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ABSTRACT. In this paper we study ergodic measures of intermediate entropy
for affine transformations of nilmanifolds. We prove that if an affine transfor-
mation 7 of nilmanifold has a periodic point, then for every a € [0, hiop(7)]
there exists an ergodic measure fiq of 7 such that hy, (7) = a.

1. Introduction. Throughout this paper, by a topological dynamical system (X, T)
(TDS for short) we mean a compact metric space (X, d) with a homeomorphism map
T from X onto itself, where d refers to the metric on X. By a measure preserving
system (MPS for short) we mean a quadruple (X, X, u,T), where (X, X, u) is a
Borel probability space and 7,7~ : X — X are both measurable and measure
preserving, i.e. 771X =X =TX and u(A) = u(T~1A) for each A € X.

Given a TDS (X, T), let M(X,T) be the set of all T-invariant Borel probability
measures of X. In weak*-topology, M(X,T) is a compact convex space. By Krylov-
Bogolioubov Theorem M (X, T) # 0. For each p € M(X,T), (X,Bx,T, ) can be
viewed as a MPS, where Bx is the Borel o-algebra of X. Let M¢(X,T) be the space
of all ergodic measures of (X,T). Then M°(X,T) is the set of extreme points of
M(X,T).

Define

E(T) = {hu(T) : p € ME(X,T)}
where h,(T') denotes the measure-theoretic entropy of the measure preserving sys-
tem (X,Bx,T,p). By the variational principle of entropy sup&(T) = hyop(T),
where hyop,(T) is the topological entropy of (X,T). The extreme case is that
Me(X,T) consists of only one member, that is, (X,T) is uniquely ergodic. When
(X,T) is uniquely ergodic, E(T) = {hiop(T)}

It is interesting to consider the case when £(7T') is big. As a direct corollary of
[7, Theorem 11], Katok showed that

[O,htop(f)) C 5(f) (11)

for any C**< diffeomorphism f on a two-dimensional surface, based on the fact that
every ergodic measure of positive metric entropy is hyperbolic. Katok conjectured
that (1.1) holds for any smooth system.

Conjecture 1.1 (Katok). Let f be a C" (r > 1) diffeomorphism on a smooth
compact manifold M, then (1.1) holds, i.e. for every a € [0, hiop(f)), there is
pa € MS(M, f) such that h,, (f) = a.
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We need to point out that Katok’s conjecture implies that any positive entropy
smooth system is not uniquely ergodic, though whether or not a smooth diffeomor-
phism of positive topological entropy can be uniquely ergodic is still in question (see
[5] for Herman’s example: positive entropy minimal C'*°-smooth diffeomorphisms).
In [13, 14], Quas and Soo showed that if a topological dynamical system satisfies
asymptotic entropy expansiveness, almost weak specification property and small
boundary property, then it is universal, which implies the conclusion of Katok’s
conjeture. Recently, Burguet [2], Chandgotia and Meyerovitch [4], extended the
result of Quas and Soo to request only the almost weak specification property.

In this paper, we study intermediate entropy for affine transformations of nil-
manifolds. Throughout this paper, by a nilmanifold G/T" we mean that G is a
connected, simply connected nilpotent Lie group, and I' is a cocompact discrete
subgroup of G. A homeomorphism 7 of G/I' is an affine transformation if there
exist a [-invariant automorphism A of G and a fixed element gy € G such that
7(gT) = goA(g)T for each g € G. Our main result is the following.

Theorem 1.2. Let G/T" be a nilmanifold and T be an affine transformation of G/T.
If (G/T,7) has a periodic point, then E(1) = [0, hiop(T)].

Following Lind [11], we say that an affine transformation of a nilmanifold is
quasi-hyperbolic if its associated matrix has no eigenvalue 1. As an application of
Theorem 1.2, one has the following.

Theorem 1.3. Let G/T" be a nilmanifold and T be an affine transformation of G/T.
If T is quasi-hyperbolic, then E(T) = [0, htop(T)].

The paper is organized as follows. In Section 2, we introduce some notions. In
Section 3, we prove Theorem 1.2 and Theorem 1.3.

2. Preliminary. In this section, we recall some notions of entropy, nilmanifold
and upper semicontinuity of entropy map.

2.1. Entropy. We summarize some basic concepts and useful properties related to
topological entropy and measure-theoretic entropy here.

Let (X,T) be a TDS. A cover of X is a family of subsets of X, whose union is
X. A partition of X is a cover of X whose elements are pairwise disjoint. Given two
covers U,V of X, set UVY ={UNV :U €U,V €V}and T-U ={T~U : U € U}
for i € Z,. Denote by N(U) the minimal cardinality among all cardinalities of
subcovers of U.

