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AUTOMORPHISM GROUP AND TWISTED MODULES OF THE
TWISTED HEISENBERG-VIRASORO VERTEX
OPERATOR ALGEBRA
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ABSTRACT. We first determine the automorphism group of the twisted Heisenberg-
Virasoro vertex operator algebra V. (¢123,0). Then, for any integer ¢t > 1, we
introduce a new Lie algebra L, and show that o¢-twisted V. (£123,0)(¢2 = 0)-
modules are in one-to-one correspondence with restricted £¢-modules of level
£13, where o¢ is an order ¢ automorphism of V (£123,0). At the end, we give a
complete list of irreducible o¢-twisted V (£123,0)(¢2 = 0)-modules.

1. Introduction. Let £ be the twisted Heisenberg-Virasoro algebra. It is the
universal central extension of the Lie algebra of differential operators on a circle of
order at most one (cf. [3]):

05 +g(0) | £(1),900) € Cle,t )

L contains an infinite-dimensional Heisenberg algebra and the Virasoro algebra as
subalgebras (cf. [3], [4]). The induced module V(¢123,0) = U(L) ®u(c -,) Cerss 18
a vertex operator algebra of central charge ¢; with conformal vector w = L_51 (cf.
[12]). Vz(f123,0) is a nonrational vertex operator algebra and is not Ch-cofinite.
The structure theory and representation theory of the twisted Heisenberg-Virasoro
vertex operator algebra Vi (f123,0) are closely related to the three scalars ¢1, o, £3
(cf. [3], [1], [2], [4], [5], [8], [12], ete.).

Determining the automorphism group Aut(V) of a vertex operator algebra V is
an important subject in vertex operator algebra theory. It is related to the orbifold
theory which studies the fixed point subalgebras of vertex operator algebras and
their modules under certain finite subgroups of the full automorphism groups. The
orbifold conjecture says that under some conditions on V', every simple V“-module
is contained in some g-twisted V-module, where G is a finite subgroup of Aut(V),
g € G, VY is the fixed point subalgebra of V under the group G.

The automorphism group of the twisted Heisenberg-Virasoro algebra £ has been
studied in [15]. In this paper, we study the automorphism group of the twisted
Heisenberg-Virasoro vertex operator algebra Vz({123,0). We know that Vi, (£123,0)
is generated by w = L_51 and I_;1. By definition, any homomorphism of a vertex
operator algebra (V,Y,1,w) takes w to w. Therefore, it suffices to determine the
action on the generator /_;1. It turns out that automorphisms of the twisted
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Heisenberg-Virasoro vertex operator algebra Vz(¢123,0) depend on the numbers £o
and /3, and there exists automorphism of order other than 2, which makes the study
of twisted modules for V. (¢123,0) interesting.

In [12], all irreducible modules for the vertex operator algebra Vi (¢123,0) are
classified: that is, every irreducible module for V. (¢123,0) is isomorphic to some
Ly (8123, h1,ha), hi,he € C. In this paper, for any integer ¢t > 1, we classify ;-
twisted irreducible modules for V. (¢123,0), where o, is an order ¢ automorphism
of Vi (£123,0). The way we deal with this problem is similar to the one used for
modules of vertex algebra (cf. [10], [11], [12], [13], etc.), but in the context of twisted
modules. We first introduce another Lie algebra L£;. It is a Lie algebra with basis
{Ln,InJr%,kl, ks | n € Z}, and Lie brackets

3 _
[Lm7 Ln] - (m - n)Lern + 6m+n,0%k17
1
[Lm, In+%] =—(n+ ;)IernJr%’

1 .
[Im+%7ln+%] = (m + ¥)6m+n+%,06t,2k37 [;Ct,kiz] =0,:=1,3.

