.

Proof. For v € C’g([O T]; L*(12)), we consider the following function

30®) = Bon (L5 Jun+ & [ = ey B (LETE) s0trae),
(22)

for t € (0,7T], and we aim to show that the map J : C¢([0,T]; L*(Q)) — Cg([0,T7;
L3(Q)), for £ > 0 has a unique fixed point u then we imply u is a solution of (21).
In fact, we will prove that for every v1,ve € Ce([0,T); L*(12)), using Lemma 2.1b)
and (Hypl), we have

llexp (=€) (Jui(t) — Jva (1))l 12 (o
i /O (j?ri ngfs o ( ts — 73 > (f('Ul (7-)) — f(U2(7‘))) d(TS)

SO(

<1/t exp (— 5153
s Jy (5 —71°

< s%/o MU(M( 7)) = F2(T) 2 (o) A(T°)

- KC’/ exp ( f(fs _Zs)) lexp (—€7%) (v1(,7) = va(, 7))l 2y A7)

75)1

L*(Q)

5. (IL )(f(vl(T))—f(vz(T))) a(r*)

L2(Q)

<KC/ =) texp (E(t° = 7)) d(7°) i1 (1) = o2 (s T)lg pogy - (23)

Since the right hand side of (23), we can see that when 7 is close to ¢ and « is less
than 1, the integral will be singular. Therefore, using the Hbéder’s inequality we
deduce for m > é

/0 (t° — 7%)* T exp (~E(t° — %)) d(r*)

= </ot(ts - Ts)m’(’?‘ll)d(Ts)> - (/Ot exp (—mé(t° —7°)) d(TS)) B

m—1

m—1 ™ smas 1 " 1 C
< === — —mEt))m < ,
_< ) " (mg) (1 — exp (—met)F <~

ma — 1




WELL-POSEDNESS RESULTS FOR TIME FRACTIONAL DIFFUSION EQUATION 3593

Then we get that

C 1
o1 = Jvallg ragey < —= llon = v2llg 2y, form>—.

By choosing the constant £ large enough, we claim that the mapping J of the space
Ce([0,T]; L*(9)) into itsel defined by (22) is a contraction. We conclude that the
integral equation (22) has a unique solution u € Cg([0,T]; L()). O

Theorem 4.2 (Regularity). For a € (0,1), let 0 < ¢ < 1 and assume that f
satisfies (Hyp2). Then we have the following:
a) If ug € D(L™Y) and u is the solution of (21), then there exists positive constants
K, C independent of variable t, with

Hu”X"S((O,T];Lz(Q)) S HUOHD(L—1)~ (24)
b) If ug € D(LS™Y) and u is the solution of (21), then there exists positive constants
K, C independent of t, with

l[ull xas 0,y S Uollpe-1) - (25)

Proof. e Proof a. First, from (21), one has

taS
lu( 2 < HEa,l (-L e ) UQ

1t L
_’_7 tS_ S\&x—
o 0( %)

L2()

Eu (—LM) Fw)

SO&

d(r?).
L2(Q)

(26)
From (18a), we infer that C' > 0

t(XS
oo (-15)
S

Estimating the second term of (26). Based on (18¢), (Hyp2), and Hélder inequality,

< CF s |uollpr-1y < Ct fluollpr-1y- (27
L2(©)

we get that
t s _ ps\o
+ [ =m [ () ]| a6
0 L2(Q)

<c / (= ) " (W) sy ()

k s sy—1 s

<c / (t° = )" @) o e A7)

< KC / (" = )" s 7)oy (7). (25)

From (26), (27) and (28), we deduce that

tS
_ —1
e Bl ey < CF2 ol + KC / (t = )" s )l gy 7

Thanks to Lemma 2.4 gives
C(K,T)
as

[ul iz @) < 7——=t7* luollpg-1y < O [luollp-1) - (29)
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Multiplying by t*¢ on both sides of (29) and we get
t*? lu(, )2 < Clluollp-1y

which implies (24).
e Proof b. From (18b), one obtains

tOzS
fros (55
Sa

Using (18d), Remark 1 and hypothesis (Hyp2), we get that for ¢ < 1
1t s — %)
Ea,a <_L(T)) f(u)

- s _ _sya—1
s O(t ™) s

< Otsopmos [wollpe-1y < Ct* [luollpre-1y -
D(LS)

d(7?%)
D(LS)

t 1
<c / (= ) @) pe s A()
et / (8 = 7)1 ) oy A7)
K -1
< KCC; / (t = 7)™ ) gy A7)

t
< KCC?/O (t° — 7'3)_1 ||U('a7>||D(]L<) d(r®).

