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ABSTRACT. We present here a general rule of construction of identities for
recursive sequences by using sequence transformation techniques developed in
[16]. Numerous identities are constructed, and many well known identities
can be proved readily by using this unified rule. Various Catalan-like and
Cassini-like identities are given for recursive number sequences and recursive
polynomial sequences. Sets of identities for Diophantine quadruple are shown.

1. Introduction. Albert Girard published a class of identities in Amsterdam in
1629 and Edward Waring published similar material in Cambridge in 1762-1782,
which are referred as Girard-Waring identities later. These identities may be derived
from the earlier work of Sir Isaac Newton. Surveys and some applications of these
identities can be found in Comtet [5] (P. 198), Gould [10], Shapiro and one of the
authors [13], and the authors [15]. We now give a different approach to derive
Girard-Waring identities by using the Binet formula of recursive sequences and
divided differences. Meanwhile, this approach offers some formulas and identities
that may have more wider applications. Finally, an application of the Girard-Waring
identities to the sum of powers of consecutive integers is studied.

This paper starts from a review of the application of recursive sequences in the
construction of a combinatorial identity called generalized Girard-Waring identity
from the Binet formula and the generating function of a recursive sequence. By
using the generalized Girard-Waring identity, the Binet type Girard-Waring identity
is derived. Then the generalized Girard-Waring identity is used to develop several
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transformation formulas for recursive sequences of numbers and polynomials. All
those results are shown in Nie, Chen, and the authors [16].

A recursive sequence constructed from a recursive relation starting from a few
initial quantities models some real world problems or mathematical problems. As a
natural mathematical model, recursive sequences are widely used in Combinatorics
and Graph Theory, Number Theory, Fractal, Cryptography, etc. Many recursive
number and polynomial sequences can be defined, characterized, evaluated, and/or
classified by linear recurrence relations of various orders. Throughout this paper, a
number sequence {a,} is called a linear recursive sequence of order 2 if it satisfies
the following linear recurrence relation of order 2:

n = Pap_1 + qap_2, N >2, (1)

for constants p,q € R and ¢ # 0 and initial conditions ag and a;. Let « and 8 be
two roots of the quadratic equation 22 — px — ¢ = 0, of which the left-hand side is
called the characteristic polynomial of the recurrence relation. From He and Shiue
[14] (see also in [11, 12, 17] for some applications), the general term of the sequence
an can be presented by the following Binet formula.

an—{ () an = (2) B, if a5 (2)

naja™t — (n —1)apa™, if a=p.

In [16], the following expression of the general term of the recursive sequence
defined by (1) is given.

Theorem 1.1. ([16]) Let (a,,) be the sequence defined by the recursive relation (1),
and let a and B be two distinct roots of the characteristic polynomial of (1). Then
we have the following generalized Girard-Waring identity:

[n/2]
n— i P .
=ap" !+ Z < - >p”2“qj (jpao + (n — 2j)az). (3)

Particularly, if ap = 0 and a; = 1, (3) implies the Binet type Girard-Waring identity

a —g" /2l n—j—1
— — n—2j—1_7j
in = ———— = : p q 4
a—p jz_:o< J ) W

(n/2] .
_ i (I T Y (4 g2 8)
= S (" g sy )

§=0
where p=a+ B and g = —af.

As a source of Binet Girard-Waring identity, the generalized Girard-Waring iden-
tity (3) and its extension to recursive polynomial sequences have many applications
including a simple way in transferring recursive sequences of numbers and poly-
nomials. Recall that the Chebyshev polynomials of the first kind defined by the
recurrence relation

Tn(x) = 2.’17Tn,1(.’)3‘) — Tn,Q(l‘) (6)
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for all n > 2 with initial conditions Ty(x) = 1 and T (z) = «, from Theorem 1.1 we
have

T, (z)
— onlpngg [nf} B (" - 1) (—1)ign—2—1zn=2j (7)

Zj\ j-1
Similarly, for Lucas numbers defined by

L,=Ly 1+ Ly_o
for all n > 2 and Ly = 2 and L; = 1, we have

[n/2] 1 /n—j—1
anl—l—n;j( i )

From the expressions of T, (z) and L,,, we may see that

Tn *z = ZBan = (7i)nLn7
2 2

1
L,=2"T—=],
where 7 = /—1.

In general, [16] presents the following result for transferring a certain class of
recursive sequences to the Chebyshev polynomial sequence of the first kind at certain
points.

or equivalently,

Theorem 1.2. ([16]) Let {an}n>0 be a sequence defined by (1) with pay = 2a4,

ap # 0, and let {T,,(x)}n>0 be the Chebyshev polynomial sequence of the first kind
defined by (6). Then

2a,p" !

n — Tn P 8

0 = T o) 0

where
ip
2,4

Namely, a,, shown in (8) can be expressed as

CEOZZE

an = (Fi)"aoq™*T, (i%) . (9)

