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ABSTRACT. This paper is concerned with the traveling wave fronts for a lattice
dynamical system with global interaction, which arises in a single species in
a 2D patchy environment with infinite number of patches connected locally
by diffusion and global interaction by delay. We prove that all non-critical
traveling wave fronts are globally exponentially stable in time, and the critical
traveling wave fronts are globally algebraically stable by the weighted energy
method combined with the comparison principle and the discrete Fourier trans-
form.

1. Introduction. Lattice differential equations (LDEs) are systems of ordinary
differential equations with a discrete spatial structure, which can naturally arise in
various fields, such as image processing, neural networks, patten recognition and
chemical reaction theory. These can be seen in [9,14,29,37] and the references
therein. Recently, there is a particular interest on studying the species population
living in a patchy environment consisting of all integer nodes, see [7,8,34, 35].

Inspired by Bates [1], Chow [9], Weng et al. [34] and many other excellent survey
papers, the authors in [7] considered a single-species population with two-age classes
distributed over a patchy environment consisting of all integer nodes of a 2D lattice
and derived the following system:

d’LUkJ (t) _

o Do [wi41,5(t) + wi—1,5(t) + wk,j+1(t) + w,j-1(t) — 4wy ;(1)]

o0 o0
O+ g X5 Bl al@b(witi—gft = 1), (1)
l=—00 g=—00
where wy, ;(t) denote the densities of matured population in the (k,j)-th patch and
time t > 0, D,, and d,, represent the diffusion coefficient and the death rate of
the matured population, respectively, r > 0 is the maturation time of species.
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p= e Jo )4 and o = [ D(z)dz represent the impact of the death rate of im-
mature and the effect of the dispersal rate of immature on the mature population,
respectively, where d(z) and D(z) are the death rate and diffusion rate of the im-
mature population at age z € (0,r), respectively. While

Ba(l) = 26_20‘/ cos(lwy )e2 5“1 duyy |
0

Ya(l) = 26_20‘/ cos(lwa)e2* @2 duyy
0

for any | € Z and satisfy:

1)z Ba(l) = Ball 1 1), Yal) = va(] 1 ]) for I € Z, that is B4 (1), V(1) is isotropic
function for any a > 0;

(ii): iliZ Bal(l) =1, il; Yall) =1;

(iii): Ba(l) >0, 7.(l) > 0if a =0 and | € Z; Ba(l) > 0, vo(l) > 0, if @ > 0 and
leZ. - -

(iV): % liz Ba (l)e)\l cos 0 — eQa(cosh()\cos 9)—1)7 i Z Ba(l)ekl sin 0

— 0o l=—0c0
eQa(cosh(k sin@)—1)

Assume the birth function b satisfies the following assumptions:

(H1): b€ C*(R") and b(w) < b'(0)w for w € RT ;

(H2): pb(w) = dpw has only two real roots 0 and w™, and b is non-decreasing

on [0, wt];

(H3): 0 <V (w'h) < df <V (0);

(H4): For w € (0,w™), pb(w) > dpw, b'(w) > 0 and b’ (w) < 0.

The authors [7] studied the existence of the asymptotic speed of propagation, the
existence of monotone traveling waves and the minimal wave and its relation with
the asymptotic speed of propagation. Recently, Xu [35] further showed that for any
given admissible speed, all the wave profiles propagating toward a fixed direction of
(1.1) have the same asymptotic behavior when they approach the limiting states,
which plays a very important role in the stability of traveling waves. Meanwhile, in
the past decades, there are various surveys focusing on the existence, uniqueness,
asymptotic behavior and stability of traveling waves for LDEs and its continuum
RDEs( [1-4,6-9,11,13,16,17,19-22,37-39]).

