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Abstract. The global well-posedness and long-time mean random dynamics
are studied for a high-dimensional non-autonomous stochastic nonlinear lattice
pseudo-parabolic equation with locally Lipschitz drift and diffusion terms. The
existence and uniqueness of three different types of weak pullback mean ran-
dom attractors as well as their relations are established for the mean random
dynamical systems generated by the solution operators. This is the first paper
to study the well-posedness and dynamics of the stochastic lattice pseudo-
parabolic equation even when the nonlinear noise reduces to the linear one.

1. Introduction. In this article we study the global well-posedness as well as long-
time mean random dynamics of the non-autonomous stochastic lattice pseudo-
parabolic equation with locally Lipschitz white noise defined on the whole N -
dimensional integer set ZN :

dui(t) + λui(t)dt− d
(
u(i1−1,i2,...,iN )(t) + u(i1,i2−1,...,iN )(t) + · · ·+ u(i1,i2,...,iN−1)(t)

− 2Nu(i1,i2,...,iN )(t) + u(i1+1,i2,...,iN )(t) + u(i1,i2+1,...,iN )(t) + · · ·+ u(i1,i2,...,iN+1)(t)
)

−
(
u(i1−1,i2,...,iN )(t) + u(i1,i2−1,...,iN )(t) + · · ·+ u(i1,i2,...,iN−1)(t)

− 2Nu(i1,i2,...,iN )(t) + u(i1+1,i2,...,iN )(t) + u(i1,i2+1,...,iN )(t) + · · ·+ u(i1,i2,...,iN+1)(t)
)
dt

= −Fi(ui(t))dt+ gi(t)dt+
∞∑
k=1

(
hk,i(t) + δk,iσ̂k,i(ui(t))

)
dWk(t),

t > τ, i = (i1, i2, . . . , iN ) ∈ ZN , (1.1)
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along with initial data:

ui(τ) = uτ,i, i = (i1, i2, . . . , iN ) ∈ ZN , (1.2)

where N ∈ N, τ ∈ R, λ > 0, g = (gi)i∈ZN and h = (hk,i)k∈N,i∈ZN are two random
sequences depending on time, δ = (δk,i)k∈N,i∈ZN is a given sequence of real numbers,
Fi ∈ C1(R,R) and σ̂ = (σ̂k,i)k∈N,i∈ZN are locally Lipschitz continuous nonlinear
functions satisfying some conditions, and the sequence of independent two-sided
real-valued Wiener process (Wk)k∈N is defined on a complete filtered probability
space (Ω,F , {Ft}t∈R,P) satisfying the usual conditions. The last stochastic term in
(1.1) is interpreted as an It’o stochastic differential.

The pseudo-parabolic equation (see Xu et al. [26, 27]) is also called a nonclassical
diffusion equation (see Kuttler and Aifantis [11]) in the literature. This equation
is used to study solid mechanics, non-Newtonian as well as heat conduction, see
e.g.,[1]. The blow-up phenomenon of the deterministic pseudo-parabolic equation
has been investigated in several interesting papers, see e.g., [26, 27, 25, 32] and the
references therein. The long time dynamics by means of random attractors of the
stochastic pseudo-parabolic equation was recently discussed in [21, 23, 29]. A con-
tradictory version for the pseudo-parabolic equation is the classical parabolic (also
called reaction-diffusion) equation. The large time dynamics in terms of random
attractors of the stochastic classical diffusion equation was investigated in [12, 15].
The reader is referred to [5, 6] for the study of attractors of other interesting models.

Lattice equations can be regarded as space discretization version of evolution
equations that are widely used for image processing, chemical reaction as well as
pattern formation see e.g., [7]. The existence of deterministic and random attractors
of lattice equations have been extensively examined in [14] and [2, 4, 9, 22, 28, 31],
respectively. In particular, the existence of global attractors of deterministic lattice
pseudo-parabolic equation defined on Z had been investigated in [13, 30]. To the
best of our knowledge, there are no documented results reported in the literature on
the existence of random attractors of stochastic lattice pseudo-parabolic equation
(1.1)-(1.2) defined on ZN even in a simple case where N = 1 and the diffusion
coefficient σ̂k,i(ui(t)) is linear in ui or independent of ui. Our main task in the
paper is to solve this problem in a more general case, that is, we will prove the
existence of random attractors of equation (1.1) on ZN when the nonlinear diffusion
coefficient σ̂k,i(ui(t)) is locally Lipschitz continuous in ui(t).

Note that those random attractors in the literature aforementioned were studied
under the frameworks of pathwise random dynamical systems [15], and hence those
random attractors are also called pathwise random attractors. As is well known,
a basic but very restrictive condition for investigating the existence of such path-
wise random attractors is that we need to transform the stochastic equation into a
pathwise one. This transformation can be done for stochastic equations with ad-
ditive noise or linear multiplicative noise but unavailable for stochastic equations
with nonlinear noise. This then introduces many difficulties to prove the existence
of pathwise random attractors of stochastic systems with nonlinear noise. For the
purpose of dealing with the nonlinear noise in (1.1)-(1.2), in the present article,
it is unnecessary to transform the stochastic equation (1.1)-(1.2) into a pathwise
one. In other words, we will alternatively investigate the mean random dynamics
but not the pathwise random dynamics of (1.1)-(1.2) by using the concept of weak
pullback mean random attractors (WPMR attractors for short) of mean random
dynamical systems, see Wang [16]. By a WPMR attractor in an abstract bochner
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space Lp(Ω,F , X), we here mean a minimal, weakly compact and weakly attracting
set in Lp(Ω,F , X), where p ∈ (1,∞) and X is a Banach space. The notation of
invariant WPMR attractors can be found in Kloeden and Lorenz [10].

In order to study the existence of WPMR attractors for problem (1.1)-(1.2) in
L2(Ω,F , `2), we must prove the global existence as well as uniqueness of mean square
solutions to (1.1)-(1.2) in L2(Ω,F , `2). We remark that, since the nonlinear drift
and diffusion functions are locally Lipschitz continuous but not globally Lipschitz
continuous, we shall find a way to approximate the two functions in here. Our idea
to solve the problem is to utilize the stoping time technique as well as the truncate
method, see Theorem 3.1.

Based on the global well-posedness of (1.1)-(1.2) in L2(Ω,F , `2) we have estab-
lished, we define a mean random dynamical system Φ via the solutions operators to
(1.1)-(1.2), and prove that Φ has a unique WPMR D-attractor of in L2(Ω,F , `2),
where D is an attracting universe (see (4.6)).

Another important contribution of the paper is to study the backward weak
compactness and attraction of WPMR attractors. More precisely, we will introduce
another attracting universe B (see (4.7), and prove that Φ has a unique backward
weakly compact WPMR attractor AB = {AB(τ) : τ ∈ R} ∈ B and a unique
backward weakly attracting WPMR attractor UB = {UB(τ) : τ ∈ R} ∈ B, see
Theorem 6.4. An interesting thing is that the three types attractors have the
relationship AD = AB ⊆ UB even when the attracting universes B and D are
different (B ⊆ D).

We remark that the backward strong compactness of random attractors has been
investigated in [3, 20] for stochastic PDEs with linear noise. The usual WPMR
attractors of stochastic equations with nonlinear noise was recently studied in [16,
17, 19, 24, 18]. In this paper we study backward weak compactness and attraction of
WPMR attractors for stochastic lattice pseudo-parabolic equations with nonlinear
noise.

This paper is organized as bellow. In the next Section we recall the lattice pseudo-
parabolic equations with locally Lipschitz noise. In Section 3 we prove the global
well-posedness of (1.1)-(1.2). In Section 4 we define a mean random dynamical
system. In Section 5 we derive two types of uniform estimates and esyavlish the
existence of absorbing sets of two types. In the last Section we prove the existence
of WPMR attractors of three types.

2. Lattice pseudo-parabolic equations with locally Lipschitz noise. In this
section we recall the following non-autonomous stochastic lattice pseudo-parabolic
equation with locally Lipschitz noise defined on ZN :

dui(t) + λui(t)dt− d
(
u(i1−1,i2,...,iN )(t) + u(i1,i2−1,...,iN )(t) + · · ·+ u(i1,i2,...,iN−1)(t)

− 2Nu(i1,i2,...,iN )(t) + u(i1+1,i2,...,iN )(t) + u(i1,i2+1,...,iN )(t) + · · ·+ u(i1,i2,...,iN+1)(t)
)

−
(
u(i1−1,i2,...,iN )(t) + u(i1,i2−1,...,iN )(t) + · · ·+ u(i1,i2,...,iN−1)(t)

− 2Nu(i1,i2,...,iN )(t) + u(i1+1,i2,...,iN )(t) + u(i1,i2+1,...,iN )(t) + · · ·+ u(i1,i2,...,iN+1)(t)
)
dt

= −Fi(ui(t))dt+ gi(t)dt+
∞∑
k=1

(
hk,i(t) + δk,iσ̂k,i(ui(t))

)
dWk(t),

t > τ, i = (i1, i2, . . . , iN ) ∈ ZN , (2.1)

with initial data:

ui(τ) = uτ,i, i = (i1, i2, . . . , iN ) ∈ ZN , (2.2)
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where τ ∈ R, λ > 0, the sequence of independent two-sided real-valued Wiener pro-
cess (Wj)j∈N is defined on the complete filtered probability space (Ω,F , {Ft}t∈R,P),
where Ω = {ω ∈ C(R,R) : ω(0) = 0} equipped with the compact-open topology,
F = B(Ω) denotes the Borel sigma-algebra of Ω, P is the Wiener measure acting on
(Ω,F), and {Ft}t∈R is an increasing right continuous family of sub-sigma-algebras
of F with all P-null sets.

