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ABSTRACT. For the incompressible Navier-Stokes system, when initial data are uniformly
locally square integral, the local existence of solutions has been obtained. In this paper,
we consider perturbed system and show that perturbed solutions of Landau solutions to
the Navier-Stokes system exist locally under Lgloo-perturbations, q > 2. Furthermore,
when g > 3, the solution is well-posed. Precisely, we give the explicit formula of the
pressure term.

1. Introduction. The initial value problem of the Navier-Stokes system is described as
follows
u —Au+ (u-V)u+Vp=f, x € R3t >0,
V-u=0, (1.1)
u(z,0) = up(x),
where u = (u1,ue,us) is the velocity and p is the pressure.

It is well known that Leray [16] proved the global existence of weak solutions for divergence
free initial data ug € L?(R3) and f = 0. The uniqueness and regularity for the solutions still
remain open, see e.g. [14] and references therein. For well-posedness results to the Navier-
Stokes system, Kato [9] proved the local well-posedness for the general initial data in L™ (R™)
and the global well-posedness for the small initial data in L™(R™). Giga and Miyakawa [3]
and Taylor [22] gave the same result in certain Morrey spaces. In 2001, Koch and Tataru
[11] proved the global well-posedness evolving from small initial data in the space BMO™1,
in which they need u € L _(R™ x [0,00)) in order to make sense of the system. Moreover,
self-similar solutions u ¢ L3(R3), but belong to L2 _(R3), see [2, 24, 26]. The definition of
L1 . will be given in (1.6) later.

For the Navier-Stokes system with ug € L2, there are some results on uniformly locally
square integrable solutions. Basson [1] described such solutions. Lemarié-Rieusset [14, 15]
gave the local existence of weak solution u for when ug € Lﬁloc. Moreover, global weak solu-
tion exists for the decaying initial data ug € Fs = {f eL?,. : im0 soo | fll22(B(20,1)) = O}.
Kikuchi and Seregin’s paper [10] extend above results which include forcing terms in the
equations. Very recently, Kown and Tsai [12] generalizes the global existence with non-
decaying initial data whose local oscillations decay.

For the uniformly local-L? integrable functions space L
the applications of the space L3

3 oe» Lemarié-Rieusset [14] gave

to the Navier-Stokes system. Hineman and Wang [6]

uloc
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obtained the local well-posedness of Nematic liquid crystal flow for any initial data (ug, dp)
with small L3 -norm of (ug, Vdp).

The stationary Navier-Stokes system in R3 has the form

{—Av+(v-V)v+Vp=f,

V-v=0. (12)

When f = (b(c)do,0,0) with b(c) = 555 (2+602 ~3¢(c? —1)In (gj})) and y Dirac

measure, the following formulas
Sz =22 |x| + ca?

vi(z) =2 , U5 (x) =2

] (cla] —a1)*

Uf(x) =2

x2 (cx1 — |x])

|.’E‘(C|.’IJ| _"171)27 (13)

x3 (cxy — |x]) cxy — |z

pe(z) =

| (clz| = 21)* | (clz| = 21)*

with || = /2% + 23 4+ 23 and constant |¢| > 1 are the distributional solutions to system
(1.2) in R3. The explicit stationary solutions (1.3) were given by Landau [13]. These
solutions (1.3) are called Landau solutions. Landau solutions are in L, . space. Tian and
Xin [23] proved that all (—1)—homogeneous, axisymmetric nonzero solutions of system (1.2)
in C?(R*\{0}) are Landau solutions. Sverdk [21] proved that Landau solutions are the only
(—1)—homogeneous solutions in C?(R3\{0}). More details can be seen in [13, 17, 18, 19,
20, 23].

We denote u(z, t) be the solution to the Navier-Stokes system (1.1) with the given external
force f = (b(c)dp,0,0) and initial data ug = v. + wo. By a direct calculation, functions
w(z,t) = u(z,t) — ve(z) and 7(z) = p(x,t) — p.(x) satisfy the following perturbed Navier-
Stokes system

w — Aw+ (w- V)w+ (w-V)ve + (ve - V)w + Vr =0,
w(z,0) = wo(x).

The explicit formula of 7 is as follows

1 2
T = f§|w\2 + p.v./ 0;0;T (z — y)w,w; (y)dy — Ve W + 2p.v./ 0;0;T (z — y)w;ve; (y)dy,
R3 RS

(1.5)
for which detailed calculation can be seen in Appendix.

Karch and Pilarczyk [7] show that perturbed solutions of Landau solutions to the Navier-
Stokes system exist globally under L?- perturbations. In 2017, Karch, Pilarczyk and Schon-
bek [8] generalized the work of [7]. They presented a new method to show the global
existence for a large class of solutions including the Landau ones. Based on these results, we
are inspired to study local well-posedness of weak solutions to the perturbed Navier-Stokes
system (1.4) with initial data wy € L% .(R®) in our work.

First, we give some notations used in this paper. Ball B(z,r) is a ball in R3 centered at
x with a radius r,

B(z,r)=B,(z) = {yeR®: [y —z| <r}.

The spaces L? 1 < g < oo, and U*P (to,t) for 1 < s,p < oo and 0 <ty <t < oo, defined

uloc?
by

Lthloc = {u S Llloc (RB) : HUHLZ]OC = Su%3 Hu”Lq(Bl(:ro)) < +OO} (1.6)
zo€
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and

Us,p (to,t) = {u S Llloc (R3 X (to,f)) : ||’U,‘ Ua‘,p(to’t) = SU.p3 ||u“L5(t0,t;LP(Bl(:vo))) < +OO}

zo€ER

When ty = 0, we simply use Uz¥ = U*P(0,T). Note that UP (to,t) = L (to, t; LV, )-
Set L? local energy space
Er={ue L} ([0, 7] x R} R?) : divu =0, ||ulle, <400}, (1.7)
where
luller = llullys + [Vallyze- (18)
The definition of L4 local energy solution, g > 2, is as follows
Definition 1.1. (L7 local energy solution) Let wo € LY, divwy = 0. A pair of functions

(w, ) is a local energy solution to the perturbed Navier-Stokes system (1.4) with initial
data wo in R x (0,T) for 0 < T < oo, if the functions satisfy the following conditions:

(1) we U, V(jw|?) € Ur? and 7 € LL ([0,T); L (R?));

loc loc

(2) (w, ) satisfies the perturbed Navier-Stokes system (1.4) in the sense of distributions;
(3) the function t — [, w(z,t)- @(x)dz is continuous on [0, T] for any compactly supported
function ¢ € C2° (R?). Furthermore, for any compact set K C R,

[w(-t) — wO“Lq(K) =0, ast—07; (1.9)