Note that when ¢ # 2, {I,,,1 | n € Z} is an abelian Lie algebra. Then we con-
struct irreducible Li-modules L, (kq,ks, k) as quotient of the induced modules
Mg, (kq,ks, h), where ki,ks,h € C. We show that os-twisted Vi (¢123,0)-modules
(¢2 = 0) are in one-to-one correspondence with restricted £;-modules of level ¢13.
Using this result, we get a complete list of irreducible oy-twisted Vi (€123, 0)-modules,
where o = 0, ¢1, ¢35 € C. Let V;(f123,0)°t be the fixed point subalgebra of
Vi (£123,0) under the automorphism o;. Vi (¢123,0)7t is a vertex operator subal-
gebra of Vi (¢123,0). It is important and meaningful to study the representations of
the fixed point subalgebra V(¢123,0)%t. We remark at the end of the paper that ex-
cept for the case of order 2, the complete list of irreducible modules for V(¢123,0)°
needs to be further investigated.

This paper is organized as follows. In Section 2, we review the notions and
some results of vertex operator algebras, automorphisms and twisted modules for
vertex operator algebras. In Section 3, we study the automorphism group of the
twisted Heisenberg-Virasoro vertex operator algebra V. (f123,0). In Section 4, we
first study the twisted modules of V(¢123,0)(¢2 = 0) under an order ¢ automorphism
oy for any integer ¢ > 1. Then we give a complete list of irreducible os-twisted
Vi (£123,0) (€2 = 0)-modules.

2. Preliminaries. For later use, we recall the following result (cf. Proposition
2.3.7 of [13]).

Lemma 2.1.

(€1 — xz)m(a%g)"x;la(@) —0 (2.1)

1

T _
orm >n, m,n € N, where 5(—) = AT
f o ;Z (2
Let (V,Y,w, 1) be a vertex operator algebra (cf. Definition 3.1.22 of [13]). Then,

a priori, (V,Y 1) is a vertex algebra (cf. Definition 3.1.1 of [13]). Let D be the
endomorphism of the vertex algebra V defined by D(v) = v_51 for v € V. We have
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d
Y(Dv,x) = d—Y(v,x). Denote by L(n) = wyy1 for any n € Z. It can be proved
x
that 1 € Vo) and D = L(—1).
Definition 2.2. An automorphism of a vertex operator algebra (V,Y,w,1) is a
linear isomorphism o of V' such that
o(1)=1, o(w)=w and o(uyv) = o(u),o(v)
for any u,v € V, n € Z.
The group of all automorphisms of a vertex operator algebra V is denoted by
Aut(V). Any automorphism of a vertex operator algebra V' is grading-preserving,
i.e. it preserves each homogeneous subspace V() of V, n € Z. Let o be an order ¢

automorphism of a vertex operator algebra V', t is a positive integer. Then o acts
semisimply on V. Therefore

v=VleVie. oV,

where V¥ is the eigenspace of V for o with eigenvalues n*, where n = exp(%‘t/j)7
k =0,...,t — 1. It is easy to see that the fixed points set V0 := V7 = {v €
V | o(v) = v} is a vertex operator subalgebra of V'

Now we recall some notions regarding to twisted modules from [14].

Definition 2.3. Let (V,1,Y) be a vertex algebra with an automorphism o of order
t. A o-twisted V-module is a triple (W, d, Yy ) consisting of a vector space W, an
endomorphism d of W and a linear map

1
t

Yiv (-, 2) 1 V —s (EndW)[[z7, 27 ]|

satisfying the following conditions:

(TW1) For any v € V,w € W, v,w=0forn € %Z sufficiently large;
d

(TW3) [d,Yw (v, 2)] = Yw(D(v),2) = %YW(Q}’ z) for any v € V;

(TW4)

TW4) For any u,v € V, the following o-twisted Jacobi identity holds:

Z2 — 21

218 ( - ) Yo, 21) Yo (v, 22) — 756 (

> YW(Ua ZQ)YW('LL, Zl)
20

—20

S 21 — 2 ¥
= 2, 1; Zé <<1220> ) Y (Y (0% u, 20)v, 22).
k=0

If V is a vertex operator algebra, a o-twisted V-module for V as a vertex algebra
is called a o-twisted weak module for V as a vertex operator algebra.

