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ON RECENT PROGRESS OF SINGLE-REALIZATION
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ABSTRACT. We consider the recovery of some statistical quantities by using the
near-field or far-field data in quantum scattering generated under a single real-
ization of the randomness. We survey the recent main progress in the literature
and point out the similarity among the existing results. The methodologies in
the reformulation of the forward problems are also investigated. We consider
two separate cases of using the near-field and far-field data, and discuss the key
ideas of obtaining some crucial asymptotic estimates. We pay special attention
on the use of the theory of pseudodifferential operators and microlocal analysis
needed in the proofs.

1. Introduction.

1.1. Mathematical formulations. In this paper, we mainly focus on the random
inverse problems associated with the following time-harmonic Schrodinger system

(—=A — E + potential) u(z) = source, z € R", (1.1)

where FE is the energy level, n is the dimension, and “source” and the “potential”
in (1.1) shall be specified later. In some cases we may impose incident waves to the
system in order to obtain more useful information, thus

u(z) = o - u™(x) + u(z) (1.2)

where « takes the value of either 0 or 1 corresponding to impose or suppress the
incident wave, respectively. The corresponding data are thus called passive or active
measurements. Moreover, we shall impose the Sommerfeld radiation condition [10]

8uSC
lim r ( - i\/EuSC> =0, r:=]|x|, (1.3)
r—00 or
that characterizes the outgoing nature of the scattered field u*¢. The system (1.1)-
(1.3) describes the quantum scattering [13, 14] associated with a source and a po-
tential at the energy level E. Later we follow the convention to use k := VE to
signify the frequency at which the system is acting on.

Under different assumptions of the potential and source, of the dimension, and
of the incident wave, the regularity of the Schrodinger system (1.1)-(1.3) behaves
differently and calls for different techniques for the recovery procedure. The ran-
domness of the Schrodinger system (1.1)-(1.3) can present either in the potential,
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or in the source, or in both. In this paper we shall investigate all of these three
cases, survey the results in the literature and give details of part of the proofs.

There are rich literature on the inverse scattering problem using either passive or
active measurements as data. For a fixed potential, the recovery of the deterministic
unknown source of the system is called the inverse source problem. For the theoreti-
cal analysis and computational methods of the inverse source problems, readers may
refer to [3-5,9,31,34] and references therein. The simultaneous recovery of the deter-
ministic unknown source and potential are also studied in the literature. In [17,26],
the authors considered the simultaneous recovery of an unknown source and its
surrounding medium parameter. This type of inverse problems also arises in the
deterministic magnetic anomaly detections using geomagnetic monitoring [11, 12]
with passive measurements. While [11, 12,17, 26] focus on deterministic setting
with passive measurements, the works [2,6,7,18-20,27,33] pay attention to random
settings. We are particularly interested in the case with a single realization of the
random sample. The single-realization recovery has been studied in the literature.
In this paper we mainly focus on [8,18-25].

In [18,19], Lassas et. al. considered the inverse scattering problem for the two-
dimensional random Schrédinger system (—A —k? — g(z,w))u(z, k,w) = §,, € R?
which is incited by point sources u'"(z) = iHél)(k|x —y|); the Hél) is the Hankel
function for the first kind, and the origin y of this source are located outside the sup-
port of the potential. The potential ¢(z,w) is a micro-locally isotropic generalized
Gaussian field (migr field) with compact support. The definition of the migr field
can be found in Definition 1.1. They introduced the so-called rough strength p(z),
which is the informative part of the principal symbol p(x)|{]~™ of the covariance
operator. The —m in p(z)|¢|™™ is the rough order of the random potential. The
main result in their work states that under a single measurement of the random
field inside a measurement domain, the rough strength can be recovered.

In 2019, Caro et. al. [8] considered an inverse scattering problem for an n-
dimensional (n > 2) random Schrédinger system (—A — k? — q(z,w))u(x, k,w) =
0, = € R™ with incident wave being the plane wave, i.e. u is incited by the point
sources u'™(z) = e**%'*; d is the incident direction. Again, the potential ¢ is assumed
to be a migr field with compact support. The main result is as follows: they used
the backscattering far-field pattern and recovered the rough strength p(z) almost
surely, under a single realization of the randomness.

In [20], Li, et. al. studied the case where the potential is zero and the source
is migr field. In [24] Li, et. al. studied the same setting but with the energy level
E replaced by (k? + iock) where the o is the attenuation parameter. The ran-
dom source term considered is constructed as a migr field. The system has been
changed to Helmholtz system in [24] but the underlying equation is uniform with the
Schrédinger’s equation. The authors studied the regularity of the random source
and gave the well-posedness of the direct problem. Then they represented the solu-
tion as the convolution between the fundamental solution and the random source.
By truncating the fundamental solution, they indicated that the rough strength
can be recovered by utilizing the correspondingly truncated solution. Further, the
authors used calculus of symbols to recover the rough strength.

Then in [23], Li, et. al. further extended their study to Maxwell’s equation. The
recovery procedure in these three works share the same idea—the leading order term
in the Bonn expansion gives the recovery of the desired statistics while the higher
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order terms converge to zero. The proof of these converges involve the utilization
of Fourier integral operator. We shall give detailed explanations in Section 3.

In [21], the authors consider the direct and inverse scatterings for (1.1)—(1.3) with
a deterministic potential and a random source. The random source is a generalized
Gaussian random field with local mean value function and local variance function,
which are assumed to be bounded and compactly supported. The well-posedness
of the direct scattering has been formulated in some weighted L? space. Then
the inverse scattering is studied and a recovery formula of the variance function
is obtained, and the uniqueness recovery of the potential is given. The authors
used both passive and active measurements to recover the unknowns. The passive
measurements refer to the scattering data generated only by the unknown source («
is set to be 0 in (1.2)); active measurements refer to the scattering data generated
by both the source and the incident wave (« is set to be 1 in (1.2)). To recover
the variance function, only the passive measurements are needed, while the unique
recovery of the potential needs active measurements.

In [25], the authors extended the work [21] to the case where the source is a migr
field. The direct scattering problem is formulated in a similar manner as in [21],
while the technique used in the inverse scattering problem differs from that of [21].
In order to analyze the asymptotics of higher order terms in the Bonn expansion
corresponding to the migr fields, stationary phase lemma and pseudodifferential
operator are utilized.

Then the authors extended the work [25] to the case where both the potential and
the source are random (of migr type), and the extended result is presented in [22].
The results between [21] and [22,25] have two major differences. First, in [21] the
random part of the source is assumed to be a Gaussian white noise, while in [22]
the potential and the source are assumed to be migr fields. The migr field can fit
larger range of randomness by tuning its rough order and rough strength. Second,
in [22] both the source and potential are random, while in [25] the potential is
assumed to be deterministic. These two facts make [22] much more challenging
than that in [25]. The techniques used in the estimates of higher order terms in [22]
are pseudodifferential operators and microlocal analysis and we shall give a detailed
treatment in Section 4.

Although the techniques used in [21,22,25] are different, the recovery formulae fall
into the same pattern. The thesis [28] partially collected these three works [21,22,25]
and readers may refer to the thesis for a more coherent discussion on this topic.

