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ABSTRACT. In contrast to existing works on stochastic averaging on finite in-
tervals, we establish an averaging principle on the whole real axis, i.e. the
so-called second Bogolyubov theorem, for semilinear stochastic ordinary differ-
ential equations in Hilbert space with Poisson stable (in particular, periodic,
quasi-periodic, almost periodic, almost automorphic etc) coefficients. Under
some appropriate conditions we prove that there exists a unique recurrent so-
lution to the original equation, which possesses the same recurrence property
as the coefficients, in a small neighborhood of the stationary solution to the
averaged equation, and this recurrent solution converges to the stationary so-
lution of averaged equation uniformly on the whole real axis when the time
scale approaches zero.

1. Introduction. Highly oscillating systems may be “averaged” under some suit-
able conditions, and the evolution of the averaged system can reflect in some sense
the dynamics of the original system. This idea of averaging dates back to the pertur-
bation theory developed by Clairaut, Laplace and Lagrange in the 18th century, and
is made rigorous by Krylov, Bogolyubov, Mitropolsky [1, 2, 18] for nonlinear oscilla-
tions. There are vast amount of works on averaging for deterministic systems which
we will not mention here. Meantime, there are also many works on averaging princi-
ple for stochastic differential equations so far, see e.g. [4, 5, 12, 14, 15, 29, 30, 31, 32]
among others. But to our best knowledge, except for the centre manifold approach
to averaging (see e.g. [3, 22]), almost all the existing works on stochastic averaging
are concerned with the so-called first Bogolyubov theorem, i.e. the convergence
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of the solution of the original equation to that of the averaged equation on finite
intervals.

In the present paper, we establish an averaging principle on the whole real axis,
i.e. the so-called second Bogolyubov theorem, for stochastic differential equations:
if there exists a stationary solution for the averaged equation, then there exists in
a small neighborhood (in the super-norm topology) a solution of the original equa-
tion which is defined on the whole axis and has the same recurrence property (in
distribution sense) as the coefficients of the original equation. Furthermore, this
recurrent, solution is more general than the classical second Bogolyubov theorem,
which only treats the almost periodic case. Note that the work [16] studies the
averaging principle for stochastic differential equations with almost periodic coeffi-
cients, but they only show the convergence on the finite interval, not the super-norm
topology on the whole axis.

To be more precise, we investigate the semilinear stochastic ordinary differential
equation with Poisson stable (in particular, periodic, quasi-periodic, Bohr almost
periodic, almost automorphic, Birkhoff recurrent, Levitan almost periodic, almost
recurrent, pseudo periodic, pseudo recurrent) in time coefficients. Under some suit-
able conditions, this equation has a unique L?-bounded solution which has the
same recurrent properties as the coefficients, see [9, 20] for details. In this paper,
we show that this recurrent solution converges to the unique stationary solution of
the averaged equation uniformly on the whole real axis when the time scale goes to
Zero.

The paper is organized as follows. In the second section we collect some known
notions and facts. Namely we present the construction of shift dynamical systems,
definitions and basic properties of Poisson stable functions, Shcherbakov’s compa-
rability method, and the existence of compatible solutions for stochastic differential
equations. In the third and fourth sections, we investigate the averaging princi-
ple on infinite intervals for linear and semilinear stochastic differential equations
respectively.

2. Preliminaries.

2.1. Shift dynamical systems. Let (X, p) be a complete metric space and (X, R,
m) be a dynamical system (or flow) on X, i.e. the mapping 7 : Rx X — X is
continuous, m(0,z) = = and w(t + s,z) = w(t,7(s,z)) for any x € X and t,s € R.
The mapping ¢t — w(¢,z) is called the motion through x. Denote by C(R, X) the
space of all continuous functions ¢ : R — X equipped with the distance

=1 di(e1, 02)
d = k1 1 J /.~ N
(¢1,02) ;2k1+dk(<p1,902)7

where

di.(p1, p2) == EFEL p(p1(t), pa(t)),

which generates the compact-open topology on C(R, X'). The space (C'(R, X),d) is
a complete metric space (see, e.g. [25, 26, 27, 28]).

Remark 1. (i) Let ¢, ¢, € C(R,X) (n € N). Then li_>m d(¢n, ) = 0 if and only
if lim max plpn(t), o(t)) = 0 for any [ > 0.

n—0o0 [t|
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(ii) If there exists a sequence I,, — 400 such that lim max p(p, (), (1)) =0,

n—oo |t‘§ln
then lim d(pn,¢) = 0 and vice versa. See [28] for details.
n—oo

Let us now introduce two examples of shift dynamical systems which we will use
later in this paper.

Example 2.1. For given ¢ € C(R, X), we denote by ¢ the 7-translation of ¢,
ie. 7(t) = p(r+1t) fort € R. Let 0 : R x C(R,X) - C(R,X) be a mapping
defined by equality o(7,¢) := ¢7 for (1,¢) € R x C(R,X). Clearly o(0,¢) = ¢
and o(7 + 72, ¢) = o(72,0(711,9)) for ¢ € C(R, X) and 71,7 € R. It is immediate
to check (see, e.g. [7, 25, 26, 28]) that the mapping o : R x C(R,X) — C(R, X)
is continuous, and consequently the triplet (C(R,X),R, o) is a dynamical system
which is called shift dynamical system or Bebutov dynamical system.

The hull of ¢, denoted by H (), is the set of all the limits of ¢™ in C'(R, X), i.e.

H(p) ={ e CR,X) : ¢ = li_>m @™ for some sequence {7} C R}.

Note that the set H(p) is a closed and translation invariant subset of C'(R, X') and
consequently it naturally defines on H(p) a shift dynamical system — (H (), R, o).

Example 2.2. Like in [9], we denote by BUC(Rx X, X) the space of all continuous
functions f : R x X — X which are bounded on every bounded subset from R x X
and continuous in ¢ € R uniformly with respect to z on each bounded subset @
of X. We equip this space with the topology of uniform convergence on bounded
subsets of R x X, which can be generated by the following metric

(oo}

where
di(f,g):== sup  p(f(t,z),g(t x))
[t|<k, z€Qp

with Qr C X being bounded, Q) C Qr+1 and UgenQr = &

For given f € BUC(R x X, X) and 7 € R, we denote by f7 the T-translation of
fiie fT(t,x):= f(t+7,2) for (t,x) € Rx X. Note that the space BUC(Rx X, X)
endowed with the distance (1) is a complete metric space and invariant with respect
to translations. Now we define a mapping o : R x BUC(R x X, X) — BUC(R x
X, X), (1, f) = f7. Tt is clear that (0, f) = f and o(72,0(71, f)) = o(71 + 72, f) for
all f € BUC(R x X, X) and 71,72 € R. It is immediate to see (e.g. [7, Chl]) that
the mapping o is continuous and consequently the triplet (BUC(R x X, X),R, o)
is a dynamical system. Similar to Example 2.1, for given f € BUC(R x X, X),
the hull H(f) is a closed and translation invariant subset of BUC(R x X, X) and
consequently it naturally defines on H(f) a shift dynamical system — (H(f),R, o).