Definition 2.1. Let (X,T) be a TDS and U be a finite open cover of X. The
topological entropy of U is defined by

) 1 n—1 »
hop(T,U) = Tim —log N(\/ T~U),
=0

where {log N (\/;L:_O1 T~U)}2, is a sub-additive sequence and hence htop(T,U) is
well defined. The topological entropy of (X,T) is

hiop(T) = Sup hiop(T,U),

where supremum is taken over all finite open covers of X.
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A subset E of X is an (n,€)-separated set with respect to T provided that for
any distinct z,y € E there is 0 < j < n such that d(T7x,T7y) > e. Let K be a
compact subset of X. Let S%T)(e, K) be the largest cardinality of any subset F of K
which is an (n, €)-separated set. Then the Bowen’s topological entropy of K with
respect to T' [1] is defined by

(T)
ha(T, K) = lim lim sup M.

e—=0 n 500 n

Let Z be a non-empty subset of X. The Bowen’s topological entropy of Z with
respect to T is defined by
hd(Ta Z) = sup hd(Tv K)

Kcz
K is compact

And the Bowen’s topological entropy of a TDS (X,T) is defined by hq(T) =
hq(T, X)) which happens to coincide with Ao, (T).

Next we define measure-theoretic entropy. Let (X, X, u,T) be a MPS and Px
be the set of finite measurable partitions of X. Suppose £ € Px. The entropy of £
is defined by

n—4+ocon

n—1
ha(T.6) = lim ~H,(\/ T%),
i=0

where Hu(\/;:ol T'¢) = - ZAGV?;‘} T—ig 1(A)log pu(A) and {Hu(\/?:_ol T},
is a sub-additive sequence. The entropy of (X, X, T, ) is defined by
ha(T) = sup hy(T,€).
X
The basic relationship between topological entropy and measure-theoretic en-
tropy is given by the variational principle [12].

Theorem 2.2 (The variational principle). Let (X,T) be a TDS. Then
haop(T) = sup{h(T) - 4 € M(X,T)} = sup{(T) : 1 € M(X, T)}.

A factor map m : (X,T) — (Y,S) between the TDS (X,T) and (Y,95) is a
continuous onto map with # o T = S o 7; we say that (Y, S) is a factor of (X, T)
and that (X,T) is an extension of (Y, S). The systems are said to be conjugate if =
is bijective. In [8], Ledrappier and Walters showed that if 7 : (X,T) — (Y, 5) is a
factor map and v € M(Y,S), then

sup  h(T) = hy(S) + / ha(T, 7= () dv(y) (2.1)
rerex ) v

where 7(1)(B) = u(r~1(B)) for B € By.

Let G be a compact metric group and 7 : G — G be a continuous surjective map.
Let 7 : (X,T) — (Y,S) be a factor map. We say that « is a (G, 7)-extension, if
there exists a continuous map P : X x G — X (we write P(x,g) = zg) such that:

(1) 7= Y(n(z)) = 2G for z € X,
(2) For any = € X,¢1,92 € G, xg1 = xgo if and only if g1 = go,
(3) T(zg) =T(x)7(g) for x € X and g € G.

The following is from [1, Theorem 19].

Theorem 2.3. Let 7 : (X,T) — (Y, 95) be a factor map. If m is a (G, T)-extension,
then hiop(T) = hiop(S) + hiop(T).
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Remark 2.4. (1) In the above situation, Bowen shows that
ha(T, 7~ (y)) = hiop(T) for any y € Y, (2.2)

where d is the metric on X. This fact is proved in the proof of [1, Theorem 19]. In
fact, (2.2) holds in the more general situation of actions of amenable groups. This
fact is given explicitly as Lemma 6.12 in the paper [10].

(2) If G is a Lie group, H and N are cocompact closed subgroups of G such
that N is a normal subgroup of H, then G/N and G/H are compact metric spaces
and H/N is a compact metric group. Given further gg € G and an automorphism
A of G preserving H and N, one has the affine maps T : G/N — G/N given by
T(gN) = goA(g)N, and S : G/H — G/H given by S(¢H) = goA(g)H, and the
automorphism 7 of H/N given by 7(hN) = A(h)N. Then there isamap 7 : G/N —
G/H given by w(gN) = gH for g € G, and a map P : G/N x H/N — G/N given
by P(gN,hN) = ghN for g,h € G. These maps satisfy the conditions (1) — (3) in
the definition of (H/N, T)-extension for the factor map = : (G/N,T) — (G/H,S).
That is, (G/N,T) is an (H/N, 7)-extension of (G/H,S). Hence one has by (2.2)
that

ha(T, 7w (y)) = hiop(7) for any y € G/H, (2.3)
where d is the metric on G/N.