1.2. Summarization of the main results. In this paper we mainly pay attention
to two types of random model, the Gaussian white noise and the migr field. The
Gaussian white noise is well-known and readers may refer to [21, Section 2.1] for
more details. Here we give a brief introduction to the migr field. We assume f to
be a generalized Gaussian random distribution of the microlocally isotropic type
(cf. Definition 1.1). It means that f(-,w) is a random distribution and the mapping

weQ = (f(hw),p) eC, ¢e LR,

is a Gaussian random variable whose probabilistic measure depends on the test
function ¢. Here and also in what follows, .(R") stands for the Schwartz space.
Since both (f(-,w), ) and (f(-,w), 1) are random variables for ¢, 1) € .(R"), from
a statistical point of view, the covariance between these two random variables,

Eo ((f(,w) = E(f(-,w)), o)(f (-, w) = E(f(-,w)), %)), (1.4)
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can be understood as the covariance of f. Here [E, means to take expectation on
the random variable w. Hence, formula (1.4) defines an operator €y,

Cr:p € S(R") = &) € S'(R),
in a way that €r(¢): ¥ € S(R™) — (€;(v))(¥p) € C where
(€r(0) () = Eo, ((f(-,w) = E(f(,w)), @) (f(,w) = E(f(-,w)), ).

The operator €; is called the covariance operator of f.

Definition 1.1 (Migr field). A generalized Gaussian random distribution f on R™
is called microlocally isotropic with rough order —m and rough strength p(z) in a
bounded domain D, if the following conditions hold:
1. the expectation E(f) is in C*(R™) with supp E(f) C D;
2. f is supported in D a.s. (almost surely);
3. the covariance operator € is a classical pseudodifferential operator of order
—m;
4. €; has a principal symbol of the form p(z)|{]~™ with p € C°(R™; R), supp p C
D and p(x) > 0 for all z € R™.
We call a microlocally isotropic Gaussian random distribution as an migr field.

For the case where both the source and the potential are deterministic and are
L™ functions with compact supports, the well-posedness of the direct problem of
system (1.1)—(1.3) is known; see, e.g., [10,13,29]. Moreover, there holds the following
asymptotic expansion of the outgoing radiating field u*¢ as |z| — +oo,

eik\x|
= |m|(n71)/2u

u™(Z, k,d) is referred to as the far-field pattern, which encodes information of the
potential and the source. & := z/|z| and d in u® (&, k, d) are unit vectors and they
respectively stand for the observation direction and the impinging direction of the
incident wave. When d = —&, u™ (%, k, —2) is called the backscattering far-field
pattern. We shall see very soon that both the near-field *¢ and the far-field u™>
can be used to achieve the recovery.

In (1.1), let us denote the source term as f and the potential term as ¢. In
our study, both the source f and the potential g are assumed to be compactly
supported. We shall treat [8,18-25] in more details. In [8,18,19], ¢ is assumed to be
a migr field while f is either zero or point a point source, i.e. §,(x). In [20,23,24],
q is assumed to be zero and f is assumed to be a migr field. In [21], ¢ is assumed
to be unknown and deterministic and f is assumed to be a Gaussian white noise,
while in [22,25], ¢ is assumed to be deterministic or migr type and f is assumed to
be a migr field.

In [18,19] the authors considered the inverse scattering problem for the two-
dimensional random Schrédinger system (—A — k? — g(z, w))u(z, k,w) = §,(z) (z €
R?) which is incited by point sources u'"(z) = iHél)(k|x — y|); the Hél) is the
Hankel function for the first kind, and the origin y of this source is located in U.
The potential g(x,w) is a migr field with compact support D and U N D = (). The
main result is presented as follows (cf. [19, Theorem 7.1]).

Theorem 1.1. In [18,19], for z,y € U the limit

u®“(z) (&, k,d) + o(|z|~""Y/2), zeR™

. 1 K 2+m|,, sc 2
R(x,y)—Kngﬁ/l ESTMu(x, y, by w)|© dE
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holds almost surely where

R(z,z) = ! / Hq(?) dz, zel.

T 26tmy2 foo |z — 22

and the pig is the rough strength and —m is the rough order of q.

In [8], the authors considered (—A — k* — g(z,w))u(z, k,w) = 0, = € R" with
incident plane wave u™(z) = ¢?*®*. The potential ¢ is assumed to be a migr field
with compact support. The main result (cf. [8, Corollary 4.4]) is as follows.
Theorem 1.2. In [§], the limit

1

2K
L (273) ~ Kl_i)rf:ij — /K Emue (&, —&, k)u> (2, -2,k +7)dk, &€ S?, > 0.

holds almost surely.

We note that the near-field data are used in [18, 19], while in [8], the authors
used the far-field data.

Part of the results in [20] and [23,24] are similar to each other and we only
survey the first result in [20]. In [20] the authors studied the Helmholtz equation
(—A —k?)u(x) = f where f is a source of migr type. Note that the potential equals
zero. The main result (cf. [20, Theorem 3.9]) is similar to Theorem 1.1.

Theorem 1.3. In [20], the limit

py(2) : 1
dz~ 1 —_—
|z — z| T ke K — 1

K
/ EY (e, kw)|?dk, @€ U,
1

holds almost surely.

In [21], the authors considered direct and inverse scattering for (1.1)—(1.3) with an
unknown deterministic potential and a Gaussian noise source of the form o(z) B, (w),

where o(z) is the variance and B, (w) is the Gaussian white noise. The main result
(cf. [21, Lemma 4.3]) is

Theorem 1.4. In [21], the identity

— S
o?(x) =4v2r lim — u® (&, k,w) - u™ (&, k+ 7,w) dk.
jortoo K K;

holds almost surely.

The paper [25] extended the work [21] to the case where the source is a migr
field f with us as its rough strength and —m as its rough order. For notational
convenience, we shall use {K;} € P(t) to signify a sequence {K} en satisfying
K; > Cj* (j € N) for some fixed constant C' > 0. Throughout the rest of the paper,
~ stands for a fixed positive real number. The main result (cf. [25, Theorem 4.3])
is presented below.

Theorem 1.5. In [25], assume 2 < m < 3 and let m* = max{2/3, (3 —m)~!/2}.
Assume that {K;} € P(m*+~). Then 3Qy C Q: P(Q) =0, Qo depending only on
{K;}jen, such that for any w € Q\Qo, there exists S, C R3: |S,,| =0, it holds that
for V1T € Ry and Vi € S? satisfying 72 € R3\S,,,

1 2K
w(te) =4v2r lim —/ EMue (&, kyw) - u™ (T, k + 7, w) dk,
Jj—+o0 JjJK;

holds for VY7 € Ry and Vi € S? satisfying 7@ € R3\S,,.
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Then in [22] the authors further extended the work [25] to the case where both
the potential g and the source f are random of migr type. The f (resp. ¢) is assumed
to be supported in the domain Dy (resp. D). In what follows, we assume that there
is a positive distance between the convex hulls of the supports of f and ¢, i.e.,

dist(CH(Dy),CH(Dy)) :=inf{ |z —y|; x € CH(Dy),y € CH(Dy) } >0, (1.5)

where CH means taking the convex hull of a domain. Therefore, one can find a
plane which separates Dy and D,. In order to simplify the exposition, we assume
that Dy and D, are convex domains and hence CH(Ds) = Dy and CH(D,) = D,.
Moreover, we let n denote the unit normal vector of the aforementioned plane that
separates Dy and Dy, pointing from the half-space containing D into the half-space
containing D,. Then the result of this work (cf. [22, Theorems 1.1 and 1.2]) is as
follows.