From (30) and (31), there exists the positive constant C such that

(30)

(31)

¢
[uC Dllprey < C™ fluollpge-1y + KC/O (=7~ lluls Tllpaey A7)

From Lemma 2.4 (Gronwall’s inequality), one obtains

lu( )l peey < C7 [luollpe—1) -

An argument analogous to the previous one yields (25). This complete the proof of

the theorem.

O

Theorem 4.3 (Stability). For 0 < ( < 1, and a € (0,1), assume that f satisfies
(Hypl). For ug € D(LS™Y) for ¢ € (0,1). The solution u depends continuously on
the initial data in the following sense. If ug; — ug in D(LS™Y) and if u; 1s the cor-
responding mazimal solution with initial data ug j, then u; — u in L°°(0,T; D(LS))

for every interval (0,T].

Proof. Let ug € D(LS™1) and consider {ug ;}jen C D(L¢™1) such that
Ug,j — Ug, as j — 00.

For j sufficiently large we have that

(-, 8) = i D)l

< ‘ Eo (—Lta:) (uo — uo,j)
S D(LC)
t s _ s «
[ = Eae () G - s a6
0 D(LC)

(32)
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Using (18b), we get
t(XS s

Ea,l (_La) (UO - uo,j) S Ct ||UO - qu”D(]LC—l) s YVt € (07T]
S D(LS)

From (18d), (Hypl) and Remark 1, we have

! “)) (f(u) — F(uy))

- ts_sozfl
5% 0( ) 5%

Eyo <—]L d(r®)

D(LS)

c / (t° = 7)) — £ e sy A7)

IN

< 00 [0 =) 1) = 05l gs oy )

t
< KCCE [ (¢ =) fula7) = uy Dl A7) (39)
Combining (32)-(33), we deduce that

lu(-t) — uj('vt)HD(]LC) <Ot lug — uO,j”D(Lc—l)

t
KO [ =) ) =57 gy 7).
for all t € (0,7]. From Lemma 2.4 (Grénwall’s inequality) we see that
tozs”u(~,t) - uj(”t)HD(]L’:) S C ||U0 - UOJHD(LC%) .

Let j — oo and we have ug ; — ug so u; — u in D(LS), for all ¢t € (0,7, which
finishes the proof. O

Remark 2. If up(z) > 0 a.e. € Q and the continuous function f(u) is nonnega-
tive, then the explicit solution of Problem (20) presented in (21) is positive.

Lemma 4.4. (see [4]) Let H be a Hausdorff locally convex linear topological space,
Q be a convex subset of H, V' be an open subset of Q, and R € V. Suppose that
MV — Q is a continuous, compact map. Then, either

(i) The map M has a fived point in V; or
(i) there are w € OV (the boundary of V in Q) and & € (0,1) with u = EMu +
(1-9R.
Theorem 4.5 (Existence-uniqueness a positive solution). Assume that nonnegative

and continuous function [ satisfies the hypotheses (Hypl) and (Hyp2), then, there
exists a unique positive solution u € C([0,+00); L?(R)) of Problem (20).

Proof. Step 1. Existence a positive solution u € C([0,+00); L*(Q2)). For B > 0,
let us set

Q={veC(0,T);L*()) | u(-,t) > B, ae (z,t) € 2 x [0,T], for T € (0,00)} .
Consider the operator M : Q — @ defined by
Mo(t)

~ (5w L [ (7 B (L) st
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From Remark 2, since ug > 0 a.e. in Q and f(u) is nonnegative, then Mu is
nonnegative. By Theorem 4.1, we know that the operator M has a unique fixed
point. Let

o u(x,0) = ug(x)
Vi=<{u:[0,7] = L*(Q) | o w is continous on (0, T
o luCs Bl 2oy < £ ol 1y oVt > 0

Then, we can show that M : V — Q is continuous and compact by the usual
techniques (see e.g. [41]). Moreover, for £ € (0,1), if u € Q is any solution of the
equation (34) then we get

u(t) = EMu(t) + (1 — €)Eas (—]Lta:> w0
= o (5wt & [0 =7 B (LT s0tmpate,

By an argument analogous to that used for the proof of Theorem 4.2a, one obtains

[u( 2@ < O fluollpr-1) -

We invoke Lemma, 4.4 to deduce that M has a fixed point in V. Then, this fixed
point is a positive solution of Problem (20). Since the arbitrariness of T' € (0, +00),
then we claim that there exists a positive solution u € C([0, +00); L?(£2)) of Problem
(20).