(4) (w, ) satisfies the following local energy inequality

¢
/|w|2§(x,t)d:c—|—2// |Vw|?¢dads
RS o Jrs

i 1.10
g/ / (200 ® w : Vet + (066 + AE) [w]? (1.10)
o Jrs
+ (Jw|* 4 27 + 2v. - w)(w - V)E + |w]v, - VEdads,
for any ¢ € (0,T) and for all non-negative smooth functions £ € C2°((0,7) x R3);
(5) For any xp € R3, there exists a function ¢, (t) € L4(0,T) such that
3
R(e,t) = R (.8) F esg(8), 0 L (0.7): L (B(ao, 2)) (111)
where
~ 1
Ralert) = —glo@ ol +pv [ 0,0 - yuiw,(o)dy
B(:L’(),Q)
2
+p.v. / 0;0;(T(x —y) —T'(zo — y))wiw; (y)dy — zvc - w(z, t)
B(wo,2)¢ 3
i [ 00T~ i)y
B(20,2)
+2p.v. / 0;0;(T'(z —y) — T(xo — y))wive; (y)dy (1.12)
B(z0,2)¢
_ 1
for T'(z) = el

Our main result is as follows
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Theorem 1.2. There exist positive universal constants cz, €1 and C with the following
properties,
(i) For every |c| > ¢3, wo € LY, q > 2 with divwy =0, if

€1

< (1.13)
— 2 )
L+ ol

there exists a LY local energy solution (w,m) on R3 x (0,T) to the perturbed Navier-Stokes
system (1.4) with initial data wy, satisfying

g2
[l + IV (0l < Cllwols (114)

2,2
Ur

(ii) Furthermore, when q > 3, the solution is unique.
Remark 1.1. From (2.38) and (3.55), we could see a more detailed dependence of cs.

Scheme of the proof and organization of the paper. In Section 2, we give some
results which will be used in the proof of Theorem 1.2. In Section 3, we prove Theorem 1.2
by classical approximation theory. In Appendix, we give the details to derive the integral
formula of pressure m, i.e. (1.5).

Let us complete this section by the notations that we shall use in this article.

Notations.

e We denote || - ||, or || - ||z» the norm of the Lebesgue space LP(R?) with p € [1, 0]

e We denote || - [|zz(zg) the norm of the Lebesgue space Lt ([0, 00); L%(R?)) with p,q €
[1, 00].

e We use the homogeneous Sobolev space H* (R?) ={ue S (R?):Vue L*(R?)}.

e C5°(IR?) denotes the set of smooth and compactly supported functions.

e The ith coordinate (i = 1,2,3) of a vector u will be denoted by u;.
Set (+,-) be the L?(R?) inner product. We use notation A < B to denote A < C'B, where C
is an absolute constant.

2. Localized-mollified system. We consider approximate solutions (w€, 7¢) to the fol-
lowing localized-mollified system in R3 x (0,7)

wf = Awt + (T (05) - V) (0'8) + (T, (1) - V) (0:B0) + (B0, ¥) T (w) + Ve =0,
V.-w=0,
we(z,0) = wo(),

(2.1)
where Jc(v) = v * 1, € > 0, the mollifier nc(z) = ¢~y (£) with positive n € C°(B(0,1)),
[ ndz = 1. Localization factor ®(z) = ®(ex),e > 0 with ® € C(R?)),

1in B(0,1),
éz{omB&ﬁé (2:2)

We will construct approximate solution w¢ directly in Ep since wy € Lﬁloc has no decay.

First, we give a property of Landau solution v. which can be obtained by direct calculation.

Lemma 2.1. The explicit formula of v. is (1.3), we have

2v/2
[lz|vellpe < =1 =K. (2.3)

Then, we give a fundamental inequality with the singular weight in Sobolev spaces: the
so-called Hardy inequality which go back to the pioneering work by G.H. Hardy [4, 5].
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Lemma 2.2. For any f in H'(R3), there holds

(/]Rs |f(x)|2dx>é P ”

|2

By the Duhamel principle, we can write the solution to system (2.1) into the following
integral formulation

¢
we(t) = e Pwy — / APV (. (wf) @ we®, + J.(w) @ v.P + P, @ T (w)) (s)ds.

0
(2.5)
The following lemma give the construction of mild solution (see Chap. 5 in [25]) to system
(2.1) in the space Er.

Lemma 2.3. For each 0 < € < 1, [woz2, < B and |vc|z2, < 2CoB. If0 < T <

min(1,Ce3B~2), we can find a unique solution w = w* to the integral form of (2.1) such
that

t
w(t) = etA'wO — / et=2)APY . (Z('LU) ®@wb, + J&(w) QvPe + Peve @ jﬁ(w)) (s)ds (26)
0

satisfying
[w|[er <2CoB (2.7)

where C' > 0 and Cy > 1 are absolute constants.
Proof. Set the map
t
U(w) = e wy— / APV (T (w) @ wd, 4+ TJ.(w) @ v.Pc + Pev. @ T (w)) (s)ds. (2.8)
0

We will do contraction mapping in the local energy space & which is defined in (1.7).
According to Lemma 2.4 in [12], for any T' > 0, we have

1
le' flle, S (1+T4) ISz, (2.9)
for f e L? ., and
t
‘ / TIAPY . F(s)ds|| < (1+T)|[F| 2, (2.10)
0 Er T
for F € Ux?. Hence, by (2.8)-(2.10) and T < 1, we obtain
W (w)ller S llwollpz, 4 [1Te(w) @ we|[22 + 2| Te(w) © ve®e|[ 2.2 - (2.11)
Note that
17.0) @ wellyze S o % el 2o rizoe oy 1o
< Nollyzalinel 2ol -
<3 - :
< el fwll e
_3
S N T
and
[Te(w) @ ve®ellyz> S llw s nell 20,100 o)) vell 2z,
(2.13)

_3
S e VT wlye vl

12

uloc
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We have
_s _s
[w)ley < lhwoll s, + VTl 00 + VT 0y ocl 3,
_s
S lwoll e, +€ VT (Jwllyzen +2lvelzz, ) el (2.14)
_3
< Colwoll gz, +Cre 3T (lwlley + 2levellzz, ) lwller
for some constants Cy, C1. Hence, for any w, z € Ep, there holds
_3
W (w) = ¥(2)]lgr < Cre VT <||IUH8T + llzller + 2||7fc||L;4;IOC) lw — zler- (2.15)
By Picard contraction theorem and [Jvc||z2, < 2CoB, if T satisfies
T < ¢ CSB? (2.16)
———— =Ck .
256(CoC1 B)2 ’
there exists a fixed point w € Er of w = ¥(w) satisfying
[wller < 2CoB. (2.17)

O
We will give a uniform bound of (w®, 7€) on a uniform time [0, T] in the following lemma

Lemma 2.4. For each 0 < € < 1, let (w€, 7€) be the solution to system (2.1) on R® x [0, T.].
If |e| > ¢3 and wy € Liloc with div wg = 0, there exists a small constant positive &1

N —1
independent of € and ||wol|r2 ~such that, if Te <T =& (1 + ||w0||i2] ) , then
lwller, < Cllwollrz, (2.18)

where the constant C' is independent of € and Tk.