2.2. Upper semicontinuity of entropy map. Given a TDS (X, T), the entropy
map of (X,T) is the map p +— h,(T) which is defined on M(X,T) and has value
n [0,00]. For any invariant measure p on X, there is a unique Borel probability
measure p on M(X,T) with p(M®(X,T)) = 1 such that

/M(XT/f z)dm(z)dp(m /f )dpu(z) for all f € C(X).

We write p = fMe(X ) mdp(m) and call it the ergodic decomposition of u. The
following is standard.

Theorem 2.5. Let (X,T) be a TDS. If u € M(X,T) and p = fMe(X ) mdp(m)
is the ergodic decomposition of . Then

mu) = [ D)

We say that the entropy map of (X,T') is upper semicontinuous if for p,,u €
M(X.T)
lim p, = p implies limsup hy,, (T) < h,(T).

n—00 n—00

We say that a TDS (X, T) satisfies asymptotic entropy expansiveness if
lim sup hq(7T,T's5(x)) = 0.
00 ex

Here for each § > 0,
Ts(z) :={y € X : d(T2,Ty) < ¢ for all j > 0}.

The result of Misiurewicz [12, Corollary 4.1] gives a sufficient condition for upper
semicontinuity of the entropy map.

Theorem 2.6. Let (X,T) be a TDS. If (X,T) satisfies asymptotic entropy expan-
siveness. Then the entropy map of (X, T) is upper semicontinuous.
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The result of Buzzi [3] gives a sufficient condition for asymptotic entropy expan-
siveness.

Theorem 2.7. Let f be a C* diffeomorphism on a smooth compact manifold M,
then (M, f) satisfies asymptotic entropy expansiveness. Especially, the entropy map
of (M, f) is upper semicontinuous.

3. Proof of Theorem 1.2 and Theorem 1.3. In this section, we prove our main
results. In the first subsection, we prove that Katok’s conjecture holds for affine
transformations of torus. In the second subsection, we show some properties of
metrics on nilmanifolds. In the last subsection, we prove Theorem 1.2 and Theorem
1.3.

3.1. Intermediate entropy for affine transformations of torus. We say that a

topological dynamical system (Y, S) is universal if for every invertible non-atomic er-

godic measure preserving system (X, X, u, T') with measure-theoretic entropy strictly
less than the topological entropy of S there exists v € M¢(Y, S) such that (X, X, u, T)
is isomorphic to (Y, By, v, S). In [14], Quas and Soo show that toral automorphisms

are universal, which implies the conclusion of Katok’s conjeture. By using Quas and

Soo’s result, we have the following.

Theorem 3.1. Let m € N, T™ = R™/Z™ and 7 be an affine transformation of
T™. Then E(1) = [0, hiop(7)].

Proof. We think of T™ as a group. Then there exist an element b € T™ and a toral
automorphism A of T™ such that

7(x) = A(z) + b for each z € T™.

Let up be the Haar measure. Then hy,, (7) = hiop(T). Let pp, = fMC(Tm T) vdp(v)
be the ergodic decomposition of py. Then by Theorem 2.5, one has

heop(7) = / b (7)dp(v).
Me ('[["m 77-)

By variational principle, there exists p € M¢(T™,7) such that h,(7) = hiop(T).
Now we assume that a € [0, hyp(7)). We have two cases.

Case 1. A is quasi-hyperbolic. In this case, there is ¢ € T™ such that A(q) = ¢—b.
We let

m(x) = x — ¢ for each x € T™.
Then 7 is a self homeomorphism of T™ and w o7 = A ow. That is, (T™, 1)
topologically conjugates to a torus automorphism. By Quas and Soo’s result [14,
Theorem 1], there exists p, € M¢(T™,7) such that h,, (1) = a.

Case 2. A is not quasi-hyperbolic. In this case, we put
H={zeT":(A—-id)"z =0}.

Then H is a compact subgroup of T™ and T™/H is a torus. We let Y = T™/H
and 7y be the natural projection from T™ to Y. The induced map 7y on Y is a
quasi-hyperbolic affine transformation and the extension 7y is distal. Therefore,
Rtop(Ty') = hiop(T) and by Case 1 there exists u} € M®(Y, 7y ) such that huy (1y) =
a. There is p, € M(T™, 1) such that 7y (1,) = pY. Since the extension 7y is
distal, one has h,,(7) = h,y (7v) = a (see [6, Theorem 4.4]).

