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ABsTrACT. The global well-posedness and long-time mean random dynamics
are studied for a high-dimensional non-autonomous stochastic nonlinear lattice
pseudo-parabolic equation with locally Lipschitz drift and diffusion terms. The
existence and uniqueness of three different types of weak pullback mean ran-
dom attractors as well as their relations are established for the mean random
dynamical systems generated by the solution operators. This is the first paper
to study the well-posedness and dynamics of the stochastic lattice pseudo-
parabolic equation even when the nonlinear noise reduces to the linear one.

1. Introduction. In this article we study the global well-posedness as well as long-
time mean random dynamics of the non-autonomous stochastic lattice pseudo-
parabolic equation with locally Lipschitz white noise defined on the whole N-

dimensional integer set Z":
du;(t) + Au;(t)dt — d(“(il—l,ig,m,m)(t) F Uiy g =1, i) () UG g i —1) (D)
= 2NUGsy i) (O) F U 4100, in) (B) F UGy g1, i) (&) 0 u(il,iz,,..,iNJrl)(t))
- <U(¢171,¢2,4.4,iN)(t) F Uiy o —1,ing) () o F UG i —1) (D)

= 2NUGy g, ) (B) F UGy 1,00,0in) () F Uiy ipt1,ip) (B) + 0 F u(ilwiZwuaiN"Fl)(t))dt

= —F;(ui(t))dt + gi(t)dt + > (hy,i(t) + Or,i0%,i (ui(t))) AW (t),
k=1

t>71, i=(i1,i2,...,in) € ZV, (1.1)
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along with initial data:
ui(T) = tUri, 0= (i1,ig,...,in) € ZV, (1.2)

where N € N, 7 € R, A > 0, g = (gi)iezny and h = (hyi)geniezn are two random
sequences depending on time, 6 = (0x,;)ken,iczn is a given sequence of real numbers,
F; € C*(R,R) and 6 = (Gk,i)ren,iczy are locally Lipschitz continuous nonlinear
functions satisfying some conditions, and the sequence of independent two-sided
real-valued Wiener process (Wy)gen is defined on a complete filtered probability
space (92, F, {F: }ier, P) satisfying the usual conditions. The last stochastic term in
(1.1) is interpreted as an It’o stochastic differential.

The pseudo-parabolic equation (see Xu et al. [26, 27]) is also called a nonclassical
diffusion equation (see Kuttler and Aifantis [11]) in the literature. This equation
is used to study solid mechanics, non-Newtonian as well as heat conduction, see
e.g.,[1]. The blow-up phenomenon of the deterministic pseudo-parabolic equation
has been investigated in several interesting papers, see e.g., [26, 27, 25, 32] and the
references therein. The long time dynamics by means of random attractors of the
stochastic pseudo-parabolic equation was recently discussed in [21, 23, 29]. A con-
tradictory version for the pseudo-parabolic equation is the classical parabolic (also
called reaction-diffusion) equation. The large time dynamics in terms of random
attractors of the stochastic classical diffusion equation was investigated in [12, 15].
The reader is referred to [5, 6] for the study of attractors of other interesting models.

Lattice equations can be regarded as space discretization version of evolution
equations that are widely used for image processing, chemical reaction as well as
pattern formation see e.g., [7]. The existence of deterministic and random attractors
of lattice equations have been extensively examined in [14] and [2, 4, 9, 22, 28, 31],
respectively. In particular, the existence of global attractors of deterministic lattice
pseudo-parabolic equation defined on Z had been investigated in [13, 30]. To the
best of our knowledge, there are no documented results reported in the literature on
the existence of random attractors of stochastic lattice pseudo-parabolic equation
(1.1)-(1.2) defined on Z~ even in a simple case where N = 1 and the diffusion
coefficient 6y ;(u;(t)) is linear in u; or independent of u;. Our main task in the
paper is to solve this problem in a more general case, that is, we will prove the
existence of random attractors of equation (1.1) on Z~ when the nonlinear diffusion
coefficient 6y, ;(u;(t)) is locally Lipschitz continuous in w;(t).

Note that those random attractors in the literature aforementioned were studied
under the frameworks of pathwise random dynamical systems [15], and hence those
random attractors are also called pathwise random attractors. As is well known,
a basic but very restrictive condition for investigating the existence of such path-
wise random attractors is that we need to transform the stochastic equation into a
pathwise one. This transformation can be done for stochastic equations with ad-
ditive noise or linear multiplicative noise but unavailable for stochastic equations
with nonlinear noise. This then introduces many difficulties to prove the existence
of pathwise random attractors of stochastic systems with nonlinear noise. For the
purpose of dealing with the nonlinear noise in (1.1)-(1.2), in the present article,
it is unnecessary to transform the stochastic equation (1.1)-(1.2) into a pathwise
one. In other words, we will alternatively investigate the mean random dynamics
but not the pathwise random dynamics of (1.1)-(1.2) by using the concept of weak
pullback mean random attractors (WPMR attractors for short) of mean random
dynamical systems, see Wang [16]. By a WPMR attractor in an abstract bochner
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space LP(Q, F, X), we here mean a minimal, weakly compact and weakly attracting
set in LP(Q, F,X), where p € (1,00) and X is a Banach space. The notation of
invariant WPMR attractors can be found in Kloeden and Lorenz [10].

In order to study the existence of WPMR attractors for problem (1.1)-(1.2) in
L?(Q, F, %), we must prove the global existence as well as uniqueness of mean square
solutions to (1.1)-(1.2) in L2(Q, F,¢?). We remark that, since the nonlinear drift
and diffusion functions are locally Lipschitz continuous but not globally Lipschitz
continuous, we shall find a way to approximate the two functions in here. Our idea
to solve the problem is to utilize the stoping time technique as well as the truncate
method, see Theorem 3.1.

Based on the global well-posedness of (1.1)-(1.2) in L?(£, F, ¢?) we have estab-
lished, we define a mean random dynamical system ® via the solutions operators to
(1.1)-(1.2), and prove that ® has a unique WPMR D-attractor of in L?((2, F, ¢?),
where © is an attracting universe (see (4.6)).

Another important contribution of the paper is to study the backward weak
compactness and attraction of WPMR attractors. More precisely, we will introduce
another attracting universe B (see (4.7), and prove that ® has a unique backward
weakly compact WPMR attractor Ay = {Ax(r) : 7 € R} € B and a unique
backward weakly attracting WPMR attractor Uy = {Uxs(7) : 7 € R} € B, see
Theorem 6.4. An interesting thing is that the three types attractors have the
relationship Ap = Ay C Uy even when the attracting universes B and D are
different (B C D).

We remark that the backward strong compactness of random attractors has been
investigated in [3, 20] for stochastic PDEs with linear noise. The usual WPMR
attractors of stochastic equations with nonlinear noise was recently studied in [16,
17,19, 24, 18]. In this paper we study backward weak compactness and attraction of
WPMR attractors for stochastic lattice pseudo-parabolic equations with nonlinear
noise.