In this paper, we are concerned with the stability of traveling waves of (1.1)
under the assumptions (H1) — (H4). In view of the symmetry, we only consider the
case § € [0,5]. For fixed § € [0, 7] such that tan € Q and the Cauchy problem
(1.1)with initial data

W, (t))1=s = wgyj(s),for s € [-r0),k,jEZ, (1.2)
where
w%j(s) — 0,for all s € [—r,0],as kcosf + jsinf — —oo;
w%j(s) — wt for all s € [-7,0],as kcosf + jsinf — oo, (1.3)

we prove that the global solution {wy ;(¢)}k jez of (1.1) and (1.2) converges expo-
nentially to a traveling wavefront ¢(kcosf + jsiné 4 ct) for ¢ > ¢, (which is the
minimal wave speed); while for ¢ = ¢, the global solution converges to the traveling
solution ¢(k cos 6+ jsin 6 + c,t) algebraically in time, when the initial perturbation
around the wave.
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As we know, many techniques are developed to investigate the stability of trav-
eling waves such as the spectral analysis method, the weighted energy method
( [5,8,12,14,15,18,23-28, 30,37, 38]) and the comparison principle combining the
squeezing technique ( [4,6,19-22,31]). Recently, Mei et al. [25] and Huang et al. [15]
obtained the global stability of traveling wave fronts with noncritical speed and crit-
ical speed of nonlocal reaction-diffusion equations via the weighted energy method
together with the comparison principle and Green function or Fourier transform.
Zhang [38] applied this method to nonlocal LDEs in one dimension. However, there
seems to be not much progress on the stability of traveling waves of system (1.1).

Particularly in [8], we only consider the case that the immature population is
non-mobile, that is D(a) = 0 for 0 < a < r. In this case a = 0, (1.1) reduces to

) Dy a0+ k15 (0) + 042(6) + g1 (8) — ()]
—dpwy ;(t) + pb(wi,;(t —1)). (1.4)

In monostable case, using weighted energy method, we derived that the Cauchy
problem of (1.4) converges to a traveling wavefront when the initial perturbation
around the wave is suitably small in a weighted norm. Due to the limitation of the
key inequality, the result only holds for ¢ > ¢ > c,.

The outline of this paper is as follows: in Section 2, we introduce some pre-
liminaries, recall the result on the existence of traveling wave fronts of (1.1) and
present our main result. Section 3 is devoted to the global stability of traveling
wave fronts by using the weighted energy method combined with the semi-discrete
Fourier transform.

2. Preliminary and main result. Notations. Let 7" > 0 be a number and X
be a Banach space. We denote by C([0,T7]; X) the space of the X valued continuous
function on [0,7], and by L'([0,T]; X) the space of the X valued L' functions on
[0,T]. C > 0 denotes a generic constant, while Ci(k = 1,2, - - - ) represents a specific
constant. [*° is the Banach space:

1= {C = {ck,j}kjez: ck,j € Ri|lclliee 1= Sup lex,5] < OO} ,
Je

let I* denote the Banach space:

"= e={erglien ey ERsflefln =) lengl < oo g,

k,jEZ
and denote by {2 the Hilbert space
1
2
= c={erjtrjezceg ER el = | > lens?] < oo
k,jEZ

Further, {2 (p > 1) denotes the weighted [P-space for a weight 0 < w(z) € C(R)
with the norm

=

lelli, == | > w(kcost+ jsind)|cy;|”
k,jEZ
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For any v = {vg; }x jez € 2, its semi-discrete Fourier transform ( [10,32]) is defined
as

N 1 —i(kwi+jw
Floj(w) =9(w) = Gy Zze (kw1 2)Uk,j w = (w1,ws) € [-m,7)?,
keZ jez

and the inverse Fourier transform is given by
1 T s ) .
Flo] = > / / b1 +i92) 5V dw dws K, j € Z,
T —Tr —T

where i is the imaginary unit.
A traveling wave of system (1.1) is wg ;(t) = ¢(z), © = kcosf + jsinb + ct
satisfying the following equations:
do(x)
dx

c = D (¢(x + cos ) + ¢(x — cos 0) + ¢(x + sin6) + ¢(x — sinf) — 4¢(x))

—dmp(x) + Tﬁ)z S50 BaD)Valq)b(p(z —lcosf — gsinf —cr)), (2.1)

l=—00 g=—0o0
where ¢ > 0 is called the wave speed, 6 is the direction of propagation and ¢ is the
wave profile , subject to the boundary condition

Er_n d(x) =0, li_)m (r) =w™. (2.2)

Denoting the characteristic equation at the trivial equilibrium w® = 0 by A(), ¢; 6),
we obtain

A()\,C; 9) _ Dm(e)\COSQ _’_e—/\cose +€Asin€ _’_e—/\sina _4) —eX—d,

,U,b,(O) - S — (Al cos 0+ Agsin 0+ Xcr)

l=—00 g=—00

It is easy to see that A(A,¢;0) is well-defined and satisfies the following properties.