Theorem 1.2 can be extended to recursive polynomial case as follows.
Corollary 1. ([16]) Let {a,(x)}n>0 be a recursive polynomial sequence defined by
an(z) = p(x)an-1(z) + qan—2(x),
where p(z) € R[z] and ¢ € R, with initial conditions ag(z) and ay(zx) satisfying

p(x)ao(x) = 2a1(z). Then
ip(x
oule) = (i ao ()", (£ 32 ).
where Ty, (x) is the nth Chebyshev polynomial of the first kind.
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The proofs of Theorem 1.2 and Corollary 2 can be found in [16]. In addition, [16]
considers the recursive polynomial sequences defined by (1) with initial conditions
ap(z) = 0 and a1 (x) # 0, where p = p(z) € R[z] and ¢ € R. For instance,

Upii(x) = 22U, (z) — Uy_1(x) (10)

for all n > 1, where initial conditions are Uy(z) = 0 and Uy (z) = 1. It is obvious
that U,11(z) = U,(x), the Chebyshev polynomials of the second kind. By using
(3), we have

O, (2) = (22)" [nf (” _§ - 1) (—4;2>j. (11)

=0
If a,, is a sequence defined by (3), with the initial conditions ap = 0 and a1 # 0,
direct substitution shows that
[n/ 2]

_alpn 1_~_Z ( ]71 )pn 25—1 3 (’n-?j)
n 1 & -1 n 25—1 94
- Z ¢
[ﬂ/2
P 1 ”*J 72j j
Z q. (12)

Comparing with the rlghtmost sides of (11) and (12), the following result is ob-
tained.

Theorem 1.3. ([16]) Let {ay}n>0 be the sequence defined by (1) with ag = 0 and
a1 # 0, and let {U,(x)}n>0 be the Chebyshev polynomial sequence of the second
kind defined by (10), where Uy (2) = Upiq(z). Then

= (F0)" targ" IV PU, o (), (13)
where
_ p
24
Namely,

_ . (n—1)/2 ip >
an = (Fi)"la Un— ( .
(F9)" a1q 2/

Theorem 1.3 is extended in [16] to recursive polynomial case as Chebyshev poly-
nomials of the second kind.

Corollary 2. Let {a,(z)}n>0 be the recursive polynomial sequence defined by

an () = p(z)an—1(2) + gan—2(z),
where p(x) € R[z] and g € R, with initial conditions ag(z) = 0 and a1(x) # 0. Then

_ (yn—1 (n—1)/2 wp
an(z) = (Fi)" “a1(z)q Un-1 (:|:2\/§> .

Numerous examples of the transformation of recursive number and polynomial
sequences are shown in [16]. In the next section, we will see how those transfor-
mation help us to verify some well-known identities readily and to establish new
identities.
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2. Identities constructed from the recursive sequence transformation.
The Catalan identity for Fibonacci numbers F),, namely that F2? — F, 3, F,_p =
(—1)"~*FZ, and its special case of k = 1, named the Cassini identity for Fibonacci
numbers F,,, namely that F,, 11 F,,_1—F2 = (—1)", are two facts about the Fibonacci
numbers that one might call common mathematical knowledge (cf. [22, 30, 32]).
We will in the following aim at presenting the Catalan-like and the Cassini-like
identities in a more general context and in the process obtain similar results for
related sequences by using the sequence transformation technique shown before.

From Theorem 1.3 we may get the Catalan-like identities of the recursive se-
quences defined by (1) as follows.

Theorem 2.1. Let {ay}n>0 be the sequence defined by (1) with ag =0 and a; # 0.
Then, we have Catalan-like identity

a2 — Gy g = (—q)" *a2. (14)
Particularly, for k =1, we have the Cassini-like identity for (an)n>0,

aZ — ang1an-1 = (—q)" 'ai. (15)

Proof. Let {U,(z)}n>0 be the Chebyshev polynomial sequence of the second kind
defined by (10). Then, from (13) we have

Un(wo) = ay g~ "2 (i) an41, (16)
where xo = %ip/(2,/q). It is known (cf. Udrea [30]) that U, (z) satisfied the identity
U () = Upsn(2)Un—k (@) = Ui (2). (17)

Substituting (16) into (17) yields
ay?q " (£) " ah o —ap g TR () ey e g TR () ey e
=ay 2q~ "D (&0)* Ve, (18)
which can be simplified to

2 _ onm—k+1l/ N\ —2(n—k+1) 2 _ n—k+1 _2
Uiy — Ondk+10n—k4+1 = 4 (i) ( )ak =(—q) Q.-

Thus, we obtain (14). When k = 1, (14) implies (15). O
Similarly, we have an analogue for the recursive polynomial sequence.
Corollary 3. Let {a,(z)}n>0 be a recursive polynomial sequence defined by
an(z) = p(x)an—1(x) + qan—2(x),

where p(x) € Rlz] and g € R, with initial conditions ag(x) = 0 and ai(x) # 0.
Then, we have Catalan-like identity

ap (x) = apsr(2)an—1(z) = ()" *ai(x). (19)
Particularly, for k =1, we have the Cassini-like identity
ap (2) = ant1(2)an—1(z) = (—¢)" " ai(z). (20)

Example 2.2. For the Fibonacci number sequence defined by F,, = F,,_1 + F,,_»
(n>2), Fy =0, and F; = 1, we have ¢ = 1 and the Catalan-like identity