Proof. Note that we can derive an integral formula of pressure 7€ similar to 7 for which the
detailed proof can be seen in Appendix

(2, ¢) (2.19)
= 30w Wb (o0) 4 pv. [ BT ) () w0 ) dy
e T ) + 2. [ 001w ). () s OB )
for T'(x) = z757- For any fixed point zo, we define 75 (z,t) on B (zo,3) x [0,T] by
Ty, (x,1)
= G0 e b [ 20,0~ . () wily 00y

pv. / 8:0;(T(x — y) — T — ). (wS) wS(y, ). (y)dy
B(z0,2)¢

2
—gve- T (we) De(z,t) + 2p.v. / ;0T (x — y)Te (w5) vej (y, 1) e (y)dy
B(z0,2)

+2p.v. /B( o 0;05(T(x —y) — T(zo — y))Te (w5) vej (y, 1) Pc(y)dy

= T+ ..+ 7. (2.20)
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Therefore, 7€ — 75 depends only on xg and t. Hence, V7© = V7, on B (130, 2) [0,T].

Hence, (w€, 75 ) is another solution to system (2.1). We will replace ¢ by 7 in the

following procedure.
Take ¥ (z,s) = ¢*(x)0(s) with suppe(z) € B(zo,3), 0(s) € C° on [0,7T.) and 6(s) =
on [0,¢]. Using 2wy as a text function in (2.1);, we have

[y i

[ 1wl ot 0yda+ [ t [ @+ Ay dads+ [ t [ 1w @ (7 ) 9) wsds
//|w| w(J. () - ¥ <I>dxds+2// wt - Vipdeds

+2 /0 / bve - wE (T (w) - V)Dodwds + 2 /0 / (J.(w) - V)t - v®etpdzds

2 / [ ®e wA (G w) - )dads + 2 /0 [ (2w wi(ee - V)edads

—1—2/0 /(‘I)evc V)w - To(w)pdrds + Z/Ot /(q)evc V)T (we) - wEdxds, (2.21)

for any 0 < t < T,. Then we have

lw (- ) ()72 + 20V, S Z2 (o, xre)

' / [ Piag?anas] + / / 0 P (7, () - V) $Pduds

+//|w|q§ (T (w®) - V) O dads| + 27, (we - V)¢ dads

+ //qbvc To(w) - V) ®odds| + ‘//j ‘v duds
" // ve - w (Je(w" - V) @*dads| + ‘//J W) (ve - V) B dads

+ QA /(q)evc . V)U}E . je(w6)¢2dxd5 + ‘QA /(@)evc . v)¢2j5(w6) cwédrds 7

A

llwoll e,

= HwOHLﬁloc +Ji+ ...+ Jio. (2.22)
By Holder’s inequality and |V®.| < e < 1, we obtain
J1 < C||w€\|§3,2 (2.23)
and
Jo, J3 < C||w5||?]?,3. (2.24)
By Holder’s inequality , we have
Ji < Ollfs g (2.25)

According to (2.20), we have

[t < Cllwf|ls.s- (2.26)

L3 ([0,t]x B(w0,2))
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Moreover, by Calderon-Zygmund theorem, there holds
0|7 wpwie,

12l 5

(Ot]xB( L2 ([0,t] x B(z0,2))

g C||w6||U3,3.
t

Since z € B (z¢,3) and y € B (z0,2)", we have

Tr—x 2 1
0.0, (@ —y) ~ 03,y —y)| < L0 <2
lzo — ¥ |zo — ¥l
Hence,
1731l % (10,6155 (20.3))
1 € €
< C/ ———Je (w§) wi(y, s)Pc(y)dy
B(z0,2)¢ |Zo — Y| Lo
< 30k | Te (wf) w§| (y, 5)dy
2% J B (o, 2041 ! L% 0.0)
00 1 ak
< 0 gm Z/B(M 1)|~7E(WE)w§|(y,8)dy
= =t ]’ L3(0,t)
< CZW |7 ) us] 3.5
<

CH’UJ ||US=37
where we take B (xo, 2k+1) - U?ilB (xf, 1) with aj < 23%. Therefore

[miws|[y11 < Cllm] lwellyzs < Cllwt|fss,
: 3))

L3 ([0,]x B(wo,
for i = 1,2, 3. By interpolation and Young’s inequality, we have

Imawpp s < Climall 2.4 oz

< Cllvclle w17 2.4

uloc
< Cllvellzz,,, (w722 + [ Vwrll722).

uloc

By Calderon-Zygmund theorem, there holds
[m5we|[y1a < Cllms]| z,éllwellyw
< Cllvc||L2 eIl 2.
< Cllvellpz, ([lwe ||?]3»2 + ||Vw6||?]3:2)~

Similar to (2.29), we have

Il < © el 1ol

< CZ o 1vellzz,, 1wl

= Cllvclle

uloc

w17 2.4

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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(
Combining with (2.25) and (2.30)-(2.33), we obtain

< Oljel

uloc

w22 + [IVeF2.2)- (2.33)

Ji < Ol s + Clleelza, (l0l2as + V0 252) (231
Similar to (2.31), we have
Js, J7,Js, Jo, Jig < CHUC”Liloc(HwEH?Jf'Z + ||Vw€||?]t2,2). (2.35)

For Jg = 2]3 Jw® - Vue - v.®.p*dzds, we have

t €
Jo = 2/ / o Ve - |z|v. - Pedads
0

]

t
€ € 2.36
<2 [ 900l 1Vw el el =ds (230
0
< CKo([[wf|[z2 + V|7 2.),
where the first inequality holds because of Hardy inequality and Holder’s inequality.
Therefore, we obtain
2 2
hw o 0l3a, -+ 2920
2
< CllunlZs+Cllurlss + Callluell oz, + Kol 202 + IVof222)  (2.37)
1 1
2 3 2 2
< Cllwollzz, + Cllwlss + ZHU}EHU?z + ZHVU}EHU;A%
where the last inequality holds because of the assumption that
1
Colllvellzz,, +Ke) < 7 (2.38)
Using the interpolation inequality and Young’s inequality,
Clluw e < Cllwf e o |2
t t t
(2.39)
< |} + 012+ 2902
= L8([0.8:1,.) 4" U Ty U

Combining with (2.37), we have
€2 3 €2 2 ! € 2 € 6
iy, + 51V e < Clunl, +C [ (IrCoo)ly, + o)l ) ds. (240)

Hence, there exists a small constant £; > 0 such that, if w® exists on [0,T] for T, < T =

-1
€1 (1 + Honizl ) , then we have

sup (- 8)la < Clhwollys - (2.41)
O<t<T uloc uloc
Combining with (2.40), we have (2.18). O

Then, we can obtain the following lemma easily. We omit the details.