Theorem 1.6. In [22], suppose that [ and q in system (1.1)-(1.3) are migr fields
of order —my and —my, Tespectively, satisfying
2<my <4, my <5mg — 11

Assume that (1.5) is satisfied and n is defined as above. Then, independent of g,
wy can be uniquely recovered almost surely and the recovering formula of piy is given

by

2K
U lim 4\/%/ Emiue (i b w)yu™ (2, k + m,w)dk, @-n >0,
‘LLf(TJj) = K—+oo K K

pp(—7%), -n<0,
(1.6)

where T > 0 and u™ (&, k,w) € Ms(w) = {u>(2,k,w); V& € S?, Vk € Ry }.

When mq < my, pq can be uniquely recovered almost surely by the data set
Mgy(w) for a fized w € Q. Moreover, the recovering formula is given by

4/2r 3K

k™ u (&, k, —, w)u™ (&, k+3, —#,w) dk, &-n >0,

(1.7)
where 7 > 0 and u™(%,k, —%,w) € My(w) := {u>(2,k,—2,w); Vi € S* Vk €
R, }.

Remark 1.1. In Theorem 1.6, the data sets M f(w) and M f(w) correspond to the
case where the incident wave is passive and active, respectively. Readers may refer
to [22, Section 1] for more details.

Readers should note that the recovery formulae in Theorems 1.1-1.6 only use
a single realization of the randomness; the terms on the left-hand-sides are inde-
pendent of the random sample w, while these on the right-hand-sides are limits of
terms depending on w. This feature is also described as “statistically stable” in the
literature. The key ingredient of making this single-realization recovery possible is
ergodicity; on the right-hand-sides of these recoveries formulae in Theorems 1.1-1.6,
the probabilistic expectation operation are replaced by the average in the frequency
variable and then taking to the infinity of the frequency variable. Theorems 1.1 and
1.3 utilize the near-field data to achieve the recovery, while Theorem 1.2 and 1.4-1.6
use the far-field data. Due to this difference, the corresponding techniques required
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in the proofs are also different. We shall present these techniques separately in
Sections 3 and 4.

The rest of this paper is organized as follows. In Section 2, we first give some
preliminaries and present the well-posedness of the direct problems. In Section 3,
we give the sketch of the proofs in [8,18-20,23,24]. Section 4 is devoted to the
details of the works [22,25]. We conclude the paper in Section 5 with some remarks
and open problems.

2. Preliminaries and the direct problems. Due to the presence of the random-
ness, the regularity of the potential and/or the source may be too bad to fall into
the scenarios of standard PDEs techniques. In this section, we show some details
used in reformulating the direct problems of (1.1)-(1.3) in a proper sense. Before
that, we first present some preliminaries as well as some facts related to the migr
field for the subsequent use.

2.1. Preliminary and auxiliary results. For convenient reference and self-
containedness, we first present some preliminary and auxiliary results. In this pa-
per we mainly focus on the two- and three-dimensional cases. Nevertheless, some
of the results derived also hold for higher dimensions and in those cases, we choose
to present the results in the general dimension n > 3 since they might be useful in
other studies. Here we follow closely [22].

Throughout the paper, we write £(A, B) to denote the set of all the bounded
linear mappings from a normed vector space A to a normed vector space B. For
any mapping K € L(A, B), we denote its operator norm as [|K||z(4,5. We also
use C' and its variants, such as Cp, Cp, s, to denote some generic constants whose
particular values may change line by line. For two quantities, we write P < Q to
signify P < CQ and P ~ Q to signify C~‘Q <P < CQ, for some generic positive
constants C' and C. We write “almost everywhere” as “a.e.” and “almost surely”
as “a.s.” for short. We use |S| to denote the Lebesgue measure of any Lebesgue-
measurable set S.

The Fourier transform and inverse Fourier transform of a function ¢ are respec-
tively defined as

Fol€) = 3(€) = (2m) /2 / € () dr,

Flp(€) = (2#)7"/2/6”'5@(@ dz.

Set
etklz—yl

d(x,y) = Pp(z,y) = ———, €R3 )
(z,y) = Pr(z,y) e L \{y}
®y, is the outgoing fundamental solution, centered at y, to the differential operator
—A — k2. Define the resolvent operator Ry,

(Rup)(a) = |

Oy (z,y)p(y)dy, = €R’, (2.1)
R3

where ¢ can be any measurable function on R? as long as (2.1) is well-defined for
almost all x in R3.
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Write (z) := (1+|z[?)/2 for € R, n > 1. We introduce the following weighted
LP-norm and the corresponding function space over R" for any ¢ € R,

Ielzgean = 1676 Ollran = ([ (@ lol? do)?,

LER") == { ¢ € Ljoe(R"); [|@llzn) < +00}.

We also define LE(S) for any subset S in R™ by replacing R™ in (2.2) with S. In
what follows, we may write L§ (R™) as Lﬁ for short without ambiguities. Let I be
the identity operator and define

1 lgr @y = (L = D)2 fllz@ny, Hy"(R™) = {f € F"5|If gy < +00},

where .’ stands for the dual space of the Schwartz space .#(R™). The space
HP*(R™) is abbreviated as H§(R"), and H"(R") is abbreviated as H*?(R™). It
can be verified that

(2.2)

1l @ny = 1167 F )l s reny- (2.3)

Let m € (—oo,+00). We define S™ to be the set of all functions o(z,£) €

C>(R"™,R™;C) such that for any two multi-indices o and (3, there is a positive
constant C, g, depending on « and 5 only, for which

(D Do) (2,6)] < Cap(1+ €)™, Va6 e R™

We call any function o in (J,,,cg S™ a symbol. A principal symbol of o is an equiv-
alent class [0] = {6 € S™;0 —6 € S '}. In what follows, we may use one
representative & in [o] to represent the equivalent class [0]. Let o be a symbol.
Then the pseudo-differential operator T, defined on .#(R™) and associated with o,
is defined by

(Top)(x) = (2m) /2 / e oz, €)p(€) de

R
—en [ St ey Ve SRY.

Recall Definition 1.1. Lemma 2.1 below shows how the rough order of a migr
field is related to its Sobolev regularity.

Lemma 2.1. Let h be an migr distribution of rough order —m in Dy. Then,
h € H=*P(R"™) almost surely for any 1 < p < +00 and s > (n —m)/2.

Proof of Lemma 2.1. See [8, Proposition 2.4]. O

By the Schwartz kernel theorem (see [15, Theorem 5.2.1]), there exists a kernel
K}, (z,y) with supp K, C Dy, x Dy, such that

(€h<ﬂ)(¢):Ew(<h(wW),s&><h(wW)ﬂ/)>):/ Kn(z, y)e(@)v(y)dedy,  (2.4)

for all ¢, ¢ € S(R™). It is easy to verify that Kp(z,y) = Kp(y,z). Denote the
symbol of €, as cp, then it can be verified (see [8]) that the equalities

Kp(z,y) = (Qﬂ)_”/ei(’”—y){ch(x,f) d¢, (2.5a)

en(z, &) = /e_ig'(r_y)Kh(ac,y) dz, (2.5b)
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hold in the distributional sense, and the integrals in (2.5) shall be understood as
oscillatory integrals. Despite the fact that h usually is not a function, intuitively
speaking, however, it is helpful to keep in mind the following correspondence,

Ky (z,y) ~E, (h(x, w)h(y, w))

2.2. Some techniques related to the direct problem. One way to study the
direct problem of (1.1)-(1.3) is to transform it into the Lippmann-Schwinger equa-
tion, and then use the Bonn expansion to define a solution. To that end, the estimate
of the operator norm of the resolvent Ry is crucial. Among different types of the
estimates in the literature, one of them is known as Agmon’s estimate (cf. [13, §29]).
Reformulating (1.1) into the Lippmann-Schwinger equation formally (cf. [10]), we
obtain
(I — Req)u* = aRpqu™ — Ry f.