Consider the Banach space

`r = {u = (ui)i∈ZN :
∑
i∈ZN

|ui|r < +∞}, ∀r ≥ 1,

with norm ‖u‖r =
(∑

i∈ZN |ui|r
) 1
r . In this paper, the norm and the inner product

of `2 are denoted by (·, ·) and ‖ · ‖, respectively. Assume that Fi is locally Lipschitz
continuous from R to R uniformly for i ∈ ZN , that is, for any compact set I ⊆ R,
we can find a constant c1 = c1(I) > 0 such that

|Fi(s1)− Fi(s2)| ≤ c1|s1 − s2|, for all s1, s2 ∈ I, i ∈ ZN . (2.3)

We also assume that

Fi(0) = 0 and F ′i (s) ≥ γ, for all i ∈ ZN , s ∈ R, (2.4)

where γ ∈ R is a constant. Assume that σ̂k,i are locally Lipschitz continuous form
R to R uniformly for k ∈ N and i ∈ ZN , that is, for any compact set I ⊆ R, we can
find a constant c2 = c2(I) > 0 such that

|σ̂k,i(s1)− σ̂k,i(s2)| ≤ c2|s1 − s2|, for all s1, s2 ∈ I, k ∈ N, i ∈ ZN . (2.5)

Assume that for all s ∈ R and k ∈ N,

|σ̂k,i(s)| ≤ ϕ1,i|s|+ ϕ2,i, ϕ1 = {ϕ1,i}i∈ZN ∈ `∞, ϕ2 = {ϕ2,i}i∈ZN ∈ `2. (2.6)

For δ = (δk,i)k∈N,i∈ZN , g = (gi)i∈ZN and hk = (hk,i)i∈ZN , we assume, for all τ ∈ R
and T > 0,

cδ :=
∑
k∈N

∑
i∈ZN

|δk,i|2 <∞,
∫ τ+T

τ

E
(
‖g(t)‖2 +

∑
k∈N
‖hk(t)‖2

)
dt <∞. (2.7)

Next, we rewrite (2.1)-(2.2) as an abstract one in the sapce `2. For all 1 ≤ j ≤ N ,
u = (ui)i∈ZN ∈ `2 and i = (i1, i2, . . . , iN ) ∈ ZN , we define the operators from `2 to
`2 by

(Bju)i = u(i1,...,ij+1,...,iN ) − u(i1,...,ij ,...,iN ),

(B∗j u)i = u(i1,...,ij−1,...,iN ) − u(i1,...,ij ,...,iN ),

(Aju)i = −u(i1,...,ij+1,...,iN ) + 2u(i1,...,ij ,...,iN ) − u(i1,...,ij−1,...,iN ),

and

(Au)i = −u(i1−1,i2,...,iN ) − u(i1,i2−1,...,iN ) − · · · − u(i1,i2,...,iN−1)

+ 2Nu(i1,i2,...,iN ) − u(i1+1,i2,...,iN ) − u(i1,i2+1,...,iN ) − · · · − u(i1,i2,...,iN+1)

)
.

For all 1 ≤ j ≤ N , u = (ui)i∈ZN ∈ `2 and v = (vi)i∈ZN ∈ `2, we have

‖Bju‖ ≤ 2‖u‖, (B∗j u, v) = (u,Bjv), Aj = BjB
∗
j = B∗jBj and A =

N∑
j=1

Aj .

(2.8)
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For each i ∈ ZN , we let fi(s) = Fi(s)− γs for all s ∈ R. Then we see from (2.4)
that

fi(0) = 0 and f ′i(s) ≥ 0, for all i ∈ ZN , s ∈ R. (2.9)

Then we define F, f, σk : `2 → `2 by

F (u) =
(
Fi(ui)

)
i∈ZN , f(u) =

(
fi(ui)

)
i∈ZN , σk(u) =

(
δk,iσ̂k,i(ui)

)
i∈ZN , ∀u ∈ `

2.

Both F and f are well-defined due to (2.3). In addition, f : `2 → `2 is also locally
Lipschitz continuous, that is, for every n ∈ N, we can find a constant c3(n) > 0
such that for all u, v ∈ `2 with ‖u‖ ≤ n and ‖v‖ ≤ n,

‖f(u)− f(v)‖ ≤ c3(n)‖u− v‖. (2.10)

By (2.9), we obtain

(f(u)− f(v), u− v) ≥ 0, for all u, v ∈ `2. (2.11)

From (2.6)-(2.7), we infer that for all u ∈ `2,∑
k∈N
‖σk(u)‖2 ≤ 2

∑
k∈N

∑
i∈ZN

|δk,i|2(|ϕ1,i|2|ui|2 + |ψ2,i|2) ≤ 2cδ
(
‖ϕ1‖2`∞‖u‖2 + ‖ψ2‖2

)
.

(2.12)

Thus we find that σk is also well-defined. By (2.5) and (2.7) we deduce that σk:
`2 → `2 is locally Lipschitz continuous. Then for every n ∈ N, we can find a constant
c4(n) > 0 such that for any u, v ∈ `2 with ‖u‖ ≤ n and ‖v‖ ≤ n,∑

k∈N
‖σk(u)− σk(v)‖2 ≤ c4(n)‖u− v‖2. (2.13)

Let β = λ+ γ, then we are able to rewrite (2.1)-(2.2) as the following system in
`2 for t > τ with τ ∈ R:

du(t) + d(Au(t)) +Au(t)dt+ βu(t)dt (2.14)

= −f(u(t))dt+ g(t)dt+

∞∑
k=1

(
hk(t) + σk(u(t))

)
dWk(t), (2.15)

with initial data:

u(τ) = uτ ∈ `2, (2.16)

In this article, the solutions to the stochastic (2.14)-(2.16) are understood as
bellow.

Definition 2.1. Given τ ∈ R and a Fτ -measurable uτ ∈ L2(Ω, `2), we say a
continuous `2-valued Ft-adapted stochastic process u is a solution of (2.14)-(2.16)
if u ∈ L2(Ω, C([τ, τ + T ], `2)) for all T > 0, and for all t ≥ τ and almost all ω ∈ Ω,
we have

u(t) +Au(t) = uτ +Auτ +

∫ t

τ

(
−Au(s)− βu(s)− f(u(s)) + g(s)

)
ds

+

∞∑
k=1

∫ t

τ

(
hk(s) + σk(u(s))

)
dWk(s), (2.17)

in `2.
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3. Global existence and uniqueness of solutions to (2.14)-(2.16). In this
section we show the existence and uniqueness of solutions to (2.14)-(2.16) in the
sense of Definition 2.1. As mentioned before, we must approximate the locally
Lipschitz continuous operators f and σk. For each n ∈ N, we define a function
ξn : R→ R by

ξn(s) =

 −n, for s ∈ (−∞,−n),
s, for s ∈ [−n, n],
n, for s ∈ (n,+∞).

(3.1)

Then

ξn(0) = 0, |ξn(s)| ≤ n and |ξn(s1)− ξn(s2)| ≤ |s1 − s2|, ∀s, s1, s2 ∈ R. (3.2)

Let fn(u) =
(
fi(ξn(ui))

)
i∈ZN and σnk (u) =

(
δk,iσ̂k,i(ξn(ui))

)
i∈ZN for k, n ∈ N and

u ∈ `2, By (2.9), we see

(fn(u)− fn(v), u− v) ≥ 0, for all n ∈ N, u, v ∈ `2. (3.3)

By (2.9), (2.10) and (3.2), for every n ∈ N, we can find a constant c5(n) > 0 such
that

‖fn(u)− fn(v)‖ ≤ c5(n)‖u− v‖, for all u, v ∈ `2. (3.4)

‖fn(u)‖ ≤ c5(n)‖u‖, for all u ∈ `2. (3.5)

It follows from (2.5)-(2.7) and (3.2) that there is a c6 = c6(n) > 0 such that∑
k∈N
‖σnk (u)− σnk (v)‖2 ≤ c6(n)‖u− v‖2, for all u, v ∈ `2, (3.6)∑

k∈N
‖σnk (u)‖2 ≤ 2cδ

(
‖ϕ1‖2`∞‖u‖2 + ‖ϕ2‖2

)
, for all u ∈ `2. (3.7)

Given n ∈ N, we now consider the approximate stochastic system in `2 for t > τ
with τ ∈ R:

dun(t) + d(Aun(t)) +Aun(t)dt+ βun(t)dt

= −fn(un(t))dt+ g(t)dt+

∞∑
k=1

(
hk(t) + σnk (un(t))

)
dWk(t), (3.8)

with initial data:

un(τ) = uτ ∈ `2. (3.9)

Following the arguments of showing the well-posedness of stochastic equations in
Rn, we can show, under (3.4)-(3.7), that for every n ∈ N, τ ∈ R and Fτ -measurable
uτ ∈ L2(Ω, `2), system (3.8) possesses a unique solution un ∈ L2(Ω, C([τ,∞), `2))
in view of Definition 2.1.

In the next theorem, we will establish the existence of solutions to (2.14)-(2.16) in
view of Definition 2.1 by considering the limit of {un}∞n=1 of solutions to (3.8)-(3.9)
as n→∞.

Theorem 3.1. Let (2.3)-(2.7) hold. Then for all τ ∈ R and Fτ -measurable uτ ∈
L2(Ω, `2), system (2.14)-(2.16) has a solution u in the sense of Definition 2.1. In
addition, u satisfies

E
(
‖u‖2C([τ,τ+T ],`2)

)
≤M1e

M1T

(
T + E(‖uτ‖2) +

∫ τ+T

τ

E
(
‖g(t)‖2 +

∑
k∈N

‖hk(t)‖2
)
dt

)
,

(3.10)
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where M1 > 0 is a positive constant independent of uτ , τ and T .