Lemma 2.5. The distribution solutions {(w®,7)}o<ce<c1 of (2.1) can be extended to the
uniform time interval [0, T], where T is as in Lemma 2./.
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3. Proof of Theorem 1.2. First, when ¢ = 2, we give the following existence result

Proposition 3.1. Let |c| > ¢35 and wy € Liloc with div wy = 0. If
€1

< _ (3.1)
> 1 )
1+ [Jwollzz

for some small positive constant €1 independent of € and Hw0||Lzl , there exists a L? local
energy solution (w, ) on R x (0,T) to the perturbed Navier-Stokes system (1.4) with initial

data wy, satisfying
lwller < Clloollgz (3.2)

Proof of Proposition 3.1. Our method is inspired by Theorem 3.2 in [12]. We will prove our
result in the following four steps.

Step 1. Construct {(w¢,7¢)} on [0,7¢].
Let (we, 7€) be the solution to the localized-mollified system (2.1). According to Lemmas

2.3 and 2.4, we construct w® € Epe on R3 x [0,7¢] , where T* < T = & (1 + Hwo||[,§21 )

with constant €; independent of ¢ and ||wo||L21 . By Lemma 2.5, time interval can be

extended to [0, T]. We construct pressure 7€ as follows

1
w(x,t) = — gje (w) - w®(z,t) + p.v. 0:0;T(z — y)JTe (w;) w5(y, 1) P (y)dy

B>
+pv. | 0:0; (T —y) =T (=y)) Je (wi) wi(y, t)Pe(y)dy
) B3 (3.3)
= gVer Je (W) Be(a,t) +2pv. | 0i0;T(w — y)Je (wi) ve;(y: £) Pe(y)dy
B>
+2pv. |00 (U(z —y) = T (=y)) Te (w5) vej (y, 1) Pe(y)dy,
B3
for T'(z) = 4;‘%'. It is easy to check 7€ € L2 ([O,T); LI%OC (RB)).
Step 2. Prove that |w¢| ¢, and H7r5||L2 O,T;L§1°c> is uniformly bounded.
According to Lemma 2.4, we have
lwelle, < Cllwoll,a (3.4

where the constant C is independent of € and T. We consider 7€ in Ban for each n € N. We
rewrite (3.3) as follows

(1)
€

1
—gJe (W) - w ®e(z,t) + pov. : 0;0;1'(z — y) Je (wi) wj(y, 1)@ (y)dy
2

+ p.V./ +p.v./
Byn+1\B2 B

—3Ve - Je (W) @e(2,1) + 2p.v. : 0i0;T(x — y) Je (w5) ve; (y, 1) P (y)dy

+2<p.v. Lot ] )aiaj (Dl — y) = T () T () ves (9. ). (y)dy

an+1

= 7] +..+7s. (3.5)

) 9;0; (L'(z —y) — T (=y)) Je (w5) wj(y, t)Pe(y)dy

c
on+1
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For 7§, we have

< T ) e

€
||7T1||L2(O,T;L%(an) L2(0,T;L%(an))

<N Te (W) [ oo (0,712 (B ) 1N 20,7524 (B )
< C(n)|w||e,
< Cn, fJwoll 2, )-

For 7§, by Calderon-Zygmund theorem, there holds
AR

< C(llwollz, ).

€
172l 2 0 1% (5, L2(0,T5L5 (B2))

For the third term, we have
T = p~V-/ 9;0;T(x — y) JTe (wi) w§(y, t) e (y)dy
Bynt1\B2

“pw [ 00T (-0) T ) i OBy
an+1\B2
=TSy A+ TSy
Using Calderon-Zygmund theorem, we have
< 17 () - wea

< O(n.flwoll 2 ).

17510 20 . 4 4
L2(0,T;L3 (Byn L2(0,T5L3 (Bynt1))

On the other hand

< 22T (w) - w |

1
€
52l oo 4 (B L2(0,T5L3 (Byni1)) H|y3

L4(Byn+1\B2)
S O, lwoll gz, )-
For j, since x € Ban and y € BS, .., we have
2n
|0;0;T(x — y) — 0;0;" (—y)| S KL S —3
™ 1yl
Similar to (2.29)-(2.30), we obtain
€ < 93n - 1 € €
1750 L0 e (B S 2 > o3 1Te () - w @]l L2 (0,7:01 (B ))
k=n-+1

< O, () -ur ] g
T
< Cln, luwoll 2 ).
Similar to (2.31), we have

€ , € € 2n €
075576 T0ll 2 0 .8 () S 2 ITe W) veell o 3,0
< €

Ol Ioell

< Clnflwoll ).

2729

(3.8)

(3.10)

(3.11)

(3.12)

(3.13)
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Similar to (3.10), there holds

H7T§2||L2(07T;L§(an)) < 22”“«75 (we) - v

S O, [lwoll 2, )-

1
. el
L2(0,T5L3 (Bynt1)) H ly|3 L (Byny1\B2) (3.14)

For the last term g, since x € Ba» and y € BS, ., we have

lz| o 2"
10:0;1(z —y) =00, ()| S —3 S —7- (3.15)
™yl
Therefore, we deduce

oo

1
€ 3n € €
&0 2024 () S 2 > g% 1Te () - w | 2 (0 1111 (8,01 )) (3.16)
k=n-+1 :

< O, ol 2 ).
Combining with above estimates, we conclude

17N oo 01 # 0y < Cs ol - (3.17)