Step 2. Uniqueness positive solution in C([0, +00); L?(£2)). By Step 1, we suppose

that u,v € C([0, +00); L?(Q2)) are two positive solutions of equation (20). Then, we
conclude that

e, 2) — o )l g
! Eoa (—LM) (f(u) - F(v))

L s -1
< Sia i (tq _Te)a -

d(r?)
L2()

< KC / (1 = ) Ju(r) = 07| o g A7),

Applying Lemma 2.4 (Gronwall inequality), we derive w = v. This implies the
uniqueness of the solution. O

4.2. Large existence times, continuation and finite-time blow-up. In this
subsection, we consider the source term f(u) = fy(u) = |u|?"!log|ul? for ¢ > 1,
(which is locally Lipschitz).

Lemma 4.6. For every € > 0, there exists A > 0, such that the real function
h(y) = [y|*loglyl, fora =0,
satisfies

h(y) < A+ |y|**e.

Proof. Since lim|y|_, 4 (%) = 0, then there exists y > 0 such that

log [y|

|yl

<1, forall |y| > yo.
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So,
h(y) < |y|*te,  for all [y| > yo.

Since log x is an increasing function, we can conclude for any a > 0 that |h(y)| < A,
for some A > 0 and for all |y| < yg. Thus,

h(y) < A+ Jy**e.
The proof is complete. 0

Lemma 4.7. (See [17]) For Q C R?, it is well-known that we obtain the following
Sobolev embeddings

{LQ(S?)%D(LC), if £ <(<0, ¢> P24,

DLS) = LU(Q), if 0<C<%, q< 2.

Then, we have more next results on local existence.
Theorem 4.8 (Local-in-time existence). Let ug € D(L™'), and assume that o €
(%7 1), s =1— 0. For the nonlinearity source as logarithmic function type fq(u) =
|u|7~ 1 log |ul?, with max{i; %} <q< min{é;?}, then there is a time constant

T > 0 (depending only on ug) such that the Problem (P) has a unique mild solution
on (0,T].

Proof. Let T > 0 and M > 0 to be chosen later, we consider the following space
5 i={u € X (O O sl oy < M

for 0 < a, s < 1, and we define the mapping H on S by
=H(u)(t)

Hu(t) = Ea,l <—Lt::> Ug + si"‘ t(ts _ Ts)a_lEa,a (_L(ts_Ts)a> fq(U)d(Ts) )

0 s
(35)
We show that H is invariant in S and H is a contraction.
Claim 1. If ug € D(L™1), then H is S-invariant. In fact, from (18a), we have
toés
HEa’l (]La> ug S C ||u0||D(IL—1) 5 Vt S (O,T] (36)
5 Xs(0,T3L2(9))
Using Lemma 2.1b) we have for ¢t € (0, 7]
1 ¢ s s\a— (ts — TS)Q s
@Ol ey = | 5 [ =70 B (155 pywpae)
57 Jo s L2(Q)
1 t t5 — 78 «
< [ —rrEun (LT pw) ae)
5 Jo 5 £2(Q)
oot
< w /, (t* — Ts)ailqu(U)HLQ(Q)d(TS). (37)

From Lemma 4.6, for the constants A,e > 0, we conclude that for ¢ € (0,71,

2 q—1 0\ 2
/Q‘fq(u)’ da:z/ﬂ(|u(x,t)| 10g|u,(x’t)| ) dz
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< 2q/Q (A2 + |u|2q72+26> dr < 2¢q <A2|Qf + || ||2L(zq<q 1:65)(9() |
38

From (37) and (38) and Hélder’s inequality for é <qg<2,put ¢ =q—1+e¢, for
q > 1, choose ¢ satisfies % < e <2 —gq, one obtains 1 < 2¢* < 2, we used the
Sobolev embedding L?(Q2) < L7 (), we have that

H?-lu )(t)