Proof. We first prove that the solutions of (3.8)-(3.9) satisfy that for all t ≥ τ and
n ∈ N,

un+1(t ∧ ςn) = un(t ∧ ςn) and ςn+1 ≥ ςn, a.s., (3.11)

where the stoping time ςn is defined by

ςn = inf{t ≥ τ : ‖un‖ > n} and ςn = +∞ if {t ≥ τ : ‖un‖ > n} = ∅. (3.12)

By (3.8)-(3.9), we have

un+1(t ∧ ςn)− un(t ∧ ςn) +Aun+1(t ∧ ςn)−Aun(t ∧ ςn)

+

∫ t∧ςn

τ

(
A(un+1(s))−A(un(s))

)
ds

+ β

∫ t∧ςn

τ

(un+1(s)− un(s))ds+

∫ t∧ςn

τ

(
fn+1(un+1(s))− fn(un(s))

)
ds

=

∞∑
k=1

∫ t∧ςn

τ

(
σn+1
k (un+1(s))− σnk (un(s))

)
dWk(s), (3.13)

Applying Ito’s formula to (3.13), we infer that a.s.,

‖un+1(t ∧ ςn)− un(t ∧ ςn)‖2

+

N∑
j=1

‖Bj(un+1(t ∧ ςn)− un(t ∧ ςn)‖2

+ 2

∫ t∧ςn

τ

N∑
j=1

‖Bj(un+1(s)− un(s))‖2ds+ 2β

∫ t∧ςn

τ

‖un+1(s)− un(s)‖2ds

+ 2

∫ t∧ςn

τ

(
fn+1(un+1(s))− fn(un(s)), un+1(s)− un(s)

)
ds

=

∞∑
k=1

∫ t∧ςn

τ

‖σn+1
k (un+1(s))− σnk (un(s))‖2ds

+ 2

∞∑
k=1

∫ t∧ςn

τ

(
un+1(s)− un(s)

)(
σn+1
k (un+1(s))− σnk (un(s))

)
dWk(s), (3.14)

where we identify un+1(s) − un(s) in the stochastic term with an element in the
dual space of `2 in view of the Riesz representation theorem. By ‖un(s)‖ ≤ n for
all s ∈ [τ, ςn) we have

fn+1(un(s)) = fn(un(s)) and σn+1
k (un(s)) = σnk (un(s)), ∀s ∈ [τ, ςn). (3.15)

By (3.3) and (3.15) we find∫ t∧ςn

τ

(
fn+1(un+1(s))− fn(un(s)), un+1(s)− un(s)

)
ds

=

∫ t∧ςn

τ

(
fn+1(un+1(s))− fn+1(un(s)), un+1(s)− un(s)

)
ds ≥ 0, (3.16)

By (3.6) and (3.15) we get
∞∑
k=1

∫ t∧ςn

τ

‖σn+1
k (un+1(s))− σnk (un(s))‖2ds
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=

∞∑
k=1

∫ t∧ςn

τ

‖σn+1
k (un+1(s))− σn+1

k (un(s))‖2ds

≤ c6(n+ 1)

∫ t∧ςn

τ

‖un+1(s)− un(s)‖2ds. (3.17)

Then we infer from (3.14)-(3.17) that

E
(

sup
τ≤s≤t

‖un+1(s ∧ ςn)− un(s ∧ ςn)‖2
)

≤ C0

∫ t

τ

E
(

sup
τ≤s≤r

‖un+1(s ∧ ςn)− un(s ∧ ςn)‖2
)
dr

+ 2E

(
sup

τ≤s≤t∧ςn

∣∣∣∣ ∞∑
k=1

∫ s

τ

(
un+1(r)− un(r)

)(
σn+1
k (un+1(r))− σn+1

k (un(r))
)
dWk(r)

∣∣∣∣
)
,

(3.18)

where C0 = (2|β| + c6(n + 1)). From the BDG inequality and (3.6), we find a
constant C1 > 0 such that

2E
(

sup
τ≤s≤t∧ςn

∣∣∣∣ ∞∑
k=1

∫ s
τ

(
un+1(r)− un(r)

)(
σ
n+1
k (un+1(r))− σ

n+1
k (un(r))

)
dWk(r)

∣∣∣∣
)

≤ 2C1E
((∫ t∧ςn

τ

(
‖un+1(r)− un(r)‖

2
∞∑
k=1

‖σn+1
k (un+1(r))− σ

n+1
k (un(r))‖2

)
dr

) 1
2

)

≤ 2C1E
(

sup
τ≤r≤t

‖un+1(r ∧ ςn)− un(r ∧ ςn)‖
(∫ t∧ςn

τ

∞∑
k=1

‖σn+1
k (un+1(r))− σ

n+1
k (un(r))‖2dr

) 1
2

)

≤ 2
√
c6(n + 1)C1E

(
sup

τ≤r≤t
‖un+1(r ∧ ςn)− un(r ∧ ςn)‖

(∫ t∧ςn
τ

‖un+1(r)− un(r)‖
2
dr

) 1
2

)

≤
1

2
E
(

sup
τ≤s≤t

‖un+1(s ∧ ςn)− un(s ∧ ςn)‖
2
)
+ C2

∫ t
τ

E
(

sup
τ≤s≤r

‖un+1(s ∧ ςn)− un(s ∧ ςn)‖
2
)
dr, (3.19)

where C2 = 2c6(n+ 1)C2
1 . It yields from (3.18)-(3.19) that

E
(

sup
τ≤s≤t

‖un+1(s ∧ ςn)− un(s ∧ ςn)‖2
)

≤ 2(C0 + C2)

∫ t

τ

E
(

sup
τ≤s≤r

‖un+1(s ∧ ςn)− un(s ∧ ςn)‖2
)
dr. (3.20)

From the Gronwall lemma and (3.20), we find

E
(

sup
τ≤s≤t

‖un+1(s ∧ ςn)− un(s ∧ ςn)‖2
)

= 0, ∀t ≥ τ. (3.21)

Then we find that un+1(t ∧ ςn) = un(t ∧ ςn) for all t ≥ τ a.s.. From this and (3.12)
we find (3.11).

We then prove the stoping time satisfies:

ς := lim
n→∞

ςn = sup
n∈N

ςn =∞, a.s.. (3.22)

In order to prove (3.22), we first deduce the following uniform estimates for the
solutions un to (3.8):

E
(
‖un‖2C([τ,τ+T ],`2)

)
≤M, ∀T > 0, (3.23)

where

M = M1e
M1T

(
E(‖uτ‖2) + T +

∫ τ+T

τ

E
(
‖g(s)‖2 +

∑
k∈N
‖hk(s)‖2

)
ds
)

and M1 > 0 is a constant independent of uτ , n, τ and T .
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Applying Ito’s formula to (3.8), we find

‖un(t)‖2 +

N∑
j=1

‖Bjun(t)‖2 + 2

∫ t

τ

N∑
j=1

‖Bjun(s)‖2ds+ 2β

∫ t

τ

‖un(s)‖2ds

+ 2

∫ t

τ

(
fn(un(s)), un(s)

)
ds

= ‖uτ‖2 +

N∑
j=1

‖Bjuτ‖2 + 2

∫ t

τ

(
g(s), un(s)

)
ds+

∞∑
k=1

∫ t

τ

‖hk(s) + σnk (un(s))‖2ds

+ 2

∞∑
k=1

∫ t

τ

un(s)
(
hk(s) + σnk (un(s))

)
dWk(s). (3.24)

This together with (3.3) and Young’s inequality gives

E
(

sup
τ≤r≤t

‖un(r)‖2
)
≤ (1 + 4N)E(‖uτ‖2) + (1 + 2|β|)

∫ t

τ

E(‖un(s)‖2)ds

+

∫ t

τ

E(‖g(s)‖2)ds+ 2

∫ t

τ

E
( ∞∑
k=1

‖hk(s)‖2
)
ds+ 2

∞∑
k=1

∫ t

τ

E
(
‖σnk (un(s))‖2

)
ds

+ 2E

(
sup
τ≤r≤t

∣∣∣ ∞∑
k=1

∫ r

τ

un(s)
(
hk(s) + σnk (un(s))

)
dWk(s)

∣∣∣). (3.25)

It yields from (3.7) that for t ∈ [τ, τ + T ],

2

∞∑
k=1

∫ t

τ

E
(
‖σnk (un(s))‖2

)
ds ≤ 4cδ‖ϕ1‖2`∞

∫ t

τ

E(‖un(s)‖2)ds+ 4cδT‖ϕ2‖2. (3.26)

From the BDG inequality and (3.26) we find that for t ∈ [τ, τ + T ],

2E

(
sup
τ≤r≤t

∣∣∣ ∞∑
k=1

∫ r

τ

un(s)
(
hk(s) + σnk (un(s))

)
dWk(s)

∣∣∣)

≤ 2C1E

(∫ t

τ

∞∑
k=1

‖un(s)‖2‖hk(s) + σnk (un(s))‖2ds

) 1
2

≤ 2
√

2C1E

(
sup
τ≤s≤t

‖un(s)‖

(∫ t

τ

∞∑
k=1

(
‖hk(s)‖2 + ‖σnk (un(s))‖2

)
ds

) 1
2
)

≤ 1

2
E
(

sup
τ≤s≤t

‖un(s)‖2
)

+ 4C2
1

∫ t

τ

E
( ∞∑
k=1

(
‖hk(s)‖2 + ‖σnk (un(s))‖2

)
ds

≤ 1

2
E
(

sup
τ≤s≤t

‖un(s)‖2
)

+ 8cδC
2
1‖ϕ1‖2`∞

∫ t

τ

E(‖un(s)‖2)ds

+ 4C2
1

∫ t

τ

E
( ∞∑
k=1

‖hk(s)‖2
)
ds+ 8cδTC

2
1‖ϕ2‖2, (3.27)

where C1 is the same number as given in (3.19). Then we find from (3.25)-(3.27)
that for t ∈ [τ, τ + T ],

E
(

sup
τ≤r≤t

‖un(r)‖2
)
≤ C3

∫ t

τ

E( sup
τ≤r≤s

‖un(r)‖2)ds+ C4. (3.28)
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where C3 = 2 + 4|β|+ 8cδ‖ϕ1‖2`∞(1 + 2C2
1 ) and C4 is given by

C4 = 2(1 + 4N)E(‖uτ‖2) + 4(1 + 2C2
1 )

∫ τ+T

τ

E
(
‖g(s)‖2

+

∞∑
k=1

‖hk(s)‖2
)
ds+ 8(1 + 2C2

1 )cδ‖ϕ2‖2T.

From the Gronwall lemma and (3.28) we can deduce that

E
(

sup
τ≤r≤t

‖un(r)‖2
)
≤ C4e

C3T , ∀t ∈ [τ, τ + T ]

This implies (3.23). In the following, we prove (3.22). Let T > 0 be an arbitrary
number. By (3.12), we infer that

{ςn < T} ⊆ {‖un‖C([τ,τ+T ],`2) ≥ n}.

Then we deduce from Chebychev’s inequality and (3.23) that

P{ςn < T} ≤ P
(
‖un‖C([τ,τ+T ],`2) ≥ n} ≤

1

n2
E(‖un‖2C([τ,τ+T ],`2)) ≤

M

n2
,

which implies
∞∑
n=1

P{ςn < T} ≤M
∞∑
n=1

1

n2
<∞.

Taking ΩT =
∞⋂
m=1

∞⋃
n=m
{ςn < T}, we find from the Borel-Cantelli lemma that

P(ΩT ) = P
( ∞⋂
m=1

∞⋃
n=m

{ςn < T}
)

= 0.