Step 3. Find subsequence of (w¢, 7€), then show the subsequence converge to
(w, ). Similar method has been used in [10, 12]. For each n € N, we find a limit solution of
(we, 7€) up to subsequence on each [0,T] x Ban. First, we construct w on the compact set
[0,T] x By. By uniform bounds on w* and the compactness argument, we can find sequences
wh* form we such that

whF =5 w' in L (0,T; L? (B,)),

whF —~w' in L? (0,75 H' (By)),

wh* = w' in L7 (0,T;L* (By)),

T (W) = w'  in L? (0,T;L* (Bs,)),

(3.18)

for any 0; < 2, as k — oo. Let w = w! on [0,T] x Bs.
Then, we extend w to [0, 7] x B4. By the same arguments as above, we can find sequences
w?* form w* such that

w** =5 w? in L™ (0,T;L* (By)),

w** =~ w? in L?(0,T; H (By)),

w?* — w? in L? (0,T; L* (By)) ,

Tt (w?*) = w? in L?(0,T;L* (Bs,)) ,

(3.19)

for any d; < 4, as k — oo.
Continuing this process, we can construct sequence w™* and its limit w. By diagonal
argument, we have

k,k
) _ [ w™" [0,T] X By,
v { 0 otherwise , VEEN, (3.20)
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satisfying
w® 25w in L™ (0,T; L? (Ban)),
w® —~ 1w in L? (0,T; H! (Ban)),

w® —w in L? (0,75 L* (Ban)) (3.21)
ok (w(k)) —w i L?(0,T;L* (Bs,)),
for any 6, < 2™, as k — oco. Furthermore,
lwller + llwllL20,7;04®3)) < C ||wo||Lgmc . (3.22)
Next, we will prove
7®) 5 x in L2 (0, T L3 (Bgn)) , (3.23)

for each n € N. According to formula (3.3) of 7€, we define 7(*) as follows
1
) (z,t) = *5«7(;’@) (w(k)) ~w(k)<I>(k)(:z:,t)

+p.v. ; 0:0;T'(x — y) T (U’Ek)) wg('k)(yat)‘b(k) (y)dy

v |00, (0 = y) = T (9) Ty (1) ) (0 0200 )y
2
*gvgk) ) (’w(k)) P 1 (z,)

120 [ 000 — )Ty (wl) 0 (.02 00 )y

2. [ 00 (0 =) =T (=) Ty () o5 0,001 ().

And pressure

r(@t) = —%j(w)~w@(m,t)+p.v. [ 00,0~ ) (), (0.0 1)y

0. [0, (Dl =) =T (=) T () wy (0. )2 (0)ey — 20 T () (1)

—|—2p.V. & 818]I‘(x — y)j(wl) Uej (y, t)é(y)dy

+2pv. [ 00, (0w —y) =T (=9)) T (w5) vy (0. )2 (o). (3.24)

Hence, for any m > n

p1+p2 + p-V-/ + p.V./ + p.v. /
Byny1\B2 Bom \Bynt1 BSm
+pe + pr + p-V-/ + p-V-/ + p.v. /
Byni1\B2 Bym \Bynt1 S

m
= p1+--+Ppio-

|
3
I

Set
k k k

J
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and
Note that for fixed R > 0, we have

H

(3.27)

L2 (0 T;L3 (BR))
w;) “ﬁ)’uﬁk)¢<kﬁ

IN
/‘\

L2 (O,T;L%(BR))

k
+ sz (w]( ) — wj) (ﬁ(k)’

o (s) -

-

L2 (o,T;L%(BR)) + [[wiw; (1= @gp)) ||L2 (o,T;L%(BR))

]

A
=)

L?(0,T;L*(Br)) Le>=(0,T;L*(Br))

1wl (1= )|

|wll Lo (0,702 (BR)) +

L2(0,T;L4(Br)) L2 (O,T;L%(BR)) ’

By (3.21) and Lebesgue dominated convergence theorem, we have

N — Ny -0 3.28
’ i T2 (o,T;L%(BR)) ’ (3.28)
as k — oo. Similar to estimates in Step 3, we have
(k)
12122830 1 ) 5 I8 = Nl 1 ) (3.29)
and "
IPall .. (07313 (Ban)) S NG = Nigl (0.7:L% (Bam))” (8:30)
Combined with (3.28), these four terms become very small for sufficiently large k.
Note that W
||wl /UC]' (b(k) - wi'ch”L2 (O,T;L%(B2TL)) - 07 (3'31)
as k — oo.
k), (R)
||p67p77178HL2 (o,T;L%(an)) Sn ||w Ve Py — ’U)ichHLg (07T;L§(B2n)>> (3.32)
and (5), )
||p9||L2 (O,T;L%(BQn)) NTL HUJ (b(k) wiUCjHLQ (O,T;L%(Bgm)). (333)
Combing with (3.31), we have pg, p7, ps, ps — 0 as k — co.
For ps, there holds
psll . (O,T;L%(Bgn))
< *) (*)
S om ||wiijU;,% + 1Ty 0™ Lo 07522 (Byn ) I 1], (0,524 (Bom)
1
< vl T (3.31)
Also 5
2°n k) (k
11015 0,71 ,0) S S (oo lgza + hwiwegllyzs)
23n & &
< 2 (1o g + gl g (3.35)

1
< O, lwollz, T) g
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Take m large enough, we can make ps and p1o very small in the space L? (O, T;Ls (Bgn)) .
These give the convergence (3.23).

Step 4. Check (w,n) is a local energy solution. Proof in this step is very similar to

the proof of Theorem 3.2 in [12]. For simplicity, we omit the details. O
For ¢ > 2, wo € L1 _ implies that wy € Lﬁloc. By the existence results for ¢ = 2 in

q

tloc- Then, we will prove

Proposition 3.1, we have w® € £p with initial data wg € L

q., 2
[y + 1V (w2l 22 < llwollrs

uloc

For simplicity, we only give crucial a-priori estimates.
Similar to (2.30), we have

) €|lq—2,, € < i
||| we T “w HUQ’1 = ”mHL%([o,t]xB(ro’%))

for i = 1,2,3. By interpolation and Young’s inequality, similar to (2.31), there holds

1
||w€||th+1,q+1 < HwE”,q];H,qﬂv (3.36)

elqg—2, € €l q—2, €
[ma|w " w [y < ||7T4||qu,%|”w [ w HUfﬁ,q?fql
< Mlvell 2, . 1w lI7 .20 (3.37)
a
< Cllvellzz,,, (vl faa + 19w 2)]72.2)-

By Calderon-Zygmund theorem, there holds

€|Q*2 E|Q72w€H

705 | w|T™ w2 < IIWsllUf,%H\w a2
< lvellzz, 1wl g0 (3.38)
: t
q
< Cllvellzz,,, (v faa + 1V ([0 2)]72.2)-

Similar to (2.33), we have
€1q—2 €|lq—2,, €
t t

I 1"y < imell

oo
Q. q
- ; gar el ez, e (3.39)

< lvell 2

uloc

”we”?]tq,’zq
aq
(1N Graa + 1V (w217 2.2)-

Combining with (2.25) and (3.36)-(3.39), we obtain

< Cllve|

L2

uloc

Ja < lwelfss + Cllvellzz, (1w [722 + [VwelF2.2). (3.40)
Similar to (3.37), we have
Js, J7, J8, o, Jio < CHUc||LglOC(Hw€||?]t2:2 + ||Vw6||2Ut2,2). (3.41)