This paper is organized as bellow. In the next Section we recall the lattice pseudo-
parabolic equations with locally Lipschitz noise. In Section 3 we prove the global
well-posedness of (1.1)-(1.2). In Section 4 we define a mean random dynamical
system. In Section 5 we derive two types of uniform estimates and esyavlish the
existence of absorbing sets of two types. In the last Section we prove the existence
of WPMR attractors of three types.

2. Lattice pseudo-parabolic equations with locally Lipschitz noise. In this
section we recall the following non-autonomous stochastic lattice pseudo-parabolic

equation with locally Lipschitz noise defined on Z":

du;(t) + Au; (t)dt — d(“(il—l,ig,m,iN)(t) F UGy ig—1,ein) (B o UGy sy —1) ()

- (U(il—l,i2,4.4,i,\,)(t) F Uiy g —1,ein) () F o F UG s i —1) (D)
= 2NUGy g, ) (B) UGy 100,00 () F Uiy in 1, ip) (B) + 0 F u(i17i21-~<aiN+1)(t))dt

= —F;(u;i(t))dt + gi(t)dt + Z (P, (t) + O,i6,s (wi (£))) AW (8),
k=1

t>7, i=(i1,i2,...,in) € ZVN, (2.1)
with initial data:

Ui(T):UT,,', i:(il,i27...,iN) GZN7 (22)



3100 LIANBING SHE, NAN LIU, XIN LI AND RENHAI WANG

where 7 € R, A > 0, the sequence of independent two-sided real-valued Wiener pro-
cess (W;)en is defined on the complete filtered probability space (2, F, {Fi }ier, P),
where Q = {w € C(R,R) : w(0) = 0} equipped with the compact-open topology,
F = B(Q) denotes the Borel sigma-algebra of 2, P is the Wiener measure acting on
(Q, F), and {Fi}ter is an increasing right continuous family of sub-sigma-algebras
of F with all P-null sets.

Consider the Banach space

0 ={u = (ui)iezv : Z |u;|"” < o0}, Vr>1,
i€ZN

with norm [Jull, = (> ;czn \u1-|r)%. In this paper, the norm and the inner product
of 2 are denoted by (-,-) and || - ||, respectively. Assume that F; is locally Lipschitz
continuous from R to R uniformly for i € Z", that is, for any compact set I C R,
we can find a constant ¢; = ¢1(I) > 0 such that

|Fi(81)—Fi(Sg)| §01|31—52|, for all 81,582 GI, iEZN. (23)
We also assume that
F;(0)=0and F/(s)>~, forallieZ¥, seR, (2.4)

where v € R is a constant. Assume that 6y ; are locally Lipschitz continuous form
R to R uniformly for k¥ € N and i € Z", that is, for any compact set I C R, we can
find a constant ¢z = c2(I) > 0 such that

6.i(51) — O.i(s2)] < cals1 — 82|, forall s1,s0 €1, k€N, icZV. (2.5)
Assume that for all s € R and k£ € N,
165k,i(8)| < @1ils| + 02,0, 01 = {@1,iticay €07, p2 = {p2i}iczy € 2. (2.6)

For § = (0k.i)ken,iczys 9 = (9i)iczvy and hy = (hii)iezv, we assume, for all 7 € R
and T > 0,

T+T
=30 ol <oo [ E(laOF + X In(0))dt <. (27)

keNezZN keN
Next, we rewrite (2.1)-(2.2) as an abstract one in the sapce £2. Forall 1 < j < N,
u = (u;);ezn € 02 and i = (iy,79,...,iy) € Z™, we define the operators from ¢? to
22 by

Bju)i = Uiy, i 1,in) = W(inesigsin) s

o~ o~

Bj U)z = Uiy, eeyig—T1yeeyin) = W(in,eyijyenin)s

(Aju)i = TU(ig,.ij+1,in) + 2U(z‘1 ..... Pjyeeyin)  W(in,eeyij—1,.in)o
and
(AU)i = =W —1i,in) = W(insia—1,in) = " = Ui in,eonin—1)
F2NUG, iy in) — Wiy 4 Lirein) — Wi sin L) — 7 Wiy i, 41)) -

Forall 1 <j < N, u= (u;)jezny € £? and v = (v;);ezn € £?, we have

N
| Bjull < 2[lull, (Bju,v)=(u,Bjv), Aj=DB;B;=DB;B; and A= ZAj.
j=1

(2.8)
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For each i € Z~, we let f;(s) = F;(s) — s for all s € R. Then we see from (2.4)
that
fi(0)=0and f/(s)>0, forallicZN, secR. (2.9)
Then we define F, f, 04, : €2 — €% by
F(u) = (Fi(ui))ieZN’ flu) = (fi(ui))iezm or(u) = (6k’i&kvi<ui))iezl\” Yu € 2.

Both F and f are well-defined due to (2.3). In addition, f: 2 — ¢? is also locally
Lipschitz continuous, that is, for every n € N, we can find a constant csg(n) > 0
such that for all u,v € ¢* with |lu| <n and ||v]| < n,

1 (u) = f()|| < es(n)]ju—v]|. (2.10)
By (2.9), we obtain
(f(u) = f(v),u —v) >0, forall u,vel> (2.11)
From (2.6)-(2.7), we infer that for all u € ¢2,

Do llow@lP <27 > kil (prallul® + [2al®) < 2es(lpu e llul® + llv2]®).

keN keNiezZN
(2.12)

Thus we find that oy, is also well-defined. By (2.5) and (2.7) we deduce that oy:
£? — (2 is locally Lipschitz continuous. Then for every n € N, we can find a constant
ca(n) > 0 such that for any u,v € £2 with |Ju| <n and ||v| < n,

Y llow(u) = o (v)|* < ea(n)|fu— o] (2.13)
keN

Let § = A+, then we are able to rewrite (2.1)-(2.2) as the following system in
02 for t > 7 with 7 € R:

du(t) + d(Au(t)) + Au(t)dt + Bu(t)dt (2.14)
= —f(u(t))dt + g(t) dt+Z hio(t) + ok (u(t))) AW (t), (2.15)
k=1

with initial data:
u(r) = u, € % (2.16)

In this article, the solutions to the stochastic (2.14)-(2.16) are understood as
bellow.

Definition 2.1. Given 7 € R and a F,-measurable u, € L*(Q,(?), we say a
continuous ¢?-valued F;-adapted stochastic process u is a solution of (2.14)-(2.16)
if u e L2(Q,C([r,7 + T)],¢%)) for all T > 0, and for all ¢ > 7 and almost all w € Q,
we have

u(t) + Au(t) = ur; + Aur + / (— Au(s) — Bu(s) — f(u(s)) + g(s))ds
+ Z / )+ ou(u(s)) dWi(s), 2.17)

in £2.
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3. Global existence and uniqueness of solutions to (2.14)-(2.16). In this
section we show the existence and uniqueness of solutions to (2.14)-(2.16) in the
sense of Definition 2.1. As mentioned before, we must approximate the locally
Lipschitz continuous operators f and o. For each n € N, we define a function
& R — R by

—n, for s € (—o0, —n),

&n(s) = s, for s € [-n,n], (3.1)

n, for s € (n,+00).