We demonstrate two lemmas dealing with the lack of regularity when utilizing
Agmon’s estimates. Lemma 2.2 (cf. [25, Lemma 2.2]) shows the resolvent can take
a migr field as an input without any trouble, while Lemma 2.3 (cf. [22, Theorem
2.1]) gives a variation of Agmon’s estimate to fit our own problem settings.

Lemma 2.2. Assume f is a migr field with rough order —m and supp f C Dy
almost surely, then we have Ry f € L2_1/2_€ for any € > 0 almost surely.

Proof. We split Ry f into two parts, Ri(Ef) and Ri(f — Ef). [2]1, Lemma 2.1]
gives R (Ef) € L271/27e' For Ry (f — Ef), by using (2.4), (2.5) and (2.1), one can
compute

E(IRx(f ~EAC.w)22 )

/2

- / () E(FES, o) (f — Ef, Bp.,)) dz = / ()71 By, By )
]R3

R3

—ik|x—z| ik|z—y|
Z/<x>—l—2€/ (/ I(ya Z)e . dZ) . (& dydm7 (26)
Dy JDy |z — 2] |y — 2| |z -yl
where c¢(y, &) is the symbol of the covariance operator €5 and
T(0.2) = [y 2P0 s (1,
R

When y = z, we know Z(y,z) = 0 because the integrand is zero. Thanks to the
condition m > 2, when y # z we have

3 3
I(y,2)| = =92 ¢f)(y,€)d Ci()™m2dE < C :
70, 2) |Z/ (02 c):) 5@/ 6)2dE < G < oo

(2.7)

for some constant Cj independent of y and z. Note that if D¢ is bounded, then for
7 =1,2 we have

/ | — y|7j dy < Cy; <x>7j, Vz € R3, (2.8)
Dy

for some constant Cy ; depending only on f, j and the dimension. The notation (z)

in (2.8) stands for (1 + |z|?)'/? and readers may note the difference between the
(-) and the (-,) appeared in (2.1). With the help of (2.7) and (2.8) and Hélder’s
inequality, we can continue (2.6) as

E(|Rx(f ~EC@)lZz,, )

€
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sfen [ s ey e d

< [t 170y o) P e < €5 < o,
which gives
E(IRe(f ~Ef) (@), ) < Cp < +ov. (29)

By using the Holder inequality applied to the probability measure, we obtain from
(2.9) that

E|Ru(f ~Ef)sz,, < BOR:(f ~ENIZ, , "< Cf% <400, (210)

for some constant C'y independent of k. The formula (2.10) gives that Ry (f —Ef) €
L*, /o almost surely, and hence Ry, f € L*, /o almost surely.
The proof is complete. O

Lemma 2.3. For any 0 < s <1/2 and € > 0, when k > 2,
HRMPHHL/Q_JR?’) < Cﬁ,sk_(l_zs)||30||H;/52+5(R3)a P e H1/2+5(R3)~

Proof. We adopt the concept of Limiting absorption principle to first show desired
results on a family of operator Ry . controlled by a parameter 7, and then show
that Ry, converges in a proper sense as 7 approaches zero. We sketch out the
key steps in the proof and readers may refer to the proof of [22, Theorem 2.1] for
complete details.

Define an operator

7ehfgmag:::(gw)—s/zjéseavs“ﬂQ_fii)_ih_dg, (2.11)

where 7 € R;. Fix a function y satisfying
x € CF(R™), 0 <x <1,
x(z) =1 when |z| <1, (2.12)
Xx(x) =0 when |z| > 2.
Write Re)(x) := ¥(—x). We have
(Ri,r0:1) L2(r3)

/ Riorip(@) (@) d = / F(Riro}(€) - FIRTI(E) de
/ de / 2(6) - R0(€) dS(€)
0 [&|=r

r2 — k2 — 47

— k2 —ir

e’} Tl/pT2 27,_ 1 1=
+A e X(,@mx/um%ﬂmmwﬁmwmmww

00 (1A\L/P 242 (p . L —
e e KGR0 (Bt )

— k2 —ir 2

= L(7) + D7) + Is(7). (2.13)

Here we divide (Rg,-@, %) 2(r3) into three parts in order to deal with the singularity
happened in the integral when || is close to k. The integral in I; has avoided this
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singularity by the cutoff function y. The singularity in I5 is only contained in the
integration w.r.t. r, and it can be shown that by using Cauchy’s integral theorem
and choosing a proper integral path w.r.t. 7, the norm of the denominator 72— k% —ir
can always be bounded below by k, e.g. |72 — k% —it| > k. The singularity in I3
is compensated by the difference [ - -] inside the integration [, [---]dS(w). In the
following, we only show how to deal with I5.

Now we estimate I;(7). By Young’s inequality ab < aP/p + b?/q, for a,b >
0,p,qg>1,1/p+1/g =1 we have

(pl/pql/q)al/pbl/q <a+b. (

[\)

14)

Note that [r—k| > 1 in the support of the function 1—x2(r—k) and |R¢(€)] = [ (€)],
one can compute

> | G 5 j
00 < | e i /lé‘:rlso(é)l 1B(E)IAS(E)  (by (2.14))
< Cpkl/p71”‘PHH;l/(?p)(Rs)||¢||H;1/(2p)(R3): (2'15)

where 1 < p < +00 and d > 0 and the C), is independent of 7.
We next estimate I5(7). One has
—1 1= mr%rzxzr—k dr
L) = [ 107 el 00 [ AC I g5, (20

0

It can be shown that, by choosing a fixed 79 € (0,1) carefully, we can show that the
denominator p, (1) := r? — k% — i could satisfy

Ip-(r)| > mok and |r| Sk, Vre {r2>|r—k| > 1} Uk 7, V7 € (0,70), (2.17)

where I'y, ,, := {r € C; |r —k| = 79, Sr < 0}. It is obvious that the purpose of (2.17)
is to use Cauchy’s integral theorem. By combining (2.17) with Cauchy’s integral
theorem, we can continue (2.16) as

. (r)? (r/k)?

IL(r)] < /€|Zk<f>%|¢<f>| O O ) ds(€)

{reRy ;2>r—k|>r0)  TOK

(1 +[r|?) % (Ir|/k)?
T()k

= ()] - (€)% |4 dr) ds
[ @F e ©F e[ )ds(e)

k,mo

<c, / )77 |$(E)1(E) T [H(©)|(
|€]=FK

T roU{r€R4 ;22 |r—k|>70} ok

% b, ET} ) <k>1/p r
+on [ @F 010 60 [ Faase

<Cok ([ oTheras@)i([ o derase)

[€l=k |€1=Fk
< CTO,ekl/p_l||<P\|H;/;4§§p>(R3>||¢||H1—/12/+<§p> (83)’ (2.18)
where the constant C;, . is independent of 7. Here, in deriving the last inequality
in (2.18), we have made use of (2.3).
Finally, we estimate I3(7). Denote F(rw) = F.(w) := (r)~"/P)g(rw) and
G(rw) = G, (w) := (7’)*1/(2”)@(7’0‘1). One can compute

(PPN (r — k 1
nl < [T e (02 [ 16, - G as@) Far
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> >”px (r—k 3o (Ty2
s [T [ E - R ast) - ()16 dn
(2.19)

where S? signifies the central sphere of radius 7. Combining [13, Remark 13.1 and
(13.28)] and (2.3) and (2.14), we can continue (2.19) as