For Jg = 2]3 J w® - Vue - v.®.p*dzds, we have
t €
Jo = 2/ / dﬁ VW - |zfve - Bedwds
0 xr

t
<2 / 19 (6w 22 Vw2 el o s

< O (Jwfl2aa + 1Vwe]2),

(3.42)
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where the first inequality holds because of Hardy inequality and Holder’s inequality.
By interpolation inequality and Young’s inequality, we have

+1 3/2 241
ho s S Il el .
3 a :
< U3 oz + IV 1)

Therefore, we have
t
g 3
ol + IV )2e S fuwollts  + / (ICoolge +llweCos)ll3 ) ds. (3.44)
Hence, there exists a small constant £; > 0 such that, if w® exists on [0,T] for T, < T =
-1
€1 (1 + Nlwo |24 ) , then we have
uloc
sup (1)l e < Clluwoll (3.45)
O<t<T uloc uloc

Following the procedure in the proof of Lemma 3.1, we have the existence results when
q 22
Then, we will prove the uniqueness when g > 3. Let u, v be two solutions to the perturbed
Navier-Stokes system (1.4) on R? x (0,7) with the same initial data wy. The uniqueness
can be proved by the method in the proof of Theorem 4.4 in Tsai [25]. We sketch it here.
From (1.14), using interpolation theory, we have

q 2
lullugs < Cllullyges + ClIV([ul?)ll 2. < Cllwollge (3.46)
2 o

with % +3 = %. Then, there exists ¢ € (0,1) sufficient small such that

1
Cululyas < 7. (3.47)
where Cy is given in (3.54). Set g = v — u, we have
Og—Ag+Vr=—(u+g)-Vg—g-Vu—g-Vuv.—v.- Vg,

g(z,0) = 0.

Using 2g% with 1 € C2°((0,T) x R?) as a test function, multiplying the equation (3.48);
by 2¢1, then integrating it, we have

/|g2¢(I,t)dx+2/t/|Vg|2wdxds
0
= /Ot/|!]|2 (831/J+A1/J)dxd8+/ot/|g2g-V1/)dxds—|—2/0t/7Tg.v¢dwds

¢ t
+2/0 /g Vg (ve + u)pdads + 2/0 /(vc +u)-g(g- V)dzds

t t
—|—2/ /(vc +u) Vg - gidads + 2/ /(UC +u) - Vipg - gdads.
0 0

Crucial part is to estimate

/0 /(u +v.) - (g - V)gydzdt. (3.49)
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Denote E(t) = esssup,_, [g(s)l|2. + [y IVgl72 dr. Since

2
Lulo

1 1
| [ wwdsit 1< el ol sl |Vl (3.50)

/Ot /u (9 V)gypdzdr

By Holder inequality, Hardy inequality and Lemma 2.1, we have

t t
| [verto-ogvasar < [ st
0 0

t
<c / lelvellz= (1 Vgl 2

uloc

< CE Vgl + llgl22)
< OK,.B(t).

we have

< Cllull e E(2). (3.51)

g
il L 19l ar
uloc

+ llgllz2

uloc

WVgllzz dr (3.52)

For term fot [ mg - Vipdads, we use the similar decomposition as (2.20) and obtain

t
/ /wg - Vipdads < [|mgl|
0 t

(3.53)
< llglisgs + Cllvcllzs, (lgllZes + Vgl222).
There holds
E(t) < Cullullyo E(t) + Ca(Ke + llvellrz, )E(?). (3.54)
Combining with (3.47) and
ColKe +luellz, ) < 5 (3.55)
we have E(t) < 0, and finish the proof of Theorem 1.2. O

4. Appendix. Integral formula of the pressure w. Our goal is to derive the integral
formula of the pressure 7, i.e. (1.5). Our method is inspired by [25] and [27]. According to
the perturbed Navier-Stokes system (1.4), we have

—Am = aiaj(wiwj + Ve wj + wivcj). (41)

Fix xz, take a smooth compact supported function £ € C°(B(z,2R)) such that

_J/ 1in B(z,R)
&= { 0 in B(z, 2R)°. (4.2)

Therefore, we have |V¢| < & and [VZ¢] < 5. Since
A(&m) = AnE+2VE -V + Al (4.3)

we obtain
— A(ém) = 0;0;(wiw; + vejwj + wive; )€ — 2VE -V — Aém. (4.4)
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Therefore,
(m = /]R3 Iz — y)0:0;(wsw; + vesw; + wive;) (y, t)E(y)dy
2 [ Tl p)ViE0): Vol iy~ [ Tl - 9)AE (. Oy
R3 R3
= /RS I'(z — v)0:0;(wiw; + vejw; + wive; ) (y, t)E(y)dy + 2 /}R3 I'(z —y)Ay&(y)m(y, t)dy
+ 2/ V(@ —y) - Vy&(y)m(y, t)dy — / I(z —y)Ay&(y)m(y, t)dy
R3 R3

= /R T = 9)0:0;(wiw; + vegw; + wives)(y, )& (y)dy

+ / P(x — y)AyE(y)m(y. t)dy + 2 / VT — y) - VyE)n(y, dy.
R3 R3

(4.5)
Note that

[T = )00, (00 5. € (1.6
= lim L(z = y)9:0;(uiv; ) (y, )€ (y)dy (4.7)

€Y Bsr/B.
= —lim Ol (x — )05 (uiv;) (y, )€ (y)dy (4.8)

€Y Bar/B.

— lim I(z — )05 (uiv;)(y, 1) 0§ (y)dy (4.9)

€0 B2R/B€

+/ I'(z —y)0;(uv;)n&ds — lim I(z —y)0;(uv;)n&ds  (4.10)
dBar ' €20 /oB,

= I+ II+II1+1V, (4.11)

where V- u = 0 and n; = 1"%:37 denotes the ith component of the outer normal vector of

Ball Bsg. Since £ = 0 on 0Bsg, we have

IIT=0. (4.12)

For term IV, we have the following estimate

1V g liH(l) ﬁds max Vul?
e— — .
oB. [T Yl ve (4.13)

1
< lim ~ - 47e? - max V]ul> = 0.
e—0 ¢ yEOB,

For term I, integration by parts yields

I = lim 0:0;T (x — y) (usv;) (y, 1) (y)dy
€29 Byr/B.
+ lim Oil'(z —y) (wv;) (y,)9;€(y)dy

e—0 B2R/Bs

- / O (x — y) (wv;) njéds + lim 0iI'(x — y) (wvj) n;&ds
dBar €20 .JaB.