M2y

<0 [ = (A 4 L ) 46

<o [ aen) [ (A0 ) 6]
[ (A1t + ) 007
<cC (/Ot(ts - TS)“?:f)d(TS)> o /Ot (A% + 7
<cC (/Ot(ts — ) ll)d(TS))T /Ot (A0l +Tasq*Mq*)qd(TS)F

s(g—1)
S (Y N C VL (39)

[

IN
Q
N
S—
A”

-
w
|
\"
w
—
=]
?A
ol
—~
\]
w
—
N~
|
Q[

Q=

)’ d(ﬁ)}

. . . . 1 1
where by choosing a positive number ¢ is appropriate to ¢* < 7a For ¢ > -, then
2sa — s+ ( L) > 0, we get that

s(g—1)
q

sa—s 2 1 2 _asqg* *
||H<u>||xas<o,T;Lz<m>SCT2 P (rrAR 4 T M) (40)

Hence, from (36) and (40), for every ¢ € (0,77,

||HU||Xas(0,T;L2(Q))
tD(S

< HE()/l <1La> Ug + 7 (W]l xos 0,7 12(0))
s X (0,T;L2(0))

< O (lwollpgsy + 7275 (TiAlQfE 4 T M)

s(g—1)
q

Therefore we see that if M = 2C [[uo||p,-1) and

s(g—1)
q

M > 207?595+ (T§A|Q|% + Ti_asq*Mq*> ,
then H is invariant in S.

Claim 2. H:S — S is a contraction map. Let u,v € S, and using Lemma 2.1b),
one has for every ¢ € (0, 7],

[Hu(t) — Ho(t)] 12 (q)

7870‘

< i [@ = |m (LT - a0 de)
0 L2(Q)
< [ = ) = fi )] A, (a1)
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As a consequence of the mean value theorem, we have, for 0 < § < 1,
| fo(w) = fo(0)| = | £/ (Bu+ (1 = 8)v)(u — )]
< a1+ (g = 1)log |9+ (1 = 6)e]|[Bu+ (1 = )| |u—o|
< q|0u+ (1= 0)0|"*|u — 0|
+q(q — 1) log |6u + (1 — )v|[0u + (1 — B)v| " |u— o],

where for f,(y) = |y|97* log |y|%, then we have used fo(y) = q[l—f—(q—l) log |y\] ly|9—2.
By recalling Lemma 4.6, we arrive at

| o) = fo(0)] < q|0u+ (1= 0)v]"|u— o]
+q(g—1) (A—i—’@u—f— — )v’q_2+8) lu—v|
Sq’u+v’q72‘u—v|
+alg—DAJu—v|+g(g—Djut o/ u—v].  (42)

We then use Holder’s inequality to get

/[|u+v|q72|u—v|rdx:/ ’u+v’2(q72)|u—v|2dx
Q Q v L
< (/ ‘u—i—v‘z(q_l)dx) (/ |u—v’2(q_1)dm)
Q

q—2
< O llull 7520 + Il ) e = ol s o

Similarly, we estimate

/ [|u + v|q72+€’u — v”zdm

/|u+v|2(q 2+E U} dx

9=2 1
2(g—2+¢)(g—=1) q—1 2ag—1 q—1
< < |u—|—v’ =2 dm) ( ’u—v’ (a )dx>
Q

a—2
< C [[[ull7aee gy + M0l o] ™ = ¥l 320 e (43)

for putting ¢** = (¢ — 1) + @ with ¢ > 1. Therefore, by combining (42) - (43),
we obtain

< CAHu —

[ fa(w) _fq(U)Hm(Q) ”Hiwqﬂ)(n)

—2
+C[}|u|}g<1q_l)(ﬂ +]jv ||L2(q 1)(9)] B ||u7v||L2(q—1)(Q)

O [l ey + ol e ] e =1l 2o 0

Since, ¢** = (¢— 1)+ %, we can choose € so large enough such that % <qg*<1

and we also have 1 < 2(¢—1) < 2, for % < g <2, from Lemma 4.7 for ¢ = 0, one
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obtains

L2(Q) — L*@=D(Q), since 1 <2(q—1) <2,

L*(Q) = L% (),  since 1 < 2¢** < 2.
By choosing M > 0 such that max{HuHC([O’T];LQ(Q)) ; ||”||C([0,T];L2(Q))} < M, then
we get

||fCI(U') - fq(v)HLz(Q) < CCLE(M)HU' - UHLZ(Q)’ (44)

whereupon Cy (M) := C (A+2M772 4 2M772%¢). Inserting the result of (44)
into (41), and using Holder inequality, we get that