Then

£,(0) =0, |£.(s)| <n and [&,(s1) — &n(s2)] < |81 — 82|, Vs,s1,82 € R. (3.2)

Let f"(u) = (fi(én(ui)))iGZN and o7 (u) = (6k,i&k,i(§n(ui)))iez1\/ for k,n € N and
u € (2, By (2.9), we see

(f™(u) — f*(v),u —v) >0, forallneN uuve/l? (3.3)

By (2.9), (2.10) and (3.2), for every n € N, we can find a constant ¢5(n) > 0 such
that

£ (u) — f ()| < es(n)||u—vl|, for all u,v € ¢2. (3.4)
1" (w)| < es(n)||ull, for all u € £2.
It follows from (2.5)-(2.7) and (3.2) that there is a ¢g = c¢g(n) > 0 such that

Z o (u) — ol (v)||* < c(n)|ju—v||?, for all u,v € £% (3.6)
keN
D lor@)l* < 2es(llnll7lull* + [lpall?),  for all u € £2. (3.7)
keN

Given n € N, we now consider the approximate stochastic system in ¢2 for ¢t > 7
with 7 € R:

duy (t) + d(Auy (1)) + Auy, (t)dt + Buy, (t)dt

= — " (un(t))dt + g(8)dt + Y (hi(t) + of (un(t)))dWi(2), (3.8)
k=1
with initial data:
Un(T) = ur € 02 (3.9)

Following the arguments of showing the well-posedness of stochastic equations in
R”™, we can show, under (3.4)-(3.7), that for every n € N, 7 € R and F,-measurable
u, € L2(,¢?), system (3.8) possesses a unique solution u, € L*(Q,C([r,00), (?))
in view of Definition 2.1.

In the next theorem, we will establish the existence of solutions to (2.14)-(2.16) in
view of Definition 2.1 by considering the limit of {u,,}52; of solutions to (3.8)-(3.9)
as n — oo.

Theorem 3.1. Let (2.3)-(2.7) hold. Then for all T € R and F.-measurable u, €
L2(2,0%), system (2.14)-(2.16) has a solution u in the sense of Definition 2.1. In
addition, u satisfies

T+T
E (Il r,rerr.en) ) < Mac™s” (T +E(u )+ [ E(lg@l + 3 ||hk<t>u2)dt),

keN
(3.10)
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where My > 0 s a positive constant independent of u,, 7 and T.

Proof. We first prove that the solutions of (3.8)-(3.9) satisfy that for all ¢ > 7 and
n €N,

Unt1(EAGR) = un(t Agy) and ¢up1 > 6y, as., (3.11)
where the stoping time ¢, is defined by
G =Inf{t > 7 : ||luy|| > n} and ¢, =400 if {t>7:|u,| >n}=0. (3.12)
By (3.8)-(3.9), we have
Unt1(EAG) — Un(tASH) + A1 (EAGr) — Aun(t Asy)

7 (A ()~ A

+ ﬁ/ ’ (Unt1(8) — un(s))ds + / (fn+1(un+1(3)) - fn(un(s)))ds

= Z/ o (o7 (tng1(s)) — o (un(s))) dWi(s), (3.13)

k=1
Applying Tto’s formula to (3.13), we infer that a.s.,

Hun-i-l(t N §n) - un(t A gn)HQ

N
+ Z B (unt1(t A sn) — un(t A Cn)”2
j=1

tASh tASH
+2/ ZHB Ung1(8) — Un (s |\2ds+25/ g1 (s) — un(s)||?ds

2 [ it (9) = (9D 1) — ua(5) ds

= / Sn ||O’]”Z+1(u'ﬂ+1<s)) — O'I?(un(S))H2ds
k=1
+ 22/ n (un+1(8) — un(s)) (07 (uns1(5)) — o (un(s)))dWi(s),  (3.14)
k=177

where we identify wu,11(s) — u,(s) in the stochastic term with an element in the
dual space of £? in view of the Riesz representation theorem. By |ju,(s)| < n for
all s € [1,¢,) we have

Fr  un(s) = " (un(s)) and o3 (un(s)) = o3 (un(s)), Vs € [1,6a).  (3.15)
By (3.3) and (3.15) we find

[ 0 st 9) = (5D s ) — a5 ds

= / T tr () — £ (0 (5)), e (5) — wn())ds 2 0, (3.16)
By (3.6) and (3.15) we get

Z / 0T (s () — oF (un(s)) 2



3104 LIANBING SHE, NAN LIU, XIN LI AND RENHAI WANG

*Z/ o i (5) - o (s

tASh
<cs(n+ 1)/ lltng1(s) = un(s)||*ds. (3.17)
Then we infer from (3.14)-(3.17) that

E( sup [luns1(s Asn) = un(s A o))
T<s<t

t
SCO/ IE( sup ||un+1(s/\§n)—un(s/\%)Hz)dT

T<s<r
0o

Z/ (uns1(r) = un(r) (0 (uns1(r) = 017 (un(r)))dWi(r)

+2E< sup
k=177

T<s<tAcn

(3>.18)

where Cp = (2|8] + ¢cg(n + 1)). From the BDG inequality and (3.6), we find a
constant C; > 0 such that

2E sup
T<s<tAsp

< 2clxa<(/:“" (uun+1<r) —un (M) Z ot (g1 (1)) — a"+1<un<r))u2)dr) %>

Z / (ng1(r) = un () (T (upp1 (1) = o (un (1)) dWi (r)

Nl=

Sn )
< 2@1&( sup  [ttpy1(r Asn) — un(r Asn)ll (/ St (upga(r) — az*%un(r»u%r)
T<r<t T k=1

1
tASn b1
< 2\/eg(n + 1)@1&( SUp  [|unt1(r A sn) — tn (r A sn)ll (/ N1 (r) = unmuzdr) )
T<r<t T

1 2 t 2
< E( sup Junti(s Acn) = un(s Asn)ll )-‘rCQ/ E( sup [lupt1(s Asn) = un(s Asa)|?)dr,  (3.19)
2 <s<t T r<s<r

T7<s<

)

where Cy = 2cg(n + 1)C%. Tt yields from (3.18)-(3.19) that

IE( SUp [tn41(5 A cn) — un(s A §n)||2>

T7<s<t
¢
2(Cy + 02)/ ]E( SUp [[tns1(s A n) — tun(s A gn)HQ)dr. (3.20)
T T7<s<r
From the Gronwall lemma and (3.20), we find
E( sup [unt1(s Asn) —un(s Acy)||?) =0, Vt>T. (3.21)
T<s<