(VP2 (r — k o
L R s ol L PSSy LTS

= (NP2 (r = k)

= Ca’e’p/o k(e 070 — i O IFll e @ 1Gllmzte s
1/p—1

< Ca,e,pk' ||4,D||H17/12/l§p)<R3) . |‘¢“H17/12/45§p)(R3)’ (220)

where the € can be any positive real number and the « satisfies 0 < a < €, and the
constant Cy ¢, is independent of 7.
Combining (2.13), (2.15), (2.18) and (2.20), we arrive at

[(Rie,70, ) 23y | < |Li(T)] + [T2(7)] + [I3(7)| < Ckl/p_l||30|\H1—/12/+<§p>(R3)||¢||H1—/12/+(§p>(ma)a
which implies that
||Rk,‘r90||H1/(2P) L(R3) = < CEYPe 1”90”}1 1/(2P)(R3) (2‘21)

for some constant C' independent of 7.
Next we investigate the limiting case lim+ R . Following similar steps when
T7—0

dealing with Iy, I> and I3, it can be shown that for any 7 > 0, we have

() — T ~87.1/p—1 .

|1i(11) = Ij(72)| < #7kMP ||80||H1—/12/+<§p>(R3)|W||H;/12/+<§p>(R3), (1=1,2,3)

holds for V71,75 € (0,7). Therefore, we can conclude

”Rkﬂ'l@ - Rk,TzQDHH:ll;;iPE) (R3) S 7~—H90||H1_/12/+(3”)(]R3)’ V11,72 € (0,7),
and thus Ry 7¢ converges and

. . 1/(2
%li)rgl+ Rizp=Rrp in Hf/l(/gpie(Rs). (2.22)
Hence from (2.21) and (2.22) we conclude that
—(1-1
IRielloiop gy < Cork™ P Nelsom oy

holds for any 1 < p < 400 and any € > 0.
The proof is complete. O

With the help of Lemmas 2.2 and 2.3, the direct problems can be reformulated.
Readers may refer to [25, Theorem 2.1], [22, Theorem 2.3], [19, Theorem 4.3], [20
Theorem 3.3], and [24, Theorem 3.3] as examples of how to formulate the direct
problems, and we omit the details here.

3. Recovery by near-field data. In this section we consider key steps in the
works [8,18-20,23,24]. Lemma 3.3 is crucial in the key steps of the works, and its
proof relies on Lemmas 3.1 and 3.2. We shall first investigate these useful lemmas.
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3.1. Useful lemmas. Lemma 3.1 is a standard result in the field of oscillatory
integral and microlocal analysis.

Lemma 3.1. Assume a and B are multi-indexes, then the following identities hold
in the oscillatory integral sense,

/ e de de = (2m)", (3.1)

R? xR™

/ G208 dz de = (2m)"illalge?, (3.2)
R7? xR?

Here 6“% equals to 1 when a = 3 and equals to 0 otherwise.

Proof. The integral in (3.1) should be understood as oscillatory integral. Fix a
cutoff function x € C(R™) with x(0) = 1, we can compute

/ e Cdrde = lim [ e x(ex)x(ef)dxdé
RTL XR”

e—0t

= (2m)™? lim [ x(*€)R(-¢€) de. (3.3)

e—0+

Denote M = supg. x. We have |x(e2¢)] < M < co. Note that x € C°(R"™), so
X is rapidly decaying, thus Xx(—¢) is Lebesgue integrable. Therefore, we can see
that Y(—¢&)x(e2¢) is dominated by a Lebesgue integrable function. Thus by using
Lebesgue Dominated Convergence Theorem, we can continue (3.3) as

[ emtdag=en R0 e = @nro = 20",
R2 xR

We arrive at (3.1).
To show (3.2), we first show that

(2m)~" // e Wy nP dydn = (2m) " // e DY (n’)dydn,  (34)

where D, := 10, . Both the LHS and RHS in (3.4) should be understood as a
oscillatory integral. Thus fix some x € Z(R") such that x(z) =1 when |z| < 1, we

have
//e*”’" n’dydn = lim // “wnyenfy(ey)x(en) dy dn
e—0t

= lim //(—Dn)“(e_iy'”)n x(ey)x(en) dydn

e—0t

= lim / / e~ x(ey) D (n°x(en)) dy dn

= lim '”'( )// W (ey) - Dy (1) - (97X) (en) dy dn
e—0t 0<y<a

// —iy ”D“ dy dn. (3.5)

As € goes to zero, we have

// e " x(ey) - Dy " (n°) - (97x) (en) dydn — Dy~ (n”) - (97x) (677)}7,:0 (e = 07).
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Because vy > 0, (8%() (en)| . 0. Therefore, we have

lim_ € () J[ et Dy @) en dyan 0. 3.0)

e—0Tt
0<y<a

Combining (3.5) and (3.6), we arrive at

//e Wiy dydn = Jim // Ty’ x(ey)x (en)dydn—// ~W Dy (n”) dy dn.

We proved (3.4).
Then, for multi-indexes « and S, if there exists ¢ such that «; # 3, say, a; > 5,
then Dg‘(fﬁ) =0 and so

/e”'fxagﬂ dodé = /e”f(—pg)a(gﬁ) dz dé = 0.
When a = S, we have
/eiw‘fxagﬂ dzdé = /e”'f(—Dg)a(ga)dxdﬁ = /e”fi‘ala!dxdg = (2m)"il*lal.
We have arrived at (3.2). O

We also need [16, Lemma 18.2.1] and we present a proof below.

Lemma 3.2. Ifa € S™(R" x R¥) and u is defined by the oscillatory integral
u(w) = [ ale ) ae'
then there exists @ € S™(R™ ™% x R¥) such that

u(w) = [ ate,¢)ag
and a has the asymptotic expansion

a(a”,€) ~ 319208 a(0, 2", €) /al.

[e3

Remark 3.1. Note if a(z,£’) = 0 near {2’ = 0}, e.g. a(z, &) = (1—x(z))d'(z,§) for
some a’ and some cutoff function satisfying x(y) = 1 near the origin, then Lemma
3.2 implies that a € S—°.

Proof. The a(x”,-) is the Fourier transform of u(-, ") with some constants, i.e.
aa",€') = (2m) 2 Fo {ula’ 2")}(E) = (2m) / e u(! 2") da.
Then we can have
a(x", &) = (277)71“/67”/'5/11(3:) da’ = (27r)7k/eim,‘0a(x,§’ +60)doda’.

By adopting the way used in [1, §1.8.1] in computing the oscillatory integral, we can
easily show that |02, 86 (z",€)] < (€)™~ 181 and this can be seen by the fact that

|08 [x (2, 0)a(2*a’, 2", € + 250)]| < 2*(¢")F,
soa € SRk x RF).
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The idea of the proof is to expand a(a’, 2", £ 4+ 6) in terms of 2’ and 6 by Taylor
expansion

a(m’,m”,f’ + 9) _ Z

lo]+[B]<2N

x/ae,@ N

a'ﬁ' z/a?’a(ov‘r”»gl)

x/aeﬁ N
+ Z ol mﬁga(nx’,x”,ﬁ’ +nf), 0<n<l,
ol +|A=2N +1

and to use Lemma 3.1. We have

a(z", &) = (27r)*k/e”l'0a(x’,x",§’ +0)do da’

= > 9% a(0,2",¢) /ol
la|<N
+ Y Cass / e 002,05 a)(n)og T (6%) A0 da’.  (3.7)

lee|+]B]=2N+1
y<a<p+y

Note that the constraint v < 8+~ in (3.7) comes from the fact that 857 (6°) = 0
when a > 4 7. Moreover, the constraint “la] + |8 = 2N+ 1,y < a < [+ 77
gives