[Hu(t) — Ho()]| 12 (q)

< Coeld) [ (=7 = 1] )

¢ @ N[ z
<cuon ([ @ =Faw) T ([rea6) - ol

g=1 1
q— 1 a e 1 a 1—asq o
< oo (Z1) T (=) 0 gy

for some constant ¢ satisfies 1 < ¢ < L. Then we get 2292 +1 — asq + as > 0

q—1
and the estimate holds for every ¢ € (0, 7]

||Hu - HU”X"‘S(O,T;Lz(Q)) < Cqﬁg(M)T 1 +1—as(1+as||

U= ”HXas(o,T;B(Q))' (45)

@

Choosing T small enough such that C, .(M)T T t1asa+as <1 it follows that
H is a contraction map on S. So, we invoke the principle of contraction mapping
to assert that the map H has a unique fixed point w in S. O

Since we already know that the mild solution of (P) does exist, the question
is whether it will continue (continuation to a bigger interval of existence) and in
what situation it is non-continuation by blowup. In answer to these questions is
our purpose in the next results. Firsts, we consider the following definition.

Definition 4.9 (Continuation, see [8,37]). Given a mild solution v € X**((0,T7;
L?(Q)) of (P), we say that u* is a continuation of u in (0,T*] for T* > T if it is
satisfying

u* € X*((0,T); L*()) is a mild solution of (IP) for all ¢ € (0,T™],

u*(x,t) = u(z,t) whenever e [0,7*],z € Q.
Theorem 4.10. Suppose that the assumptions of the Theorem 4.8 are satisfied.
Then, the solution (unique the weak solution) on the interval (0,T] of Problem (P)

is extended to (0,T*], for T* > T. So this extended function is also the weak solution
(unique) of Problem (P) on (0,T*].

Proof. Let u : [0,T] — L?(2) be a mild solution of Problem (P) (T be the time from
Theorem 4.8). Fix M > 0, and for T* > T, (T depending on M), we shall prove
that u* : [0,7*] — L?(Q) is a mild solution of Problem (). Assume the following
estimates hold:

— QS * as M
Py =T~ (T*)? ||u0||L2(Q) = 3 (46)
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s(g=1)

N s 1 s o * M
Py = C(T7) = 5 ()7 Ala) + (T7)i> M) <

(47)

L@g = Cq’E(M)(T*>0‘;313+17QS(I+DAS S (48)

?7
M
3 )
where Cy (M) defined in the proof of the Theorem 4.8.

For T* > T > 0 and M > 0, let us define

u*(-,t) = u(- 1), vt e (0,77, }

*o * as *71. 2 .
S* = {u eX ((O7T ],L (Q)) . ||u* _ u('7T)”Xab'([T,T*];Lz(Q)) <M, Vte [T, T*].

Step 1. We show that H is defined as in (35) be the operator on S*. Indeed, let
u* € S*, we have the following cases:

e If t € (0,T], then by virtue of the Theorem (4.8), we have the Problem (P) has a
unique solution and we also have

w*(-,t) = u(-,t), and we have H(u*) = H(u) = u.

Thus [Hu* — Hul| s ((o,7);12(0)) 18 vanish in S* for all ¢ € (0, T].
o If t € [T, T*], we have

HHU*(t) - u("T)HL2(Q)

< (s () = () )
S S

L2(©)
1
+ R

=/ "¢ g, (8= ace
_ /OT(Ts Y (—}LM) Falut)d(r)

s« L2(Q)
(s (1) s (25 )
S S L2(Q)

1 t s _ 8\

— / (ts _Ts)a_lEa,a (—]L(t QT ) )fq(u*)d(rs)

S T S L2(Q)

T s _ ~8\&

w [ e = e (LS

s 0 ’ s«

Ts — 15 o
- = B (LT [ sae)
S L2(Q)

3
=: Z IHi (- t)||L2(Q) , (respectively).
i=1
Estimating the term ||?‘-l1||Lz(Q)7 using Lemma 2.3, we have for all ¢t € [T, T*]

1H1 (D720

tOtS TO(S
| (B (157) = (257 )
s s 12(0)

0 tos Tas 2
=> {Eml (- = Ap) — Ean (— = Apﬂ (uo, e,)*
p=1

2
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[ roo tos Tos 2 9

/ Wea(z) |exp —zs—a)\p — exp —zs—a)\p dz| (uo,ep)