Definition 2.4. For V a vertex operator algebra, a o-twisted V-module W is a

o-twisted weak module for V' as a vertex algebra and W = [[ W) such that
heC

(TW5) L(0)w = hw for h € C,w € Wyy;
(TW6) For any fixed h, W(j4) = 0 for n € %Z sufficiently small;
(TWT) dim W,y < oo for any h € C.

Remark 2.5. Let W be a o-twisted V-module. Then
[L(0), Y (v, 2)] = 2Yw (L(=1)v, 2) + Yw (L(0)v, 2) (2.2)
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for v € V. Hence, if v € V' is homogeneous,
1
’UnW(h) - W(h+wt v—n—1) forn € ;Z, h e C.

It follows that a o-twisted V-module W decomposes into twisted submodules cor-
responding to the congruence classes mod %Z: For h e C/ %Z, let

Wi = [ W- (2.3)
a+%Z:h
Then
w= [ Wu. (2.4)
heC/1Z

In particular, if W is irreducible, then
W =Wy, (2.5)
for some h.

Remark 2.6. Let W be a o-twisted V-module. For u € V¥ v € V, there is the
following twisted iterate formula (cf. (2.32) of [14])

k
Yip (Y (u, 20)0, 22) = Ress, ( - ) X, (2.6)
2
where
X =21 (2’12_22) Y (u, 21) Yoy (v, 22) — 2510 (,22—22'1) Yw (v, 22)Yiw (u, 21).
0 —20
Then it can be easily deduced that for any n € Z,
oo kK 5 .
Yw (unv, z) = Res,, Z(—I)J <;>zf Ty, (2.7)

=0
where

Y; = ((z1 — 2)" Y (u, 21)Yw (v, 2) — (=2 4+ 20)" Yy (v, 2) Y (u, Zl))7
k

k E_1yo. (B4 k
t = (s ) _|(t I+ ) Note that when k = 0, ?:0’ we have j = 0, and
J J

then (2.7) is the usual formula for (untwisted) V-modules (cf. (3.8.16) of [13]).

Definition 2.7. A homomorphism between two o-twisted weak V-modules M and
W is a linear map f : M — W such that for any v € V,

fYu(v,2) =Yw(v, 2)f. (2.8)

If V is a vertex operator algebra, then a V-module homomorphism f is compatible
with the gradings:

f(M(h)) C W for h € C. (2.9)

Using the formula (2.7), similarly as Proposition 4.5.1 of [13], there is the follow-
ing result.
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Proposition 2.8. Let Wy and Wy be o-twisted V -modules and let » € Home(Wh,
Wa). Suppose that

Y(a,z)yp =Y (a,z) foraesS,
where S is a given generating set of V.. Then v is a o-twisted V -module homomor-
phism.

In the following, we review from Section 3 of [14] the local systems of twisted
vertex operators.

Definition 2.9. Let W be a vector space, let ¢t be a fixed positive integer. A

Zy-twisted weak vertex operator on W is a formal series a(z) = >, c14 anz" "1 e
t
1

(End W)[[z7, 2~ %]] such that for any w € W, apw = 0 for n € 17 sufficiently large.
Definition 2.10. Two Z;-twisted weak vertex operators a(z) and b(z) are said to
be mutually local if there is a positive integer n such that

(21 — 22)"a(z1)b(22) = (21 — 22)"b(22)a(z1).

A Z-twisted weak vertex operator is called a Z;-twisted vertex operator if it is local
with itself.

Denote by F(W,t) the space of all Z;-twisted weak vertex operators on W. Let
o be the endomorphism of (End W)[[zt,z"#]] defined by: of(zt) = f(n~'z%).
Denote by F(W,t)* = {f(z) € F(W,t) | of(2) = n¥f(2)} for 0 < k <t — 1. For
any mutually local Z;-twisted vertex operators a(z),b(z) on W, define a(z),b(z) as
follows (cf. Definition 3.7 of [14]).