Then we find that 'U/n+1(t An) =un(t Ag,) for all t > 7 a.s.. From this and (3.12)
we find (3.11).
We then prove the stoping time satisfies:

¢:= lim ¢, =supg, =00, as. (3.22)

n—oo neN

In order to prove (3.22), we first deduce the following uniform estimates for the
solutions uy, to (3.8):

E([unllE(irrizyen) <M, VT >0, (3.23)
where

T+T
M:MleMlT(]E(||uT||2)+T+/ E(lg(s)1? + > llhn(s) ds)
T keN

and M; > 0 is a constant independent of u,, n, 7 and T.
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Applying Ito’s formula to (3.8), we find
N
||un(t>u2+z\\Bjun<t>||2+2/ ZHB un(3)] ds+2ﬁ/ i (s) 2
j=1 T
t
—|—2/ (f"(un(s)),un(s))ds

= [lur|® +ZIIB UTH2+2/ (9(s),u d5+z IIhk + 0} (un(s))||*ds

j=1 k=1YT
+2) / U () (hi(s) + of (un(s))) dWi(s). (3.24)
k=17
This together with (3.3) and Young’s inequality gives

B( s un(r)I) < (1+4N)B(furl) + (1 4+ 28] | Elun(9)])ds

+ [ Bllatas +2 [ (Zuhk e ds+22/ o (e (5)) ) ds
+2E< sup i / Tun(s)(hk(s)—I—O,?(un(s)))de(s)D. (3.25)
r<r<t| £ Jr

It yields from (3.7) that for ¢ € [r,7 + T1,
t
23 [ Bl < sttt | BB+ seTlgal 520
F‘rom the BDG inequality and (3.26) we find that for ¢t € [r,7 + T,

2E< sup Z/run(s)(hk(s)-‘rO’Z(un(S)))de(S)D
T<r<t =177

2

§201E< / Znun RN >+a£<un<s>>||2ds>

< 2V3C|E <sup Jtn s ||( / E_j (I ()12 + o (un (s >>||2)ds)2>
SE( s lun(s)IP) +ac? | (S (I + R ()] )ds

T<s<t T =1

IN

t

1
SE( s un()I) + 8esClnl [ Ellun(s))ds

T<s<t T

IN

t o
+4c§/ E( S 1)l )ds + 8esTC2 ool (3.27)
T k=1

where C; is the same number as given in (3.19). Then we find from (3.25)-(3.27)
that for ¢t € [r,7 + T1,

E( sup Hun(r)||2> gcg/ E( sup ||un(r)]|?)ds + Ci. (3.28)

T<r<t T7<r<s



3106 LIANBING SHE, NAN LIU, XIN LI AND RENHAI WANG

where C5 = 2 + 4|8] + 8¢s||¢1]|7= (1 + 2C3F) and Cy is given by

7+T
Ca=2(1+ AN)E(Jur ) + 41 +263) [ E(lg(s) P

+ 3 I3[ )ds + 8(1 + 2C3)es | °T.
k=1

From the Gronwall lemma and (3.28) we can deduce that

E(mmnw@mﬁgcw%ﬁ Vt € [r,r + 1]
T<r<t
This implies (3.23). In the following, we prove (3.22). Let T' > 0 be an arbitrary
number. By (3.12), we infer that
{sn < T} C{llunllorrim,e) > nt
Then we deduce from Chebychev’s inequality and (3.23) that
1 9 M
P&"<T}§P@wmahﬁﬂﬂ)Z”kiﬁEw%Mmhwﬂﬂﬂﬁﬁ@

which implies

iP{§n<T}§Mi%<oo.
n=1 n=1

Taking Qr = [ U {sn < T}, we find from the Borel-Cantelli lemma that

m=1n=m
PQr)=P( () |J{w<T}) =0
m=1n=m
Then for every w € Q\ Qp, we find a ng = ng(w) > 0 such that ¢,(w) > T for all
n > ng, and thus ¢(w) > T for all w € @\ Q. Let Q¢ = |J Qr, then P(Q) =0
T=1

and ¢(w) > T for all w € 2\ Qp and T € N. Then (3.22) yiefds.
We finally show the existence of solutions to (2.14). By Steps 1-2, we find a
Q; C Q with P(2\ Q1) = 0 such that
g(w) = ILm gn(w) = 00, unJrl(t A Cnvw) = un(t /\§n,W), Vn € N,UJ € Qlat Z T.
(3.29)

By (3.29), for every w € ; and t > 7, we find a ng = ng(t,w) > 1 such that for all
n > no,

Sn(w) > t, and thus uy, (t,w) = Uy, (t,w) (3.30)
Define a mapping u : [1,00) x  — ¢2 given by

u(t,w) = { un(t,w), ifwe O and t € 1,6, (w)], (3.31)

ur(w), ifweQ\Q andt e [r,o00).

Note that u,, is a continuous ¢2-valued process, by (3.31), we infer that u is also
continuous for ¢ in £2 a.s.. By (3.31), we find

lim u,(t,w) = u(t,w), Yw € Oy, t > 71. (3.32)
n—oo
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Since u,, is F-adapted, by (3.32) we deduce that w is also F;-adapted. By (3.32),
(3.23) and Fatou’s lemma we see

E(||U||20([T,T+T]7e2)> <M, VT >0.
This implies (3.10). By (3.8) we get
Un (t A G) + Auy (t A <)

tAcn
=u, + Au, + / (= Aun(s) — Bun(s) — fH(un(s)) + g(s))ds
t/\cn ’
T Z/ ) + 0 (un(s)))dWi(s), (3.33)
in 2 for all t > 7. By (3.31) we see u,(t Ac,) = u(t As,) a.s., which implies a.s.,
M (un(s)) = f(u(s)) and of (un(s)) = or(u(s)), for all s € [r,¢,). (3.34)
Therefore we see from (3.33)-(3.34) that a.s.,

u(t An) + Au(t Agy) = ur + Aur + / " (— Au(s) — Bu(s) — f(u(s)) + g(s))ds

+—§£Zu/” ) + 01(u(5))) Wi (s), (335)

in ¢2 for all t > 7. Since 11_>m ¢n = 00 a.s.. Then we find from (3.35) that
t
u(t) + Au(t) = ur + Auy + / (= Au(s) — Buls) — f(u(s)) + g(s))ds

+Z/ 5) + ox(u(s)))dWi(s),

in ¢2 for all t > 7. Thus u is a solution of (2.14) in view of Definition 2.1. O

Now, we prove the uniqueness of the solutions to (2.14)-(2.16).

Theorem 3.2. Let (2.3)-(2.7) hold. Then the solution to system (2.14)-(2.16) is
unique.