AN+ 1=lal+[8l <218l + W <2018+ = [B+rl=N+1
Now we show that each remainder term in (3.7) is controlled by (¢)™~N=1. De-
note b(z’, 2", 6;¢',n) = ( g‘/affva(nxﬂm”,f’ +n0)) (n'")9, 77 (6%) with underlining
assumptions S+~ > « and |8+ 7| > N + 1, and we have
a(z",€)— > il0%9Sa0,2”,¢) /ol

|| <N

= /e”/'eXO(x/, 0)bdo dz’

+ Z / e Oz /25,0/2b(z’ 2", 0; ¢, n) df da,
£>1
where ¢ and x is as in [1, §1.8.1]. Here we only show how the second term in the
equation above is controlled by (¢)™~N=1. The computation is as follows,

/e”""x(x’/%,9/2f)b(x’,x”,9;5’7n)d9d$'

0 (E/) -V 9 L, ;9207
<22W€/ (’ (2',0) i2°7x" 0y /ab / 1/9./2l ded/
~ (222g(|x/|2+‘0|2)) (6 ) X((L‘, ) (1'737 ’ 767 77) €z
< <€l>m—N—1 . 2[(2k+1—2L)/ CL2€(|m—N—1H-L) d9 dxl

supp x
< <€/>m—N—1 . 22(2k+1+\m—N—1|—L)

~

thus if we take L to be large enough such that 2k +1+|m — N — 1| — L < 0, we
can have

|Z/eizl'ex(m'/2£79/26)bd9dx’| < Z(é/)’fﬂ*]\’f125(2k+1+‘m7N71‘7L) < <£/>m7N71.

0>1 0>1
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This shows |a(z”, &) — Z‘aKNi\alaa 9ga(0,2",&) /ol S (&)™ N~ Using the
same procedure, we can show |5’x,, a(@", &) =3 a1<n iled g,ﬁg,a(O,z”,f’)/a!H <
(¢"ym=N=1=181 "and hence

a(a” &)= > il*on0ga(0,2”,¢)/al € STTNTHRTE x RF).

la|<N
The proof is complete. O
We also need [16, Lemma 18.2.9] and we present a proof below.
Lemma 3.3. Assume that a € S™ and
u(x) = /e“x/’g’)a(x,f’) d¢’, ¢ eRF,

and a C* diffeomorphism p:y € R™ — p(y) = (p1(y), p2(y)) € R™ preserving
the hyperplane S = {xz; 2’ = 0}. The p1 is k-dimensional while py is (n — k)-
dimensional. Assume u and the pull-back p*u is C°°-smooth in R™\S, then there
exists a € S™(R" ™% x R¥) such that p*u can be represented as

pruly) = /6“‘1’/’5”&(2/”,5’)615’,
and

a(y",m) = a(0, p2(0,y"), (6(0, ")) det (0, )] 71 € SR X RE),

where (¥)T and (x)T-~1 signify the transpose and transpose with inverse of a matrir,
respectively.

Remark 3.2. The condition “u and p*u is C*°-smooth in R™\S” is indispensable.

Proof. Because p preserves the hyperplane {x; 2’ = 0}, there exists a C°° matrix-
valued function 4 such that p1 (v, y"”) = ¥ (y) - v, where the dot operation “-” here
signifies the matrix multlphcatlon. According to Lemma 3.2, there exist a € S™
such that u(z) = [€/*€)a(z", €")d¢’. Hence we have

a@wzﬁmwzumwnz/1W@“>@x>sme
:/eiw(y»y',m (po(y). €) de’ _/ei<y’,<w<y>>T§’>d(p2(y)’5/)dg/’

According to Remark 3.1, we could continue
aly) = / WLy (yalpa(y), ()T ()T det (y)| Tt d(((y)TE) + vly)
- / eV () pa (), (()) T 1ap)| det ()|~ dn + v(y),

where x € C°(R¥) with x(y ) =lina neighborhood 0 such that the matrix 1 (y)
is invertible in supp ¥, and v( f e mp(y” ) dn with b € S~°°. Using Lemma
3.2, we obtain a(y) = [ '¥" "> a(y”,n)dn Where

a(y" ) - @(02(0,1/’) (¥(0,5")" ) det v(0,5")| " € S™THR™TE x R).
Note that a satisfies a(z”,¢') — a(0,2”,¢") € S™~L(R"F x R¥), so
(

ay",m) — a0, p2(0,5"), (¥(0,y") " )| det (0, y")| 7" € S™THR™F x RY).
The proof is complete. O

~—
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Finally, we need Lemma 3.4.

Lemma 3.4. For any stochastic process {g(k,w)}rer, satisfying

+oo
[ e gt ) b < oc, (3)
1
it holds that
2K
Kgrﬁm % / g(k,w)dk =0, a.s. we. (3.9)
Proof. Check [22, Lemma 4.1]. O

3.2. Key steps in the proof. Lemma 3.4 turns the justification of the ergodicity
into the asymptotic analysis of the expectation of related terms.

With the help of Lemma 3.4, the most difficult part of the work [18-20,23, 24]
boils down to the estimate of the integral

Wz, y, k1, k2) := /eikl(ll_zlH'lzl_yl)_ikz(lg”_Z?H'lZ?_yl)C(zl,zg) dzy dze, (3.10)

where C(21,22) = [€'*17%2)¢¢(21,£)d¢ and ¢ € S™™. Readers may refer to [19,
(30)-(31)], [20, (3.21) and (3.24)], [24, (4.2) and (2.1)] as well as [23, Theorems 3.1
and 3.3] as examples.

One wonders the decaying rate of I in terms of k; and ko, and after we got the
decaying rate, we substitute this estimate into (3.8). If I decays fast enough in terms
of k1 and/or ko, the corresponding integral in (3.8) will be finite and we can obtain
some asymptotic ergodicity like (3.9). This is the principal idea in [18-20, 23, 24].

Proposition 3.1. Assume I is defined as in (3.10) and C(z1,22) = [e'(*17%2)¢
c(z1,€)d€ with ¢ € S™™ is a symbol. Then for VN € N there exists constants
Cpn > 0 such that

[I(z,y, k1, k)| < On(ky — ko)™ N (k1 + k2) ™™,
holds uniformly for x, y.

Proof. Denote ¢(z1, 22, %,y, k1, k2) := ki(|lz — 21| + |21 — y[) — k2 (|2 — 22| + |22 — y]),
then I = [e®Cdz; dzo and ¢ is the phase function. We have

k1 + ko
2

[(lz = 211 + 21 = y]) = (]2 — 22| + |22 — y])]
k1 — ko
2

¢(Z17227x7yak17k2) =

+ [(lz = z1] + 21 = y]) + (|2 — 22| + |22 — y])].