Lemma 2.1. [7, Lemma 4.2] There exist a pair of c. and A, such that
(1): A, c30) =0, LA\, c50) = 0;
(ii): for 0 <c < ey, and any A > 0, A(\, ¢;0) > 0;
(iii): for any ¢ > c., the equation A(My, cs;6) = 0 has two positive real solutions
0 < Ai(e) < Az(e), such that A(-,¢;0) < 0 in (M(c), A2(c)), A(-,¢;6) > 0 in
R\[A1(¢), Az(c)].
The existence of traveling wave fronts for (2.1) with the boundary condition (2.2)
can be easily verified by using the monotone iteration technique combined with the
sub-sup solutions, see [7].

Lemma 2.2. [7, Theorem 5.4] Assume (H1) — (H4) hold. Then there exists cs > 0

such that for every ¢ > ¢, (2.1) has a monotone traveling wave U : R — R satisfying

the boundary condition lim ¢(z) =0, hT ¢é(x) = wt; For any c € (0,¢.), (2.1)
r—— 00 r—r+00

has no nontrivial traveling wave solution satisfying ¢(z) € [0,w™] for all x € R.

Recently, Xu [35] derived the asymptotic behavior of traveling waves of (1.1),
which is the key premise.

Lemma 2.3. [35, Theorem 2.1] Assume (H1) — (H4) hold. For any ¢ > c., let
(¢, ) be a solution of (2.1) with boundary conditions (2.2), then

. _ _ I M(c)z
lim_6(x) = (m — a)'e

for some m € R, wherel =0 when ¢ > ¢* and l =1 when ¢ = c*.
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Now, define a weight function v(z) as
Y(z) = e, (2.3)

where A, is given in Lemma 2.1 and z, > 0 is chosen to be sufficiently large such
that Eq.(3.19) hold.
We now state our main stability result in this paper.

Theorem 2.4. Assume that (H1) — (H4) hold. For a given traveling wave front
¢(x) of (1.1) with speed ¢ > c., if the initial data satisfies 0 < wg’j(s) < wt
and condition (1.3) and the initial perturbation w,g,j (s) — ¢(kcosf + jsinb + cs) €
CO ([-r,0],1.(Z?)) and

d .

T (w,g’j(s) — ¢(kcosf + jsind +cs)) € L' ([—r,0],1,(Z%)),

then the unique solution wy ;(t) of the corresponding Cauchy problem of (1.1) with
the initial value wy ;(s) = wg,j (s) exists globally and satisfies
0<wg;(t)<wh, k,j€Zt>0,
and
wy,j(t) — p(kcosb + jsind + ct) € C° ([0, +00),1;) .
Furthermore, for 0 < k < 2, when ¢ > ¢, the solution wy ;(t) converges to the

traveling wave fronts ¢(kcos@ + jsin6 + ct) exponentially,

sup |wy;(t) — ¢(kcosf + jsin + ct)| < Cy(1+1t) " we ol t >0,
k,jJEZ

for some constant po; when ¢ = ¢, the solution wy ;(t) converges to the traveling
wavefronts ¢(kcos @ + jsinh + c.t) algebraically,

sup |wp;(t) — ¢(kcosf + jsinf + c,t)| < Cs(1+1) "=, t > 0.
k,jEZ

3. Stability. We first consider the following initial value problem:

dwk,j (t)

5 ~Dm (W1, () + wr—1,5(t) + Wi j41() + w j—1(t) — 4wy ; ()]

—dmwk,j<t)+(2’; 7 2 2 BalDra(@blwi-rj—gt = 1)), B

l=—00 g=—00

wa(S) :wg,j(s) eC’® ([—T, OL [Oa erD )

where k,j € Z, t > 0 and s € [—r,0]. Since our analysis in this paper relies on the
comparison principle, we now state the definition of super-sub solutions of (1.1) as
follows:

Definition 3.1. A sequence of continuous differentiable functions {wy ;(t)}x, jez,
t € [-r,1),l > 0 is called supersolution ( subsolution ) of (1.1) on [0,1], if

dwy,; (®)

pr 2 () Dmlwesr,;(t) + wi—1,(t) + wej1(8) + wij—1(t) — 4w, ;(2)]