Proof. Let uy and us be two solutions of (2.14). Given n € N and T > 0, we define
a stoping time:

T, = (t+T)Ninf{t > 7: ||ur(t)|| > n or |Juz(t)| > n}. (3.36)
By (2.14)-(2.16), we get

tATy,

u(EAT) —ug(EAT,) + Auy((ATy) — Aus(EAT,) + 8 (u1(8) — ua(s))ds
tAT, tAT,
+/ mww»—mmew+/ (Fua(s)) — Flua(s)))ds

S AT,
=u1(7) —u2(7) + Auy (1) — Aus (1) + Z/ (ok(m (s)) — O'k(UQ(S)))de(S).
= (3.37)
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From Ito’s formula and (3.37), we find that a.s.,

N
lur (¢ A Tn) = uz2(t A T)II* + D IBi(ur (A Tn) = ua(t A To))|®

j=1

+25/ s (s) — ua(s)|Pds
+ 2/ ' Z 1 B; (u1(s) — u2(s))||*ds + 2/ ! (f(ur(s)) = f(uz(s)),u1(s) — ua(s))ds

= [ur (1) — ua(T)||* + Z 1B; (ua (1) —uz(m)|I* + Z/ ok (1 (s) — o (ua(s))|*ds

k=1"T

+ ZZ/ N (u1(s) — u2(s)) (ok(u1(s)) — on(uz(s)))dWi(s). (3.38)

k=1vT

We infer from (2.11) that

AT,
/ (f(ui(s)) = f(uz(s)), u1(s) — ua(s))ds > 0. (3.39)
By (2.13) and (3.36), we have

oo tAT), tAT,
3 / ok (a1 (5)) — o (ua())|Pds < ea(n) / lus(s) — ua(s)|Pds. (3.40)

k=1"T
Then we find from (3.38)-(3.40) that

N
lur (¢ ATw) = ua(t AT + ] ZBj(U1(t NTy) = uz(t A T))I?

tAT, N
w2 [ Y IB () - (s Pds
” tAT),
< (AN fun(r) — ua(r) [P + 2181+ ca(w) [ ) = ua(s) s

o0 tAT,
+2 Z/ (ul(s) - u2(s)) (ak(ul(s)) — crk(u2(s)))de(s).

k=1vT
This yields

E( sup Hul(s/\Tn)*U2(5/\Tn)H2>
T<s<t

t
<(1+ 4N)IE(Hu1(T) — ug(’r)H2) + (2|B\ + C4(n)) / su}; E(||u1(s ANTy) —ua(s A Tn)H2)d7‘

7 7<s<r
). (3.41)
oo

From the BDG inequality and (3.40), the last term in (3.41) satisfies
S [ 1) = ua(s) (11 1)) — o ua(r))) ¥ 1) )

e}

+ 2E sup
T<s<tATp

S [ 1) — el (on(ar (1) — ez () W)

k=1"T

2E sup
T<s<tATh P

< zclm(( / o (1) = watr) P fj Jon(un(r) = outus (1) * ) ar ) §>
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< ZC1E< sup |lui(r ATy) —ua(r AT, (/ ! Z llok(ui(r)) — ak(un(r))H?dr) 2)

T<r<t =1

T<r<t

< 2\/04(71)011[‘:( sup |lui(r ATn) —uz(r ATy)| (/ ’ [lua (r) — U2(7“)||2d7") 2>

1
< 5IE‘,( sup |lui(s ATh) *U2(S/\Tn)“2)

T<s<t

+204(n)C%/:IE( sup Hu1(5/\Tn)—UQ(S/\Tn)||2)dT. (3.42)

T<s<r

Then we find from (3.41)-(3.42) that

IE( sup ||u1(5/\Tn)—u2(s/\Tn)||2)
T<s<t

t
<201 +4AN)E(Jlua(r) = wa()]?) + s / sup E([Jus(s A T0) = ua(s A T) ) dr,
7+ 7<s<r

(3.43)

where C7 = 4|8| +2c4(n) + 4c4(n)C?. From the Gronwall lemma and (3.43) we find
E( sup flua(s ATo) = ua(s AT)|12) < 201+ AN)eCTE (ffun(r) = wa(n)]?).
T<s<7+T

(3.44)

For u1 (1) = uz(7) in L2(£2, %), we see from (3.44) that

E( sup  |lus(s A Ty) — us(s A Tn)u2) =0.
T<s<7+T

Then
lur(EAT,) —u2(t AT,)|| =0, foralltelr,m+1T]a.e.

Note that T,, = 7 + T for large enough n thanks to the continuity of u; and wus in
t. Then we find that

lu1 (t) — ua(t)|| =0, for all t € [7,7 + T] almost surely.
This shows
IP(||u1(t) —us(@®)|2 =0 forall telrr+ T]) =1, VI >0.
Since T is an arbitrary number, we have
IE”(Hul(t) —u()|2 =0 forall t> T) =1
Thus the uniqueness of the solutions yields. O
4. Mean random dynamical systems, attracting universes and conditions.

Now, we rewrite (2.1)-(2.2) as the following stochastic system in ¢2 for ¢ > 7 with
TeR:

du(t) + d(Au(t)) + Au(t)dt + Au(t)dt

= —F(u(t))dt + g(t)dt + > (ha(t) + ox(u(t)))dWi(t), (4.1)

k=1
with initial data:

u(r) = u, € % (4.2)
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From Theorems 3.1-3.2 we find that for every 7 € R and F,.-measurable u, €
L2(, £?), system (4.1)-(4.2) has a unique solution u € C([r,00),¢?) P-a.s.. Then
by the Lebesgue dominated convergence theorem and the uniform estimates similar
o (3.10), we can show u € C([r,00), L?(£2,£?)). Define a mapping

(t,7) : L(Q, Fr; ) = L*(Q, Friye; 1)
by
O(t, )ur = u(t +71,7,u.), t ERT, 7 R, u, € L*(Q, Fr; £2). (4.3)
Then we find that ® is a mean random dynamical system for (4.1)-(4.2) on L?(Q, F,
02) over (2, F,{F:}ier,P) in view of [16, Def. 2.1|, that is, for all t,s € RT and
T € R,

1. ®(t,7) is a mapping from L2(2, F,,¢?) to L?(Q, Fris, 0?);

2. ®(0,7) is an identity operator on L?(Q, F;, (?);

3. D(t+s,7) =P(t,s+7) 0 B(s,7).

Notice that ® is also said a mean square random dynamical system, see e.g., Kloeden
and Lorenz [10].