(3.11)

We note that the zyz part of the second term in (3.11) is always positive and the
first term equals to zero when z; = z3. Also, the function C will be singular when
z1 = z3. Therefore, the situation near the hyperplane Sy := {21 = 22} is crucial for
the behavior of I regarding the decaying rate in terms of ki, ko. Therefore, we are
willing to do a change of variables inside the integral (3.10) such that the hyperplane
So can be featured by a single variable, i.e. Sg = {v = 0} for some variable v. To
be specific, we choose the change of variables 71(z1, 22) = (v, w) where

T1: V=21 — %, W=z +2.
The pull-back of C' under 7; ! is

Ci(v,w) := (17 )*C(v,w) = C(ry H(v,w)) = /ei”‘gc((v +w)/2,6)dE. (3.12)
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Second, in order to make the phase function ¢ more easy to handle, we are also
willing to do another change of variables such that ¢ can be represented in the
form of inner products, i.e. ¢ = s -t for some s and t depending on x, vy, z1, 22,
k1 and k2. Ome of the choices is m2(z1,22) = (s,t), s = (81, - ,8,) € R" and
t=(t1, - ,t,) € R™ where

{81 = (|2 — 21| + |21 — y]) = (|2 — 22| + [22 — ¥]),
To

3.13
b=(e—nl+lan—y)+(o—zol+lz—g). O

We comment that under (3.13), the phase function ¢ will only depend on s; and
t1, and the choice of s; and ¢; (j =2,--- ,n) is inessential as long as the change of
variables 79 is a diffeomorphism. Hence we omit the precise definitions of s; and ¢;
(j > 1) and readers may refer to [18-20,23,24] for more details. Another thing to
note is the map 7 o 75 ! preserves Sp, i.e. 71 o7 '(0,¢) = (0,w). By Lemma 3.3,
there exists a symbol ¢y € S~ such that the pull-back of 'y under 71 o 75 Lis

Cals.t) = (o) Culs.t) = [ €*ealt, ), (3.14)

By using Lemma 3.3, we can express ¢ by ¢, 71 and 7o, which involves some detailed
computations. Note that we only need the leading term of ¢y so the computations
wouldn’t be too complicated.

The relationship (3.14) also gives

Ca(s,t) = (omy ) (1 1) Cls,t) = (13 1)"Cs,1),
and hence we can do the change of variables 72 in (3.10) to obtain
I(z,y, k1, k2)

- /eikl(lmihIHZI7y|)7ik2(lxﬁZlﬂzryl)C(Tz_l o Ta(z1, 22)) d(Tz_l o (21, 22))
= / eilkitke)sy/2ilki ko)t /20 (771 (5. 1)) det 75 L (s, 1)| d(s, 1)
= /ei(kﬁk"‘)s'elﬂ“(kl_kz)t'el/QCg(s,t)\ det 75 ! (s,t)| ds dt. (3.15)

Here we need the help of Lemma 3.2 to deal with the |det7; *(s,t)| term: there
exists a symbol ¢y € S_,, such that

Cao(s,t)| det 73 1 (s,1)| = /eisfég(t,g) d¢. (3.16)
The computation of the leading term of ¢ is straight forward,

&a(t,€) — ea(t €)| det 75 (0, 1) € ST
Combining (3.15) and (3.16), we arrive at

]I(x,y, k17k2) — /ei(k1+k2)s~el/2+i(k1*kz)t-el/Q/eisféQ(t,g) df dsdt
~ /ei(’“ﬁk”t'el/%(t, —(ky + kg)ey/2) dt.

Now we can see I is decaying at the rate of (k; — ko) =N (k1 + ko)™™ for arbitrary
N eN. O
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We would like to comment that the estimation of I is difficult due to the presence
of the norm inside the phase function ¢. However, the designs of 7 and 75 in the
arguments above are so peculiar that the estimate of I is possible.

4. Recovery by far-field data. In this section we consider the key steps in the
works [22,25]. In [22,25], the authors use far-field data to achieve the recovery, and
this makes the derivations different from what has been discussed in Section 3. A
different methodology is required to obtain accurate estimate of the decaying rate.
Lemmas 4.1-4.3 plays key roles in the derivation. Before stepping into the key steps
in the derivation, we shall first investigate some useful lemmas.

4.1. Useful lemmas. First, let us recall the notion of the fractional Laplacian [30]
of order s € (0,1) in R" (n > 3),

(—A)*2 () = (2m) " / / @€ e[ (y) dy de, (4.1)

where the integration is defined as an oscillatory integral. When ¢ € #(R"), (4.1)
can be understood as a usual Lebesgue integral if one integrates w.r.t. y first and
then integrates w.r.t. £. By duality arguments, the fractional Laplacian can be
generalized to act on wider range of functions and distributions (cf. [32]). It can be
verified that the fractional Laplacian is self-adjoint.

In the following two lemmas, we present the results in a more general form where
the space dimension n can be arbitrary but greater than 2, though only the case
n = 3 shall be used subsequently.

Lemma 4.1. For any s € (0,1), we have
(~B0) () = fafei™
i the distributional sense.

Proof. Check [22, Lemma 3.1]. O

Lemma 4.2. For any m <0 and s € (0,1), we have
((—AE)S/QC) (x,8) € S™=°  for any c(x,&) € S™.
Proof. Check [22, Corollary 3.1]. O

In the sequel, we denote diam(Q2) := sup {|z — 2/|}.
z,x’ €

Lemma 4.3. Assume Q is a bounded domain in R™. For Vo, € R such that
a<n and B <n, and for Vp € R™"\{0}, there exists a constant Cy g independent
of p and Q such that

n—a—_ di Q))r—a—8
/ =t — p| P dt < Cop x 7 1 i) oo
o ' In o5+ In(diam(Q?)) + Co 3, a+pf=n.

Proof. Check [25, Lemma 3.5]. O
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4.2. Key steps in [22]. In this subsection we restrict ourselves to R®. One of the
key difficulty in [22] is to obtain an asymptotics about a integral

J:= / ettelmezt)( / €T ey (2,€) dg) ( / =N ep(t,€) dn) d(s,y, 1. 2), (4.2)

in terms of k, where o(y,s,2,t) := =& -(y —2) — |y — s| + |z —t], ¢g € S7™< and
¢y € ST with mg, my satistying the requirement in Theorem 1.6, d(s,y,t,2) is a
short notation for dsdydtdz, and y,2 € D, and s,t € Dy two convex domains D,
and Dy satisfying (1.5). Recall the definition of the unit normal vector n after (1.5).
We introduce two differential operators with C'°°-smooth coefficients as follows,

y=95)-Vs Ve Yy

Ly =
! ikly — s| ik|V 0]

Ly= Loz :=
where Vo = ﬁ — &. The operator Ly ; depends on & because Vy¢ does. Due
to the fact that y € D, while s € Dy, the operator L; is well-defined. It can be
verified there is a positive lower bound of |V, | for all € {2 € §*: &-n > 0}. It
can also be verified that

Ll(eikw(y,az,t)) _ L2(eik¢(y7s,z,t)) — otke(y,8,2,8)

In what follows, we shall use C(-) and its variants, such as C(-), C4.4(-) etc., to rep-
resent some generic smooth scalar/vector functions, within C°(R3) or C2°(R3*4),
whose particular definition may change line by line. By using integration by parts,
one can compute

J= / (LIL3) (eMe@ ==y ( / eV (2,€) de) - ( / e Me s (t,m) dn) d(s, y, t, 2)

~ /W(ys“)[jl(lclc‘*"@ C+ Z Ksia0Carv)

a,b=1,2,3
+ Z j2;c (Kl Cc + 162 . C?c + Z K3;a,b Ca,b,c)
c=1,2,3 a,b=1,2,3
+ Z JB;a’,b’(’Cl Ca/,b’ +I€2 : 5a/,b’ + Z ICS;a,b Cu,b,a’,b/)] d(s7y7taz)7
alb'=1,2,3 a,b=1,2,3
(4.3)
where the integral domain D C R3** is bounded and
Ji = / e ey () d, K1 = / eI 02, €) de,
Jo = Vs/ei(t‘s)‘” cs(t,n) d, Ky =V, / 0 ey (2,) dg,