*dmwk,]‘(t)Jr# Do > Baral@blwi-r-q(t —7)).  (3:2)

=—00 g=—00
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Theorem 3.2. For any given function
WO = {w} j}njez, ;€0 ([-r0L[0,w™]) k,j € Z

and wg’j(s) — ¢(kcosf+ jsind + cs) € C° ([-r,0],11(Z?)) , then (1.1) has a unique
solution W(t) = {wy;j(t)}rjez with wy; € C°([—r,00),[0,w]),and wy ;(t) —
d(kcosf + jsinf + ct) € C° ([O, +oo),l,1,(Z)). Furthermore, for any pair of sup-
subsolution w,‘:,j(t) and subsolution wy_;(t) of (3.1) on [0, 00) with 0 < wy_.(t), w;j (t)
<wt, t € [-ro00) and wy ;(s) < w,‘:’j(s), for s € [=r,0], there hold 0 < wy_,(t) <
wy(t) <w' fort €[0,00).

Note that (3.1) is equivalent to

t
wes(£) = e~y (0) + / =03 (Gn(s) + Hu(s)) ds,
0
Wk, j (t) = wg,j (S) e’ ([—7”7 O]a [07 1]) )
where § = 4D,,, + d,p,
Gu(8) = Dy [Wk41,5(8) + wi—1,5(8) + wk j+1(8) + wg j—1(5)],

and

H,(s) =

27T 2 Z Z Ba ’Ya wk—l,j—q(s_r))'

l=—00gq=—00
Theorem 3.2 can be verified using an argument in [7, Theorem 3.1] and [33, Lemma
3.2] and we omit it here.
Let

w,':j(s) = max {wgyj(s), @(kcosb + jsinf + cs)} )
wy, ;(s) = min {w%j(s)? ¢(kcosf + jsin + cs)} ,
for s € [-r,0] and k,j € Z. It follows that
0 <w,(s) < w,g,j(s) < w,:j(s) <w',s€[-r0],
and
0 <wy ;(s) < g(kcosf + jsinb +cs) < w,:'j(s) <wT',s€[-r0]. (3.3)
Denote wy_;(t) (w,:r,j(t)) as the corresponding solutions of Eq.(3.1) with respect to

the above mentioned initial data w;_;(s) (w,jj(s)), ie.

+
dw’“’j(t)—D = W) +wE () +wE, (t £ () — 4w (¢t
g m[wk+1j()+wk71j()+wkj+1<)+wkj71()_ w;.;(1)]
7dmw]:€t] 2 Z Z BO‘ ryo‘ wk lj— q(t*T)),tZO,
l=—00 g=—00

wy;(s) = wi;(s),s € [77“,0].

By the comparison principle, we have
0 < wy (1) <wpj(t) <w (1) <w',t >0,
0 < wy () < p(kcosd + jsing + ct) <wyl(t) <wh,t>0.
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Thus
w; () = d(x) < wy () — d(x) < wyi (1) — o(a), (3.5)

where z = k cos 0+ sin 8+ct. Now,we can prove the stability of traveling wavefronts
in three steps.

Step 1. The convergence of w,;j (t) to ¢p(kcosf + jsin + ct).
2,;(t) = w;r,j(t) — ¢(kcos@+ jsinf +ct),t >0
zgﬁj(s) = wkfj(s) — ¢(kcos@+ jsind + cs), s € [—-r,0],

According to (3.3) and (3.4), we have z} ;(s) > 0, and 24 ;(t) > 0. By simple
calculation, zy ;(t) satisfies

(3.6)

dzkcg(t) = Dim[2k41,5(t) + 2r-1,5(t) + 2k,j+1(8) + 21,51 (8) — 42,5 ()] + dm 2k, (1)
- ’zszji“ DIACEAORSPRIE
Z Ba()va () [b(2h—t,j—q(t = 1) + @) = b(¢) = b (¢)zk—1,j—q(t —7)]
lq——oo (37)
Z Ba(1)Ya(a)[b'(¢) = b'(0)]2k—1,j—q(t — 1)
lq—foo
Z Ba(D)ya (q)mi,; (t — 1) + Z Bo(Dva(g)nk,;(t — 1),
qufoo l ,q=—00
2,5 (s) = 20,4(s),
where

myj(t —1) = b(z + ¢) — b(¢) — V' (¢)zk,5(t — 1),
g (t = 1) = ['(6) = '(0)] 2k (¢ — 1),
with ¢ = ¢(z — lcosf — gsinf — cr). The properity b (-) < 0 on [0, w"] leads to
b'(¢) —'(0) <0

and
_ / _V'(9) o
my j(t—1)=bz+¢) —b(¢) —b(d)zx ;(t — 1) = T <0,
where ¢~5 is some function between ¢ and ¢+ z. Then we get the following inequality,
dzy ;i (t
’;—;“ Dok (1) + 7150+ 21 () 2o (8) — 42, (0] + iz (1)