Denote by BC(X, X) the space of all continuous functions f : X — X which are
bounded on every bounded subset of X and equipped with the distance

. 1 dk(fag)
d(f,g) = — " di(f,g) := sup x),g(x
(f.9) ;2k1+dk(f7g) k(f.9) Ierp(f( ), 9(x))
where Q) are the same as above. Note that (BC(X,X),d) is a complete metric
space. For given ' € BUC(R x X, X), define F : R — BC(X,X),t — F(t) by
letting F(¢t) := F(t,-) : X = X. Clearly, F € C(R, BC(X, X)).
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Remark 2. (i) Define the mapping h : BUC(R x X, X) — C(R,BC(X,X)) by
equality h(F) := F. It is immediate to see that the mapping h is one-one and
continuous, and its inverse is also continuous. So it establishes an isometry between
BUCR x X,X) and C(R, BC(X, X)).

(ii) By the definition of h we have h(F7) = F7 for any 7 € R and F €
BUC(R x X,X), i.e. the shift dynamical systems (BUC(R x X, X),R,0) and
(C(R,BC(X,X)),R,0) are (dynamically) homeomorphic.

2.2. Poisson stable functions. Let us recall the types of Poisson stable functions
to be used in this paper; we refer the reader to [25, 26, 27, 28] for further details
and the relations among these types of functions.

Definition 2.3. A function ¢ € C(R,X) is called stationary (respectively, 7-
periodic) if (t) = ¢(0) (respectively, p(t + 7) = p(t)) for all t € R.

Definition 2.4. (i) Let ¢ > 0. A number 7 € R is called e-almost period of the
function ¢ : R — X if p(@(t + 7),p(t)) < ¢ for all t € R. Denote by T (p,¢) the set
of e-almost periods of ¢.

(ii) A function ¢ € C(R, X) is said to be Bohr almost periodic if the set of e-
almost periods of ¢ is relatively dense for each ¢ > 0, i.e. for each £ > 0 there exists
a constant [ = [(¢) > 0 such that T (¢,e) N[a,a+1] # 0 for all a € R.

(iii) A function ¢ € C(R,X) is said to be pseudo-periodic in the positive (re-
spectively, negative) direction if for each ¢ > 0 and I > 0 there exists a e-almost
period 7 > [ (respectively, 7 < —I) of the function ¢. The function ¢ is called
pseudo-periodic if it is pseudo-periodic in both directions.

Remark 3. A function ¢ € C(R, X) is pseudo-periodic in the positive (respectively,
negative) direction if and only if there is a sequence t,, — +o00 (respectively, ¢, —
—00) such that o' converges to ¢ uniformly with respect to t € R as n — oo.

Definition 2.5. (i) A number 7 € R is said to be e-shift of ¢ € C(R,X) if
d(pT,p) < g; denote X(p,e) := {7 : d(¢",p) < €}. A function ¢ € C(R,X) is
called almost recurrent (in the sense of Bebutov) if for every e > 0 the set T(p,¢)
is relatively dense.

(ii) A function ¢ € C(R, X) is called Lagrange stableif {¢" : 7 € R} is a relatively
compact subset of C'(R, X).

(iii) A function ¢ € C(R, X) is called Birkhoff recurrent if it is almost recurrent
and Lagrange stable.

Definition 2.6. A function ¢ € C(R,X) is called Poisson stable in the positive
(respectively, negative) direction if for every € > 0 and | > 0 there exists 7 > [
(respectively, 7 < —I) such that d(¢™,¢) < €. The function ¢ is called Poisson
stable if it is Poisson stable in both directions.

In what follows, we denote as well ) a complete metric space.

Definition 2.7. (i) A function ¢ € C(R,X) is called Levitan almost periodic if
there exists a Bohr almost periodic function ¢ € C(R,)) such that for any £ > 0
there exists 0 = d(¢) > 0 such that T (¢,d) C T(p,¢).

(ii) A function ¢ € C(R,X) is said to be almost automorphic if it is Levitan
almost periodic and Lagrange stable.

Remark 4. Note that:
1. every Bohr almost periodic function is Levitan almost periodic;



AVERAGING ON INFINITE INTERVALS FOR SODE 2795

2. the function p € C(R,R) defined by equality

1
N 2 + cost + cos /2t

o(t)

is Levitan almost periodic, but it is not Bohr almost periodic [19, ChIV].

Definition 2.8. A function ¢ € C(R, X) is called quasi-periodic with the spectrum
of frequencies v1,vs, ..., v if the following conditions are fulfilled:

1. the numbers vy, vo,. .., are rationally independent;

2. there exists a continuous function ® : R¥ — X such that Dty + 2m,ty +
2, ...ty +27) = ®(ty,ta, ..., ty) for all (t;,ta,..., 1) € RF;

3. o(t) = O(vt,vat, ..., vt) for t € R.

Let ¢ € C(R,X). Denote by N, (respectively, M,,) the family of all sequences
{tn} C R such that ¢'» — ¢ (respectively, {¢'"} converges) in C(R,X) as n — oc.
We denote by 91, (respectively, M) the family of sequences {t,} € M, (respec-
tively, {t,,} € 9,) such that ¢’ converges to ¢ (respectively, p'* converges) uni-
formly with respect to t € R as n — oo.

Remark 5. (i) The function ¢ € C(R,X) is pseudo-periodic in the positive (re-
spectively, negative) direction if and only if there is a sequence {¢,,} € 9N such that
t, — +oo (respectively, ¢, — —o0) as n — oo.

(i) Let p € O(R,X), ¥ € C(R,Y) and 9T, C M. If the function ¢ is pseudo-
periodic in the positive (respectively, negative) direction, then so is ¢.

Definition 2.9. ([23, 26, 27]) A function ¢ € C(R, X) is called pseudo-recurrent if
for any € > 0 and [ € R there exists L > [ such that for any 79 € R we can find a
number 7 € [I, L] satisfying

sup p(e(t+10+7),0(t+ 7)) <.
lt<1/e

Remark 6. ([23, 26, 27, 28])

1. Every Birkhoff recurrent function is pseudo-recurrent, but the inverse state-
ment is not true in general.

2. If the function ¢ € C(R, X) is pseudo-recurrent, then every function ¢ € H(p)
is pseudo-recurrent.

3. If the function ¢ € C(R, X) is Lagrange stable and every function ¢ € H(y)
is Poisson stable, then ¢ is pseudo-recurrent.

Finally, we remark that a Lagrange stable function is not Poisson stable in gen-
eral, but all other types of functions introduced above are Poisson stable.

Definition 2.10. A function F' € BUC(R x X, X) is said to possess the property
A in t € R uniformly with respect to  on every bounded subset @ of X if the
motion o(+, F') through F with respect to the Bebutov dynamical system (BUC(R x
X,X),R,0) possesses the property A. Here the property A may be stationary,
periodic, Bohr/Levitan almost periodic etc.

Remark 7. Note that a function ¢ € C(R,X) possesses the property A if and
only if the motion o(-,¢) : R = C(R, X') through ¢ with respect to the Bebutov
dynamical system (C(R, X),R, o) possesses this property.
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2.3. Shcherbakov’s comparability method by character of recurrence.

Definition 2.11. A function ¢ € C(R, X) is said to be comparable (respectively,
strongly comparable) by character of recurrence with v € C(R,Y) if M, C N,
(respectively, My, € M,,).

Theorem 2.12. ([26, ChIl], [24]) The following statements hold.

1. My C M, implies Ny € N, and hence strong comparability implies compa-
rability.

2. Let ¢ € C(R, X) be comparable by character of recurrence with ¢ € C(R,)).
If the function v is stationary (respectively, T-periodic, Levitan almost peri-
odic, almost recurrent, Poisson stable), then so is .

3. Let p € C(R,X) be strongly comparable by character of recurrence with ¢ €
C(R,Y). If the function v is quasi-periodic with the spectrum of frequen-
cies vy, v, ..., v (respectively, Bohr almost periodic, almost automorphic,
Birkhoff recurrent, Lagrange stable), then so is ¢.