LJo

[ roo s as __ as 2

/ W (z) exp (_ZTQ)‘P> exp (—z(tT))\p> — 1‘ dz] (uo,e]g)2
L/0o $

s
-tas _ Tas oo Tozs
N / Wa(2) (z

s« 0 s«

o

=
Il
—

e

S
Il
-

. 2
)\p) zdz} (uo, ep)

0

p=1
[e’) 2 oo
< {(t‘“ —TQS)T*QS/ Wa(z)dz} > (o, ep)* < (E=T)** T2 |Jug| 720 »
0 p:1

(49)
where, we have use the inequalities
a®—b°<(a—b), fora>b>0,ce(0,1),
and for z >0

l—e?<2z and ze * <1.

Hence, we get that
[ HA () gy < (8= D) T [fuoll 2y < T (T%)*** [Juoll 12 (g -

From (46), this implies that the following estimate holds

M
1

[Hall o ooy < T (T2 gl 2oy = 2 < (50)

Similar to (39), we have the following estimate for all ¢t € [T, T*] (recall that ¢* =
g—1+eel3,1])

s(g=1)

12 )l oy < Ot =T (¢ = T) A1 + (¢ = T)i =20y ")

s(g=1)

< Ct oS (T)>0 ((T*)§A|Q\%+(T*)§—QSQ*Mq*),

where, we have used the fact that |[u]| yos 174, 12(0)) < M. Using (47), we infer
that

s(g—1)

sa—s s 1 5 _asq* *
12l oo o320 < COVERT 570 () Aj)t + (17) i M)

M
=Py < —. (51)
4
We continue with the estimate of the third norm, using (5) and Lemma 2.1, for all
t € [T, T*], one obtains

’(ts e G (—MAP) —(T* =) B (—(TS_TS)QA,,)‘

s s
<C 2°72dz

515 Za
/ zo‘_2Ea7a_1 (—Q)\p) dz
Ts 15 S Ts _1s

co( e ) o

518




WELL-POSEDNESS RESULTS FOR TIME FRACTIONAL DIFFUSION EQUATION 3603
Hence, we deduce that

[ e (5

[Hs( )l 2) = =

Nl

<cf (Z(Ts—78)2“_2(fq(U*)>ep>2> ()

a 1
e / — )y ) gy AT
In the same way as in (39), using Holder’s inequality and using the embedding
L2(Q) — L?7(Q), for ¢* € [4,1], we obtain for ¢ € [T, T

t*%|| Hs (-, 1)

o) < o e ((T*)iAIQI% + (T*)i?asq*Mq*) .

From (47), we get

s HX'“((O,T*];LZ(Q)) < C(T*)Qm—8+

= Py < % (52)

It follows from (50), (51), (52) that, for every ¢ € [T, T*]

M M M
IHw” = ul, T xosorpz2y < 3 + 3 +5 <M

ST (Al + (i g

We have shown that H is a map S* into S*.

Step 2. We show that H is a contraction on S*. Let u,v € S*, for T <t < T*,
one obtains

1 ! s s\ya— t*—71%)" s
Hu(t) — Ho(t) = - /T (t5 — 7)1 Epa (—L(Sa)> (fqlw) = fq(v))d(r®),
where we note that Hu(t) — Hu(t) = 0, for all ¢t € (0,7]. Then, for all ¢t € [0,T*],
similar to (45), we have

[Hu(t) — Ho()]| 12 (q)

</ R (L(t)) (o) — £,(0))

s
< Coe(M)(T7) o
Hence, from (48) we deduce that
Q54=5 4 1—asq+as
[Hu = Fl| oo 0,002y < Cae M) T 7w — ol o0, 71.220)

= i

d(r*)
L2(Q)

+1—aSQ+O‘SHu — ’UHXas((),T;LZ(Q)).

“Hxas((o,T];Lz(Q))'
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Thus, for all T* > 0, there is no loss of generality, we may assume that 0 < M < 3,
we infer that

M
[Hu — Hol| yos (0,743;22(0)) < 3 Ju— ”wa((o,T];L?(Q))'

This implies that H is a %—contraction. By the Banach contraction principle follows
that H has a unique fixed point v* of H in S*, which is a continuation of w. This

finishes the proof. O

The next results are on global existence or non-continuation by a blow-up and
depend continuously on the initial data.