MZ Zﬁa "Ya Zk l,j— q( )SO

l=—00 q=—00

Let Zx ;(t) be the solution of the following equation:

b/ M i Z Ba()Ya(q)zr—1,j—q(t —7) =0, (3.8)

l=—00 g=—00

Z,;(s) = 21 ;(8),5 € [-7,0].
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Then according to the comparison principle, we have

0< Zk,j(t) < Ek’j(t), k,jez,t>0. (3.9)
Let zj; ;(t) := v(x) 2 ;(t), then z; ;(t) satisfies
dz; (t)
kcéi -D,, [6)‘* cos 62;-&-1 j( ) 4+ g~ Axcos sz_Lj (t)
et S”zz,jﬂ(t) + e (O] + (s + 4D + din) 2 (1)
,ub’ (3.10)
Z ﬂa ,ya —>\ (k cos 0+ sin O+cr) Z Lie q(t _ ,,,)7
l,qf—oo
Zz,j(s) _ ef)\*(k cos 045 sin GJrcsfac*)Z](ij(s)7 s € [—7“, 0}
By Fourier transformation, one has
cos 6 _* 1 —i(kw jwa) cos 0 _*
F[ A 02k+1](t)] — %Zze i(kwitjws) oA 92k+1g(t)
kEZ jEL
_ )\ cos 6 1w1 Z Zeil (k+1) w1+]w2)zk+1 j(t)

kEZ]EZ
)\ cos 6 1w1/\*(t OJ)

b/(o)ﬂ - - cos sin cr) %
) l:(27r)2 2 : Ba(1)va(q)e ™+ (FeosOFasin bt )Zk—l,ij(t —)
l,g=—oc0

722 —i(kwi+jwa) |:122(7?)H’ Z Z 60& "Ya(q) — s l0059+qsm9+c7‘) * i q(t—T):|

kEZ JjEL l=—o00 g=—00

—p ( ) ’Ya(q —X« (Il cos 0+gsin 9+c7‘)efi(lw1+qw2) ?(t _ r,w),
l* 0o g=—00

where w = (wl, ws). Taking the semi-discrete Fourier transform to (3.10), we obtain

d?(t,W) ok — *
T —+ A(w)z (t,w) = B(W)Z (t - T,W),

2*(57‘”) = /Z\a‘(svw)75 € [—T,OL

(3.11)

where
A(UJ) = cAs + 4Dy, +dy, — Dy, |:6>\* cos 9€iw1 4 €7>\* cos Qefiwl 4 (i)\* sin Qeiwg 4 67>\* sin Qefiwg] ,

Y —)\*(lcosa-l-qsine—&-cr) —i(lwi+qw2)
B =0 {wzma o e
l=—o00 g=—00

1 . . .
ok - —i(kwi+jws) ,—As(k cos 0+j sin 0+cs—z,) 0
Z5(s,w =3 ZZe e 2 ().
kEZ jEL
In order to obtain the decay estimates of 2 ;(t), we need the following lemma.

Lemma 3.3. Let x(t) be the solution to the following scalar differential equations
with delay
dx(t)

dt
x(s) = xo(s),s € [-r,0].

+ kyz(t) = kox(t —7),t > 0,7 > 0,
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Then
0
z(t) = e*kl(t”)efﬁxo(—r) + / eikl(tfs)ef“t*r*s) [20(s) + k120(5)] ds,

—-T

where k3 = koe®'" and €3t is the so called delayed exponential function in the form
0, —oo<t< -,
1, —-r<t<Q,
t
1 + kBF’ 0 S t < r,
t S (t—r)?
st _ 1+k3ﬂ+k3 o r <t <2
”
t (t —r)? o [t = (m—=1)r]™"

and eFst is a solution to the following linear homogeneous equation with pure delay

%x(t) =kgx(t—r), t>0,
z(s) =1, s € [-r0].