F} = FopnFoop = ()"}
and the Cassini-like identity
F? - F, 1 F = (-1)"""
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As for the Fibonacci polynomial sequence defined by F,,(z) = 2 F,,_1(x)+F,—2(x)
(n>2), Fo(x) =0, and Fy(x) =1, we have ¢ = 1 and the Catalan-like identity
F(@) = Fogi(2) Fooi(z) = (=1)"""F(2)
and the Cassini-like identity
FR(x) = Fosr () Fpoa (2) = (-1)" 71

Example 2.3. For the Pell polynomial sequence defined by P, (x) = 2zP,_1(z)
P,_5(z) (n > 2), Py(x) =0, and P;(z) = 1, and the Pell number sequence (P,
P, (1))n>0, we have the Catalan-like identities

PR(x) = Puyk(w) Pyoi(z) = (-1)" " P (),
P} = PoykPoy = (-1)""P,

I+

and the Cassini-like identities
P(x) = Poga(2)Paa(2) = (=1)" 7,
P?— P, 1P, =(-1)"""
Horadam and Mahon [22] prove the above identities by using a different approach.

Example 2.4. We call an integer n > 2 a balancing number (cf., for example,
Behera and Panda [2]) if

1424 4+m—-1D=m+1)+n+2)+ -+ (n+r) (21)

for some r € N. Here r is called the balancer corresponding to the balancing number
n. For example, 6,35, and 204 are balancing numbers with balancers 2, 14, and 84,
respectively.

It follows from (21) that, if n is a balancing number with balancer r, then

s (n4r)(n+r4+1)
" 2

and thus
. —(2n+1)+V8n2 +1
2
Denote (B,,)n>0 the balancing number sequence and assume By = 0. In [2] the
recursive relation of the balancing number sequence is given as B, = 6B,_1— B, _2
for n > 2 with the initials By = 0 and B; = 1. Hence, we have the Catalan-like
numbers and the Cassini-like numbers for the balancing number sequence as

B2 — BnJranfk: = Bl%

B2 - B,.1B,_1=B?=1.

n

The above two identities are given by Catarino, Campos, and Vasco [4] using a
different approach.

The Chebyshev polynomials of the first kind T, (x) defined by (6) satisfies the
Cassini-like identity (cf. [32])

T2(x) — Tpyr(2)Tp1(z) = 1 — 22 (22)

Then, by using Theorem 1.2 we may find the analogy Cassini-like identities for some
other recursive sequences. More precisely, we have the following result.
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Theorem 2.5. Let {an}n>0 be a sequence defined by (1) with pag = 2a1, ap # 0.
Then we have the Cassini-like identity for (an)n>0,

a2
ai — Ap4+10p—-1 = (_q)n <a(2) + ql) . (23)
Similarly, let {an(x)}n>0 be a recursive polynomial sequence defined by

an(x) = p(x)an—l(x) + qan—2($),

where p(z) € R[z] and ¢ € R, with initial conditions ag(x) and ay(x) satisfying
p(x)ag(z) = 2a1(x). Then

2 n 2 CL% (i)
(@) = tnp1(@)an (@) = (="  ag(z) + = = ). (24)
Proof. The transformation formula (8) shown in Theorem 1.2 with zo = +ip/(2./q)
and p = 2a;1/ag gives
To(zo) =2 ay '~ "=V (220)
—1 —n Zp " —1_-—n/2 AN
=ay P :I:) an = ay q +i)"ay,.
s (=2 )

Substituting the above expression of T, (x) into (22) and noting p = 2a;/ag yields

ang—n(ii)Qnai _ aalq_(7l+1)/2(ii)”“anﬂaalq_(”_l)p(j:i)"_lan,l

1 2 a?
—1- (ip > — 14 L
2\/6 apq
After simplifying the leftmost side of the last equation, we obtain the identity

2
_ _ a
a02(_Q) " (ai - an+1an—1) =1+ 21 y

apq

which generalizes (23). Identity (24) can be proved similarly. O

Remark 2.6. From the following examples, we will see many recursive sequences
satisfy the condition p = 2a;/ag. It worth investigating the reason behind the fact.

Example 2.7. Consider the Lucas polynomial sequence defined by
L,(z) =xL,_1(x) + Ly—2(x) (25)
with initials Lo(xz) = 2 and Lq(x) = x satisfying p(z) = « = 2L1(x)/Lo(x) and
Lucas numbers L, = L,(1). From (23) and (24) we have the Cassini-like identities
Ly (2) = L1 () Ln—1(z) = (=1)" (4 + 2?),
L2 — Lo Ln oy =5(-1)"
The Fermat polynomial sequence is defined by
fo(@) = 2 fr1(z) = 2fn—2(x)
with initials fo(z) = 2 and fi(x) = z satisfying p = x = 2f1(2)/fo(x), and the
Fermat number sequence is defined by (f, = fn(1))n>0. Then, from (23) and (24)

we get the Cassini-like identities

1.2

F2(@) = fasa () faa () = 2° (4 - ) _on1(g g2,

2
2= fogifor=7-2""1
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For the Dickson polynomial sequence of the first kind defined by
D, (z,a) = xDp_1(z,a) — aDp_o(x,a)

with initials Dg(z,a) = 2 and Di(x,a) = z, it satisfies p = x = 2D; (z,a)/Do(z, a).
Then, from (23) we get the Cassini-like identity