4. Let p € C(R, X) be strongly comparable by character of recurrence with ¥ €
C(R,Y) and) be Lagrange stable. If ) is pseudo-periodic (respectively, pseudo-
recurrent), then so is .

Lemma 2.13. ([9]) Let p € C(R, X), ¥ € C(R,Y). The following statements hold.
1. Ifzmgz - zm:;, then
(a) DY CNY;
(b) if the function v is Bohr almost periodic, then so is .
2. If M, C NG and Y is pseudo periodic, then so is .

2.4. Compatible solutions of semilinear stochastic differential equations.
Let B be a real separable Banach space with the norm |-|, and L(*8) be the Banach
space of all bounded linear operators acting on the space % equipped with operator
norm || - ||. Consider the linear homogeneous equation

T = A(t)z (2)
on the space B, where A € C(R, L(*8)). Denote by U(t,.A) the Cauchy operator
(see, e.g. [10]) of equation (2).

Definition 2.14. Equation (2) is said to be uniformly asymptotically stable if there
are positive constants A" and v such that

|Ga(t,7)| < Ne =7 for any t > 7 (t,7 € R), (3)
where G 4(t,7) := U(t, A)\U~L(7, A) for any t,7 € R.

If A€ C(R,L(®B)), then by H(A) we denote the closure in the space C(R, L(B))
of all translations {A" : h € R}, where A"(t) := A(t + h) for t € R. Denote by
Cy(R,B) the Banach space of all continuous and bounded mappings ¢ : R — 9B
equipped with the norm ||¢||o := sup{|p(t)| : t € R}. Note that if f € Cp(R,B)

and f € H(f), then || flloo < ||flloo-

Lemma 2.15. [6, ChIII] Suppose that equation (2) is uniformly asymptotically
stable such that inequality (3) holds. Then

IG 4(t, 7l < Nem (=7
foranyt>7 (t,7 €R) and A€ H(A).
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Let (Q,F,P) be a probability space, and L?(IP,B) be the space of B-valued
random variables X such that

E|X|? ::/ |X|2dP < oo.
Q

Then L*(PP,B) is a Banach space equipped with the norm || X||3 := ([, |X|2dHD)1/2.
Let P(%B) be the space of all Borel probability measures on B endowed with the
£ metric:

By, v) = sup { ‘ / fdu— / fdv

where f are bounded Lipschitz continuous real-valued functions on 8 with the norm

I£ll51 2= Lip(F) + | flloe. with Lip(f) := sup L =T

sty 1T =Y
Recall that a sequence {u,} C P(B) is said to weakly converges to p if [ fdp, —
J fdp for all f € Cyp(B), where Cy(B) is the space of all bounded continuous real-
valued functions on B. It is well-known (see, e.g. [13, ChXI]) that (P(B),[) is a
separable complete metric space and that a sequence {u, } weakly converges to p if
and only if B(pn, 1) — 0 as n — oo.

N fllsr < 1}, for p,v € P(B),

» [flloc := sup [f ()
zeB

Definition 2.16. A sequence of random variables {X,} is said to converge in
distribution to the random variable X if the corresponding laws {u,} of {X,}
weakly converge to the law p of X, i.e. S(un,n) — 0.

In the following, we assume that H is a real separable Hilbert space. We still
denote the norm in H by |- | and the operator norm in L(H) by || - || which will not
cause confusion. Let us consider the stochastic differential equation

dX(t) = (A)X () + F(t, X (t)))dt + G(t, X (t))dW (¢), (4)

where A € C(R,L(H)) and F,G € C(R x H,H). Here W is a two-sided standard
one-dimensional Brownian motion defined on the probability space (2, F,P); that
is,
W), for ¢ > 0,
wit) { “Wa(—t), fort <0,
where W7 and W5 are two independent one-sided standard one-dimensional Brow-
nian motions. We set F; := o{W(u) : u < t}.

Definition 2.17. An Fi-adapted process {X (t)}er is said to be a mild solution
of equation (4) on R if it satisfies the following stochastic integral equation

t t

X(t) = Galt, )X (s) + / Ga(t, 7)F(r, X (7))dr + / Ga(t, 7)G(r, X (7))dW (7)
S S

for all ¢ > s and each s € R, recalling that G_4 is defined in Definition 2.14.

Definition 2.18. We say that functions F' and G satisfy the condition

(C1) if there exists a constant M > 0 such that |F(¢,0)| V |G(t,0)] < M for t € R;

(C2) if there exists a constant L > 0 such that Lip(F) V Lip(G) < L, where
Lip(F) := Supyep 42y w and similarly for Lip(G);

(C3) if F and G are continuous in ¢ uniformly with respect to  on each bounded
subset Q C H.
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Remark 8. (i) If F and G satisfy the conditions (C1)—(C3), then F,G € BUC(R x
H,H).

(ii) If F and G satisfy (C1)—(C2) with the constants M and L, then every pair of
functions (F,G) in H(F,G) := {(F7,G7) : 7 € R}, the hull of (F,G), also possess
the same property with the same constants.

Definition 2.19. Let {¢(t)}+er be a mild solution of equation (4). Then ¢ is called
compatible (respectively, strongly compatible) in distribution if M4 p.a) € Ny, (re-

spectively, M4 ra) C iﬁtw), where ‘5’% (respectively, 95@,) means the set of all
sequences {t,} C R such that the sequence {¢(- + t,)} converges to ¢(-) (respec-
tively, {¢(- + ¢,)} converges) in distribution uniformly on any compact interval.

Theorem 2.20. Consider the equation (4). Suppose that the following conditions
hold:

(@) sup[lA{t)]| < +oo;
€
(b) equation (2) is uniformly asymptotically stable such that (3) holds;
(c) the functions F' and G satisfy the conditions (C1) and (C2).
Then the following statements hold:
1if L < 5755 then equation (4) has a unique solution & € C(R, B[0,r]) which

satisfies
t t

) = / Ga(t, 7)F(r,&(7))dr + / Ga(t,7)F (7, &(m)dW (T), (5)

where
_ NMV2+v (6)
" v—NLV2+v
and
B[0,7] :={x € L*(P,H) : ||z|]2 <7};
2. if additionally F' and G satisfy (C3) and L < W, then

(@) My p ey © iﬁ?g, where 9512‘ means the the set of all sequences {t,} C R
such that the sequence {£(- + t,)} converges in distribution uniformly on
R;

(b) the solution & is strongly compatible in distribution.

Proof. The proof is analogous to Theorem 4.6 in [9]. O

Corollary 1. Under the conditions of Theorem 2.20 the following statements hold.

1. If the functions A € C(R,L(H)) and F,G € C(R x H,H) are jointly sta-

tionary (respectively, T-periodic, quasi-periodic with the spectrum of frequen-

cies vy, ..., Vg, Bohr almost periodic, almost automorphic, Birkhoff recurrent,

Lagrange stable, Levitan almost periodic, almost recurrent, Poisson stable),

then equation (/) has a unique solution p € Cyp(R, L?(P,H)) which is station-

ary (respectively, T-periodic, quasi-periodic with the spectrum of frequencies

V1,...,Vg, Bohr almost periodic, almost automorphic, Birkhoff recurrent, La-

grange stable, Levitan almost periodic, almost recurrent, Poisson stable) in
distribution.