Furthermore, it is pointed in [36] that when k; > ko > 0, there exists a constant
e1=¢€1(r) with0<e; <1lforr>0,and e =1forr =0, and 1 = ¢1(r) — 0" as
r — 400, such that

e kitehst < Cemalhizkat ¢ 5 ¢ (3.12)

In view of Lemma 3.3, the solution of (3.11) can be given as follows:

F(w) = e AWENEIE ()

0
+ / e~ AW (=) BE)(t=r=5) [, 2% (5 o) 4 A(w)Z2 (5, w)] ds,(3.13)

-Tr

where B(w) = BeA(®)", Applying the inverse Fourier transform to (3.13), we obtain

1 T T, .
() = 27/ / ik ewn) = A (t+7) Bz (i e
-7

1 ™ T (U . o
+? / / / eilhwrtiws) g=A(w)(t=s) B (E—r—s) [0525 (5, w) + A(w)Zg (s, w)] dsdwi dwa,
TJ—-nd—nJ—r

(3.14)
Let
1 o 4 R
Pk,j(t) = 27/ / el(kwl+jw2)e_A(w)(t+T)6?(w)tZS(—’I“, w)dwldwg,
L oy
and
Qr.5(t)

L™ ™ % hwrty Aw)(t—s) B(w)(t—r—s)
:g/ / / ellhwrtiwz) o= A(W)(t=s) 2 [0s75 (s, w) + A(w)Zg (s, w)] dsdwr dws.
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we first give an estimate of Py ;(t) in (°°(Z?),

1ol <5 [

For the estimation of ||e=2(&)|| one has
)

e~ AW)(t+r)

H %(w)tH |25 (=7, w)| dwy dws. (3.15)

:e—clt

exp {Dmt (ek* cos Geiwl + e—A* cos Ge—iwl + e)\* sin Geiwg + e—)\* sin Ge—iwg) }‘

:efclt exp {Dmt [COS(w1) ((3)\* cos 0 + ei>‘* cos&) + COS(UJQ) (EA* sin 0 + 67/\* sme)]}

:e*kot exp {7Dmt |:<€)\* cos @ + 67)\* cosG) (1 _ COSO.)l) + <6)\* sin 6 + 67)‘* sin@) (1 _ COSUJQ)]}
—e kit
where

¢y =che +4D,, + d,,,
kO =c¢, — D,y [ek* cos 0 + 6_)\* cos 0 + e)\* sin 0 + €_>\* sinO] ,

and

ki = ko + D, [(ex* cos 0 _’_efk*cose) (1 - coswi) + (ex*sine + efx*sme) 1- coswg)}

Meanwhile, due to

— A« (L cos O+gsin O+cr) ,—i(lwi+qw2)
ﬁa 7@ e

l ,q=—00

b/ cos sin O4cr
< 2 5 e oo ),

l,qg=—o0

IB(w)| < |BeA@"| < kpekr™ =k,

we have
e ] < et
Then
1P () / / =R S 2 () sy . (3.16)
—T —1Tr
Since when ¢ > ¢,,
kl — kO + Dm |:(6/\* cos 6 + 67)\* (:059) (1 _ cos Wl) + (e)\* sin 0 + 67)\,‘ sinG) (1 _ cos (4.)2)]

A 0 — Ay cos 0 Ay sin 0 — A sin @
— CA*+dmem |:€ % COS te cos +e % sin te sin 74:|

+Dm |:(6>\* cos 6 + 67>\* cos 9) (1 — cos Wl) + (6>\* sin 0 + 67)\* sin 0) (1 — cos w2)]

'Ya —)\*(l cos 0+¢sin 6+-cr) _ k27
l=—00 g=—0o0
(3.12) and (3.16) imply that
C s s N
| ()] < o / / e~ r(ki—k2)t 2 () |dwy dws, (3.17)

for a constant 0 < €7 < 1.
Since # > 1 for all x € R, we obtain

exp{—Dmt |:<e)\* cos 0 + eik* 0059) (1 _ COSUJ1) + (EA* sin 6 + 67/\* sine) (1 _ COSUJQ)}}



GLOBAL STABILITY OF TRAVELING WAVE FRONTS 3545

exp {—2Dmt(1 — coswi)} exp {—2Dmt(1 — coswa2)}
exp {—2Dmt[l — (coswi + isinwi)]|} exp {—2Dmt[1 — (coswa + isinw2)]}

= exp {Dmt [ei“’l B R e - 4] } .