Then for every ω ∈ Ω \ ΩT , we find a n0 = n0(ω) > 0 such that ςn(ω) ≥ T for all

n ≥ n0, and thus ς(ω) ≥ T for all ω ∈ Ω \ ΩT . Let Ω0 =
∞⋃
T=1

ΩT , then P(Ω0) = 0

and ς(ω) ≥ T for all ω ∈ Ω \ Ω0 and T ∈ N. Then (3.22) yields.
We finally show the existence of solutions to (2.14). By Steps 1-2, we find a

Ω1 ⊆ Ω with P(Ω \ Ω1) = 0 such that

ς(ω) = lim
n→∞

ςn(ω) =∞, un+1(t ∧ ςn, ω) = un(t ∧ ςn, ω), ∀n ∈ N, ω ∈ Ω1, t ≥ τ.
(3.29)

By (3.29), for every ω ∈ Ω1 and t ≥ τ , we find a n0 = n0(t, ω) ≥ 1 such that for all
n ≥ n0,

ςn(ω) > t, and thus un(t, ω) = un0(t, ω) (3.30)

Define a mapping u : [τ,∞)× Ω→ `2 given by

u(t, ω) =

{
un(t, ω), if ω ∈ Ω1 and t ∈ [τ, ςn(ω)],
uτ (ω), if ω ∈ Ω \ Ω1 and t ∈ [τ,∞). (3.31)

Note that un is a continuous `2-valued process, by (3.31), we infer that u is also
continuous for t in `2 a.s.. By (3.31), we find

lim
n→∞

un(t, ω) = u(t, ω), ∀ω ∈ Ω1, t ≥ τ. (3.32)
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Since un is Ft-adapted, by (3.32) we deduce that u is also Ft-adapted. By (3.32),
(3.23) and Fatou’s lemma we see

E
(
‖u‖2C([τ,τ+T ],`2)

)
≤M, ∀T > 0.

This implies (3.10). By (3.8) we get

un(t ∧ ςn) +Aun(t ∧ ςn)

= uτ +Auτ +

∫ t∧ςn

τ

(
−Aun(s)− βun(s)− fn(un(s)) + g(s)

)
ds

+

∞∑
k=1

∫ t∧ςn

τ

(
hk(s) + σnk (un(s))

)
dWk(s), (3.33)

in `2 for all t ≥ τ . By (3.31) we see un(t ∧ ςn) = u(t ∧ ςn) a.s., which implies a.s.,

fn(un(s)) = f(u(s)) and σnk (un(s)) = σk(u(s)), for all s ∈ [τ, ςn). (3.34)

Therefore we see from (3.33)-(3.34) that a.s.,

u(t ∧ ςn) +Au(t ∧ ςn) = uτ +Auτ +

∫ t∧ςn

τ

(
−Au(s)− βu(s)− f(u(s)) + g(s)

)
ds

+

∞∑
k=1

∫ t∧ςn

τ

(
hk(s) + σk(u(s))

)
dWk(s), (3.35)

in `2 for all t ≥ τ . Since lim
n→∞

ςn =∞ a.s.. Then we find from (3.35) that

u(t) +Au(t) = uτ +Auτ +

∫ t

τ

(
−Au(s)− βu(s)− f(u(s)) + g(s)

)
ds

+

∞∑
k=1

∫ t

τ

(
hk(s) + σk(u(s))

)
dWk(s),

in `2 for all t ≥ τ . Thus u is a solution of (2.14) in view of Definition 2.1.

Now, we prove the uniqueness of the solutions to (2.14)-(2.16).

Theorem 3.2. Let (2.3)-(2.7) hold. Then the solution to system (2.14)-(2.16) is
unique.

Proof. Let u1 and u2 be two solutions of (2.14). Given n ∈ N and T > 0, we define
a stoping time:

Tn = (τ + T ) ∧ inf{t ≥ τ : ‖u1(t)‖ ≥ n or ‖u2(t)‖ ≥ n}. (3.36)

By (2.14)-(2.16), we get

u1(t ∧ Tn)− u2(t ∧ Tn) +Au1(t ∧ Tn)−Au2(t ∧ Tn) + β

∫ t∧Tn

τ

(u1(s)− u2(s))ds

+

∫ t∧Tn

τ

(
A(u1(s))−A(u2(s))

)
ds+

∫ t∧Tn

τ

(
f(u1(s))− f(u2(s))

)
ds

= u1(τ)− u2(τ) +Au1(τ)−Au2(τ) +

∞∑
k=1

∫ t∧Tn

τ

(
σk(u1(s))− σk(u2(s))

)
dWk(s).

(3.37)
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From Ito’s formula and (3.37), we find that a.s.,

‖u1(t ∧ Tn)− u2(t ∧ Tn)‖2 +

N∑
j=1

‖Bj(u1(t ∧ Tn)− u2(t ∧ Tn))‖2

+ 2β

∫ t∧Tn

τ

‖u1(s)− u2(s)‖2ds

+ 2

∫ t∧Tn

τ

N∑
j=1

‖Bj(u1(s)− u2(s))‖2ds+ 2

∫ t∧Tn

τ

(
f(u1(s))− f(u2(s)), u1(s)− u2(s)

)
ds

= ‖u1(τ)− u2(τ)‖2 +

N∑
j=1

‖Bj(u1(τ)− u2(τ))‖2 +

∞∑
k=1

∫ t∧Tn

τ

‖σk(u1(s))− σk(u2(s))‖2ds

+ 2

∞∑
k=1

∫ t∧Tn

τ

(
u1(s)− u2(s)

)(
σk(u1(s))− σk(u2(s))

)
dWk(s). (3.38)

We infer from (2.11) that∫ t∧Tn

τ

(
f(u1(s))− f(u2(s)), u1(s)− u2(s)

)
ds ≥ 0. (3.39)

By (2.13) and (3.36), we have
∞∑
k=1

∫ t∧Tn

τ

‖σk(u1(s))− σk(u2(s))‖2ds ≤ c4(n)

∫ t∧Tn

τ

‖u1(s)− u2(s)‖2ds. (3.40)

Then we find from (3.38)-(3.40) that

‖u1(t ∧ Tn)− u2(t ∧ Tn)‖2 + ‖
N∑
j=1

Bj(u1(t ∧ Tn)− u2(t ∧ Tn))‖2

+ 2

∫ t∧Tn

τ

N∑
j=1

‖Bj(u1(s)− u2(s))‖2ds

≤ (1 + 4N)‖u1(τ)− u2(τ)‖2 +
(
2|β|+ c4(n)

) ∫ t∧Tn

τ

‖u1(s)− u2(s)‖2ds

+ 2

∞∑
k=1

∫ t∧Tn

τ

(
u1(s)− u2(s)

)(
σk(u1(s))− σk(u2(s))

)
dWk(s).

This yields

E
(

sup
τ≤s≤t

‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2
)

≤ (1 + 4N)E
(
‖u1(τ)− u2(τ)‖2

)
+
(
2|β|+ c4(n)

) ∫ t

τ
sup

τ≤s≤r
E
(
‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2

)
dr

+ 2E

(
sup

τ≤s≤t∧Tn

∣∣∣∣ ∞∑
k=1

∫ s

τ

(
u1(r)− u2(r)

)(
σk(u1(r))− σk(u2(r))

)
dWk(r)

∣∣∣∣
)
. (3.41)

From the BDG inequality and (3.40), the last term in (3.41) satisfies

2E

(
sup

τ≤s≤t∧Tn

∣∣∣∣ ∞∑
k=1

∫ s

τ

(
u1(s)− u2(s)

)(
σk(u1(r))− σk(u2(r))

)
dWk(r)

∣∣∣∣
)

≤ 2C1E

((∫ t∧Tn

τ

(
‖u1(r)− u2(r)‖2

∞∑
k=1

‖σk(u1(r))− σk(u2(r))‖2
)
dr

) 1
2

)



THREE TYPES OF WEAK PULLBACK ATTRACTORS 3109

≤ 2C1E

(
sup
τ≤r≤t

‖u1(r ∧ Tn)− u2(r ∧ Tn)‖
(∫ t∧Tn

τ

∞∑
k=1

‖σk(u1(r))− σk(un(r))‖2dr
) 1

2

)

≤ 2
√
c4(n)C1E

(
sup
τ≤r≤t

‖u1(r ∧ Tn)− u2(r ∧ Tn)‖
(∫ t∧Tn

τ

‖u1(r)− u2(r)‖2dr
) 1

2

)

≤ 1

2
E
(

sup
τ≤s≤t

‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2
)

+ 2c4(n)C2
1

∫ t

τ

E
(

sup
τ≤s≤r

‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2
)
dr. (3.42)

Then we find from (3.41)-(3.42) that

E
(

sup
τ≤s≤t

‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2
)

≤ 2(1 + 4N)E
(
‖u1(τ)− u2(τ)‖2

)
+ C7

∫ t

τ

sup
τ≤s≤r

E
(
‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2

)
dr,

(3.43)

where C7 = 4|β|+ 2c4(n) + 4c4(n)C2
1 . From the Gronwall lemma and (3.43) we find

E
(

sup
τ≤s≤τ+T

‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2
)
≤ 2(1 + 4N)eC7TE

(
‖u1(τ)− u2(τ)‖2

)
.

(3.44)

For u1(τ) = u2(τ) in L2(Ω, `2), we see from (3.44) that

E
(

sup
τ≤s≤τ+T

‖u1(s ∧ Tn)− u2(s ∧ Tn)‖2
)

= 0.

Then
‖u1(t ∧ Tn)− u2(t ∧ Tn)‖ = 0, for all t ∈ [τ, τ + T ] a.e..

Note that Tn = τ + T for large enough n thanks to the continuity of u1 and u2 in
t. Then we find that

‖u1(t)− u2(t)‖ = 0, for all t ∈ [τ, τ + T ] almost surely.

This shows

P
(
‖u1(t)− u2(t)‖2 = 0 for all t ∈ [τ, τ + T ]

)
= 1, ∀T > 0.

Since T is an arbitrary number, we have

P
(
‖u1(t)− u2(t)‖2 = 0 for all t ≥ τ

)
= 1.

Thus the uniqueness of the solutions yields.