Definition 2.11. Let W be a vector space and let a(z) and b(z) be mutually local
Zy-twisted vertex operators on W such that a(z) € F(W,t)*. Then for any integer
n we define a(z),b(z) as an element of F(W,t) as follows:

k

a(2)nb(z) = Res,, Res., (Zl ;ZO) / 2y - X, (2.10)
where
X=2z" (Zl — Z> a(z1)b(z) — 2516 <Z — Zl) b(z)a(z1).
20 —Z0

For any set S of mutually local Z;-twisted vertex operators on W, by Zorn’s
Lemma, there exists a local system A of Z;-twisted vertex operators on W (cf.
Section 3 of [14]). Denote by (S) the vertex algebra generated by S inside A via
the operations a(z),b(z), n € Z.

3. Automorphism group. In this section, we first recall the definition of the
twisted Heisenberg-Virasoro algebra £ and the construction of the twisted
Heisenberg-Virasoro vertex operator algebra Vi, (€123,0). Then we determine the
automorphism group of the vertex operator algebra V. (¢123,0).

Recall the definition of the twisted Heisenberg-Virasoro algebra L (see [3] or [4]).

Definition 3.1. The twisted Heisenberg-Virasoro algebra L is a Lie algebra with
basis { Ly, I, c1,c2,c3 | n € Z}, and the following Lie brackets:

m3—m

[Lm, Ln] = (m - n)Lern + 6m+n)0 Tcl7 (31)

[Lmaln] = _nIm+n - 5m+n,0(m2 + m)CQ; (32)



2678 HONGYAN GUO

[Im,ln} = m5m+n7063, [L,CZ‘] == 0, 1= 1, 2, 3. (33)
Clearly, Span{L,,, ¢, | n € Z} is a Virasoro algebra, Span{I,,, c5 | n € Z\{0}} is

an infinite-dimensional Heisenberg algebra, we denote them by Vir, H respectively.

Let
z) = Zan_"_Q, I(z) = ZInz_"_l,

nez nez
then the defining relations of £ become to be

[L(21), L(z2)]

_ m3 — —
= E (M —n)Lpynzy ™ 225" 2+ g clzlm 22
m,n€”Z mEeZ

_ %(L(m))zfla (2) —|—2L(zz)% -1 <z1>
3
o3 (am) 0 (2) .
[L(21),1(22)]

—m—2_—n—-1 2 m-1
=— E Nlpanzy " T2 T — E (m? 4+ m)egzy ™ 225

m,neEZ meZ

= g (1) (2) + 1 Zas (2)
_<a(z«2) 15( )

[I(z1 quo,zl gl = =9, o (;) cs3. (3.6)

meEZ

(3.5)

We recall the construction of the twisted Heisenberg-Virasoro vertex operator
algebra Vi (¢123,0) from [12]. Let

Ly =]]CLne][Cla Z(Ccl,

n<l1 n<0

Lz =[] CLone [] CL,.

n>2 n>1
They are graded subalgebras of £ and
L=L<)®Lzz).

Let £;,1 = 1,2, 3, be any complex numbers. Consider C as an £(<)-module with
¢; acting as the scalar /;,i = 1,2,3, and with [[, ., CL_, & ][, .,CI_, acting
trivially. Denote this £(<j)-module by Cy,,,. Form the induced module

Vi (123,0) =U(L) ®U(£(S1)) Cryss5 (3.7)

where U(-) denotes the universal enveloping algebra of a Lie algebra. Set 1 =
1®1 € Vz(123,0). Vz(£123,0) is a vertex operator algebra with vacuum vector 1
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and conformal vector w = L_51. And {w = L_51,1 := I_;1} is a generating subset
of Vi (123,0). Recall the grading on Vi (¢123,0):

Vﬁ((lzg,()) = H V£(€12370)(n)7

n>0

where Vi (£123,0)0) = C and V. (£123,0)n), n > 1, has a basis consisting of the
vectors

Iy T gL Lo 1

T S
forr,s >0, m1>--->my >2, k1 >--- > ks >1with ). m;+ > k;j =n.
i=1 j=1
Now we give our first main result. The automorphism group of V. (¢123,0) is
determined in the following theorem.

Theorem 3.2. (1) Ifly # 0, then Aut(V(¢123,0)) = {id}.
(2) ]f ég =0 and 63 75 0, then Aut(V£(€123,0)) = Z2.
(8) If both Ly and 5 are 0, then Aut(Vp(£123,0)) = C* = C\{0}.