In order to derive several kinds of estimates of solutions to (4.1)-(4.2), we next
define two families D = {D(r) C L*(Q,F,,¢?) : 7 € R} and B = {B(1) C
L2(Q, Fr, 0?) : 7 € R} of bounded nonempty subsets satisfying the following condi-
tions:

i PG = Ol =0, 7SR (4.4)
tllmooe §1<11;) |B(s — t)||L2(Q 7o) =0, TER, (4.5)
where [|D(17 —t)||z20,7, .2y = sup ||ullz2(q,7,_, ). Denote by
uw€D(T—t)
D ={D={D(r) C L*(Q,F-,£*) : 7 € R and D(7) # 0 is bounded} : D satisfies (4.4)},
(4.6)
B = {B={B(r) C L*(Q,F,,£*): 7 € R and B(r) # 0 is bounded} : B satisfies (4.5)} .
(4.7)
To prove our main results, we make the following assumptions:
>\
csllo1 |7 § Fi(s)s>0, VseR,iecZV, (4.8a)
° 15r 2
Sup/ AVE(lg()I? + X Ie(r)?)dr < oo, ¥r e R, (4.8b)
s<7 J—00 keN

where \ := 2 A \.

5. Two types of uniform estimates and absorbing sets. In this section we
first provide two types of long-time uniform estimates of solutions to problem (4.1)-
(4.2).
Lemma 5.1. Let (2.3)-(2.7) and (4.8a)-(4.8b) hold. Then we have the following
two types of long-time uniform estimates of solutions to (4.1)-(4.2).

(1) Foreveryr e Rand D ={D(7) : T € R} € ®, wecanfindaT :=T(7,D) >0
such that the solutions of (4.1)-(4.2) satisfy

sup sup E(|Ju(r, 7 — t,ur—¢)||*)
t>T u, _€D(r—1)
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<Ro() = L+L [ SRl + X ()Y (51

—oo keN
(2) Forevery e Rand B={B(7) : 7 € R} € B, wecanfinda T :=T(7,5) >0
such that the solutions of (4.1)-(4.2) satisfy

supsup  sup  E([|u(s, s — t,us—)[|)
t>T s<T us_+EB(s—t)

< Ra(r) == L+ LSL<1p/ ACIE(lg) 2 + Y b)) dr. (5.2)
ST J oo keN

Here L > 0 is a number depending on A but independent of 7, D and B.

Proof. Note that the proof of (1) is just a special case of (2) for s = 7, we will only
prove (1).
Applying Tto’s formula to (4.1)-(4.2), we obtain

d(lu()]* + Z IBju(t)|?) + 2(2 IBju(®)]I? + Allu(®)||? + (F(u(t))), u(t))dt
= 2(g(t dt+Z||hk + o (u®)]| dt+22 £) + o (ult))) dWi(#).

This along with (4. 8;1) 1mphes

N
S E(lu(t H2+Z 1 Bju(t)]?) +2E( > 1 Bu(t)]* + Allu(t)]?)
Jj=1 Jj=1

l\D\H

ME([lu(t)[I*) + ]E(Ilg( %) +2ZE 1k (6)]1%) +2ZE low (u(E)]*)- (53)
k=1 k=1

It follows from (2.12) and (4.8a) that

2 E(llow(u()|?) < desllollz<E(lul®) + desllea]* < %)\E(HUHQ) +4cs |2
(5.4)
By (5.3)-(5.4), we get
N X N
—E(llu®)]® + Z 1Bju(®)]?) + AE([[u(®)]* + Z 1Bju(t)]?)
< GSEQY 1 (0)117 + [lg () 1) + deslla . (5.5)

k=1
where \ := 2 A\ and Cs :%+2.

For each 7 € R and B = {B(7) : 7 € R} € B, multiplying (5.6) by €*' and
integrating the result over (s — ¢, s) for s < 7, we see

N
E([lu(s,s = t,us—e)|* + Y IBjuls, s — t,us—0)|P)
j=1

N
e ME(fJus—el® + Y I Bjus—e|?)

j=1



3112 LIANBING SHE, NAN LIU, XIN LI AND RENHAI WANG

’I”T 4C
vo [ & (Znhk NP +lg)ar+ Ll 56)

By us—¢ € B(s —t) for s < 7 and B € 9B, we get, as t — 400,

N

e ME([lus—e||? +Z [Bjus—¢||”) < (1+4N)e™ SUP]E(HB(S—t)HH Q.7 42) = 0.
j=1

This along with (5.6) and (4.8b) implies there is a T := T'(7,D) > 0 such that for

allt > T,

N
E(HU(S, s —t, us—t)HZ + Z ||B]u(57 s — t7us—t)||2)

j=1
<1+ Goswp [ SOIE(lgr)IP + Y n(r)P) 2.
s<TJ—0c0 keN
From this we get (5.1). The proof is completed. O

As a direct consequence of Lemma 5.1, we have the existence of two types of
absorbing sets for the mean random dynamical system ® in L2(£2, F, ).

Lemma 5.2. Let (2.3)-(2.7) and (4.8a)-(4.8b) hold. Then ® has two types of
absorbing sets in L?(Q, F, £?) over (0, F,{F; }ier, P).

(1) ® has a weakly compact ©-pullback absorbing set Ko = {Ko(7) : 7 € R} € ®
in L2(Q, F,?) over (Q, F,{Fi}ier,P), that is, for every 7 € R and D € D, there
exists T = T(7,D) > 0 such that ®(t,7 — ¢t)D(r — t) C Ko (7) for all ¢ > T, where
Ko(7) = {u € L(Q, Fr, ) : E(JulP) < Ro(n)}.

(2) ® has a weakly compact backward B-pullback absorbing set Koz = {Kos (7) :
7 € R} € B in L3(Q, F,¢?) over (2, F,{F:}ier,P), that is, for every 7 € R and
B € B, there exists T' = T'(7,B) > 0 such that | J,.,. ®(t,s —t)B(s —t) C Kx(7) for
all t > T, where Ko (1) = {u € L*(Q, Fr, 02) : E(||ul?) < Ra(7)}.

Proof. The proof of (2) is just a specifical case of (2). Then we only focuss on the
proof of (2).
First, by (4.8b) we know that Kgs (7) is a bounded closed convex set in L?(Q, F,

%), and so it is a weakly compact subset in L2(Q, F,,¢?). It yields from (2) of
Lemma 5.1 that for every (7,B) € R x B, there exists T := T'(7, B) > 0 such that

supsup  sup [lu(s,s — t,uso)l|72q 5, 2y < R(7).
t>T s<T us_EB(s—t)

This implies that for all t > T,
U @(t.s —t)B(s —t) € K (7)

s<T

Note that for all s < 7 and t > 0,

K (s — t)||2L2(sz,fs_t,€2)

cia L/s—t ej\(r—s-i-t)E(”g ”2 + Z (e )dr

s—t .
S R A (PO S () ar
k=1

— 00
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<L+ Le%;\t/ AR (lg(r)2 + 3 [ha ()Y
- k=1
This together with (4.8b) implies, as t — +o00,

-
e M sup ||Kas (s — ) 13207, _,.0)
s<T

~ ~ S ~
< e ML 4 Le 2™ sup/ e%A("_S)IE(||g(7°)|\2 + Z ||hk(r)|\2)dr — 0.
ssTJ—o0 keN
Therefore Ko € B is a weakly compact backward 8B-pullback absorbing set for ®
in L2(Q, F,¢?). This concludes the proof. O