2

D?(z,a) — Dyy1(z,a)Dy_1(z,0) = a™ <4 - ) =a""!(4a — 2?), (26)
a
which seems to be a new identity to the best of our knowledge.
For the Pell-Lucas polynomials A122075 [27] Q. (x) defined by (see Horadam and

Mahon [22])

Qn(7) = 22Qn-1(2) + Qn-2(2) (27)
for all n > 2 with initial conditions Qp(x) = 2 and @Qq(x) = 2z, we have the
Cassini-like identity

Qn(x) = Qa1 (2)Qu-1(2) = (-1)" (4 + 4a?).
For the Viate polynomials of the second kind defined by (see Horadan [21])
Un(x) = 20p_1(x) — Vp_a(x) (28)

for all n > 2 with the initial conditions vg(z) = 2 and vi(z) = x, we have the
Cassini-like identity

V2 (2) — Vg1 (2)vn_1 (2) = 4 — 22

3. An efficient and unified approach to construct product expansions and
product expressions of recursive sequences. The transformation technique
presented in the previous section provides an efficient and unified way to construct
product expansions and product expressions for two classes recursive sequences from
the corresponding product expansions and product expressions for the sequence of
Chebyshev polynomials of the first kind and the second kind. The first class is
a recursive number sequence {ay},>o defined by (1) with the initial conditions
satisfying pag = 2a; and ag # 0 (the conditions of Theorem 1.2) or satisfying
ap =0 and ay # 0 (the conditions of Theorem 1.3). The second class is a recursive
polynomial sequence {a, (z)},>0 with the initial conditions satisfying p(z)ag(x) =
2a1(z) and ag(z) # 0 (the conditions of Corollary 1) or satisfying ag(xz) = 0 and
a1(x) # 0 (the conditions of Corollary 2).

We first discuss the transformation of product expansions, then the transforma-
tion of product expressions. We know that the Chebyshev polynomials of the first
kind satisfies the following product expansion

2T ()T (x) = Tran () + Tr—n (), m > n. (29)

This follows quickly from the fact that T, (cosf) = cosné, § = arccosz, and the
addition theorem 2 cosacos 8 = cos(a + ) 4 cos(a — 8) with o = marccosz and
B = narccos z. Consequently, we have the following result.

Theorem 3.1. Let {a,(x)}n>0 be a recursive polynomial sequence defined by
an () = p(z)an—1(2) + gan—2(z),

where p(z) € R[z] and ¢ € R, with initial conditions ag(x) and ay(x) satisfying
p(x)ag(z) = 2a1(x). Then,

2a(7)an(z) = ao(®) (Am+n(T) + (—¢)" am—n(T)) - (30)
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Proof. We have the following analogy of (9) for the Chebyshev polynomial sequence
of the first kind

oule) = (a1, (£ 22 ).

from which

Zp($) _ -\ —n -1 _-—n/2
T, (:I: 2\/@) = (Fi) "ap(x)" ¢ / an(x).

Substituting the above expression for T,, into (29) yields (30). O
Example 3.2. For the Dickson polynomials shown in Example 2.7, from Theorem
3.1 and noting ag(z) = 2 and ¢ = —a, we have the identity
D, (z,a)Dy(x,a) = Dpyyn(x,a) + a" Dypp(z, a). (31)
This identity seems new to our knowledge, although its special cases of m = n and
m=n-+1, ie.,
D2 (z,a) — Dop(x,a) = a"Dy(x,a) = 2a",
D, (z,a)Dpt1(x,a) — Dapi1(x,a) = a"Di(x,a) = a"x,
respectively, have been shown in Lidl, Mullen, and Turnwald, [23, p.11].
For the Pell-Lucas polynomials @, (z) defined by (27), from Theorem 3.1 and
noting Qo(z) = 2 and ¢ = 1, we have
Qm(2)Qn(z) = Qmin(x) + (—1)"Qm—n(2).
The special cases of m =n and m =n+ 1 are
Qn(x) = Q2n(z) = (=1)"Do(z) = 2(-1)",
Qn(2)Qni1(2) — Qans1(z) = (=1)"Q1(z) = 2(-1)"z,
respectively.
For the Viate polynomials of the second kind defined by (28), from Theorem 3.1
and noting vg(z) = 2 and ¢ = —1, we have the identity
VU ()0 (X)) = Vi () + Vi ().
The special cases of m =n and m =n+ 1 are
v2(2) — van(x) = Do(x) = 2,
Un(2)n41(2) = vany1(z) = Qu(2) = =,

respectively.
For the Lucas polynomial sequence {L, (x)} defined by (25), we have the identity

L () Ly (2) = Lingn(x) + (=1)" Lip—n ().
The special cases of m =n and m =n + 1 are
Ly (2) = Lan(z) = (=1)"Lo(z) = 2(-1)",
Ly () Lny1(2) = Lona(z) = (=1)"La(2) = (=1)"z,

respectively.
Other examples for the Lucas number sequence are:

LypLy, = Lm+n + (_1)an7n7
L2 — Loy, = (—1)"Lo = 2(—1)",
LnLpi1 — Loni1 = (—1)"Ly = (—1)™.
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For Chebyshev polynomials of the second kind, it is known that their products
can be written as

nz Z Um n+2k (32)

for m > n. By this with n = 2, there is a recurrence formula for Chebyshev
polynomials of the second kind,
Un+2(2) = U2(2)Up(z) — Up(2) — Upp—2(2)

=Un(2)(Uz(z) = 1) = Up—2(). (33)
We now extend the above formula to the product formulas for a class of recursive
sequences.
Theorem 3.3. Let {an(x)}n>0 be a recursive polynomial sequence defined by

an(z) = p(x)an—1 () + qan—2(z),

where p(z) € Rlz] and ¢ € R, with initial conditions ag(x) = 0 and a1(z) # 0.
Then,

n

am41(z)ant1(r) = ar(z) Z(_q)n_kam—n+2k+l(x)a (34)

k=0
which is independent of p(x). Particularly, for n = 2, we have the recursive formula

%wa=mwam(%“)

ay(x)

+4) = Panoa(a). (3)
Proof. From Corollary 2, we have

an(x) = (Fi)" tar (2)g" " PU, 1 (20),
where ¢ = +ip(x)/(2,/q). Hence,

Un(xO) = m = (:I:i)"al(m)_lq_"/zanﬂ(x).

Substituting the above expression of U, (z) into (32) yields

(£0) a1 (@) g™ P ap (2)(£0) a1 (2) " g P ana (@)

n
Z iz m— n+2k (1‘)_1q_(m_n+2k)/2am—n+2k+l(-’15)-

The last equation can be simplified to

n

g1 (2)an 41 () = a1 (2) Y (£0)*F " Fan, niong (@),
k=0

which implies (34). Formulas (35) follows after substituting n = 2. O

Remark 3.4. Clearly, Theorem 3.3 can be extended to the recursive number se-
quence {an }n>o defined by

ap = Pap—1 + qan_2,
where p, g € R, with initial conditions ag = 0 and a; # 0.
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Example 3.5. For the Fibonacci polynomial sequence {F,(x)} defined in Example
2.2 with p(z) =z, g =1, Fy(z) =0 and Fy(x) =1, from (34) and (35) in Theorem
3.3 we have product expansion and recursive formula for Fibonacci polynomials.

n
Fm+1( n+1 Z m n+2k+1( )
k=0

Fris(@) = Fpga(2)(F(2) +1) = Finoa(2)
=(2® 4 2)Fpy1(x) — Fruo1 ().

For Fibonacci numbers F,, = F,,(1), we have

n

Fm+1Fn+1 = Z(_l)n_ka—n+2k:+la
k=0

Fm+3 = F7n+1(F3 + 1) —Fn1= 3Fm+1 —Fn1.

For the Pell polynomial sequence defined in Example 2.3 with ¢ = 1 and P, (z) =
1, we have their product expansion and recursive formula as follows.

(_1)n_kpm—n+2k+1 (33)7

NE

Pm-i-l(x)Pn-i-l(x) =

~
Il

0
Pry3(@) = Py (2)(P3(x) + 1) — P ()
=(42% + 2) Py (2) = Py (@),

For the Pell number sequence (P, = P,,(1)),>0, we have their product expansion
and recursive formula as
PeranJrl = Z(_l)n_kpmfrH»Qk:Jrla
k=0
Ppts = Ppi1(Ps+1) = Ppo1 =6Ppi1 — Pyt

For the balancing numbers defined in Example 2.4 by B, = 6B,_1 — B, _o for
n > 2 with the initials By = 0 and B; = 1, noting ¢ = —1 we have the product
expansion and recursive formula for (By,)n>0 as

m+an+1 ZBm n+2k+1,
B3 = Bm+1(B3 —1) = By—1 =34Bp11 — Bp—1.

In Cahill, D’Errico, and Spence [3], the following product expressions for the
Fibonacci number sequence and the Lucas number sequence were constructed:

k
F, =11"} (1 — 2icos 7;) : (36)

n . (2k—=Dm
L,=11;_, <1 — 2i cos o (37)
for n > 2 and n > 1, respectively. In an earlier paper, Hoggatt and Bicknell [19]
showed that the roots of Fibonacci polynomials F,,(z) and Lucas polynomials L, ()
of degree n are x = 2icos(km)/n (k=1,2,...,n—1) and x = 2icos(2k — 1)w/(2n)
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(k=1,2,...,n), respectively, which imply the identities
n—1 . mk
Fo(x) =1}"; | © — 2icos — |, (38)
n

L,(z)=1}_, (.13 — 2i cos M) . (39)
2n
We will show that identities (36)-(39) can be easily established by using our
sequence transformation technique. Actually, they are special cases of the general
results of the following two theorems.
In the handbook edited by Zwillinger [33], the product expression of Chebyshev
polynomials of the first kind and the second kind are given as

2k -1
Ty (z) = 2"}, (az — cos (k2n)7r> and (40)
Un(z) = 2"1I7 ~ cos T (41)
n(x) = k1 (@ —cos = )

Theorem 3.6. Let {a,}n>0 be a recursive number sequence defined by (1) with
initial conditions ag and a1 satisfying pag = 2a,. Then, we have