Proof. Let
@ : Ve (l123,0) — Vi (£123,0)

be an automorphism of the vertex operator algebra Vi (£123,0). Then ¢(1) =1 and
p(w) = w. Since V¢ (€123, 0) is generated by w and I = I_41, it suffices to determine
o(I). ¢ is grading-preserving, so ¢(I) = al for some a € C*.

Then, on the one hand, we have

(p(Lll) = aL1] = G,[Ll,I_l]l = —QCLEQ]_,
on the other hand, we have
(p(Llf) = (p([Ll,Ifl]l) = —2521.

Therefore if ¢ # 0, we get that @ = 1, i.e. when ¢y # 0, Aut(Vz(¢123,0)) = {id}
only consists of the identity map.
Suppose now 5 = 0. Let’s consider ¢(I;1). On the one hand,

o(ILI) = o(I)1p(I) = a*T_11 = a*[[,, 1_1]1 = a®451,

on the other hand,
(Ii]) = ¢([I1, 11]1) = (31
So if £3 # 0, we get a®> = 1,i.e. a =1 or a = —1, then Aut(V(f123,0)) = Zs.

Now let ¢ = 0 and ¢35 = 0, then a can be any nonzero complex number, so
Aut(Vg(flgg,, 0)) ~ C*. O

4. o-twisted V. (f123,0)-modules. In this section, we always assume o = 0. We
study twisted modules for the vertex operator algebra Vi (¢123,0). More precisely,
for any integer t > 1, we introduce an infinite-dimensional Lie algebra £;. We
show that there is a one-to-one correspondence between restricted £;-modules of
level ¢13 and oy-twisted Vi (€123, 0)-modules, where oy is an order ¢ automorphism
of V7 (¢123,0). And we give a complete list of irreducible oy-twisted Vi (€123,0)-
modules.

Note that if ¢35 = 0 and €3 # 0, then ¢ can only be the integer 2 (Theorem 3.2).
As we need, we introduce the following Lie algebra.
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Definition 4.1. Let £; be a Lie algebra with basis {Ln, I, 1, k1, ks | n € Z}, and

the Lie brackets are given by:

m3—m

[Lm7 Ln] = (m - n)Lern + 6m+n,0Tkla

1
[Lmyln-i-%] = _(n + Z)Im—&-n—&-%v

1
[Im+%7In+%] = (m+ ¥)5m+n+%’05t,2k3, [ﬁt,kl] = 0, 1= 1,3

Note that if ¢ # 2, then [1,,, 1,1, 1] = 0 for any m,n € Z.
Form the generating function as

L(z) = Z Lnz"7% I,,(2) = ZIn_,_%z*”*%*l.

nez neL
Then the defining relations (4.1), (4.2), (4.3) amount to:

[L(21), L(z2)]

4 15 (22 0 —5(2
=i (L(z2))z; 0 (21> +2L(22)822 2] (5( )

I -
1 8 3 1 Z92
+ ﬁ (322> 2 1) (Zl) k?l,

m,nez
d _ z9 _ z9
= I S(=)+1 s 2
s (5) e (2)
1. e gl
loule) To(za)) = 3o+ )™ ' bk

Now we construct irreducible £;-modules (cf. [12], [13], etc.). Let
(L))o = (J] CLm) & (J] CL.41) @ Chy & Chs.
m>0 n>0

It is a subalgebra of L;.

(4.1)
(4.2)

(4.3)

Let C be an (£;)>o-module, where L,,, I, y1 act trivially for all m > 1, n > 0,
and Lo, k1, k3 act as scalar multiplications by h,k;,ks respectively. Denote this

(L¢)>o-module by Cy,, . Form the induced module
My, (ki,ks, h) = U(Lt) ®u((£,)s0) Ckis,h-
Set
1]1(13,71 =1le (C]kla,h - Mﬁt (kl,kg, h)
Then My, (kq,ks, h) is C-graded by Lg-eigenvalues:
M, (ki ks, h) = [ ] Me, (ki,ks, ) gn,

n>0
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where Mg, (ki,ks, h)ny = Cyyyn and Mg, (ki,ks, h)pmqn) is the Lo-eigenspace of
eigenvalue n + h for n > 0. M, (ki, ks, h)(4n) has a basis consisting of

Iojys o dopgtLomy oo Lo, i

r s 1
fOIT,SZO,m12~~~2mT21,k1Z~~st>1with Zmz‘i’Z(kJ*E):n,
3 =1
n > 0.