6. Three types of weak pullback mean random attractors of (2.1)-(2.2).
Before introduce our main results, we first give some preparations. Given 7 € R,
we note that the weak topology of L?(Q, F,, %) has a neighborhood base at a point
o € L2(2, Fr, %) given by the collection:

(NG on (o) 6> 0, 01, 65 € (P9, Fr X)) n=12,.. ) (6)
Here the set Ns’fw-«b* (ho) is given by, for € > 0 and ¢7,...,¢" € (L*(Q, F,,¢?))*,

5o () = (w0 € L2AQF, ) : |6() — 61 (Yo)| < & forall i=1,...,n}.
(6.2)

If B is a weakly open set containing a point 1y € L?(£2, F,, ¢?), then we say B is
a weak neighborhood of the point g in L%(2, F,,¢?). If B is a weakly open set
containing a set B C L%(, F,,¢?), then we say B is a weak neighborhood of the
set B in L3(Q, F,, (?).

After all preparations established in above sections, we now present the main
results on the existence and uniqueness of three types of weak pullback mean random
attractors (WPMRAs) for the mean random dynamical system ® as follows. Here
the three types WPMRAs are understood in the following sense.

Definition 6.1. (The usual WPMRA, see [16, Def. 2.4]) A family sets A = {A(7) :
7 € R} € D is called a WPMRA for ® on L2(€2, F, ¢?) over (Q, F, {F; }ier, P) if the
following conditions are satisfied.

(i) A(7) is a weakly compact subset of L?(Q, F,, ¢?) for every 7 € R.

(ii) A is a D-pullback weakly attracting set of ®, that is, for each 7 € R, D € ©
and each weak neighborhood N*(A(7)) of A(7) in L%(Q, F,, ¢?), there is a time
T =T(r,D,N"“(A(7))) > 0 such that

U et 7= )(D(r 1)) SN (A(7)).
t>T

(iii) A is the minimal element of © satisfying (i) as well as (ii).

Definition 6.2. (The backward weakly compact WPMRA) A family sets A =

{A(r) : 7 € R} € B is called a backward weakly compact WPMRA for ® on
L2(Q, F, %) over (Q, F,{F; }ier, P) if the following conditions are satisfied.

(i) The set [, A(s) is weakly compact in L?*(Q, F,, ¢?), where the closure is
taken in the sense of the weak topology of L2(Q, F,, ¢2).

(ii) A is a B-pullback weakly attracting set of ® in the similar sense of Definition
6.1.

(iii) A is the minimal element of B satisfying (i) as well as (ii).
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Definition 6.3. (The backward weakly attracting WPMRA) A family sets U =
{U(r) : 7 € R} € B is called a backward weakly attracting WPMRA for ® on
L2(Q, F, 0%) over (Q, F,{Fi}ier,P) if the following conditions are satisfied.

(i) U(7) is a weakly compact subset of L%(Q, F,, (?).

(ii) U is a backward B-pullback weakly attracting set of ® in the sense that , for
each 7 € R, B € B and each weak neighborhood N (U(7)) of U(7) in L?(Q, F,, £?),
there is a time 7' = T'(7, B, N*(U(7))) > 0 such that

U U @7 =6)B(s — ) S N U(7)).
t>T s<T
(iii) U is the minimal element of B satisfying (i) as well as (ii).
Note that the notation of backward weakly compact WPMRA and backward

weakly attracting WPMRA are strong than the usual WPMRA. The following
theorem is concerned with the main results of the paper.

Theorem 6.4. Let (2.3)-(2.7) and (4.8a)-(4.8b) be satisfied. Then ® possesses
three kinds of WPMRAs.

(1) ® has a unique usual WPMRA Ap = {Ap () : 7 € R} € D in L*(Q, F, (?)
over (2, F,{Fi }icr, P) in the sense of Definition 6.1, which is given by

~NUetr—tke(r—1t) , reR.

r>0t>r

(2) ® has a unique backward weakly compact WPMRA Ayp = {Ax(7) : 7 €
R} € B in L*(Q, F, %) over (Q, F,{Fi}ier, P) in the sense of Definition 6.2, which

is given by
= Jetr-tKs(r—1) .

r>0t>r

(3) ® has a unique backward weakly attracting WPMRA Uy = {Uxs(T) : T €
R} € B in L*(Q, F, %) over (Q, F,{Fi}ier, P) in the sense of Definition 6.5, which

is given by
= UUets—t)Kn(s—1) .

r>0t>r s<7T
(4) The relation of An, Ay and U is Ap = Ap C Uss.

Proof. Proof of (1). By (1) of Lemma 5.2 and the abstract results in [16, Theorem
2.7] we complete the proof of (1) immediately.

Proof of (2). By (2) of Lemma 5.2 and the abstract results in [16, Theorem 2.7]
we find that Ay = {Ag(7) : 7 € R} € B is a WPMRA for ® in L*(Q,F,(?)
over (9, F,{F:}ier,P) in the sense of Definition 6.1. To show that Ag € B is a
backward weakly compact WPMRA for ® in L?(Q, F, ¢?) over (Q, F,{Fi}icr,P)
in the sense of Definition 6.2, we only need to show that (J,.. Ax (s)w is weakly
compact in L?(Q, F,,¢?). By (2) of Lemma 5.2 we know that Ky € B and Ky
is a backward B-pullback absorbing set for ®. Then for each 7 € R, there exists
Ty = T1 (1, Kps) > 0 such that for all r > T3,

U U @ fs—DKs(s—1) c U U fs—Km(s—t) CRa()", (63)

t>r s<t t>T1 s<T
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which along with the structure of Ay and the weak compactness of g (7) in
L2(Q, F,, 0?) yields

UAss)=J Ut s—t)Ks(s—1)

s<T s<tr>0t>r

w

c N UUats—Hkmsis—1) CKan(r). (6.4)

r>Th t>r s<T

By the weak compactness of Kg(7) in L*(Q,F,,¢%) we further find that
Us<r A (s)" is weakly compact in L2(€, F,, ¢2). This completes the proof of (2).

Proof of (3). Similar to (6.4) we can prove that Uy (7) C K (7), and hence Uss (1)
is a weakly compact set in L%(Q, F,, £?). By Ky € B, Uy C Ky and the definition
of B we find Uy € B. Tt is easy to check that Ay (1) C Uy (7). This along with
the nonemptyness of Ag implies the nonemptyness of Uss.