2k — m) |

1
an = —aplly_4 <p + 2i/q cos 5
n

2
Similarly, let {an(x)}n>0 be a recursive polynomial sequence defined by
an(z) = p(x)an—1(x) + gan—2(z),

where p(z) € Rlz] (p € R) and ¢ € R, with initial conditions ap(z) and ai(x)
satisfying p(x)ag(x) = 2a1(x). Then, we have

an(z) = %ao(:r) 1 (p(:r) + 2i,/q cos W) . (42)

Proof. We now prove the formula (42) for the polynomial sequence, the correspond-
ing result for the number sequence can be proved similarly. We have the following
analogy of (9) for the Chebyshev polynomial sequence of the first kind

an(z) = (i) ao(z)q"/* T, (i%) ,

ip(z)

from this equation and (40) with the replacement 2 — £ Ja we have
; 2k -1
an(2) = (Fi) ao(a)g 22" I}, <£§\(f; —cos 2= )”>

=(Fi)"ao(x)q"/*2" ! (125/9 ' my_, (p(x) + 2i,/q cos W)

:%(—P)"ao(x)ﬂzzl (p(x) + 2i./q cos (2/€2—nl)7r)

= a0, (p(x) +2iy/q W) |
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The equivalence of two product expression can be shown by setting k — n —k + 1.
Indeed, we have

=1 <P($) + 2i4/q cos (2(n — k;;l) - 1)7T)

(-2

i (o) s 2.
O

Example 3.7. For the Lucas polynomial sequence {L,(x)} defined by (25) with
p(x) =z, ¢ =1, ap(x) = 2 and a1 (z) = x satisfying p(x)ag(x) = 2z = 2a; (), from
Theorem 3.6 we immediately have (39). For Lucas numbers L,, = L, (1), we also
readily obtain (37).

For the Dickson polynomials shown in Example 2.7, from Theorem 3.6 and noting
ap(x) =2, ai(x) = D1(z,a) = z, and ¢ = —a, we have the identity

D, (z,a)=11}_, (x + 2iv/—acos (2162_1)”)
n

2k —1
=II7_, <x F 2V/acos ()7T> . (43)
2n
Particularly, for a = 1

D, (z,1) =117_, (m + 2cos M)

2n
2k — m
=II7_ —2cos —— | .
b1 <x cos o

Furthermore, D, (z,a) has roots 2+/a cos W for k=1,2,...,n.

For the Pell-Lucas polynomials @, (x) defined by (27) with p(x) = 2z, ¢ = 1,
Qo(x) =2 and Q1 (z) = 2z satisfying p(r)Qo(x) = 4o = 2Q1(x), from Theorem 3.6
we have the product expression of @, (z) as

Qn(x) =II}_, (2x + 2i cos W)

2k —1
=2"1I;_, <ac:|:icos @k = )r 5 )ﬂ-) ,

n
and @, (z) has roots i cos W for k=1,2,...,n.

For the Viate polynomials of the second kind defined by (28) with p(z) = =,
g = —1, vo(z) = 2 and vy(z) = =z satisfying p(x)vg(z) = 2x = 2vi(z), from
Theorem 3.6 we have the product expression of v, (z) as

onli) =Ty (plo) 20 Teos 20T
=17, (x F 2cos (2k2—nl)77> )

and v, (x) has roots 2 cos W for k=1,2,...,n.
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Theorem 3.8. Let {a,(x)}n>0 (an))n>0) be a recursive polynomial (number) se-
quence defined by

Qn (1’) = p(x)an—l(x) + qan—Q(x) (an = pan—1 + qan—Q);

where p(x) € R[z] (p € R) and ¢ € R, with initial conditions ag(x) = 0 (ag = 0)
and a1(x) # 0 (a1 # 0). Then, we have

o) = (@2} (o) 2 20y/7eos 2T ) (44)
(an = a0} (p + 2i,/q cos kg)) , (45)

where the equivalence of the two expressions in (44) ((43)) can be seen from the
transformation k —n — k + 1.

Proof. Let {U,(x)}n>0 be the Chebyshev polynomial sequence of the second kind
defined by (10). From Corollary 2 and (41) we have

an(z) = (Fi)" tai(z)g™ Y/ ip(z)
W) = (F)"Las () 12Un1<im)

] k
=(Fi)" Lay (x)g D/ 22n ] <125\(;2 — cos TZT)

. n—1
An—1 (n—1)/29n—1 ¢ n—1 . km
=(F1 ai(x)q 2 (:l:) 1= (p x) + 2i,/q cos )

=ay (z)I1}Z] (p(x) + 2i,/q cos k:7r> ,
n

where the equivalence of the last two products can be shown by setting k — n — k
into one product as

Mt (v(o) + 2iy/geos M7
=T~} <p(33) + 2i,/q cos <7r - T))
=117 (p(x) — 2i\/q cos kg) .

Similarly, for recursive number sequence (a,)n>0 we have

k
a, = alﬂg;ll <p + 24,/q cos ﬂ) .
n
O

Example 3.9. For the Fibonacci polynomial sequence {F, ()} defined in Exam-
ple 2.2 with p(z) = x, ¢ = 1, Fo(z) = 0 and Fy(z) = 1, from Theorem 3.8 we
immediately have (38). For Fibonacci numbers F,, = F,,(1), we also readily obtain
(36).