Remark 4.2. As a module for £;, Mg, (k;, ks, h) is generated by 1y, , with the
relations

Lol n = hlg,n, ki=k;, i=1,3,
and
Lmlklg,h = 07]n+%1]k13,h =0for m 2 1,TL Z 0.
Mg, (kq,ks, h) is universal in the sense that for any L;-module W of level ki
equipped with a vector v such that Lov = hv, L,,v =0, I Nl = 0form>1,n>0,
there exists a unique £;-module map M, (ki,ks, h) — W sending 1y, 5 to v.

In general, M, (ki, ks, h) as an £,-module may be reducible. Since C,, j, gen-
erate Mg, (ki,ks, h) as L,-module, for any proper submodule U of M, (kq,ks, k),
Uny = UN M, (ki, ks, h)y = 0. Hence there exists a maximal proper L£;-sub-
module TLt (kl, kg, h) Set

Le,(ky,ks, h) = Mg, (ki, ks, h)/Tr, (ki, ks, h).
Then L, (ky,ks, k) is an irreducible £;-module.

Definition 4.3. An £;-module W is said to be restricted if for any w € W,n € Z,
L,w =0 and In+%w = 0 for n sufficiently large. We say an £;-module W is of level
k13 if the central element k; acts as scalar k; for i =1, 3.

It is easy to see that My, (ky,ks,h), Lz, (ki,ks, h) are restricted £¢-modules of
level ki3 for any h € C. Now we are going to relate L£;-modules with twisted
Vi (€123, 0)-modules. On the one hand, we have

Theorem 4.4. If W is a restricted Li-module of level {13, then W is a o-twisted
Ve (£123,0)-module for Vi (£123,0) as a vertex algebra with

Y, (L_21,2) = L,z "7,
newz
Yo (I11,2) = Ip,(2) = Y L a2 "0
nez

Proof. Let Uy = {L(2),1,,(2),1w}, where 1y is the identity operator on W.
Clearly, L(z), I,(z) are Z;-twisted weak vertex operators on W. From (4.4), (4.5),
(4.6), using (2.1), we see that L(z),I,,(z) are mutually local Z;-twisted vertex
operators on W. Hence, by Corollary 3.15 of [14], (Uw) is a vertex algebra with W a
faithful o-twisted module, where ¢ is an order ¢t automorphism of the vertex algebra
(Uw). To say that W is a o4-twisted module for Vi (£123,0), from Proposition 3.17
of [14], it suffices to show that there exists a vertex algebra homomorphism from
V£(€123,0) to <Uw>

By Lemma 2.11 of [14], Y(L(2),z1) and Y (I, (2),21) satisfy the twisted
Heisenberg-Virasoro algebra relations (3.4), (3.5), (3.6). Then (U ) is an £-module
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with Ly, I, acting as L(2)n41, Io,(2)n for n € Z, ¢; acting as ¢; with ¢, = 0,
i=1,2,3.
By the universal property of Vi (f123,0) (c.f. Remark 2.7 of [12]), there exists a
unique £-module homomorphism
¥ Ve(l23,0) — ({Uw); 1= 1y
Then
P(wnv) = L(2)nth(v) = h(w)nth(v),
V(L) = Lo, (2)np(v) = Y1) (v)
forallv € Vi (£123,0), n € Z. Hence ¢ is a vertex algebra homomorphism. Therefore,
W is a weak oy-twisted Vi (£123,0)-module with Y5, (L_51,2) = L(2), Y, (I_11,2) =
I;,(2). O
Conversely, we have
Theorem 4.5. If W is a o-twisted Vz(£123,0) (b2 = 0)-module, then W is a
restricted Li-module of level €13 with L(z) = Yy (L_21,2), I, (z) = Yw(I_11, 2).