I IA

According to Taylor series expansion

2 +¢3 4
i€ _ s, &8 &
S R T :

2 4
i€, _—ie _ IR
e~ +e _2<1 2!—%-4! >

It follows that " "
e s 4 ¢t o o
———— <1 - M[J" + [£]7R(E),

where 0 < k < 2, h is bounded and h(§) — 0 as & — 0. Hence, there exist
0 < My < M and ag > 0 such that

—ig | g
ﬂ S 1 _M1|§|R7 fOI‘ |€| S ap,

and 0 < § < 1 such that
e I 4 il

2

Let By, = {¢ € [-m, 7], |€] > ao}. Then one has

/ / exp {—ele [4 — (eiiwl +elwt 4 oiwz 4 ei“"")] t} |25 (=7, w)|dwi dw2
<NZS (=7, w)ll oo (=, m12) X

/j; exp {,Ele [2 - (e—i“’Z + ei“2)] } dwz/

=[1Z5 (=7 w)ll poo ((—x,712) (/_7; exp {—ele [2 — (e*if + ei&)] } d§)2

2
S”?O«(_T.’W)HLOO([—TF,W]Z) </ e_QGIDWMl‘EIthﬁ-F/ 6_2€1Dm6td£
|€1<ao

£€Ea,

=cos& <1—4, for |£] > ao.

™

exp {fele [2 - <e_i“’1 + ei“’l)] } dw1
7r

2
S”E\S(fﬁw)”Lm([—ﬂ-,w]Z) </€ e—QeleJ\/fl§|'€td£+e—2€1Dm5tm(an)> , (318)
<aqp

where m(E,,) is the measure of E,,.
By changing variables o = §t%, one has

/ 6_51D7nM1|5|th§+6_51D7n6tm(Ea0)
1€1<ao

1

t*;/ ) eflemMﬂff\ do.+e*€1Dm5tm(Ea0)
lo|<apt®

IN

< Ot x,
for some constant C > 0.
Then

| P, (Ol
Ee—fl(k()—kZ)t %
2w

/ / exp {_ele [4 _ (e—iwl + eiwl + e—in _|_ eiw2)] t} \26‘(—7“, w)|dw1dw2

<
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< CIIE (=1, w) | oo ()t < e IR0
< Cllzi s (=)l eyt~ = e 1ok,

Since Py ;(t) has no singularity for ¢ near zero, the term t% can be replaced by
(141t)%, we get

1Pes @I < Cllai (=) s zy (1 + 1)~ % er o)t
The following inequality can be obtained similarly

||ij

: /_T/_ﬁ/
< OL <|2k1(’5)

Consequently, we get the following decay estimate
2, Dl @) < C(1+ t)—%e—q(ko—z@)t‘
When ¢ > c., one has kg > ko. It then follows that
125 ; i zy < C(1 + t)—* —eipat

where py = kg — ko > 0.
When ¢ = ¢, we have

o~ Aw)(t=3) 10525 (5,w) + A(w)Z5 (s, w)| dwidwads

‘ B(w)(t—r—s)

d .,
Hzl(z) + H%le(s)

ds (1+ t)f% e c1(ko—ka)t
(z)

* _z
12, (O)llice(zy < C(L+1)7x,
due to kg = ko.
According to (3.9),

Zk.j (t) < de (t) _ e)\* (k cos 0+j sin 9+ct7m*)z;;7j (t),

let H={k,j € Z,kcosf + jsin® < x, —ct}. If k,j € H, then e (kFtet=&) < 1,
Thus, the following decay for zy ;(t) is clear.

Lemma 3.4. For anyr > 0, it holds that
(i): when ¢ > c., then
25,5 (&) 100 (1) < C(1 + t) ke ermt

for some py > 0;
(ii): when ¢ = ¢y, then

_2
| 28,5 () |lzoe (rry < C(141) .
Next we will prove zy ;(t) decay exponentially for (k, j) € Z*\H.