This ends the proof of Theorem 3.1. O
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3.2. Proof of Theorem 1.2 and Theorem 1.3. Let G be a group. For g, h € G,
we write [g, h] = ghg='h~? for the commutator of g and h and we write [B;, Bs| for
the subgroup spanned by {[b1,b2] : by € B1,bs € By}. The commutator subgroups
Gj, j > 1, are defined inductively by setting Go = G1 = G and G;41 = [G;,G].
Let s > 1 be an integer. We say that G is s-step nilpotent if G141 is the trivial
subgroup. Recall that an s-step nilmanifold is a manifold of the form G/I" where G
is a connected, simply connected s-step nilpotent Lie group, and I' is a cocompact
discrete subgroup of G.

If G/T is an s-step nilmanifold, then for each j = 1,--- , s, G;I" and G; are closed
subgroups of G and G,I'/T is a closed submanifold of G/T" (see Subsection 2.11 in

[9D)-
We fix an s-step nilmanifold of the form G/I" and an affine transformation 7 of
G/T such that

7(gT') = goA(g)T for each g € G
where go € G and A is a I-invariant automorphism of G. For each j > 1, we let
A;j: G- T/G;,T — G,;_1T/G,;T : A;(hG,;T') = A(h)G,T for each h € G;_4
and
7 : G/G;I — G/G;T : 7;(hG,T") = goA(h)G,T for each h € G.

It is easy to see that {A;} ey and {7;}jen are well defined since A(G;) C G, for
each j > 1.
For each j > 1, define the map 74, from G/G; 1T to G/G,T" by

7Tj+1(ng+1F) = ngF for each g € G. (31)

It is easy to see that 7,1 is continuous and onto, and satisfies ;10741 = Tj0m)41.
Hence, for each j > 1, w41 : G/G; 11 I’ = G/G,T is a factor map. We let b; =
hiop(A;) for each j > 1. Then we have the following.

Lemma 3.2. For each j > 1 and y € G/G,T, hdHl(TjH,ﬂj_Jrll(y)) = bj41 where
dji1 is the metric on G/Gjq1T.

Proof. In Remark 2.4 (2), we let N = G;41I"' and H = G,;T". Then both N and
H are cocompact subgroup of G. Moreover, N is a normal subgroup of H. Hence
(G/N = G/Gj41T,7j41) is an (H/N = G,;T'/G;j41T, Aj1)-extension of (G/H =
G/G,T,7;). By (2.3), one has

hd].+1 (Tj+1,71'j::1(y)) = htop(Aj+1) = bj+1 for every y € G/GJF

This ends the proof of Lemma 3.2. O

The following result is immediately from Lemma 3.2, (2.1) and Theorem 2.7.

Lemma 3.3. For j > 1 and v; € M(G/G,;TI',;), there exists p € M(G/G;11T,
Tj+1) such that h#(’rj+1) = h,,j (Tj) + bj+1.

We have the following.
Corollary 3.4. hip(7j) = Zgzl b; for j > 1. Especially, hiop(T) = Zf:ll b;.

Proof. We prove the corollary by induction on j. In the case j = 1, it is obviously
true. Now we assume that the corollary is valid for some j € N. Then for j + 1,
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let m;41 be defined as in (3.1). Then by Ledrappier and Walters’s result (2.1) and
variational principle Theorem 2.2, we have

Piop(Tj+1) = sup hu(Tjs1)
PEM(G/Gj4alTj41)
< sup ( +/ ha; . (Tj+1, J+1( ))du(y))
PEM(G/C,T ) G/G,T

< huop(r) +  sup / hay s (T340, () dis()
HEM(G/GyT ) JG/G,T

j+1

J
i=1 i=1

where we used Lemma 3.2. On the other hand, by Lemma 3.3 there exists u €
M(G/G 1T, Tj41) such that hy(7j41) = Zfill b;. Therefore hiop(Tj41) = Zfill b;.
By induction, this ends the proof of Corollary 3.4. O

Remark 3.5. We remark that the topological entropy of (G/T',7) is determined
by the associated matrix of 7 [1]. That is

htop( - hd Z IOg ‘)‘ |
|Ai]>1
where Aq, Ag, -+, A, are the eigenvalues of the associated matrix of 7 .

Lemma 3.6. For j > 1 and v; € M°(G/G,T',1;), there is vji1 € M°(G/G;11T,
Tj+1) such that hyj+1 (Tj+1) = hz/j (Tj) + bj+1.