2. If the functions A € C(R,L(H)) and F,G € C(R x H,H) are Lagrange stable
and jointly pseudo-periodic (respectively, pseudo-recurrent), then equation (/)
has a unique solution ¢ € Cy(R, L*>(P,H)) which is pseudo-periodic (respec-
tively, pseudo-recurrent) in distribution.
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Proof. These statements follow from Theorems 2.12 and 2.20 (see also Remark
2). O

3. Averaging for linear equations. Let £g be some fixed positive number. Con-
sider the equation
dX () = e(A®)X (1) + f(1))dt + eg(t)dW (), (7)

where A € C(R,L(H)), f,g € C(R,L*(P,H)), 0 < ¢ < g9 and W is a two-sided
standard one-dimensional Brownian motion defined on the filtered probability space
(Q, F,P, F), where F; := o{W(u) : u < t}.

Definition 3.1. Let f : Rx(0,e9] — B. Following [17] we say that f(t;¢e) integrally
converges to 0 if for any L > 0 we have

/S t f(rie)dr

If additionally there exists a constant m > 0 such that

[f ()| <m

lim sup =0.

e—0 [t—s|<L

for any t € R and 0 < € < &, then we say that f(t;e) correctly converges to 0 as
e —0.

Remark 9. [17, ChIV] If f € C(R,B) and
4T

/ f(s)ds
t

uniformly with respect to ¢ € R, then f(t;¢) := f(%) integrally converges to 0
as ¢ — 0. If additionally the function f is bounded on R, then f(¢;¢) correctly
converges to 0 as € — 0.

1
lim —

=0
T—4o00 1T

Let A € L(H). Denote by o(A) the spectrum of A. Below we will use the
following conditions:

(A1) A€ C(R,L(H)) and there exists A € L(H) such that

lim / T Aods = A (8)

T—+oco T

uniformly with respect to t € R; ~
(A2) f e C(R,L*(P,H)) and there exists f € L?(P,H) such that

[ e - fas

uniformly with respect to t € R;
(A3) g € O(R, L3(P,H)) and there exists § € L?(P,H) such that

—0 9)
2

lim —
T—4o00 T

1 T
lim —/ E|g(T) — g|*dr =0 (10)
t

uniformly with respect to t € R.

Denote by ¥ the family of all decreasing, positive bounded functions % : Ry —
R, with tl}rﬁl P(t) =0.
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Lemma 3.2. Letl >0 and v € U, then

-
li —-)=0.
8%02111;711)(6)
Proof. Let ¢ and [ be two arbitrary positive numbers, v € (0,1) and ¢ € ¥, then
we have
T T T y p—1
sup 7(=) < sup TY(=)+ sup TY(—) <P (0) + lp(e" ).
0<r<1 € 0<7<e” € ev<7<I €

Letting ¢ — 0 we obtain the required result. O

Remark 10. (i) By Lemma 2 in [8] equality (8) holds if and only if there exists a
function w € ¥ satisfying
1 t+T 3

— A(s)ds — A

7/ <w(@)

for any 7> 0 and t € R.
(ii) Similarly equality (9) (respectively, equality (10)) holds if and only if there
exists a function wy € ¥ (respectively, wy € ¥) satisfying
<wi(T)

t+T
- / [F(s) — flds
t 2

(respectively, = [/ + Elg(T) — g|?dT < ws(T)) for any T > 0 and t € R.

T
Theorem 3.3. [17, ChIV] Suppose that A € Cp(R, L(B)) and
1 t+T _

lim — A(s)ds = A

T—~+oco T t

uniformly with respect to t € R and the operator A is Hurwitz, i.e. Re X < 0 for
any A € o(A).
Then the following statements hold:

1. there exists a positive constant o < g¢ such that the equation
dz(7) = Ae(1)2z(7)dT,

where Ac(T) := A(Z) for any 7 € R, is uniformly asymptotically stable for
any 0 < € < a.. Moreover there are constants N' > 0 and v > 0 such that

1GA. (r.70) | < Nem 77

forany T > 719 and 0 < e <
2. there exists o > 0 such that
lim sup =T\ Ga (7, 70) — G4(7,70)|| =0 . (11)
€20 (7>70; 7,70€R)
Remark 11. (i) Note that Theorem 3.3 was proved for finite-dimensional almost
periodic equations (this means that the matrix-function \A(-) is almost periodic).
For the proof for infinite-dimensional almost periodic systems see [19, ChXI].

(ii) Tt is not difficult to show that Theorem 3.3 remains true in general case
(see above) and can be proved with slight modifications of the reasoning from [17,
ChIV].

(iii) Under the conditions of Theorem 3.3 there are positive constants o, N” and

v so that
G a. (1) 1G4t )| < Nem (T (12)
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forany 0 <e<aandt>rT.

Lemma 3.4. Let f. € C(R,B) for e € (0,a] be functions satisfying the following
conditions:

1. there exists a positive constant A such that |f-(t)] < A for any t € R and
€ (0,a);
2. foranyl >0

t+s
lim sup fe(o)do| = 0. (13)
€20 5<1, ter
Then for any v > 0 we have
t
lim sup / e VT f(T)dr| = 0.
e=0 teRr oo

Proof. To estimate the integral

I(t,e) := ’/t e_”(t_T)fE(T)dT

we make the change 7 — ¢t = s, then

/too e VT (7)dr = /OOO e’ f(t+s)ds = /OOO e"s% (/ttJrS fg(a)da> ds

(14)
Since
t+s
6”5/ fe(o)do| < Ae”|s|
t
for any s < 0, we have
t+s
lim e / fo(o)do = 0. (15)
S——00 t

Integrating by parts and taking into consideration (15) we obtain

[ OOO e”sd— < / o fg(a)do'> ds
_ [ " / o)dods
= f e[

o) dods — / Ve / f.(0)dods . (16)

Note that
—1 t+s 1
|/ l/e”s/ fe(0)dods| < Ae™! <l + > (17)
_ v
an
’ / ve” / fe(o)dods| < (1 —e~ sup / fe(o)do|. (18)
s|<l, teR
By (14)—(18) we get
t 1 t+s
‘/ e VT £ (7)dr| < Ae™V! (l + ) +(1—e"  sup fe(o)do
—oco v |s|<l, teR
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Then
1 t+s
sup I(t,e) < Ae ! (l + ) +(1—e"  sup / fe(o)do|.  (19)
teR v |s|<l, teR |J¢t
Since
t+s
lim  sup / fe(o)do| =0
=0 51<1, ter | J¢
for any [ > 0, letting ¢ — 0 in (19) we have
1
limsupsup I(t,e) < Ae™"! <l + > .
e—=0 teR v
Since [ is arbitrary, it follows that
lim sup I(t, ) = 0.
e—0 teR
The proof is complete. O
Remark 12. If the function f € Cy(R,®B) and f € B are such that
1 t+L B
Jim 7 [ 1)~ flas =0 (20)

uniformly with respect to ¢ € R, then the function f.(c) := f(2) — f satisfies the
conditions of Lemma 3.4. Indeed, note that

t+s t+s o B c t/e+s/e B

filopo = [ 1#(E) = fao=s-Z [ 15(6) - flaa,
t t € S Jt/e

so the condition (13) of Lemma 3.4 holds by (20). Similarly, if the function g in

(A3) is L*-bounded, then the function f.(0) := E|g(Z) — g|* satisfies as well the
conditions of Lemma 3.4.

Let W_(t) := \/eW (%) for t € R. Then W, is also a Brownian motion with the
same distribution as W.