Proof. Let W be a os-twisted Vz(£123,0)(¢2 = 0)-module. Recall the following
formula (c.f. (2.40) of [14])
: k
> 1 8 J _ Z9 Z9 t

Y, Y2 =S = [ (<) 275 (2) (2) ) viw(asb

[¥w (@, 21), ¥ow (b, 22)] jzz:oj! ((32’2) o <Z1> <Z1 wlajh,z2),
where k is determined by a. In our case, when a = L_51, k = 0, when a = [_11,
k=1.For a=b= L_51, we have ((2.21) of [12])
G-1)°-(G-1)

12

(L,QI)jL,21 = (j + 1)Lj,31 + 5j73’0 cl,
SO

[YW(L*QL Zl)’ YW(L7217 22)]

= Yw(L_gl, 2’2)2’2_15 (Zl>
22

B
12V (Lo, 2) ((%) 516 (2)

3
+ % (821) P (2) (1. (4.7)
For a = L_51,b=1_11, we have ((2.22) of [12] with {3 = 0)
(L_s1);1 11 = I; 1,
S0
[Yw (L-21,21),Yiw(I_11, z3)]

= YW(I_21,22)21_15 (Z2> + Yw(I_l]_,Zz) <a) 21_15 <22> . (48)
21 0z

21
For a = b=1_11, we have ((2.23) of [12])
(1-11);111 = j6j-1 0031,
S0

[Yiw (111, 21), Yiv (I_11, 25)] = (ai) P (Z2> (z2>1£31. (4.9)

21 21
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Note that for ¢ # 2, we have to require {3 = 0 (Theorem 3.2). Therefore,
with (4.4), (4.5) and (4.6), W is a L£;-module with L(z) = Yy (L_21,2), I, (2) =
Yw(I-11,2), k; = ¥4;, i = 1,3. Then W is restricted of level {3 is clear. O

Let
£ =CLy®Cky ®Chks, L™ =CL_, for0#£ne€Z,

i 1 1
L =y, P =0 fork e L k¢ Z, -5 +L.

n 1

Then £ = ] L’,E s a gZ—graded Lie algebra, and the grading is given by adLg-
ne”Z

eigenvalues.

By Theorem 4.4 and Theorem 4.5 we have the following result.

Theorem 4.6. The oy-twisted modules for Vi (l123,0) (¢2 = 0) viewed as a vertex
operator algebra (i.e. C-graded by Lg-eigenvalues and with the two grading restric-
tions (TW6), (TW7)) are exactly those restricted modules for the Lie algebra L, of
level l13 that are C-graded by Lg-eigenvalues and with the two grading restrictions.
Furthermore, for any oi-twisted Vi (€123,0)-module W, the o¢-twisted Vi (£123,0)-
submodules of W are exactly the submodules of W for L, and these submodules are
in particular graded.

Hence irreducible restricted £;-modules of level £13 corresponds to irreducible
oe-twisted Vi (£123,0)-modules. Recall that for any h € C, L, (41,43, h) is an irre-
ducible restricted £;-module of level £13, so it is an irreducible o-twisted Vi (€123, 0)-
module with ¢5 = 0.

Now we give the complete list of irreducible o4-twisted Vi (€123, 0)-modules.

Theorem 4.7. Let {5 =0, 1,03 € C. Then {Lg,(¢1,¢3,h) | h € C} is a complete
list of irreducible o-twisted Vi (£123,0)-modules.
Proof. Let W = ] W, be an irreducible o;-twisted V(£123,0)-module. By The-

reC
orem 4.6, W is an irreducible restricted L£;-module of level ¢13. So k; acts on W as

a scalar ¢; for i = 1,3. From Remark 2.5, there exists h € C such that W) # 0
and W,y =0 for all n € %Zzl. Let 0 # w € Wy,). Then