Tyap =, / SN ep(t ) dn, Ky = 02, / G0 g (2 6) de,

and Ja.c (resp. Ka.c) is the c-th component of the vector T (resp. 162)

Here we only show how to estimate [J; and skip the details regarding jg, Ky,
and Ks; readers may refer to the proof of [22, Lemma 3.3] for details. For the case
where s # t, we have

il =1 [ eq ) dnl = Js =t 72| [ Ayl st

s 2| [t mdn < ls =t [ 1(AeEn)ldn
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Sl [ 2an gl 2 (4.4)
Similarly, we can have

|\71‘7 ‘t72|7 |’C1‘7 |I€2| 5 |y_Z|_2' (4'5)

But for Js.q5, if we mimic the derivation (4.4), then

T3ia,b /ei(t_s)'" ccp(t, mnamp dn =~ |s — t\_Q/An(ei(t_s)'") ey (t, m)name dn

= |s— |2 / 1A, (e (8 n)namy) dn. (4.6)

Note that A, (cf(t,n)namp) € S™™F and thus is not absolutely integrable in R3. If
we further differentiate the term =) in (4.6) by “E=1) V,, and then transfer the

[s—i]?
operator V,, onto A, (cs(t,m)n.ms) by using integration by parts, we would arrive
at

| Ts:a] S I8 _t|_3/|V77An(cf(t777)77a77b)|d77 <ls —tl‘3/<n>‘mf‘1dn.

The term [(n)~™~!dn is absolutely integrable now, but the term |s — ¢/~ is not
integrable at the hyperplane s = ¢ in R®. To circumvent this dilemma, the fractional
Laplacian can be applied as follows. By using Lemma 4.1 and 4.2, we can continue
(4.6) as

(Tnanl = s — t]72 - ||s — 1] / (= Ag)* /(0= . A, ey (t, myngme) dn|
s / =91 (L A2 (A (es (b m)mine)

<ls —t|_2_s/<n>‘mf+2‘2‘sdn =s —t|_2_s/<n>‘mf“"dn, (4.7)

where the number s is chosen to satisfy max{0,3 —ms} < s < 1, and the existence
of such a number s is guaranteed by noting that m; > 2. Therefore, we have

{ —my — s < =3, (4.8a)
25> -3 (4.8b)

Thanks to the condition (4.8a), we can continue (4.7) as
Faal Sl =112 [l mesdn Sl — o2 (4.9

Using similar arguments, we can also conclude that K., 5| < |y — 2| 7275,
Combining (4.3), (4.5) and (4.9), we arrive at

I«UIS’C_4/(|-71|+\~73\+ Yo T (Kl + 1K+ Y Ksasl)d(s,y,t,2)
D

al,b'=1,2,3 a,b=1,2,3
—4 —2—s —2—s
<k /N\s—t| dsdt-/~|y—z| dydz (4.10)
D D

for some sufficiently large but bounded domain D C R3*2 satisfying P C D x D.
Note that the integral (4.10) should be understood as a singular integral because
of the presence of the singularities occurring when s =t and y = z. By (4.10) and
(4.8b), we can finally conclude |J| < k=%, as k be large enough.
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4.3. Key steps in [25]. In this subsection we restrict ourselves to R®. We note
that in (4.2), the domains D, and Dy are assumed to be separated by two convex
hulls. This condition is relaxed in [25] and the corresponding details in the proof is
also modified. One of the key difficulty in [25] is to obtain an asymptotics about a
integral

K(z,y) := //D " Ky(s,t)®(s — y; k1) P(t — ;3 ko) ds dt, (4.11)

where Ky is the kernel of the covariance operator of the migr field f (cf. (2.4)), and
® is defined in the beginning of Section 2.1. From (4.11) we have

K(z,y) =~ //5 - gik1ls—yl—ika|t—2| (|s — y\_l\t — 27t /ei(s_t)'gc(s,g) df) dsdt.
X

(4.12)
Define two differential operators
(s—y) Vs (t—2)-V:
Ly := d Ly:= .
VT Tkals—yl M TP Tikglt— o

It can be verified that

L1L2(61k1|57y\72k2|t72|) _ 6zk1\sfy|fzk2\t7z|.

Hence, noting that the integrand is compactly supported in D x D and by using
integration by part, we can continue (4.12) as

IK(z,9)]

~ |//~ ~Lng(e“ﬁ‘S*y'*i’“’-"H‘)(|s—y|*1|t—,z|*1/ei“*’”fcl(&t,z,y,g)dg) ds dt]
DXxD

Sk [ Qs = o= #7204 Is = ol e 21 nax )
DxD

+ s =yl 7t — 2l (max Tia) + [s — y| 7t — 2|7 (max Taiap)] dsdt,
(4.13)

where a, b are indices running from 1 to 3, and
Toi=| [0t 0.6 de],
Tia = | / e g (s, 2,1, €) dE],

\72;a,b = | / 6i(s*t).£ gagbcl(‘S) tv %Y, g) d§|

Because of the condition m > 2 (cf. Theorem 1.5), we can find a number 7 € (0,1)
satisfying the inequalities 3 — m < 7 < 1. Therefore, we have

{ -m—7 < =3, (4.14a)
—2—7>-3. (4.14Db)

By using Lemmas 4.1 and 4.2, these quantities Jy, J1;¢ and J2.q,5 can be estimated
as follows:

Jo=ls—t[77-| / (=) 27 ey (5,8, 2,9, €) dE|

—=|s—t]7"-| /e“s‘”‘f (—A¢)™*(cr(s,t, 2,9,€)) ¢
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Sls— )7 / (€)™ T e < s — 1] (4.15)

The last inequality in (4.15) makes use of the fact (4.14a). Similarly, by first using
fractional Laplacian and then using first-order differential operator on e*(*=9¢, we
can have

Tia < Cls — 1717 / (€)™ de < Cls — 71T (4.16)
Tnan < Cls — 12| / (€T A < Cls — 12T, (417)

where the constant C' is independent of the indices a, b. Combining (4.13), (4.15),
(4.16) and (4.17), we can rewrite (4.13) as

koK (2, y|<// lls — 21t — 21 2fs — ¢ + |5 — 2t — 2| Ys — o]

+ls =yt — 2|2 s —t| VT F s —y| Tt — 2|7 s — t|_2_7] dsdt

=: ]Il —|—]12 +H3—|—]I4 (418)
Denote D :={x +a',2 —a’; x,2’ € ’5} Then we apply Lemma 4.3 to estimate Iy
as follows,
]Ilz// |s —y| 2|t — 2| %s — t| " dsdt
DxD
g/ |s|_2(/ 1720t — (s +y — =)~ df) ds
D D
SOt [l (2 -9V s
~ |z —y|* 7 +Cp. (4.19)
Note that in (4.19) we used Lemma 4.3 twice. Similarly,
HQ, ]13, ]I4 S |Z — y|27T + Cﬁ (420)

Recall that 7 € (0,1). By (4.18), (4.19) and (4.20) we arrive at
IK(z,y)| < Cki'ky (|2 —y* 7+ Cp) < Ck?((dlam Dy )*™" + Cg) S k2.

5. Conclusions. We have reviewed the recoveries of some statistics by using the
near-field data as well as far-field data generated under a single realization of the
randomness. In this paper we mainly focus on time-harmonic Schrédinger systems.
One of the possible ways to extend the current works is to study the Helmholtz
systems. It would be also interesting to conduct the work in the time domain.
Moreover, the stability of the recovering procedure is also worth of investigation.
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