Theorem 3.5. Suppose that A € Cy(R, L(H)), f,g € Co(R, L*(P,H)) and condi-
tions (A1)-(A3) are fulfilled. Suppose further that A in (A1) is Hurwitz such that
(11)~(12) holds. Then we have the following conclusions:

1. equation
dX: (1) = (A(t) Xc(t) + fe(t))dt + g (t)dW (1) (21)
has a unique bounded solution 1. € Cy(R, L?(P,H)) defined by equality

belt) = / Goa(t, ) fo(r)dr + / Ga. (£, 7)ge (1)AW2 (7)

and it is strongly compatible in distribution (i.e. M a_ 5. q4.) C My, ) and

MEa 1.0 € 95%, where Ac(t) :== A(L), fo(t) := f(L) and g<(t) := g(L) for
teR:
2. equation

dX(t) = (A () Xc(t) + fo(1)dt + g (£)dW (2)
has a unique bounded solution ¢. € Cy(R, L*(P,H)) defined by equality

b-(t) = / Goa (. 7)f-(r)dr + / Ga (1, 7)ge (T)dAW (+); (22)
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lim sup E[¢.(t) — ¢(t)|* = 0, (23)

e—0 ¢cR
where ¢ is the unique stationary solution of equation
dX (t) = (AX(t) + f)dt + gdW (t); (24)
4. for any e € (0, q] equation (7) has a unique solution . € Cy(R, L?(P,H)) and
zf is strongly compatible in distribution (i.e. M(4,7,g) My, ) and My , -+ C
o
.
lim sup A(£(p(£), £(3(0))) = 0,

e—0 teR
where L(X) denotes the law of random variable X .

Proof. The first and second statements follow directly from Theorem 2.20.

We now verify the third statement, i.e. the uniform convergence of the unique
bounded solution ¢. to the unique stationary solution ¢ of the averaged equation.
By Theorem 2.20 equation (24) has a unique bounded and stationary solution ¢,
which is given by the formula

3(t) = [ G 4(t, 7) fdr + [ G 4(t.7)gdW (7). (25)
where G 4(t,7) = exp { A(t — 7)} for t,7 € R. From (22) and (25) we get
E|¢-(t) — ¢(1)]?

_ ]E' [ ; Gatt I r+ [ ; Goa. (t,7)ge(r)AW (7)

-/ ; Gatt. o [ ; G 4(t,7)gdW (7)

2

<2(e|[ ; (G (6,712 (7) — G a6, )l

{E \ [ attn) - Gt awin)

By equality (11) there exists a function N : (0,a) — R4 such that N(e) — 0 as
€ — 0 and

) — L(t.e) + Iyt e).

G a.(t,7) = G a(t,7)]| < N(e)e 0T
for any t > 7 (t,7 € R).
Note that
Il(t,E)
2

= 2F ‘/ [Ga,(t,7)f(T) — G41(t,7)f]dT

2

_oE ] | (64 000) = G (607 + 6, (67] - Galt.7)lar

2

< 4E’/_too Ga (t,7) (f(r) = f)dr 2+4E’/_; [GA.(t,7) — G 4(t,7)] fdr
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=:4 (Ill(t,é‘) + Im(t,é‘)) .

To estimate the integral
2

I(t,2) :=ﬂ«:\/; G (4.7)(f(7) — F)dr

making the change of variable s := 7 — t we obtain

/tOOG.As(t,T) (fs(T)f)dT/oooG_As(t,t+s) (fo(t+s) — f)ds (26)
— /_OOO Ga.(t,t+ 8)% (/:Jrs[fg(o) - f]do) ds.

‘ Gatt+) | " elo) - Nldo 2

for any s < 0, we have

t+s
lim G (tt—i—s)/t [f.(0) — fldo = 0.

s——o00

)

Since

<2V flloce” s

Consequently, integrating by parts from (26) we get

/_Ooo Ga. (t,t+ s)% (/ttﬂ[fg(a) - f]dg> ds
= [ LD (T o) - fiae) .

Note that 0C 4(t.7)
Alt,7)
A0T) Gt ) A(T),
so we have
DAL ) | o A ee
0s - o

for any t € R and s < 0.
Let now [ be an arbitrary positive number, then we have

s
= [ XL ([T o) fao)as

09G4 (t,t+s s .
- [ P ([ o) - flao ) as
—1 S t
and consequently

- [ A ([ ) - iao) ],

H 8G,45 (t,t+ s) (/ttﬂ[fg(g) ) f]da> N

' H/l %H) (150~ iae) as

2

2
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—1 0
/ se’’ds| + ‘/ e’*ds
—00 —1 2

< N[ Allse <2||f|ooe—”l (z + 1) +ila-et sup ) .
1% 1% 9

|s|<l, teR

sup
|s|<l, teR

t+s
< N Al <2||f|oo [ o)~ flas

[ i50) - fiao

Letting € — 0 in above inequality we get

- [ 2A ) ([ o) - fao) a

— 00

lim sup sup
e—=0 teR

2
1
< 2N Alocllflloce™! (z + ) .

Since [ is arbitrary, we get by letting I — oo

li I —0.
Jing sup 11(t,e) =0

Note by Theorem 3.3—(ii) that

112(t76) =K

IN

: <||f2/v<s>>2 o

/ (G (t,7) — G (t, )] fdr
Y0

—00

as € — 0. Consequently,

;1_% ilel]IIQ) Ii(t,e) = 0.

Similarly we can show that
lim sup I (t,e) = 0. (27)
e—=0 teR
In fact, using It6’s isometry property, the Cauchy-Schwartz inequality and reasoning
as above we get
2

Io(t,€) = 2E \ [ Ga(t.00.0) ~ Gatt.glaw () (28)

t
:QE/ |G 4. (t,7)ge(7) — G 4(t, 7)g|* dr

— 00

<4 [Gattno(n) -9 dr

— 00

+E [ [(Gatr) - Galtr) g dr)

— 00

t t
<4 (IE / N?e ?U=Dg (1) — g|*dr + E / N(€)26_27°(t_T)g|2d7)

t =112
—a (w2 [ el - giar + e ).
—00 0

By Lemma 3.4 the integral

t
[ e sl - gPdr (29)

goes to 0 as € — 0 uniformly with respect to ¢ € R.
Passing to the limit in (28) and taking into account (29) we obtain (27), and
consequently lim sup E|¢.(t) — ¢(¢)|> = 0.
e—0 teR
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To prove the fourth statement we note that the function ¢.(t) := . (et) (for
t € R) is a bounded solution of equation (7) if 1. is a bounded solution of equa-
tion (21). The uniqueness follows from the fact if ¢; (i = 1,2) are two different
bounded solutions of equation (7), then ;(t) := ¢;(£),t € R (i = 1,2) are two
different bounded solutions of equation (21), a contradiction to the first statement.
It remains to show that M 4 ¢,4) C M, and Mia ) € 95?:;5. Let {tn} € M4 1.9

(respectively, {t,} € M4 f.g))> then {etn} € Ma, f..9.) S My, (respectively,
etp} € MY C 9M* ) by Theorem 2.20. By the relation between ¢, and 1.,
(Ac, fe,ge) Ve 12
we have {t,} € M, (respectively, {t,} € 952“5).