For the Pell polynomial sequence defined in Example 2.3 by P, (z) = 2z P,,_1(x)+
P,_s(z) (n > 2), Py(x) =0, and Pi(z) = 1, and the Pell number sequence (P, =
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P, (1))n>0, we have their product expressions as

k k
P, (z) =1I}Z} <2w + 2icos ;) =2" I <x +icos ;)

k
P, = 2"ty (1 + i cos ”) :
n

Furthermore, P, (x) has roots i cos kﬂ—” for k=1,2,...,n.

For the balancing polynomials defined by the recurrence By, (x) = 62B,,_1(z) —
B,—2(z) (n > 2), Bo(z) =0, and By(z) =1 (cf. Frontczak [9]), we have have their
product expressions as

n—1
. kﬂ- n—1 kﬂ'
B,(z) = ;1 (695 =+ 2iv/—1cos n) =117, (695 F 2cos n) ,
which was also proved by Ray [28] using a different approach.
For the balancing numbers defined by B,, = B,(1) or by B,, = 6B,_1 — By_2
for n > 2 with the initials By = 0 and By = 1 (cf. Example 2.4), we have their
product expression

k k
B, =TI} (6 + 2iv/~1 cos ﬂ) o (6 T 2cos 7r> :
n n
This formula was proved in Ray [29] using a more complicated approach.

4. Identities raised from a Diophantus problem. Diophantus raised the fol-
lowing problem (Heath [18, pp.179-181] and [7, p. 513], ): “To find four numbers
such that the product of any two increased by unity is a square”, for which he
obtained the solution 1/16, 33/16, 68/16, 105/16.

Fermat [8] (cf. p. 251) found the solution 1,3,8,120. In 1968, J.H. van Lint
raised the problem whether the number 120 is the unique (positive) integer n for
which the set {1,3,8,n} constitutes a solution for the above Diophantus’ problem;
in the same year, Baker and Davenport [1] studied this question and concluded that,
in fact, 120 is the unique integer satisfying the problem raised by J.H. van Lint. In
1977, Hoggatt and Bergum [19] observed that 1,3, 8 are, respectively, the terms Fb,
Fy, Fy of the Fibonacci sequence and formulated the problem of finding a positive
integer n such that Foun + 1, Foryon + 1, Forpgqn + 1 be perfect squares. Hoggatt and
Bergum also obtained the number n = 4F5; 1 Foi10F5: 43, which, for ¢ = 1, gives
exactly n = 120.

The result shown in [19] was generalized in Morgado [25] by showing that the
product of any two distinct elements of the set

{Fn7 Fn+2r; Fn+4r; 4Fn+7’Fn+2an+3r}7

increased by £F2F? with suitable integers a and b is a perfect square. In other
words, this set is a Fibonacci quadruple. This result was fourthly generalized in
Horadam [20] by presenting that the product of any two distinct elements of the set

{wn7 Wn+2r, Wn+4r, 4wn+rwn+2rwn+3r}7 (46)

where w,, = wy,(a,b;p,q) = pw,_1 — qW,_2, wo = a, and w; = b, increased by a
suitable integer, is a perfect square. In other words, this set is a Diophantine quadru-
ple, which is a generalization of Fibonacci quadruple because F,, = w,(0,1;1, —1).
Related work can be found in Melham and Shannon [24] and Cooper [6].
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Udrea [31] generalizes a result obtained in [25] for the Fibonacci sequence and
(Up = Upn(z))n>0, the sequence of Chebyshev polynomials of the second kind, more
precisely, the product of any two distinct elements of the set

{U’ru U7L+2T) U7L+47‘7 4Un+7'Un+2T Un+3r}a n,r S NOv (47)

increased by UgUb2 , for suitable nonnegative integer a and b is a perfect square.

Morgado [26] proved an analogue result for (T, = T),(x))n>0, the sequence of
Chebyshev polynomials of the first kind. More precisely, the product of any two
distinct elements of the set

{Tna Tn+2r, Tn+4ra 4Tn+rTn+2rTn+3r}a n,r S NO, (48)

increased by ((T), — Tx)/2), where T}, and Ty, with k > h > 0, are suitable terms
of the sequence (T},)n>0, is a perfect square.

We may use the sequence transformation technique to find the increased integers
of the Diophantine quadruple (46) when n = 2m, m > 0, for some special set

{a,b,p,q}.

Theorem 4.1. Let {a,}n>0 be a sequence defined by a, = pan—1 + an—2, n > 2,
with ag = 0 and aqy = 1. Then, we have a Diophantine quadruple

{a2m7 A2m+-2rs A2m4-4r, 4a2m+ra2m+2ra2m+3r} (49)

for m,r € N. More precisely, the product of any two distinct elements of the set
increased by (aqap)? for suitable o, B € N is a perfect square.