Definition 4.11 (Mazimal existence time, see [8,37]). Let u(x,t) be a weak solution
of (P). We define the maximal existence time Tiax of u(x,t) as follows:

(i) If u(z,t) exists for all 0 <t < oo, then Tiax = 00.

(ii) If there exists T € (0,00) such that u(z,t) exists for 0 < ¢ < T, but does not
exist at t =T, then Thax =T.

Definition 4.12 (Finite time blow-up, see [8,37]). Let u(x,t) be a weak solution
of (P). We say u(z,t) blows up in finite-time if the maximal existence time Tyax i8
finite and
im - Ju(, )] L2 (q) = oo
t_> max

Theorem 4.13. Assume the conditions of Theorem /.8 holds. For ug € D(L™1),
then there exists the mazimal time Tyay > 0 such that u € C((0, Tyax]; L2(2)) be the
mild solution of (P). Then, either Tinax = 00 or limsup, - |[u(:,t)|L2() = oo,
if Tinax < 00.

Remark 3. As an immediate consequence of Theorem 4.10, we guarantee the
existence of a maximal time.

Proof. Let up € D(L™!) and define
Tmax :=sup {7 > 0 : there exits a solution on (0,77} .

Assume that Thax < 0o. Now suppose there exists a sequence {t, }nen C [0, Trax)
such that ¢, — Tax and [|u(-,t,)|z2(0) < M, for some M > 0. Given € > 0
fix N € N such that for all n,j > N, 0 < t, < t; < Thhax. Now we solve our

problem with initial data u(z,t,) =: u,(z) and we extend our solution to the
interval [tn,Tmax]. Indded, we have
u,t5) = u(, tn HL2(Q)
taS s
H( o <- 7) e (15) )
S L2(Q)
i s syo— t; —7°)" s
sk G- (LSS ) )| ae)
87 Jt, s L2(Q)

tn s _ s\«
+ i / |:(th _ Ts)a_lEa,a (—]L (tn T ) )
s*| Jo s*

L S ) | L

S

ti s _ 8\«
+ L /] {(T&ax ey N <—L7(Tm‘“‘ T ) )
0

S

L2()
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— (5= ) B - L )] fstwrra)

4
=: YVi.
—1

L2() i

Similarly to (49), we have that

tl?és tas
| () ()

In the same way as (51), we get

1 K s sya—1
y2:;a ; (5 —7°)

n

<ty = tal™ tn ™ uall o gy -
L2(9)

Eaa ( _ ]L(tj_as)a> Falu®)
s(g—1)

< Clty = bl (1t — tal TAIQUE + [t — ] M)

a(r)
L2(Q)

Similar to (52), we have

y?) + y4 S C ((dex)iA‘Qﬁ + (Tmax)iiasq*Mq*)

s(g—1)

(g=1)
% (|Tmax - tn|sa_s+ E + |Tmax - tjlsa_s—’_%) .

Thus, since {t, }nen+ is convergent we can take N := N(g) € N* with j >n > N
such that |t; —t,]| is as small as we want, and we have

_ g
[} |tj — tn‘as tn o HuﬂHLz(Q) < g’

s(g=1)

o Oty =t (1t — tal AL 4 [t — £l M) <

<
3?

o C (L) TAIQN + (Tr) 575 M)

s(g=1)
q

s(g=1)
% <|Tmax _ tn|so¢75+ + |Tmax _ tj|sa75+ qq 1 ) <

€
3
Hence, given € > 0 there exists N € N such that

Hu(-,tj) — “("t”)Hm(Q) <eg, forj,n>N.

It follows that {u(-,t,)}nen C L?(Q) is a Cauchy sequences and for {t,}nen- is
arbitrary we have proved the existence of the limit
lim a0l 2 < oo
t_>Trnax

We invoke Theorem 4.10 to deduce that the solution can extend to some larger
interval (u can be continued beyond Tpax), we then contradict the definition of
Tinax- Thus, either Tiax = 00 or if Tinax < oo then lim, ,,— ||u(-,t)HL2(Q) = o0.
The proof is finished.

5. Conclusions. We have achieved the blow-up result for the diffusion equation
(P) with (C-LC) of (H-BO) when the source function has a special logarithmic form.
Besides, the results of Local well-posedness are also presented when the source
function is linear and nonlinear (satisfying global Lipschitz condition). Although
we can obtain the better regularity estimates, this will require much smoother
properties of the source function f. We will try to achieve this in future works.
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