-~ / 0:0,0(x — ) (usv;) (v, DE@W)dy
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+ [ ar@ - ) () (. 095€)dy - gu-v. (414)
where
lim 0;0;1'(x — y) (u;v;) (y,1)&(y)dy = p.v. 0:0;T (x — y) (uivy) (y, t)E(y)dy,
€Y J)Byr/B. Bor
and

/ 0l (x — y) (wvj) n;éds = 0,
OBaRr

for £ = 0 on Bsg. The last term lim._, faBE 0T (x —y) (u;v;) nj€ds can be dealt as follows

313(1) o, Ol (x — y) (w;vj) n;éds

— lim Ty —Yi Yj; — Ty

- w;v;) (y)ds
B Jon, ey o —y) U

= —Eli_l% . m(ﬂﬁz —yi) (w5 — y5) (wivy) (y)ds
= —lim L 1 (@i —yi)(zj — ;) [(wivy)(y) — (wiv;) ()] ds

e=0 Jgp_ 4me
— lim uiv; ()
=0 Jop,  Amet
— Lt (4.15)
By the mean value inequality, we have
. 1
lim
e=0 Jop, dmet

(s — i) (z; — y;)ds

(zi —yi) (@5 — y;) [(wivy) (y) — (usv;)(z)] ds
(4.16)

< lim

7 &% 4re? max V(u-v) =0.
e—0 4me yEOB,

Hence, we obtain J; = 0. For J3, when i = j,
u;v; ()

— lim
e=0 Jop. 4met

/ (zi — yi)(zi — yi)ds
0B,

(i — yi) (@i — yi)ds

. uvi(x)
- -1
61—I>r(l) 47T€4

. u-vl 9
= —52%4m43/635'$—y' ds
u-vl, 9
—e“dme
3 T

= —lim 7
e—0 47e

1
= —guv (4.17)

When ¢ # j, according to the symmetry

/ (w1 — i) (5 — y)ds
OB:

= / (@ — i) (z; —yj)d8+/ (zi —yi)(z; — yj)ds
yEIBe,x;—y; >0

YyEOBe,x;—y; <0
= o (4.18)
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Combining with (4.15)-(4.18), we have
1
gl_I}%) o5, 0il'(xz — y) (wivy) n;éds = —gu v (4.19)
Therefore, (4.14) holds. Combining with (4.6)-(4.13), we have

/‘fow@@ww»@JK@My
RE'
= p.v. /&@-F(x —y) (wivy) (y,t)E(y)dy */B I'(z — y)0;(uivy)(y, 1) 0:&(y)dy

1
+ [ A =) (winy) (0. 005€ )y - u-. (1:20)
Take u;v; = ws;wj, ve;wj, wivej, separately, we obtain

/]R3 I'(z — y)0;0; (wiw; + vew; + wive; ) (y, 1)E(y)dy

_ ,,|w|2+pv/ 88F )wzwj(y)dy

—gvp w + 2p.v. / 0;0;T (z — y)w;ve (y)dy
+ [0 — ) o) (00, 6)y — [ T =)0y (i) .00y
Bar
+ [ A ) (very) (1 00s6)y — [ Tla = )05 wess) . D2:E )y
Bar
/3 Lz —y) (wive;) (y,1)9;€ (y)dy — /B D(z — y)0j(wive;) (y, ) 0i& (y)dy
2R
(4.21)
Setting R — oo, combining with (4.5), we obtain (1.5). O

Acknowledgments. The author is grateful to Prof. Yanyan Li for bringing to our attention
the question studied in this paper and much useful advice. This work is partially supported
by the National Natural Science Foundation of China 11771389, 11931010 and 11621101.
We sincerely thank the anonymous reviewers for their constructive revision suggestions.

REFERENCES

[1] A. Basson, Solutions Spatialement Homogenes Adaptées des équations de Navier-Stokes, Thesis. Uni-
versity of Evry., 2006.

[2] Z. Bradshaw and T.-P. Tsai, Self-similar solutions to the Navier-Stokes equations: A survey of recent
results, Nonlinear Analysis in Geometry and Applied Mathematics, 2 (2018), 159-181.

[3] Y. Giga and T. Miyakawa, Navier-Stokes flow in R3 with measures as initial vorticity and Morrey
spaces, Comm. Partial Differential Equations, 14 (1989), 577-618.

[4] G. H. Hardy, Note on a theorem of Hilbert, Math. Z., 6 (1920), 314-317.

[5] G. H. Hardy, An inequality between integrals, Messenger of Mathematics, 54 (1925), 150-156.

[6] J. L. Hineman and C. Wang, Well-posedness of nematic liquid crystal flow in L 3), Arch. Ration.
Mech. Anal., 210 (2013), 177-218.

[7] G. Karch and D. Pilarczyk, Asymptotic stability of Landau solutions to Navier-Stokes system, Arch.
Ration. Mech. Anal., 202 (2011), 115-131.

[8] G. Karch, D. Pilarczyk and M. E. Schonbek, L2-asymptotic stability of singular solutions to the Navier-
Stokes system of equations in R3, J. Math. Pures Appl., 108 (2017), 14-40.

[9] T. Kato, Strong LP-solutions of the Navier-Stokes equation in R™, with applications to weak solutions,
Math. Z., 187 (1984), 471-480.

uloc(


http://www.ams.org/mathscinet-getitem?mr=MR3823886&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR993821&return=pdf
http://dx.doi.org/10.1080/03605308908820621
http://dx.doi.org/10.1080/03605308908820621
http://www.ams.org/mathscinet-getitem?mr=MR1544414&return=pdf
http://dx.doi.org/10.1007/BF01199965
http://www.ams.org/mathscinet-getitem?mr=MR3073152&return=pdf
http://dx.doi.org/10.1007/s00205-013-0643-7
http://www.ams.org/mathscinet-getitem?mr=MR2835864&return=pdf
http://dx.doi.org/10.1007/s00205-011-0409-z
http://www.ams.org/mathscinet-getitem?mr=MR3660767&return=pdf
http://dx.doi.org/10.1016/j.matpur.2016.10.008
http://dx.doi.org/10.1016/j.matpur.2016.10.008
http://www.ams.org/mathscinet-getitem?mr=MR760047&return=pdf
http://dx.doi.org/10.1007/BF01174182

(10]

(11]
(12]
(13]
(14]
(15]

[16]
(17)

(18]

(19]

20]

(21]
(22]

23]

LOCAL WELL-POSEDNESS OF PERTURBED NAVIER-STOKES SYSTEM 2739

N. Kikuchi and G. Seregin, Weak solutions to the Cauchy problem for the Navier-Stokes equations
satisfying the local energy inequality, Nonlinear Equations and Spectral Theory, Amer. Math. Soc.
Transl. Ser. 2, 220, Amer. Math. Soc., Providence, RI, 220 (2007), 141-164.