Now we are in the position to prove the last statement. Since the L? convergence
implies convergence in probability, it follows from (23) that

lim sup 5(L(¢= (1)), L(6(t))) = 0.
e—=Uter

On the other hand taking into consideration that L(W) = L(W.), we have L(p(%))
= L(¢:(t)) for any ¢t € R, and consequently

lim sup B(£(¢-(2)), £(6(1) = 0.

e—0 teR

The proof is complete. O

Corollary 2. Under the conditions of Theorem 3.5 the following statements hold:
1. if the functions A € C(R,L(H)) and f,g € Cy(R, L*(P,H)) are jointly sta-
tionary (respectively, T-periodic, quasi-periodic with the spectrum of frequen-

cies vy, ..., V,, Bohr almost periodic, almost automorphic, Birkhoff recurrent,
Lagrange stable, Levitan almost periodic, almost recurrent, Poisson stable),

then equation (7) has a unique solution @. € Cy(R, L?(P,H)) which is sta-
tionary (respectively, T-periodic, quasi-periodic with the spectrum of frequen-

cies vy, ..., Vg, Bohr almost periodic, almost automorphic, Birkhoff recurrent,
Lagrange stable, Levitan almost periodic, almost recurrent, Poisson stable) in
distribution;

2. if the functions A € C(R,L(H)) and f,g € Cy(R, L?(P,H)) are Lagrange
stable and jointly pseudo-periodic (respectively, pseudo-recurrent), then equa-
tion (7) has a unique solution p. € Cy(R, L*(P, H)) which is pseudo-periodic
(respectively, pseudo-recurrent) in distribution;

3.
t _
li L{(p(=), L(¢(t)))=0.
sl—%i"éﬂgﬁ( (pe(2), L((2))
Proof. These statements follow from Theorems 2.12 and 3.5. O

Remark 13. Note that the constant @ > 0 in Theorem 3.3, Remark 11, Lemma
3.4 and Theorem 3.5 can be chosen the same, e.g. we may choose the minimal one
of them. But there is no restriction on ¢y which we fix at the beginning of this
section.

4. Averaging principle for semilinear stochastic differential equations.
As before, let £y be some fixed positive constant. Consider the following stochastic
differential equation

dX(t) = (A®)X () + F(t, X (1)) dt + e G(t, X (t))dW (t), (30)
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where A € C(R,L(H)), F,G € CRxH,H),0 < e <¢gyand W is a two-sided stan-
dard one-dimensional Brownian motion defined on the filtered probability space
(Q,F,P,F;), with F; := o{W(u) : u < t}. Below we will use the following condi-

tions:
(G1) there exists a positive constant M such that
IF(,0)| v |G(t,0)] < M

for any t € R;

(G2) there exists a positive constant L such that
[F(t,x1) = F(t, 22)| V|G (¢, 21) — G(t, 22)| < Llzy — a2

for any z1,29 € H and t € R; B

(G3) there exist functions wy € ¥ and F' € C(H,H) such that

1

t+T _
Pl ) - F@lds| <) +1a)

forany T'> 0,z € Hand t € R;
(G4) there exist functions we € ¥ and G € C(H,H) such that

t+T
%[ |G(s,2) — G(@)[* ds < wa(T)(1 + [2]?)

forany T'> 0,z € Hand t € R;
(G5) Ae C(R,L(H)) and there exists A € L(H) such that

1 t+T B
lim /' A(s)ds = A
t

T—4o0 T
uniformly with respect to t € R.

Remark 14. Under the conditions (G1)—(G4) the functions F and G also possess
the properties (G1) — (G2) with the same constants M and L.

We consider as well the following equations
dX(t) = (A() X (¢) + F-(t, X (t)))dt + G(t, X (¢))dW (¢) (31)
and
dX(t) = (A:(O) X (8) + F=(t, X (1)) dt + G (¢, X () dW (), (32)
where A.(t) := A(%), F-(t,2) := F(L,z) and G.(t,z) := G(L,z) for t e R, x € H

€

and € € (0,20]. Here as before W.(t) := \/eW (%) for t € R. Along with equations
(31)—(32) we also consider the following averaged equation

dX (t) = (AX(t) + F(X(t))dt + G(X (t))dW (¢). (33)
Lemma 4.1. Suppose F,G € C(RxH,H) and that the conditions (G1)-(G2) hold.
If ¢ is an L?-bounded solution (i.e. ||¢|s = sup,cr Elp(t)|? < 400) of the equation

dX(t) = F(t, X (t))dt + G(t, X (t))dW (t).
then there exists a constant C > 0, depending only on M, L,||¢| e, such that
Elp(t+h) —¢(t)” < Ch

and

E sup |p(s)]> <C(h*+1)
t<s<t+h

foranyt € R and h > 0.
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Proof. Since

t+h t+h
ptem =g+ [ Plrprs [ Gnem)aw ),
t t
by Cauchy-Schwartz inequality and It6’s isometry property we have

Elp(t +h) — o(t)]”
2 2

t+h t+h
<ok / F(r,o(r))dr| +E / G(7,(r))dW (7)

t+h t+h t+h

2 (E/ﬁ 12d7-1E/t IF(T7w(T))I2dT+/t E|G(T=<P(T))|2d7>
t+h t+h

2 <h~/t E\F(Tyw(T))l2dT+/t EG(T,w(T))I2dT>

t+h t+h
<4(n / (M2 + L2[lg|2 )dr + / (M? 1 12|12 )dr
t t

< Ch.

IN

IN

Employing the BDG inequality (see, e.g. [11, Theorem 4.36] on page 114), we
have

E sup o)

t<s<t+h
s 2 s 2
< 3E|p(t)|* + 3E  sup / F(r,p(r))dr| +3E sup / G(r,o(1))dW (1)
t<s<t+h |Jt t<s<t+h |Jt
s 2 t+h
<3lpl+ 38 swp | [+ Lip(r)dr| +3CE [ [6(re(r)ar
t<s<t+h |Jt t

t+h t+h
<3l +3h [ 200+ LlplE)dr+30 [ 208 + Ll )ar
t t
< CO(h* + 1),
where C' denotes some positive constants which may change from line to line. O

Theorem 4.2. Suppose that the following conditions hold:
(@) sup[lA{®)]| < +oo;
€
(b) the functions A, F', G satisfy the conditions (G1)—(G5), and the operator A
in (Gb) is Hurwitz, i.e. Re A < 0 for any A € o(A);
(c)

14

VBNV2+V'

where a, N and v are the numbers figuring in Remark 11-(iii).

L <

Then there exists a positive constant €1 < « such that for any 0 < e < e

1. equation (30) has a unique solution ¢. € Cyp(R,L*(P,H)) and |¢c|loo < 7,
NM\24+v

v—NL2+v’

2. equation (31) has a unique solution ¢. € Cp(R, L*(P,H)) and ||¢c||oo < 7;

where r :=
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3. if additionally F and G satisfy (C3) and L < ﬁ, then the solution @,

of equation (30) is strongly compatible in distribution (i.e. M4 pa) C M. )
and m?A,F.,G) C 951:(‘,5, recalling that 95?7;,5 means the set of all sequences {t,}
such that @ (t +t,) converges in distribution uniformly with respect to t € R;

lim sup E|¢. (t) — ¢(t)> =0,

e—0 teR

where ¢ is the unique stationary solution of equation (33);

lim sup B(L(p-(2), L(3(1))) = 0.

e—0 teR

Proof. By Theorem 3.3 (see also Remark 11-(iii)) there exist positive constants A/, v
and « such that equation
dX(t) = A (t) X (¢)dt
is uniformly asymptotically stable for any 0 < ¢ < o and
IGa. (8, 7)]| < Nem =)
for any t > 7. By Theorem 3.3-(ii) there are o > 0 and N : (0,a) — R such that
N(e) = 0ase—0and
|G t:7) = Galt, )] < Aeye 0"

for any t > 7.