4. Mean random dynamical systems, attracting universes and conditions.
Now, we rewrite (2.1)-(2.2) as the following stochastic system in `2 for t > τ with
τ ∈ R:

du(t) + d(Au(t)) +Au(t)dt+ λu(t)dt

= −F (u(t))dt+ g(t)dt+

∞∑
k=1

(
hk(t) + σk(u(t))

)
dWk(t), (4.1)

with initial data:

u(τ) = uτ ∈ `2. (4.2)
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From Theorems 3.1-3.2 we find that for every τ ∈ R and Fτ -measurable uτ ∈
L2(Ω, `2), system (4.1)-(4.2) has a unique solution u ∈ C([τ,∞), `2) P-a.s.. Then
by the Lebesgue dominated convergence theorem and the uniform estimates similar
to (3.10), we can show u ∈ C([τ,∞), L2(Ω, `2)). Define a mapping

Φ(t, τ) : L2(Ω,Fτ ; `2)→ L2(Ω,Fτ+t; `
2)

by

Φ(t, τ)uτ = u(t+ τ, τ, uτ ), t ∈ R+, τ ∈ R, uτ ∈ L2(Ω,Fτ ; `2). (4.3)

Then we find that Φ is a mean random dynamical system for (4.1)-(4.2) on L2(Ω,F ,
`2) over (Ω,F , {Ft}t∈R,P) in view of [16, Def. 2.1], that is, for all t, s ∈ R+ and
τ ∈ R,

1. Φ(t, τ) is a mapping from L2(Ω,Fτ , `2) to L2(Ω,Fτ+t, `
2);

2. Φ(0, τ) is an identity operator on L2(Ω,Fτ , `2);
3. Φ(t+ s, τ) = Φ(t, s+ τ) ◦ Φ(s, τ).

Notice that Φ is also said a mean square random dynamical system, see e.g., Kloeden
and Lorenz [10].

In order to derive several kinds of estimates of solutions to (4.1)-(4.2), we next
define two families D = {D(τ) ⊆ L2(Ω,Fτ , `2) : τ ∈ R} and B = {B(τ) ⊆
L2(Ω,Fτ , `2) : τ ∈ R} of bounded nonempty subsets satisfying the following condi-
tions:

lim
t→+∞

e−λ̂t‖D(τ − t)‖2L2(Ω,Fτ−t,`2) = 0, τ ∈ R, (4.4)

lim
t→+∞

e−λ̂t sup
s≤τ
‖B(s− t)‖2L2(Ω,Fs−t,`2) = 0, τ ∈ R, (4.5)

where ‖D(τ − t)‖L2(Ω,Fτ−t,`2) = sup
u∈D(τ−t)

‖u‖L2(Ω,Fτ−t,`2). Denote by

D =
{
D = {D(τ) ⊆ L2(Ω,Fτ , `2) : τ ∈ R and D(τ) 6= ∅ is bounded} : D satisfies (4.4)

}
,

(4.6)

B =
{
B = {B(τ) ⊆ L2(Ω,Fτ , `2) : τ ∈ R and B(τ) 6= ∅ is bounded} : B satisfies (4.5)

}
.

(4.7)

To prove our main results, we make the following assumptions:

cδ‖ϕ1‖2`∞ ≤
λ

8
, Fi(s)s ≥ 0, ∀s ∈ R, i ∈ ZN , (4.8a)

sup
s≤τ

∫ s

−∞
e

1
2 λ̂rE

(
‖g(r)‖2 +

∑
k∈N
‖hk(r)‖2

)
dr <∞, ∀τ ∈ R, (4.8b)

where λ̂ := 2 ∧ λ.

5. Two types of uniform estimates and absorbing sets. In this section we
first provide two types of long-time uniform estimates of solutions to problem (4.1)-
(4.2).

Lemma 5.1. Let (2.3)-(2.7) and (4.8a)-(4.8b) hold. Then we have the following
two types of long-time uniform estimates of solutions to (4.1)-(4.2).

(1) For every τ ∈ R and D = {D(τ) : τ ∈ R} ∈ D, we can find a T := T (τ,D) > 0
such that the solutions of (4.1)-(4.2) satisfy

sup
t≥T

sup
uτ−t∈D(τ−t)

E(‖u(τ, τ − t, uτ−t)‖2)
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≤ RD(τ) := L+ L

∫ τ

−∞
eλ̂(r−τ)E

(
‖g(r)‖2 +

∑
k∈N
‖hk(r)‖2

)
dr. (5.1)

(2) For every τ ∈ R and B = {B(τ) : τ ∈ R} ∈ B, we can find a T := T (τ,B) > 0
such that the solutions of (4.1)-(4.2) satisfy

sup
t≥T

sup
s≤τ

sup
us−t∈B(s−t)

E(‖u(s, s− t, us−t)‖2)

≤ RB(τ) := L+ L sup
s≤τ

∫ s

−∞
eλ̂(r−s)E

(
‖g(r)‖2 +

∑
k∈N
‖hk(r)‖2

)
dr. (5.2)

Here L > 0 is a number depending on λ but independent of τ , D and B.

Proof. Note that the proof of (1) is just a special case of (2) for s = τ , we will only
prove (1).

Applying Ito’s formula to (4.1)-(4.2), we obtain

d(‖u(t)‖2 +

N∑
j=1

‖Bju(t)‖2) + 2
( N∑
j=1

‖Bju(t)‖2 + λ‖u(t)‖2 + (F (u(t))), u(t)
)
dt

= 2(g(t), u(t))dt+

∞∑
k=1

‖hk(t) + σk(u(t))‖2dt+ 2

∞∑
k=1

u(t)
(
hk(t) + σk(u(t))

)
dWk(t).

This along with (4.8a) implies

d

dt
E
(
‖u(t)‖2 +

N∑
j=1

‖Bju(t)‖2
)

+ 2E
( N∑
j=1

‖Bju(t)‖2 + λ‖u(t)‖2
)

≤ 1

2
λE(‖u(t)‖2) +

2

λ
E(‖g(t)‖2) + 2

∞∑
k=1

E(‖hk(t)‖2) + 2

∞∑
k=1

E(‖σk(u(t))‖2). (5.3)

It follows from (2.12) and (4.8a) that

2

∞∑
k=1

E(‖σk(u(t))‖2) ≤ 4cδ‖ϕ1‖2`∞E(‖u‖2) + 4cδ‖ϕ2‖2 ≤
1

2
λE(‖u‖2) + 4cδ‖ϕ2‖2.

(5.4)

By (5.3)-(5.4), we get

d

dt
E
(
‖u(t)‖2 +

N∑
j=1

‖Bju(t)‖2
)

+ λ̂E
(
‖u(t)‖2 +

N∑
j=1

‖Bju(t)‖2
)

≤ C8E(

∞∑
k=1

‖hk(t)‖2 + ‖g(t)‖2) + 4cδ‖ϕ2‖2. (5.5)

where λ̂ := 2 ∧ λ and C8 = 2
λ + 2.

For each τ ∈ R and B = {B(τ) : τ ∈ R} ∈ B, multiplying (5.6) by eλ̂t and
integrating the result over (s− t, s) for s ≤ τ , we see

E
(
‖u(s, s− t, us−t)‖2 +

N∑
j=1

‖Bju(s, s− t, us−t)‖2
)

≤ e−λ̂tE
(
‖us−t‖2 +

N∑
j=1

‖Bjus−t‖2
)
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+ C8

∫ τ

τ−t
eλ̂(r−τ)E

( ∞∑
k=1

‖hk(r)‖2 + ‖g(r)‖2
)
dr +

4cδ

λ̂
‖ϕ2‖2. (5.6)

By us−t ∈ B(s− t) for s ≤ τ and B ∈ B, we get, as t→ +∞,

e−λ̂tE
(
‖us−t‖2 +

N∑
j=1

‖Bjus−t‖2
)
≤ (1+4N)e−λ̂t sup

s≤τ
E(‖B(s− t)‖2L2(Ω,Fs−t,`2))→ 0.

This along with (5.6) and (4.8b) implies there is a T := T (τ,D) > 0 such that for
all t ≥ T ,

E
(
‖u(s, s− t, us−t)‖2 +

N∑
j=1

‖Bju(s, s− t, us−t)‖2
)

≤ 1 + C8 sup
s≤τ

∫ s

−∞
eλ̂(r−s)E

(
‖g(r)‖2 +

∑
k∈N
‖hk(r)‖2

)
dr +

4cδ

λ̂
‖ϕ2‖2.

From this we get (5.1). The proof is completed.

As a direct consequence of Lemma 5.1, we have the existence of two types of
absorbing sets for the mean random dynamical system Φ in L2(Ω,F , `2).

Lemma 5.2. Let (2.3)-(2.7) and (4.8a)-(4.8b) hold. Then Φ has two types of
absorbing sets in L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P).

(1) Φ has a weakly compactD-pullback absorbing setKD = {KD(τ) : τ ∈ R} ∈ D
in L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P), that is, for every τ ∈ R and D ∈ D, there
exists T = T (τ,D) > 0 such that Φ(t, τ − t)D(τ − t) ⊆ KD(τ) for all t ≥ T , where
KD(τ) = {u ∈ L2(Ω,Fτ , `2) : E(‖u‖2) ≤ RD(τ)}.

(2) Φ has a weakly compact backward B-pullback absorbing set KB = {KB(τ) :
τ ∈ R} ∈ B in L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P), that is, for every τ ∈ R and
B ∈ B, there exists T = T (τ,B) > 0 such that

⋃
s≤τ Φ(t, s− t)B(s− t) ⊆ KB(τ) for

all t ≥ T , where KB(τ) = {u ∈ L2(Ω,Fτ , `2) : E(‖u‖2) ≤ RB(τ)}.

Proof. The proof of (2) is just a specifical case of (2). Then we only focuss on the
proof of (2).

First, by (4.8b) we know that KB(τ) is a bounded closed convex set in L2(Ω,Fτ ,
`2), and so it is a weakly compact subset in L2(Ω,Fτ , `2). It yields from (2) of
Lemma 5.1 that for every (τ,B) ∈ R×B, there exists T := T (τ,B) > 0 such that

sup
t≥T

sup
s≤τ

sup
us−t∈B(s−t)

‖u(s, s− t, us−t)‖2L2(Ω,Fs−t,`2) ≤ RB(τ).

This implies that for all t ≥ T ,⋃
s≤τ

Φ(t, s− t)B(s− t) ⊆ KB(τ)

Note that for all s ≤ τ and t ≥ 0,

‖KB(s− t)‖2L2(Ω,Fs−t,`2)

≤ L+ L

∫ s−t

−∞
eλ̂(r−s+t)E

(
‖g(r)‖2 +

∞∑
k=1

‖hk(r)‖2
)
dr

≤ L+ L

∫ s−t

−∞
e

1
2 λ̂(r−s+t)E

(
‖g(r)‖2 +

∞∑
k=1

‖hk(r)‖2
)
dr
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≤ L+ Le
1
2 λ̂t

∫ s

−∞
e

1
2 λ̂(r−s)E

(
‖g(r)‖2 +

∞∑
k=1

‖hk(r)‖2
)
dr.