Lemma 3.5. Forr > 0, it holds that
(i): when ¢ > c., then
ot ()= 2oy < 1+ 1)~ Remrt,
where pg is a constant and satisfies
0 < pz < min {dp, — pb'(w"), €101} 5
(ii): when ¢ = ¢y, then

12,5 (@) lie 22\ 11y < C(1+8)7
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Proof. Let zy ;(t) = w,';j(t) — ¢(kcos + jsinf + ct), we have

dzy,j (t)

i~ Dm [Zk+1 )+ zi—1,5(t) + 2541 (8) + 2k -1 (8) — 42k 5 (8)] + dmzr 5 (t)

Dva(q) (0(¢ + 2) = b(¢)) -

lffoo gq=—0o0
Since b”(-) < 0, we have

b+ 2) — b(9) = V'(9)z + 1" (9)2* < V'(9)z,
where ¢7 is a function between ¢ and ¢ + z. Consequently,

dz;(t)

g Pmlereni (@) + 2k-15(0) + 2041 () + 20,5-1(8) — 420, ()] + dinze 5 (1)

)2 Z Z Ba(DYa @)V (D) 2k —1,5—q(t — 1),

l=—00 g=—00

IN

(
k(D) cos 04 sino<a.—cr < Ca(L+ 1) Fe 1,
ki (Ole=s = 20 5(5),5 € [-1,0], k,j € Z,
for some positive constant Cs. Let

Z(t) = Ca(1+r+1) Fe 2,
for C3 > Cy > max [z ;(s)|, and pg will be chosen later. Choose a large

s€[—r,0],k,jEL
number x, such that for z > z, >> 1,

dm 2 Z Z Ba(DVa (@) (¢p(x — lcos§ — gsinf — cr))

—00 q=—00
> € [dm — ub’(w )], (3.19)
where 0 < ¢p < 1. We then obtain
0 a Da(a)t (8)3(t — 7)
lffoo q=—o00
_ S ) PR S S I o B . /
= GaarroEe {dm T e e ;wq;mﬂa(l)va(q)b ©
_ . -
| par 1+t T _
_e (1 +rtt 1_ lffoo q=—0o0 rya (z))
—2 ot 1ot 2 1
> Ca(l+r+t) re €o[dm — pb' (w )]—m—*m
_ 5 -
| par 1+t T _
A <1+r+t H @m? l;,oq;)oﬁa N (e)

> 0,
by choosing t > [gr for sufficiently large integer lg >> 1 and

0 < po < min{d,, — ub'(w),e1p1} for ¢ > ¢,
e =0, for ¢ = c,.
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Hence, we have

dZ(t)
dt

+ dmz(t) > /;)2 Z Z 5&(1)7a(q)b/(¢)g(t - T)ﬂt > lor, @ > Ty,

L e e
Z()|ome, = Cs(1+ 1+ 1) Fe 2 > Cy(l 4 t) e 1t
2(t) = Cs(L+ 7+ ) "e 2t > 20 (t),t € [-r,lor), k, j € Z.

Therefore, by the comparison principle, we can get

21,5 (t) < Z(1).

The proof is complete. O
It then follows from Lemmas 3.4 and 3.5 that

Lemma 3.6. For any r > 0, it holds that
(1): when ¢ > c., then

lwid (1) = $(@) 22y < C(L+ 1)~ Re ",
where s is a constant and satisfies
0 < po < min {dp, — pb'(w"), €101} ;
(ii): when ¢ = ¢y, then
w5 (t) = $(@)liz2) < C(L+1)7 5.

Step 2. The convergence of w; ;(t) to ¢(z) .

By a similar argument as in Step 1, the proof can be done.

Lemma 3.7. For any r > 0, it holds that
(1): when ¢ > c., then

[$() = iy (B)llimz2) < CL+ 1)~ a0t
where s is a constant and satisfies
0 < pa < min {dp, — pb'(w"), €101}
(ii): when ¢ = ¢y, then
() — wi ; (#) 122y < COAL+1) 7.
Step 3: The convergence of wy,_ ;(t) to ¢(z).

Lemma 3.8. For any r > 0, it holds that
(i): when ¢ > ¢4, then

i, () = 6(2) |1 22y < C(L+ 1)~ e HE,

where > 0 s a constant;
(ii): when ¢ = ¢y, then

_z2
[wi,j(t) — d(@) 100 (z2) < C(A+ 1) %.
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