Proof. From (2.1) of [30], the sequence of Chebyshev polynomials of the second kind
satisfy
UnUnmsrts + Up—1Us—1 = Upgr Uy s
for any € C, and m,r, s € N, and noting (16),
Un(zo) = a7 'q 7" (£i) " an1 = (£i) ant1,
where ¢ = +ip/(2,/q), we immediately have
(£0) ™ @1 (£) ™ S A rgsp1 + () an ()5 g
=(£0)" T a1 (£ g s g1
In the last equation, canceling (£i)?™*"+* and then replacing m + 1 by 2m yields
A2m2m 1 rts + Urls = Q21 rQ2m 1t s- (50)
By setting s = r in (50), one obtain
A2mQ2miar + a2 = a3, ., (51)
for m,r € N. Let us replace 2m by 2m + 2r in (51). Then
2m+2r02m+4r + a? = a§m+gr (52)
for m,r € N. Identities (51) and (52) prove the theorem partially with o = r and
’ Lelt‘ us replace r by 2r in (51). Then,
A2mQ2mtar + 3, = a%m—‘,—Zr (53)
for m,r € N, which proves the theorem partially with o = 2r and 8 = 0.
From identity (50), it follows

(ara/s)Z - (a2m+7‘a2m+s - a2ma2m+'r+s)2
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and so

2 2 2
4a2ma2m+7'a2m+sa2m+7'+s + CLT,CLS - (a2m+7'a'2m+s + a2ma'2m+7‘+s) (54)

for m,r, s € N. By setting s = 2r into (54), one obtains

2 2 2
4a2ma2m+7'a2m+27'a2m+3r + CLTCLQT - (a2m+7'a2m+27' + a2ma2m+3r) (55)

for m,r € N. Let us replace 2m by 2m + r in (55). Then it becomes

2 2 2
4a2m+ra2m+2ra2m+3ra2m+4r + GTGQT - (a2m+2ra2m+3r + a2m+ra2m+4r) (56)

for m,r € N. Identities (55) and (56) prove the theorem partially with & = r and
B =2r.
Finally, in (54), by using the replacements s — r and 2m — 2m + r, we have

2 4 2 2
402m 41 05pm 20 02m+3r + r = (A5 42 + G2mtrG2m3r) (57)

for m,r € N, which proves the theorem of the product of ag;, 42, and
4G9+ r02m+2rG2m+3- increased by (aaaB)2 with « = 8 = r. Thus, the proof of
the theorem is completed by the identities (51)-(53) and (55)-(57). O

From the Diophantine quadruple (48) of the sequence of Chebyshev polynomials
of the first kind we have the following Diophantine quadruple of recursive sequences.

Theorem 4.2. Let {a,}n>0 be a sequence defined by a, = 2pan—_1 + an—2, n > 2,
with ag = 1 and ay = p. Then, we have a Diophantine quadruple

{@2m, G2m+4r, Q2m+8r, 402m+2r Q2m 4 4rQ2m+6r } (58)

for m,r € N. More precisely, the product of any two distinct elements of the set
increased by ((an — ag)/2)" for suitable integers 8> a > 0 is a perfect square.

Proof. The transformation formula (8) shown in Theorem 1.2 with zo = +ip/(2,/q)
= +ip/2 and 2pag = 2p = 2a; gives

T (o) = aaqun/Q(ii)"an = (x1)"ay. (59)
Replacing n and r in (2.3)-(2.8) in [26], we have
1
TZnT2n+4r + §(TO - T47”) == T22n+2r7 (60)
1
TonTontsr + i(TO —Tsp) = Thpars (61)
1
T2n+4rT2n+8r + §(TO - T4r) = T22n+6r7 (62)
1 2
4T2nT2n+2rT2n+4rT2n+6r + |:2(T2r - T6r):|
- (TZnT2n+6r + T2n+2rT2n+4r)27 (63)

1 2
4T2n+2rT2n+4rT2n+6rT2n+8r + |:2(T2r - T67"):|

- (T2n+2rT2n+8r + T2n+4rT2n+6r)27 (64)

1 2
AT 420 T,y 4 Tonv6r + {2(TO - T4r)] = (Tont2rTontor + Toniar)’- (65)
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By substituting = x9 = +ip/2 and then (59) into above identities (60)-(65), we
obtain

A2nA2n+4r + 5((10 — Q4y) = a§n+2ra (66)
1
A2nA2n+8r T Q(ao —ag,) = a§n+4r, (67)
1
A2n+4rG2n+8r 1 5(% — Qar) = a§n+67’7 (68)

2
1
4a2na2n+2ra2n+4raf2n+6r + 7(0/27” - aGr)

2
= (a2na2n+6r + a2n+2'ra2n+47‘)2; (69)
1 2

4a2n+2ra2n+4ra2n+6ra2n+8r + |:2(a2r - a6r):|

- (a2n+2ra2n+87‘ + a2n+4ra2n+6r)27 (70)
1 2

A1 2705, 4y 0ont6r + {2(“0 - CW)} = (a2n42r@20+6r + a3 4ar)° (71)
The proof is completed by (66)-(71). O

For p = 3, the corresponding sequence (a,)n>0 = (1,3,19,117,721,...) is the
OEIS sequence A005667 (cf. [27]), which generates a Diophantine quadruple shown
in Theorem 4.2.

For many other p, we may obtain some new sequences with a Diophantine quadru-
ple. Here, the new sequences mean that they are not included by the OEIS [27].
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