Since Lip(F.) = Lip(F) < L and Lip(G:) = Lip(G) < L, by Theorem 2.20
equation (30) (respectively, equation (31)) has a unique solution ¢, (respectively,
¢e) from Cp(R, L2(P,B)) with ¢. € C(R, B[0,r]) (respectively, ¢. € C(R, B[0,r])),

where
_ NM\2+v .
v —NLV2+
and the solution ¢, is strongly compatible in distribution and 93?1(‘ AF.G) - ffﬁgs.

Let ¢ be the unique stationary solution of equation (33). We now estimate
E|¢.(t) — ¢(t)|?. To this end, we note that

E|¢e(t) — ¢(1)|? 1)
= IE'/ Ga, (t,7)Fe(, ¢s(7’))d7'+/ G, (t,7)G(T, ¢ (T))dW (T)

2

- [ Gt nFG@r - [ Gat @)W (o)

2

< 2(1& ‘ / (G (t, 7V Fo(, 62(7)) — G a(t, TV F(H(7)))dr

2

TE ] | (@att Gt 6u0) — Gt GBI ()

=: 2(I1(t, ) 4 Ix(t,€)).

)

2

Since

Li(te):=E ‘/_ (Ga.(t,7)Fe(r, ¢e(7)) — G 4(t, ) F(o(7))) dT




2810 DAVID CHEBAN AND ZHENXIN LIU

< 3<IE ‘/ Ga (t,7)(Fo(T, ¢ (7)) — Fo(T, (;_S(T)))dr
t 2
(Ga(t,7) — G 4(t, 7)) Fulr, 3(r))dr
| Gatniminém) - Fétrar
using Cauchy-Schwartz inequality we get
no) <3(P5 [ eIl - 30 Par (35)
QN( F / 1D (AL 4 L2312

2

+E

2
+E

—00
N2L2 t

)

/ Galt, IF(r, (7)) — F(G(r)ldr

<3(2E sups. o \2+2N” (M + L2 5P)
v teR Y0
B[ [ GatIRndr) - F(Br)lar )

We will show that
2

=0.

/ G At ) EL(r, B(r)) — F(3(r)))dr

To this end, making the change of variable s = 7 — t and integrating by parts, we
obtain for any [ > 0

lim sup E
=0 ter

2

B| [ Galtn)IE(n60) - FGm)ar (36)

2
1(tt+8)[Fo(t+s,0(t+5)) — F(p(t + s))]ds

2

e (f " B0 8(0)) - F(3(0))do ) ds

<2E\ / W(/Hs[ma,&o»F(é(a))}dcr)ds

[ 28 ([ 0,500)) - R0 ) s 2
[ 1Re.d0) - Féto)

+4E‘ / G z(t, t+s)

ds t
—1
<4E /

+4E sup
—1<s<0

2

< A4E |—

2

o)) —F ‘a)]da>ds

t+s 2
/t [Fe(0,6(0)) = F(¢(0))]do Nllﬂlle”sd8>

2

t+s B o 2 0 B
-/t [F.(0,6(0)) — F(é(0))] do /_l./\/H.AHeVSds = J1 + Jo.
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For J;, we have

-1
Jl =4E (/

—1 -1
§4N2||fl\|2/ e”sds/ E
— 00 — 00

21 A2 -1
< AR [

(¢(0))ldo

t+s _

[F=(0,6(0)) = F(¢(0))] do

2
N|A||e”sds> (37)

T
- V)
S
Q
§\\
2
|
ias]l

2
e’*ds

t

t+s
[ o800 - P00 o

2
e’’ds

4 — 00
21 A112 —1 t+s
= We_ul/ S/ E [F.(0, ¢(0)) — F(é(a))]Q doe’sds
—00 t
< Me—vl

—1 t+s
/ s/ 8 (M2 + L2[1§|2.) doe**ds
v —o0 t
2 20 A112 B —1
S 3 NUHA” (M2+L2||¢”io) 67ul/ SZGVst
2 ZJ 2

B2NZIAI? e pepgpe 2wl
<= 7 . ) e 2l
S———— (M L2Jell) |+ 5+ 5 )e

Divide [0,!] into intervals of size d, Where~5 > 0 is a fixed constant depending on
e. Denote an adapted process ¢ such that ¢(o) = ¢(t — ké) for any o € (t — (k +
1)d,t — kd]. By Lemma 4.1, we have

2

t+s _ o
B | [ [Fo.0(0) - F(o(o)] do
t+s N N L
=B swp | [ [Re.0(0) = Fo.0(0)) + Fu(0.6(0)) = F(3(0)

+ F(3(0)) ~ F(9(0))]do]

< 6E sup
—1<s<0

t+s _ -
t[ L|#(0) - d(0)\do

+ 3E sup
—1<s<0

t
<6E sup l/ L?|é(o) *&(U)Fda
—1<s<0 t+s

t+s N ~
| [P - Foe))] a0

2

+ 3E sup
—1<5<0

t+s
| [Pedo) - Fée))] a0

2
< 6L%12C5 +3E sup =: 6L212CH + is.
—1<5<0

t+s
| [Pede) - Fée))] a0

For is, denote s(§) := [%}7 we have

19 := 3E sup
—1<s<0

[ (Rt 60 - R ar
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s(6)—1 (k+1)6 ~
3B swp | > [ (Rrdt - k) - F(o(t~ k) dr
k=0 t—k

—1<s<0 )

t+s _ _ 2
[ (Pl = 5(6) - 8)) = Folt = 5(6)-3) dr|

—s(6)-6
I sO) =1 t—(k+1) ~ o 2
<6 [] E sup / (F.(1,0(t — kb)) — F(o(t — kd))) dr
0] i<s<o =5 |Ji-ks
t+s _ o 2
+6E sup / (F.(r, ¢t — s(8) - 6)) — F((t — 5(6) - 6))) dr
~1<s<0 | Ji—s(5)6
=4} + 2.
For i3, by Lemma 4.1 we have
; s(O)=1| i—(k+1)s ) 2
iy =6 [} E sup / (F(1, ¢(t — kb)) — F(o(t — ko)) dr| (39)
0] i<s<o =5 | Ji-ns
612 t—(kj»l)é 2
< — — —
52 E lS;lspgo og@%)_l s ( (7,0(t — ké)) — F(o(t ké))) edr
1202 5 (0 _ ,
< 6—21}3 45;1%0 ngrgggg)_l 5wy (E> (1+|o(t — k6)|?)
<122 (C+ CP +1) wf <i) :
For i3, we obtain
2
t+s
i2 .= 6E sup / (Fa(r,3(t — 5(6) - 8)) — F(3(t — 5(5) - ) dr|  (40)
—1<s<0 |Jt—5(8)-6

t—s(6)-6 B o 5
< 6E sup 5/ (FE(T, o(t —s(9)-0)) — F(o(t — s(0) - 5))) dr

—1<s<0 t+s

t—s(8)-8 _
< 60E sup / 8 (M? + L?|¢(t — 5(8) - 6)|?) dr

—1<s<0 Jt+s
t

<65 [ 8(M?*+L°E sup [¢(o)]?|dr
t—1 o€lt—1,t]

<48 (M? + L*C(I* + 1)) 16
Therefore, (38)—(40) imply

in <12 (Cl1* + (C + 1)) wi (i) +48 (M? + L*C(I* + 1)) 6.

Therefore, we have

< NEAP

V2

+48 (M2 + L*C( + 1)) 16].