This together with (4.8b) implies, as t→ +∞,

e−λ̂t sup
s≤τ
‖KB(s− t)‖2L2(Ω,Fs−t,`2)

≤ e−λ̂tL+ Le−
1
2 λ̂t sup

s≤τ

∫ s

−∞
e

1
2 λ̂(r−s)E

(
‖g(r)‖2 +

∑
k∈N
‖hk(r)‖2

)
dr → 0.

Therefore KB ∈ B is a weakly compact backward B-pullback absorbing set for Φ
in L2(Ω,F , `2). This concludes the proof.

6. Three types of weak pullback mean random attractors of (2.1)-(2.2).
Before introduce our main results, we first give some preparations. Given τ ∈ R,
we note that the weak topology of L2(Ω,Fτ , `2) has a neighborhood base at a point
ψ0 ∈ L2(Ω,Fτ , `2) given by the collection:{

N ε
φ∗1 ,...,φ

∗
n
(ψ0) : ε > 0, φ∗1, . . . , φ

∗
n ∈ (Lp(Ω,Fτ , X))∗, n = 1, 2, . . . ,

}
. (6.1)

Here the set N ε
φ∗1 ,...,φ

∗
n
(ψ0) is given by, for ε > 0 and φ∗1, . . . , φ∗n ∈ (L2(Ω,Fτ , `2))∗,

N ε
φ∗1 ,...,φ

∗
n
(ψ) =

{
ψ0 ∈ L2(Ω,Fτ , `2) : |φ∗i (ψ)− φ∗i (ψ0)| < ε for all i = 1, . . . , n

}
.

(6.2)

If B is a weakly open set containing a point ψ0 ∈ L2(Ω,Fτ , `2), then we say B is
a weak neighborhood of the point ψ0 in L2(Ω,Fτ , `2). If B is a weakly open set
containing a set B ⊆ L2(Ω,Fτ , `2), then we say B is a weak neighborhood of the
set B in L2(Ω,Fτ , `2).

After all preparations established in above sections, we now present the main
results on the existence and uniqueness of three types of weak pullback mean random
attractors (WPMRAs) for the mean random dynamical system Φ as follows. Here
the three types WPMRAs are understood in the following sense.

Definition 6.1. (The usual WPMRA, see [16, Def. 2.4]) A family sets A = {A(τ) :
τ ∈ R} ∈ D is called a WPMRA for Φ on L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P) if the
following conditions are satisfied.

(i) A(τ) is a weakly compact subset of L2(Ω,Fτ , `2) for every τ ∈ R.
(ii) A is a D-pullback weakly attracting set of Φ, that is, for each τ ∈ R, D ∈ D

and each weak neighborhood Nw(A(τ)) of A(τ) in L2(Ω,Fτ , `2), there is a time
T = T (τ,D,Nw(A(τ))) > 0 such that⋃

t≥T

Φ(t, τ − t)(D(τ − t)) ⊆ Nw(A(τ)).

(iii) A is the minimal element of D satisfying (i) as well as (ii).

Definition 6.2. (The backward weakly compact WPMRA) A family sets A =
{A(τ) : τ ∈ R} ∈ B is called a backward weakly compact WPMRA for Φ on
L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P) if the following conditions are satisfied.

(i) The set
⋃
s≤τ A(s)

w
is weakly compact in L2(Ω,Fτ , `2), where the closure is

taken in the sense of the weak topology of L2(Ω,Fτ , `2).
(ii) A is a B-pullback weakly attracting set of Φ in the similar sense of Definition

6.1.
(iii) A is the minimal element of B satisfying (i) as well as (ii).
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Definition 6.3. (The backward weakly attracting WPMRA) A family sets U =
{U(τ) : τ ∈ R} ∈ B is called a backward weakly attracting WPMRA for Φ on
L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P) if the following conditions are satisfied.

(i) U(τ) is a weakly compact subset of L2(Ω,Fτ , `2).
(ii) U is a backward B-pullback weakly attracting set of Φ in the sense that , for

each τ ∈ R, B ∈ B and each weak neighborhood Nw(U(τ)) of U(τ) in L2(Ω,Fτ , `2),
there is a time T = T (τ,B,Nw(U(τ))) > 0 such that⋃

t≥T

⋃
s≤τ

Φ(t, τ − t)(B(s− t)) ⊆ Nw(U(τ)).

(iii) U is the minimal element of B satisfying (i) as well as (ii).

Note that the notation of backward weakly compact WPMRA and backward
weakly attracting WPMRA are strong than the usual WPMRA. The following
theorem is concerned with the main results of the paper.

Theorem 6.4. Let (2.3)-(2.7) and (4.8a)-(4.8b) be satisfied. Then Φ possesses
three kinds of WPMRAs.

(1) Φ has a unique usual WPMRA AD = {AD(τ) : τ ∈ R} ∈ D in L2(Ω,F , `2)
over (Ω,F , {Ft}t∈R,P) in the sense of Definition 6.1, which is given by

AD(τ) =
⋂
r≥0

⋃
t≥r

Φ(t, τ − t)KD(τ − t)
w

, τ ∈ R.

(2) Φ has a unique backward weakly compact WPMRA AB = {AB(τ) : τ ∈
R} ∈ B in L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P) in the sense of Definition 6.2, which
is given by

AB(τ) =
⋂
r≥0

⋃
t≥r

Φ(t, τ − t)KB(τ − t)
w

.

(3) Φ has a unique backward weakly attracting WPMRA UB = {UB(τ) : τ ∈
R} ∈ B in L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P) in the sense of Definition 6.3, which
is given by

UB(τ) =
⋂
r≥0

⋃
t≥r

⋃
s≤τ

Φ(t, s− t)KB(s− t)
w

.

(4) The relation of AD, AB and UB is AD = AB ⊆ UB.

Proof. Proof of (1). By (1) of Lemma 5.2 and the abstract results in [16, Theorem
2.7] we complete the proof of (1) immediately.

Proof of (2). By (2) of Lemma 5.2 and the abstract results in [16, Theorem 2.7]
we find that AB = {AB(τ) : τ ∈ R} ∈ B is a WPMRA for Φ in L2(Ω,F , `2)
over (Ω,F , {Ft}t∈R,P) in the sense of Definition 6.1. To show that AB ∈ B is a
backward weakly compact WPMRA for Φ in L2(Ω,F , `2) over (Ω,F , {Ft}t∈R,P)

in the sense of Definition 6.2, we only need to show that
⋃
s≤τ AB(s)

w
is weakly

compact in L2(Ω,Fτ , `2). By (2) of Lemma 5.2 we know that KB ∈ B and KB

is a backward B-pullback absorbing set for Φ. Then for each τ ∈ R, there exists
T1 = T1(τ,KB) > 0 such that for all r ≥ T1,⋃

t≥r

⋃
s≤τ

Φ(t, s− t)KB(s− t)
w

⊆
⋃
t≥T1

⋃
s≤τ

Φ(t, s− t)KB(s− t)
w

⊆ KB(τ)
w
, (6.3)
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which along with the structure of AB and the weak compactness of KB(τ) in
L2(Ω,Fτ , `2) yields⋃

s≤τ

AB(s) =
⋃
s≤τ

⋂
r≥0

⋃
t≥r

Φ(t, s− t)KB(s− t)
w

⊆
⋂
r≥T1

⋃
t≥r

⋃
s≤τ

Φ(t, s− t)KB(s− t)
w

⊆ KB(τ). (6.4)

By the weak compactness of KB(τ) in L2(Ω,Fτ , `2) we further find that⋃
s≤τ AB(s)

w
is weakly compact in L2(Ω,Fτ , `2). This completes the proof of (2).

Proof of (3). Similar to (6.4) we can prove that UB(τ) ⊆ KB(τ), and hence UB(τ)
is a weakly compact set in L2(Ω,Fτ , `2). By KB ∈ B, UB ⊆ KB and the definition
of B we find UB ∈ B. It is easy to check that AB(τ) ⊆ UB(τ). This along with
the nonemptyness of AB implies the nonemptyness of UB.

Next, we show that UB is a backward B-pullback weakly attracting set in
L2(Ω,F , `2). First, we need to prove that for every τ ∈ R and every weak neighbor-
hoodNw(UB(τ)) of UB(τ) in L2(Ω,Fτ , `2), there exists T2 = T2(τ,KB, N

w(UB(τ)))
≥ T1 such that for all t ≥ T2,⋃

s≤τ

Φ(t, s− t)KB(s− t) ⊆ Nw(UB(τ)). (6.5)

If (6.5) is incorrect, then we can find τ0 ∈ R, tn → +∞, sn ≤ τ0, ψn ∈ KB(sn− tn)
and a weak neighborhood Nw(UB(τ0)) of UB(τ0) in L2(Ω,Fτ0 , `2) such that

Φ(tn, sn − tn)ψn /∈ Nw(UB(τ0)). (6.6)

Since tn → +∞, we know, there exists N1 = N1(τ0,KB) > 0 such that tn ≥ T2 for
all n ≥ N1. And hence by (6.3), we find Φ(tn, sn − tn)ψn ∈ KB(τ0) for all n ≥ N1.
This along with the weak compactness of KB(τ0) in L2(Ω,Fτ0 , `2) implies that there
exist ψ0 ∈ L2(Ω,Fτ0 , `2) and a subsequence which we do not relabel satisfying

Φ(tn, sn − tn)ψn → ψ0 weakly in L2(Ω,Fτ0 , `2). (6.7)

Since Nw(UB(τ0)) is weakly open, we know L2(Ω,Fτ0 , `2) \ Nw(UB(τ0)) is weakly
closed. In this way we deduce from (6.6) and (6.7) that

ψ0 ∈ L2(Ω,Fτ0 , `2) \ Nw(UB(τ0)). (6.8)

In addition, it follows from (6.7) that for every ε > 0 and φ∗1, . . . , φ∗m ∈ (L2(Ω,Fτ0 ,
`2))∗, there exists N2 = N2(ε, ψ0, φ

∗
1, . . . , φ

∗
m) ∈ N such that for all n ≥ N2,

Φ(tn, sn − tn)ψn ∈ N ε
φ∗1 ,...,φ

∗
m

(ψ0). (6.9)

As an immediate consequence of (6.9) we find ψ0 ∈ UB(τ0) ⊆ Nw(UB(τ0)). This is
just a contradiction of (6.8). In fact, the details on the proof of ψ0 ∈ UB(τ0) are
given bellow. Let Nw(ψ0) be an arbitrary weak neighborhood of ψ0 with respect to
the weak topology of L2(Ω,Fτ0 , `2). Since the collection in (6.1) is a neighborhood
base at ψ0 in L2(Ω,Fτ0 , `2), we can find that there are ε > 0 and φ∗1, . . . , φ

∗
m ∈

(L2(Ω,Fτ0 , `2))∗ so that N ε
φ∗1 ,...,φ

∗
m

(ψ0) ⊆ Nw(ψ0). This along with (6.9) implies

Φ(tn, sn − tn)ψn ∈ Nw(ψ0), ∀ n ∈ N. (6.10)
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Given r ≥ 0, by tn → +∞, we know, there exists N ∈ N so that tn ≥ r for all
n ≥ N . Then by (6.10) we get, for all n ≥ N ,

Φ(tn, sn − tn)ψn ∈ Nw(ψ0)
⋂(⋂

t≥r

⋂
s≤τ0

Φ(t, s− t)KB(s− t)
)
.