Next, we show that Uy is a backward B-pullback weakly attracting set in
L2(Q, F,¢?). First, we need to prove that for every 7 € R and every weak neighbor-
hood N (Usg (7)) of Uss (7) in L?(Q, F, £2), there exists Ty = To (1, Keg, N* (Uss (7)))
> T} such that for all ¢t > T5,

U @t s — )k (s — 1) SN (U (7). (6.5)
s<T
If (6.5) is incorrect, then we can find 79 € R, t,, = +00, s, < 70, Uy, € Kes($n, — t)
and a weak neighborhood N (Uss (19)) of Uss (1) in L*(Q, Fry, £?) such that

(I)(tnvsn _tn)wn ¢Nw(u‘3(7-0))- (6-6)

Since t, — +o00, we know, there exists Ny = Ny (79, Ka) > 0 such that ¢, > T5 for
all » > Ny. And hence by (6.3), we find @ (¢, S, — tn)¥n € K (70) for all n > Nj.
This along with the weak compactness of Ke (70) in L2(€2, F,,, ¢?) implies that there
exist ¥y € L?(Q, Fy,,¢?) and a subsequence which we do not relabel satisfying

DBty n — tn)n — by weakly in L(Q, Fry, £2). (6.7)

Since N (Usg (10)) is weakly open, we know L?(Q, Fr,, %) \ N (Uss (10)) is weakly
closed. In this way we deduce from (6.6) and (6.7) that

Yo € LP(Q, Fry, 02) \ N (Uss (70)).- (6.8)

In addition, it follows from (6.7) that for every e > 0 and ¢3,...,¢%, € (L*(, Fry,

m

¢%))*, there exists Ny = Na(e,v0, ¢, ...,¢%) € N such that for all n > No,
D(tn, S0 — tn)Pn € Ng;,,.,wﬂ (¢0)- (6.9)

As an immediate consequence of (6.9) we find ¥ € Uy (10) C N (U (70)). This is
just a contradiction of (6.8). In fact, the details on the proof of 1y € Uy (1p) are
given bellow. Let N (1)) be an arbitrary weak neighborhood of 1y with respect to
the weak topology of L?(Q2, F,,,¢?). Since the collection in (6.1) is a neighborhood
base at 1 in L?(2, F,,,¢?), we can find that there are ¢ > 0 and ¢%,...,¢%, €
(L*(9, Fry, €2))* s0 that NG . (o) € N™(¢h). This along with (6.9) implies

D(ty, S — tn)hn € NV (o), VneN. (6.10)
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Given r > 0, by ¢, — +o00, we know, there exists N € N so that ¢, > r for all
n > N. Then by (6.10) we get, for all n > N,

D(tn, Sn — tn)thn € N (1h0) ﬂ(ﬂ () @(t.s—1) K%(st)>
t>r s<Tto
This implies that N (10) (ﬂtZT Ns<ry ®(t, 8 — )L (s — t)) is a nonempty set.
This shows that 1o is a weak limit point of the set [, U D(t,s —t)Ks(s —t)
in L2(Q, F,,,¢?), and hence

we(YU U@ (ts — ) (5— 1) = U (r0).

r>0t>r s<7o

s<7o

On the other hand, by (2) of Lemma 5.2 we know that for every s < 7 and
B € 9B, there exists Tz = T3(s, Ko, N¥(Uss(7)),B) > Ty such that &(¢,s — Tp —
t)B(s —To —t) € Ky (s — Tz) for all t > T3. This along with (6.5) yields, for all
t> T37

U @@+ To,s — T —t)B(s — T — 1)

s<T

= J @12, s - To)0(t,s — T — )B(s — Tp — 1)

s<T

C | ®(Th,s — To)Kas (s — To) © N™ (U (7)).
s<T
This shows that (J,.. ®(t,s —t)B(s —t) C N*(Usp (7)) for all t > T5 + T5. Then
Us is a backward B-pullback weakly attracting set for ® in L?(Q, F, £?).
According to Definition 6.3, we now only need to prove that Uss is the minimal
element of B with properties (i) and (ii) in Definition 6.3. Let B € B be a weakly
compact backward B-pullback weakly attracting set for ® in L?(Q, F, ¢?), we next
show U(7) C B(7) for all 7 € R. If this is not true, then there are 79 € R and v €
L2(Q, Fry, £?) satisfying 1o € U(79) \B(70). And thereby vy € L*(Q, Fr,, )\ B(10).
Notice that L?(Q, F,,, %) \ B(7) is weakly open, we know, there exists a weak
neighborhood of N™ (1) at g in L2(Q, F,, £?) such that N (o) C LP(2, Fry, €2)\
B(1o). In light of the neighborhood base at vy € L*(Q, Fy,,¢?) given by (6.1), we
find, there exist € > 0 and ¢7,..., ¢}, € (L*(Q, Fr,, £2))* such that N, 4. (¢o) C
N¥(1g). As a result, we find
N on (o) © L2(Q, Fry, £2) \ B(70). (6.11)

m

By 1o € Uss(70) we find , there are s, < 79, t,, — 400 and ¢, € B(s, — t,) such
that

O(tn, 50— tn)thn ENE . (o), ¥R EN. (6.12)

Let
N¢17 ,¢>* U ¢>1, P )
peEB(T)

be the neighborhood of B(7). Since t,, = +00 and B € 9B is a backward B-pullback
weakly attracting set for ® in L2(Q, F, ¢?), there exists N3 = N3(79,&,¢%,. .., ¢k,
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K, B) € N such that for all n > N3,

U ®(tn.s —tn)Km(s —ta) CNE e (B(ro)). (6.13)

s<7o

By $n < 70, ¥n € D(8n, —tn) and (6.13) we find (¢, sp —tn)thn € Nf}m@* (B(10))
for all n > N3. Then, there exists ¢ € B(rg) such that ®(tn,s, — tn)thn €

N on (1) for all n > Ns. This along with (6.12) implies |¢7 (1) — 7 (1ho)| < &

for all i = 1,...,m. Then ¢ € NG:...ox (o), and hence by (6.11) we find

¥ € L2(, Fry, £2)\ B(7p). This is a contradiction with Ve B(79), and therefore we
have U(7) C B(7) for all 7 € R. This completes the proof of (3).

Proof of (4). By Lemma 5.2 we find Ko (7) C Ko (7), and hence Agp (1) C Ap (1) C
U (7). Since Ap is a D-pullback weakly attracting set for ® in L?(Q, F,¢?), we
find, for each 7 € R, D € B C D and each weak neighborhood N (Ag (7)) of
Ao () in L?(Q, F,, %), there exists T = T(7, D, N* (Ao (7))) > 0 such that for all
t>T,

O(t, 7 — )D(r — ) C N (Ao (7). (6.14)

By Ap C Ay and Ay € B we also have Ap € B. Then by (6.14) we know that
Ap is also a weakly compact B-pullback weakly attracting set for ® in L?(Q, F, £?).
Note that Ay € B is a WPMRA in the usual sense. Then by the minimality of
Ag we have Ay C Ag. The completes the proof of (4). O

Remark 6.5. It maybe interesting to study weak pullback mean random attractors
of stochastic equations driven by fractional noise, see [8].
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