H. Koch and D. Tataru, Well posednesss for the Navier-Stokes equations, Adv. Math., 157 (2001),
22-35.

H. Kwon and T.-P. Tsai, Global Navier-Stokes flows for non-decaying initial data with slowly decaying
oscillation, Comm. Math. Phys., 375 (2020), 1665-1715.

L. Landau, A new exact solution of Navier-Stokes equations, C. R. (Doklady) Acad. Sci. URSS (N.S.)
43 (1944), 286-288.

P. G. Lemarié-Rieusset, Recent Developments in the Navier-Stokes Problem, Chapman & Hall/CRC
Research Notes in Mathematics, vol. 431, 2002.

P. G. Lemarié-Rieusset, The Navier-Stokes Problem in the 21st Century, CRC Press, Boca Raton, FL,
2016.

J. Leray, Sur le mouvement d’un liquide visqueux emplissant 1’espace, Acta Math., 63 (1934), 193-248.
L. Li, Y. Y. Li and X. Yan, Homogeneous solutions of stationary Navier-Stokes equations with isolated
singularities on the unit sphere. I. One singularity, Arch. Ration. Mech. Anal., 227 (2018), 1091-1163.
L. Li, Y. Y. Li and X. Yan, Homogeneous solutions of stationary Navier-Stokes equations with isolated
singularities on the unit sphere. II. Classification of axisymmetric no-swirl solutions, J. Differential
Equations, 264 (2018), 6082-6108.

L. Li, Y. Y. Li and X. Yan, Vanishing viscosity limit for homogeneous axisymmetric no-swirl solutions
of stationary Navier-Stokes equations, J. Funct. Anal., 277 (2019), 3599-3652.

L. Li, Y. Y. Li and X. Yan, Homogeneous solutions of stationary Navier-Stokes equations with isolated
singularities on the unit sphere. III. Two singularities, Discrete Contin. Dyn. Syst., 39 (2019), 7163~
7211.

V. Sverak, On Landau’s solutions of the Navier-Stokes equations, Problems in mathematical analysis,
No. 61, J. Math. Sci. (N.Y.), 179 (2011), 208-228.

M. E. Taylor, Analysis on Morrey spaces and applications to Navier-Stokes and other evolution equa-
tions, Comm. Partial Differential Equations, 17 (1992), 1407-1456.

G. Tian and Z. Xin, One-point singular solutions to the Navier-Stokes equations, Topol. Methods
Nonlinear Anal., 11 (1998), 135-145.

[24] T.-P. Tsai, Forward discretely self-similar solutions of the Navier-Stokes equations, Comm. Math. Phys.,

328 (2014), 29-44.

[25] T.-P. Tsai, Lectures on Navier-Stokes Equations, American Mathematical Society, Providence, RI, vol.

192, 2018.

[26] J. Zhang and T. Zhang, Global existence of discretely self-similar solutions to the generalized MHD

system in Besov space, J. Math. Phys., 60 (2019), 081515, 18 pp.

[27] N. Zhao, A Liouville theorem for axially symmetric D-solutions to steady Navier-Stokes equations,

Nonlinear Anal., 187 (2019), 247-258.

Received for publication December 2020.

E-mail address: zhangjingjing94@126.com
E-mail address: zhangting790zju.edu.cn


http://www.ams.org/mathscinet-getitem?mr=MR2343610&return=pdf
http://dx.doi.org/10.1090/trans2/220/07
http://dx.doi.org/10.1090/trans2/220/07
http://www.ams.org/mathscinet-getitem?mr=MR1808843&return=pdf
http://dx.doi.org/10.1006/aima.2000.1937
http://www.ams.org/mathscinet-getitem?mr=MR4091509&return=pdf
http://dx.doi.org/10.1007/s00220-020-03695-3
http://dx.doi.org/10.1007/s00220-020-03695-3
http://www.ams.org/mathscinet-getitem?mr=MR0011205&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1938147&return=pdf
http://dx.doi.org/10.1201/9781420035674
http://www.ams.org/mathscinet-getitem?mr=MR3469428&return=pdf
http://dx.doi.org/10.1201/b19556
http://www.ams.org/mathscinet-getitem?mr=MR1555394&return=pdf
http://dx.doi.org/10.1007/BF02547354
http://www.ams.org/mathscinet-getitem?mr=MR3744383&return=pdf
http://dx.doi.org/10.1007/s00205-017-1181-5
http://dx.doi.org/10.1007/s00205-017-1181-5
http://www.ams.org/mathscinet-getitem?mr=MR3770045&return=pdf
http://dx.doi.org/10.1016/j.jde.2018.01.028
http://dx.doi.org/10.1016/j.jde.2018.01.028
http://www.ams.org/mathscinet-getitem?mr=MR4001082&return=pdf
http://dx.doi.org/10.1016/j.jfa.2019.05.022
http://dx.doi.org/10.1016/j.jfa.2019.05.022
http://www.ams.org/mathscinet-getitem?mr=MR4026186&return=pdf
http://dx.doi.org/10.3934/dcds.2019300
http://dx.doi.org/10.3934/dcds.2019300
http://www.ams.org/mathscinet-getitem?mr=MR3014106&return=pdf
http://dx.doi.org/10.1007/s10958-011-0590-5
http://dx.doi.org/10.1007/s10958-011-0590-5
http://www.ams.org/mathscinet-getitem?mr=MR1187618&return=pdf
http://dx.doi.org/10.1080/03605309208820892
http://dx.doi.org/10.1080/03605309208820892
http://www.ams.org/mathscinet-getitem?mr=MR1642049&return=pdf
http://dx.doi.org/10.12775/TMNA.1998.008
http://www.ams.org/mathscinet-getitem?mr=MR3196979&return=pdf
http://dx.doi.org/10.1007/s00220-014-1984-2
http://www.ams.org/mathscinet-getitem?mr=MR3822765&return=pdf
http://dx.doi.org/10.1090/gsm/192
http://www.ams.org/mathscinet-getitem?mr=MR3997556&return=pdf
http://dx.doi.org/10.1063/1.5092787
http://dx.doi.org/10.1063/1.5092787
http://www.ams.org/mathscinet-getitem?mr=MR3953072&return=pdf
http://dx.doi.org/10.1016/j.na.2019.04.018
mailto:zhangjingjing94@126.com
mailto:zhangting79@zju.edu.cn

	1. Introduction
	2. Localized-mollified system
	3. Proof of Theorem 1.2.
	4. Appendix
	Acknowledgments
	REFERENCES