This implies that Nw(ψ0)
⋂(⋂

t≥r
⋂
s≤τ0 Φ(t, s− t)KB(s− t)

)
is a nonempty set.

This shows that ψ0 is a weak limit point of the set
⋃
t≥r
⋃
s≤τ0 Φ(t, s− t)KB(s− t)

in L2(Ω,Fτ0 , `2), and hence

ψ0 ∈
⋂
r≥0

⋃
t≥r

⋃
s≤τ0

Φ(t, s− t)KB(s− t)
w

= UB(τ0).

On the other hand, by (2) of Lemma 5.2 we know that for every s ≤ τ and
B ∈ B, there exists T3 = T3(s,KB, N

w(UB(τ)),B) ≥ T2 such that Φ(t, s − T2 −
t)B(s − T2 − t) ⊆ KB(s − T2) for all t ≥ T3. This along with (6.5) yields, for all
t ≥ T3, ⋃

s≤τ

Φ(t+ T2, s− T2 − t)B(s− T2 − t)

=
⋃
s≤τ

Φ(T2, s− T2)Φ(t, s− T2 − t)B(s− T2 − t)

⊆
⋃
s≤τ

Φ(T2, s− T2)KB(s− T2) ⊆ Nw(UB(τ)).

This shows that
⋃
s≤τ Φ(t, s − t)B(s − t) ⊆ Nw(UB(τ)) for all t ≥ T3 + T2. Then

UB is a backward B-pullback weakly attracting set for Φ in L2(Ω,F , `2).
According to Definition 6.3, we now only need to prove that UB is the minimal

element of B with properties (i) and (ii) in Definition 6.3. Let B ∈ B be a weakly
compact backward B-pullback weakly attracting set for Φ in L2(Ω,F , `2), we next
show U(τ) ⊆ B(τ) for all τ ∈ R. If this is not true, then there are τ0 ∈ R and ψ0 ∈
L2(Ω,Fτ0 , `2) satisfying ψ0 ∈ U(τ0)\B(τ0). And thereby ψ0 ∈ L2(Ω,Fτ0 , `2)\B(τ0).
Notice that L2(Ω,Fτ0 , `2) \ B(τ0) is weakly open, we know, there exists a weak
neighborhood ofNw(ψ0) at ϕ0 in L2(Ω,Fτ0 , `2) such thatNw(ψ0) ⊆ Lp(Ω,Fτ0 , `2)\
B(τ0). In light of the neighborhood base at ψ0 ∈ L2(Ω,Fτ0 , `2) given by (6.1), we
find, there exist ε > 0 and φ∗1, . . . , φ∗m ∈ (L2(Ω,Fτ0 , `2))∗ such that N ε

φ∗1 ,...,φ
∗
m

(ψ0) ⊆
Nw(ψ0). As a result, we find

N ε
φ∗1 ,...,φ

∗
m

(ψ0) ⊆ L2(Ω,Fτ0 , `2) \ B(τ0). (6.11)

By ψ0 ∈ UB(τ0) we find , there are sn ≤ τ0, tn → +∞ and ψn ∈ B(sn − tn) such
that

Φ(tn, sn − tn)ψn ∈ N
ε
2

φ∗1 ,...,φ
∗
m

(ψ0), ∀ n ∈ N. (6.12)

Let
N

ε
2

φ∗1 ,...,φ
∗
m

(B(τ)) =
⋃

ψ∈B(τ)

N
ε
2

φ∗1 ,...,φ
∗
m

(ψ)

be the neighborhood of B(τ). Since tn → +∞ and B ∈ B is a backward B-pullback
weakly attracting set for Φ in L2(Ω,F , `2), there exists N3 = N3(τ0, ε, φ

∗
1, . . . , φ

∗
m,
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KB,B) ∈ N such that for all n ≥ N3,⋃
s≤τ0

Φ(tn, s− tn)KB(s− tn) ⊆ N
ε
2

φ∗1 ,...,φ
∗
m

(B(τ0)). (6.13)

By sn ≤ τ0, ψn ∈ D(sn− tn) and (6.13) we find Φ(tn, sn− tn)ψn ∈ N
ε
2

φ∗1 ,...,φ
∗
m

(B(τ0))

for all n ≥ N3. Then, there exists ψ̂ ∈ B(τ0) such that Φ(tn, sn − tn)ψn ∈
N

ε
2

φ∗1 ,...,φ
∗
m

(ψ̂) for all n ≥ N3. This along with (6.12) implies |φ∗i (ψ̂) − φ∗i (ψ0)| < ε

for all i = 1, . . . ,m. Then ψ̂ ∈ N ε
φ∗1 ,...,φ

∗
m

(ψ0), and hence by (6.11) we find

ψ̂ ∈ L2(Ω,Fτ0 , `2) \B(τ0). This is a contradiction with ψ̂ ∈ B(τ0), and therefore we
have U(τ) ⊆ B(τ) for all τ ∈ R. This completes the proof of (3).

Proof of (4). By Lemma 5.2 we find KD(τ) ⊆ KB(τ), and hence AD(τ) ⊆ AB(τ) ⊆
UB(τ). Since AD is a D-pullback weakly attracting set for Φ in L2(Ω,F , `2), we
find, for each τ ∈ R, D ∈ B ⊆ D and each weak neighborhood Nw(AD(τ)) of
AD(τ) in L2(Ω,Fτ , `2), there exists T = T (τ,D,Nw(AD(τ))) > 0 such that for all
t ≥ T ,

Φ(t, τ − t)D(τ − t) ⊆ Nw(AD(τ)). (6.14)

By AD ⊆ AB and AB ∈ B we also have AD ∈ B. Then by (6.14) we know that
AD is also a weakly compact B-pullback weakly attracting set for Φ in L2(Ω,F , `2).
Note that AB ∈ B is a WPMRA in the usual sense. Then by the minimality of
AB we have AB ⊆ AD. The completes the proof of (4).

Remark 6.5. It maybe interesting to study weak pullback mean random attractors
of stochastic equations driven by fractional noise, see [8].

Acknowledgments. Lianbing She was supported by the Science and Technol-
ogy Foundation of Guizhou Province ([2020]1Y007), the Natural Science Founda-
tion of Education of Guizhou Province (KY[2019]139, KY[2019]143)) and School
level Foundation of Liupanshui Normal University (LPSSYKJTD201907). Nan Liu
was supported by China Postdoctoral Science Foundation under grant numbers
2019TQ0041 and 2019M660553. Xin Li was supported by the general project of sci-
entific research project of the Beijing education committee of China
(KM202111232008) Renhai Wang was supported by China Postdoctoral Science
Foundation under grant numbers 2020TQ0053 and 2020M680456.

REFERENCES

[1] E. C. Aifantis, On the problem of diffusion in solids, Acta Mech., 37 (1980), 265–296.
[2] P. W. Bates, K. Lu and B. Wang, Attractors of non-autonomous stochastic lattice systems in

weighted spaces, Phys. D , 289 (2014), 32–50.
[3] T. Caraballo, B. Guo, N. H. Tuan and R. Wang, Asymptotically autonomous robustness of

random attractors for a class of weakly dissipative stochastic wave equations on unbounded
domains, Proc. Roy. Soc. Edinburgh Sect. A, (2020), 1–31.

[4] T. Caraballo, X. Han, B. Schmalfuss and J. Valero, Random attractors for stochastic lattice
dynamical systems with infinite multiplicative white noise, Nonlinear Anal., 130 (2016), 255–
278.

[5] S. Cooper and A. Savostianov, Homogenisation with error estimates of attractors for damped
semi-linear anisotropic wave equations, Adv. Nonlinear Anal., 9 (2020), 745–787.

http://www.ams.org/mathscinet-getitem?mr=MR586062&return=pdf
http://dx.doi.org/10.1007/BF01202949
http://www.ams.org/mathscinet-getitem?mr=MR3270946&return=pdf
http://dx.doi.org/10.1016/j.physd.2014.08.004
http://dx.doi.org/10.1016/j.physd.2014.08.004
http://dx.doi.org/10.1017/prm.2020.77
http://dx.doi.org/10.1017/prm.2020.77
http://dx.doi.org/10.1017/prm.2020.77
http://www.ams.org/mathscinet-getitem?mr=MR3424621&return=pdf
http://dx.doi.org/10.1016/j.na.2015.09.025
http://dx.doi.org/10.1016/j.na.2015.09.025
http://www.ams.org/mathscinet-getitem?mr=MR3995731&return=pdf
http://dx.doi.org/10.1515/anona-2020-0024
http://dx.doi.org/10.1515/anona-2020-0024


3118 LIANBING SHE, NAN LIU, XIN LI AND RENHAI WANG

[6] M. J. Dos Santos, B. Feng, D. S. Almeida Jénior and M. L. Santos, Global and exponential
attractors for a nonlinear porous elastic system with delay term, Discrete Contin. Dyn. Syst.
Ser. B, 26 (2021), 2805–2828.

[7] T. Erneux and G. Nicolis , Propagating waves in discrete bistable reaction-diffusion systems,
Physica D , 67 (1993), 237–244.