Proof. We fix v; € M¢(G/G;TI",7;). Let 741 be defined as in (3.1). By Lemma
3.3, there exists v € M(G/G 41T, 7j41) such that

hV(Tj+1) = sup hu(Tj-‘rl) = hyj (Tj) + bj+1.
HEM(G/Gj1T,7j41)
mir1(B)=v;
We fix such v and assume that the ergodic decomposition of v is
v :/ mdp(m).
Me(G/Gj41T,7541)
Then by property of ergodic decomposition, one has
p{m € M(G/Gjl 7j41) 1 mjpa(m) = v;}) = 1.
Therefore, for p-a.e. m € M*(G/Gj41T, Tj4+1),
hon(Tj41) < b (Tj41) = b, (75) + bjs1.

Hence by Theorem 2.5, one has

ho, (75) 4 bjy1 = hy(Tj51) = R (Tj1)dp(m) < Dy, (75) + bjta.

/MG(G/GJ'+1F77'J'+1)
We notice that the equality holds only in the case A, (7j41) = hy, (7;) + bjy1 for p-
a.e. m € M®(G/G;41I',7j11). Therefore, there exists ;41 € M*(G/Gj11T, Tj41)
such that

oy 1 (Ti41) = Py (75) + bj41 and 750 (vj41) = v
This ends the proof of Lemma 3.6. O

Now we are ready to prove our main results.
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Proof of Theorem 1.2. Firstly we assume that (G/T',7) has a fixed point pI". We
fix a real number a € [0, hyop(7)]. We are going to show that there exists p, €
Me(G/T,7) such that h,, (7) = a. By Corollary 3.4, we can find an i € {1,2,--- ,s,

s+ 1} such that
s+1 s+1

> bi<as<) b
j=it1 j=i
Since pI' is a fixed point of (G/T',7), there exists v € T' such that goA(p) = pv.
Therefore,
7i(pGi—1l'/GiI') = pyGi1T' /Gl C ply, Gi—1]Gi17/GiT C pG;1T'/GiT,
where we used the fact [y,G;—1] C G;—1. That is, (pG;_1T'/G;T',7;) is a TDS. We
let
m(phG;I") = hG,T for each h € G;_1.
Then for each h € G;_1, one has
w0 7i(phGiL) = p~ g0 A(p) A(R)GiT = vA(h)GiT = A(h)y[y, A(h)]G,T = A(h)G,T
where we used the fact [y, A(h)] € G; since h € G;_1. Therefore 7 o 7;(phG;I") =
A; o 1;(phG;T") for each h € G;_1. That is w o 7; = A; o w. Hence,
(pGi—1T'/G;I', 7;) topologically conjugates to (G;—1I'/G;I', A;).
Notice that (G;_1I'/G;T', A;) is a toral automarphism and hop(Ai) = b;. By The-
orem 3.1, there exists v; € M®(G/G,T',;) such that h,,(1;) = a — Zj;lﬂ b;.
Combining this with Lemma 3.6, there exists an ergodic measure p, = vsy1 €
MGGl T541) = M(G/T', ) such that
s+1
hﬂa (T) = hys+1 (TS+1) = h”/i (TZ) =+ Z bj = a.
j=it+1
Thus p, is the ergodic measure as required.

Now we assume that (G/T, 7) has a periodic point. By assumption, there exists
m € N such that (G/I',7™) has a fixed point. Since 7™ is an affine transformation
of G/T, by argument above, there exists 4 € M¢(G/T",7") such that h,(7™) = ma.
Put p, = = Z;n:_ol I (p). It is easy to see that p, € M¢(G/T,7) and h,, (1) =
%Tm) = a. Thus p, is the ergodic measure as required.

This ends the proof of Theorem 1.2. 0

Proposition 3.7. Let G be an s-step nilpotent Lie group and A be a quasi-hyperbolic
automorphism of G. Then for g € G, there exists p € G such that gA(p) = p.

Proof. We prove the proposition by induction on s. In the case s = 1, it is obviously
true. Now we assume that the Proposition is valid in the case s = k. Then in the
case s = k+ 1, we fix g € G. Notice that G/Gp41 is a k-step nilpotent Lie group.
There exists p € G such that gA(p)Gr+1 = PGrr1. There exists g € Gg41 such
that gA(p)g = p. There exists p’ € Gjy1 such that g=LA(p’) = p’. In the end, we
let p = pp’. Then

9A(p) = gAD)AW') = b5 g’ = pp' = p.
By induction, we end the proof of Proposition 3.7. O

Proof of Theorem 1.3. This comes immediately from Proposition 3.7 and Theorem
1.2. O
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