Low = hw, L,w =0, I,H_%w:O

for m > 1,n > 0. In view of Remark 4.2, there is a unique £;-module homomor-
phism
@ : Mgt(gl,gg,,h) — W

such that ¢(1k,,.n) = w. By Proposition 2.8, ¢ is a o-twisted (U )-module ho-
momorphism (since £, generates the vertex algebra (Uw)), where o is an order
t automorphism of the vertex algebra (Uy ). Recall that M, (¢1,¢5,h) is a weak
oe-twisted Vz(€123,0)-module via the vertex algebra homomorphism ¢ in Theo-
rem 4.4. So ¢ can be viewed as a o;-twisted Vi (¢123,0)-module homomorphism.
Since W is irreducible and Tp, (¢1,¢3, h) is the (unique) largest proper submodule
of Mg, (41,43, h), it follows that

o(Mg,(41,03,h)) =W
and

Ker ¢ =T, (¢1,43,h).
Thus ¢ reduces to a oy-twisted V (€123, 0)-module isomorphism from L, (41,43, h)
to W. O
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It is interesting and important to classify the irreducible modules for the fixed
point subalgebra Vi (f123,0)7 := {v € V;(l123,0) | o1(v) = v}, t € Z>;. In the
case of fo = 0 and ¢35 # 0, we have t = 2. Then oy is the order 2 automorphism of
Vi (€123, 0) which is induced from its Heisenberg vertex operator subalgebra. Denote
by 02 = 0. Precisely, the automorphism

0 : Vi (li23,0) — V£ (4123, 0)
is defined on the basis elements by
Ty T gLy Loy, 1 (=0T g T Ly - Ly, 1,
and extended linearly, where r,s > 1, m1 > --->m. > 2, k1 > --- > ks > 1. Let
V£(€12370)+ = {v € Vg (l123,0) | o(v) = v}

be the fixed point subalgebra under o.

For /35 # 0, denote by
62
Cyip =01 — 1+ 122
ls
Let V4(¢3,0) be the vertex operator algebra constructed from the Heisenberg subal-

gebra H which is equipped with the nonstandard conformal vector wy = i[ 1141
2

14 14 ~
+ 6—2[ _21 (of central charge 1— 126—2). Let Vir be the Virasoro algebra constructed
3

by @ = w —wg. Let Vi, .(¢y,,0) be the corresponding Virasoro vertex operator
algebra. Recall that when ¢3 # 0, we have (cf. Theorem 3.16 of [12])

Vi (£123,0) =2V (£3,0) @ Vs, (¢y7,5 0)

as vertex operator algebras.
It is well known that there exists an order 2 isomorphism of the Heisenberg vertex
operator algebra V3,(¢3,0). Let again

g VH(£370) — V’H(€370)
be the order 2 automorphism which is defined on the basis elements by
I—kl s I—kS]- — (_1)SI—I€1 o ~I_k51

and extended linearly, where s > 1, k; > -+ > ks > 1. The fixed point subalgebra
Vi (€3,0)" = {v € V4(¢3,0) | o(v) = v} has beed extensively studied (cf. [6] etc.).

Then it is immediate to see that when ¢3 # 0 and 5 = 0, we have an isomorphism
of vertex operator algebras

Vi (lh23,0)" = V3 (£3,0)7 @ Vi, (e, 0).

Up to isomorphism, irreducible modules for the vertex operator algebra Vi (¢3,0)"
are (cf. [6], etc.) Vi (£3,0)F, Vi (£3,0) (), Vag(£3, N) = Vi (£, — ) for any 0 # \ €
C. Up to isomorphism, irreducible modules for the Virasoro vertex operator algebra
Vi (€ 0) are Ly, (¢, h) for all h € C (cf. [9], [16], etc.). Therefore, in the case
of 3 = 0 and f3 # 0, irreducible modules of V(¢123,0)T are one-to-one correspond
to the tensor product of irreducible modules of V4;(¢3,0)" and irreducible modules
of Vi7,.(¢y7,,0) (cf. Proposition 4.7.2 and Theorem 4.7.4 of [7]).

For other automorphism o}, the complete list of irreducible V(£123,0)%t-modules
remains to be investigated.
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