(1= )" [6L22C6 +12 (C1t + (C + )IP) w? (i) (41)
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Combing (36), (37) and (41), we have
2

| [ Gater) [ 61r)) — Fa(r)] ar (42)
322 || A||? 2 20 2
S || || (M2 +L2H¢||2 ) ( + — + 3) e—2l/l
v v v
2 2
WVHQAH (1—eh? [6L2l205 +12(Cl* + (C+ 1)) w? (i)
+48 (M2 + L*C(2 + 1)) 18].
Taking 6 = /¢ and letting e — 0 in (42), we have
t 2
limsupsup E ‘/ G(t, 1) [FE(T, gz_S(T)) — F(J)(T))] dr
e—0 teR —00
2N2|| A2 - 12 21 2
< 2L o o) (5 + 5+ 5 ) e
v v v v
Since [ is arbitrary, by letting I — oo we get
¢ 2
lim sup E ‘/ G4(t,7) [FE(T, Q_S(T)) - F(QZ_J(T»] dr| =0. (43)
=0 teR —c0

From (35) and (43) it follows that there exists a function A : (0,£9) — Ry so
that A(e) - 0ase — 0 and

272 .
3~ Sup Bl (1) — $(1)]" + A(e) (44)

Ii(t,e) <

1( ,E) < 3 L

for any ¢t € R and € € (0, ).
Now we will establish a similar estimation for I5(t,¢). Since

2

Lit,e) == E \ | @attnGutrb.0) ~ Gat )GV ()

2

< 3(E ] / ; G, (t,7) (G=(r,6.(r)) — Ge(r, B(r))) AW ()

2

TE \ | (@att) - Gat) Gl daw ()
t 2
B| [ GatniGurnét) - GEmam)| ),
using [to’s isometry property we have

L(t,e) < 3(N2L2 / t e 2R pe (1) — (7)|?dr (45)

— 00

t

L ON(e)? / e 200 (M2 4 L2312, )dr

— 00

wne [ e, ) G(a‘sm)FdT)

212 2
< 3( 25 suwlo) - 6P + e 4 22512)
teR 70

v
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+N2/_ e EDR|IG (1, 6(1)) — G(¢(T))|2d7').

Now we prove that

t
lim sup / e DR G (7, 6(r)) — G((7))[* dr| = 0.
e=0¢eR |J -
By Lemma 3.4, it suffices to show that
t+s
lim  sup / E|G.(r,3(r)) — G(3(r)[* dr| = 0.
=0 51<1, teRr |Jt

To this end, define an adapted process ¢ such that QAS(J) = ¢(t + k6) for any o €
[t + kd,t + (k+1)§). We can assume s > 0 without loss of generality, then we have
by Lemma 4.1

t+s
/t E|G. (7, 6(r)) — G(6(r)) [2dr
t+s _ N ~ — o~
< / E|G.(r,6()) — Go(7, (7)) + Ge(r, d(1)) — G((r))
G ~ Go(n)| dr

t+s
<3 E
t

+3 [ E[66) - G| ar

2

_ A 2 t+s . _
Go(r6(r) = Gelr ()] ar+3 [ BGu(r.d(r) - GG ar

t+s . A 2
< 6L%CS + 3/ E|G. (T, o(1)) — G(¢(T))’ dr =: 6L2%1C6 + 3.J;.
t

For Js, we have

t+s R o 2
him [ |6 dm) - G| ar
s -1 4 (k+1)s ) - ,
< E( ];) /HM |Ge(7,(t + k6)) — G(o(t + kb))|” dr

t+s _ o 9
+/ |Ge (1, 6(t + 5(58) - 6)) — G((t + s(5) - 6))| dT) = J3+ J3.
t+s(8)-6

Then

5(0)=1 44 (k+1)6 B o 9
P ::]E( > (G, 8t + k) — GI(@(t + ko)) df)
k=0

t+ké

I t4(k+1)5 - o )
< |z E e\’ -
< { 5] L /HM |G (r, Bt + k6)) — G(B(¢ + ko)) [2dr

tH(k+1)8
l

_ H max E / |G Bt + k8) — GB(t + ko)) [Fedr

0] 0<k<s(8)—1 Jitks
=

<tr (2) (4 1412
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and

t+s
J2 ::]E/ |G (r, B(t + 5(6) - 8)) — G(B(t + 5(6) - &) dr
t+s(6)-8

<8 (M*+ L?)|9]1%) 0.

Therefore we have

t+s _
sup / E }G (1, 0(1)) — ‘ dr (46)
|s|<I, teR |Jt
5
< 6L2ICE + 24(M? + L?(|$]|%,)0 + 3lw, ( ) (1+ |19]1%)-
Taking 0 = /¢ and letting ¢ — 0 in (46), we have
t+s
lim sup / E|G:(1, (7)) — | dr| =0. (47)
€20 5<1, teRr
From (45) and (47) it follows that
1 _
Iy(t,e) < 3WL)* - supE|¢x () — ¢(t)[* + B(e), (48)
2V ter

where B(¢) is some positive constant such that B(e) — 0 as € — 0.
Combing (34), (44) and (48), we have

(1= 3y (5 +5) ) supBlocto) - HOP < 2(4(6) + BE)).

teR

Consequently
lim sup E|¢.(t) — ¢(t)|* = 0
e—0 teR
because 1 — 3(NL)? (& + 1) > 0.
To finish the proof of the theorem we note that L?-convergence implies conver-
gence in distribution, so

lim sup B(L(¢:(t)), L(6(t))) =

e—0 teR
Since L(p(L)) = L(¢:(t)), we get

lim sup A(£(p (), £(3(1))) = 0.

e—=0 teR

The proof is complete. O

Corollary 3. Under the conditions of Theorem .2 the following statements hold:
1. if the functions A € C(R,L(H)) and F,G € C(R x H,H) are jointly station-
ary (respectively, T-periodic, quasi-periodic with the spectrum of frequencies
V1,...,Vg, Bohr almost periodic, almost automorphic, Birkhoff recurrent, La-
grange stable, Levitan almost periodic, almost recurrent, Poisson stable), then
equation (30) has a unique solution p. € Cy(R, L2(P,H)) which is station-
ary (respectively, T-periodic, quasi-periodic with the spectrum of frequencies
Vi,...,Vg, Bohr almost periodic, almost automorphic, Birkhoff recurrent, La-
grange stable, Levitan almost periodic, almost recurrent, Poisson stable) in
distribution;
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2. if the functions A € C(R,L(H)) and F,G € C(R x H,H) are Lagrange sta-
ble and jointly pseudo-periodic (respectively, pseudo-recurrent), then equation
(30) has a unique solution ¢. € Cy(R, L*(P,H)) which is pseudo-periodic (re-
spectively, pseudo-recurrent) in distribution;

lim sup 3L (e (), £(5(0))) = 0,

e—=0 R

with ¢ being the unique stationary solution of the averaged equation (33).
Proof. This statement follows from Theorems 2.12 and 4.2 (see also Remark 2). O

Remark 15. To simplify the notations and highlight the idea, we consider only
the one-dimensional noise. Indeed, the main results of this paper remain hold if we
replace the one-dimensional Brownian motion W in Sections 3 and 4 by a QQ-Wiener
process, which brings no essential but just notational difference; see e.g. [20, 21] for
details.

Remark 16. In the present paper, we only consider the second Bogolyubov the-
orem for semilinear stochastic ordinary differential equations, i.e. the linear part
A(-) is bounded operator valued. We will consider the case when A(-) is an un-
bounded operator in future work, which can be applied to related stochastic partial
differential equations.
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