[8] M. J. Garrido-Atienza, B. Maslowski and J. S̆nupárková, Semilinear stochastic equations with
bilinear fractional noise, Discrete Contin. Dyn. Syst. Ser. B , 21 (2016), 3075–3094.

[9] X. Han, W. Shen and S. Zhou, Random attractors for stochastic lattice dynamical systems
in weighted spaces, J. Differential Equations, 250 (2011), 1235–1266.

[10] P. E. Kloeden and T. Lorenz, Mean-square random dynamical systems, J. Differential Equa-
tions, 253 (2012), 1422–1438.

[11] K. Kuttler and E. Aifantis, Quasilinear evolution equations in nonclassical diffusion, SIAM
J. Math. Anal., 19 (1988), 110–120.

[12] D. Li, K. Lu, B. Wang and X. Wang, Limiting behavior of dynamics for stochastic reaction-
diffusion equations with additive noise on thin domains, Discrete Contin. Dyn. Syst., 38
(2018), 187–208.

[13] M. Sui and Y. Wang, Upper semicontinuity of pullback attractors for lattice nonclassical
diffusion delay equations under singular perturbations, Appl. Math. Comput., 242 (2014),
315–327.

[14] B. Wang, Dynamics of systems on infinite lattices, J. Differential Equations, 221 (2006),
224–245.

[15] B. Wang, Sufficient and necessary criteria for existence of pullback attractors for non-compact
random dynamical systems, J. Differential Equations, 253 (2012), 1544–1583.

[16] B. Wang, Weak pullback attractors for mean random dynamical systems in Bochner spaces,
J. Dynam. Differential Equations, 31 (2019), 2177–2204.

[17] B. Wang, Dynamics of fractional stochastic reaction-diffusion equations on unbounded do-
mains driven by nonlinear noise, J. Differential Equations, 268 (2019), 1–59.

[18] R. Wang, Long-time dynamics of stochastic lattice plate equations with nonlinear noise and
damping, J. Dynam. Differential Equations, (2020).

[19] R. Wang, B. Guo and B. Wang, Well-posedness and dynamics of fractional FitzHugh-Nagumo
systems on RN driven by nonlinear noise, Sci. China Math., (2020).

[20] S. Wang and Y. Li, Longtime robustness of pullback random attractors for stochastic magneto-
hydrodynamics equations, Phys. D , 382 (2018), 46–57.

[21] R. Wang, Y. Li and B. Wang, Random dynamics of fractional nonclassical diffusion equations
driven by colored noise, Discrete Contin. Dyn. Syst., 39 (2019), 4091–4126.

[22] X. Wang, K. Lu and B. Wang, Exponential stability of non-autonomous stochastic delay
lattice systems with multiplicative noise, J. Dynam. Differential Equations, 28 (2016), 1309–
1335.

[23] R. Wang, L. Shi and B. Wang, Asymptotic behavior of fractional nonclassical diffusion equa-
tions driven by nonlinear colored noise on RN , Nonlinearity, 32 (2019), 4524–4556.

[24] R. Wang and B. Wang, Random dynamics of p-Laplacian Lattice systems driven by infinite-
dimensional nonlinear noise, Stochastic Process. Appl., 130 (2020), 7431–7462.

[25] X. Wang and R. Xu, Global existence and finite time blowup for a nonlocal semilinear pseudo-
parabolic equation, Adv. Nonlinear Anal., 10 (2021), 261–288.

[26] R. Xu and J. Su, Global existence and finite time blow-up for a class of semilinear pseudo-
parabolic equations, J. Funct. Anal., 264 (2013), 2732–2763.

[27] R. Xu and Y. Niu, Addendum to “Global existence and finite time blow-up for a class of
semilinear pseudo-parabolic equations” [J. Func. Anal. 264 (2013), 2732–2763], J. Funct.
Anal., 270 (2016), 4039–4041.

[28] C. Zhang and L. Zhao, The attractors for 2nd-order stochastic delay lattice systems, Discrete
Contin. Dyn. Syst., 37 (2017), 575–590.

[29] W. Zhao and S. Song, Dynamics of stochastic nonclassical diffusion equations on unbounded
domains, Electronic J. Differential Equations, 282 (2015), 22 pp.

[30] C. Zhao and S. Zhou, Limiting behavior of a global attractor for lattice nonclassical parabolic
equations, Appl. Math. Lett., 20 (2007), 829–834.

[31] S. Zhou, Random exponential attractor for cocycle and application to non-autonomous sto-
chastic lattice systems with multiplicative white noise, J. Differential Equations, 263 (2017),
2247–2279.

http://www.ams.org/mathscinet-getitem?mr=MR1234443&return=pdf
http://dx.doi.org/10.1016/0167-2789(93)90208-I
http://www.ams.org/mathscinet-getitem?mr=MR3567802&return=pdf
http://dx.doi.org/10.3934/dcdsb.2016088
http://dx.doi.org/10.3934/dcdsb.2016088
http://www.ams.org/mathscinet-getitem?mr=MR2737203&return=pdf
http://dx.doi.org/10.1016/j.jde.2010.10.018
http://dx.doi.org/10.1016/j.jde.2010.10.018
http://www.ams.org/mathscinet-getitem?mr=MR2927387&return=pdf
http://dx.doi.org/10.1016/j.jde.2012.05.016
http://www.ams.org/mathscinet-getitem?mr=MR924548&return=pdf
http://dx.doi.org/10.1137/0519008
http://www.ams.org/mathscinet-getitem?mr=MR3708157&return=pdf
http://dx.doi.org/10.3934/dcds.2018009
http://dx.doi.org/10.3934/dcds.2018009
http://www.ams.org/mathscinet-getitem?mr=MR3239662&return=pdf
http://dx.doi.org/10.1016/j.amc.2014.05.045
http://dx.doi.org/10.1016/j.amc.2014.05.045
http://www.ams.org/mathscinet-getitem?mr=MR2193849&return=pdf
http://dx.doi.org/10.1016/j.jde.2005.01.003
http://www.ams.org/mathscinet-getitem?mr=MR2927390&return=pdf
http://dx.doi.org/10.1016/j.jde.2012.05.015
http://dx.doi.org/10.1016/j.jde.2012.05.015
http://www.ams.org/mathscinet-getitem?mr=MR4028570&return=pdf
http://dx.doi.org/10.1007/s10884-018-9696-5
http://www.ams.org/mathscinet-getitem?mr=MR4017414&return=pdf
http://dx.doi.org/10.1016/j.jde.2019.08.007
http://dx.doi.org/10.1016/j.jde.2019.08.007
http://dx.doi.org/10.1007/s10884-020-09830-x
http://dx.doi.org/10.1007/s10884-020-09830-x
http://dx.doi.org/10.1007/s11425-019-1714-2
http://dx.doi.org/10.1007/s11425-019-1714-2
http://www.ams.org/mathscinet-getitem?mr=MR3861795&return=pdf
http://dx.doi.org/10.1016/j.physd.2018.07.003
http://dx.doi.org/10.1016/j.physd.2018.07.003
http://www.ams.org/mathscinet-getitem?mr=MR3960498&return=pdf
http://dx.doi.org/10.3934/dcds.2019165
http://dx.doi.org/10.3934/dcds.2019165
http://www.ams.org/mathscinet-getitem?mr=MR3537373&return=pdf
http://dx.doi.org/10.1007/s10884-015-9448-8
http://dx.doi.org/10.1007/s10884-015-9448-8
http://www.ams.org/mathscinet-getitem?mr=MR4022971&return=pdf
http://dx.doi.org/10.1088/1361-6544/ab32d7
http://dx.doi.org/10.1088/1361-6544/ab32d7
http://www.ams.org/mathscinet-getitem?mr=MR4167211&return=pdf
http://dx.doi.org/10.1016/j.spa.2020.08.002
http://dx.doi.org/10.1016/j.spa.2020.08.002
http://www.ams.org/mathscinet-getitem?mr=MR4129337&return=pdf
http://dx.doi.org/10.1515/anona-2020-0141
http://dx.doi.org/10.1515/anona-2020-0141
http://www.ams.org/mathscinet-getitem?mr=MR3045640&return=pdf
http://dx.doi.org/10.1016/j.jfa.2013.03.010
http://dx.doi.org/10.1016/j.jfa.2013.03.010
http://www.ams.org/mathscinet-getitem?mr=MR3478879&return=pdf
http://dx.doi.org/10.1016/j.jfa.2016.02.026
http://dx.doi.org/10.1016/j.jfa.2016.02.026
http://www.ams.org/mathscinet-getitem?mr=MR3583490&return=pdf
http://dx.doi.org/10.3934/dcds.2017023
http://www.ams.org/mathscinet-getitem?mr=MR3425713&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2314717&return=pdf
http://dx.doi.org/10.1016/j.aml.2006.06.019
http://dx.doi.org/10.1016/j.aml.2006.06.019
http://www.ams.org/mathscinet-getitem?mr=MR3650338&return=pdf
http://dx.doi.org/10.1016/j.jde.2017.03.044
http://dx.doi.org/10.1016/j.jde.2017.03.044


THREE TYPES OF WEAK PULLBACK ATTRACTORS 3119

[32] X. Zhu, F. Li and Y. Li, Global solutions and blow up solutions to a class of pseudo-parabolic
equations with nonlocal term, Appl. Math. Comput., 329 (2018), 38–51.

Received November 2020; revised March 2021.
E-mail address: shelianbing@163.com
E-mail address: liunan16@gscaep.ac.cn
E-mail address: lixin91600@163.com
E-mail address: rwang-math@outlook.com

http://www.ams.org/mathscinet-getitem?mr=MR3773309&return=pdf
http://dx.doi.org/10.1016/j.amc.2018.02.003
http://dx.doi.org/10.1016/j.amc.2018.02.003
mailto:shelianbing@163.com
mailto:liunan16@gscaep.ac.cn
mailto:lixin91600@163.com
mailto:rwang-math@outlook.com

	1. Introduction
	2. Lattice pseudo-parabolic equations with locally Lipschitz noise
	3. Global existence and uniqueness of solutions to (2.14)-(2.16) 
	4. Mean random dynamical systems, attracting universes and conditions
	5. Two types of uniform estimates and absorbing sets
	6. Three types of weak pullback mean random attractors of (2.1)-(2.2) 
	Acknowledgments
	REFERENCES

