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ABSTRACT. A reaction-diffusion SEIR model, including the self-protection for
susceptible individuals, treatments for infectious individuals and constant re-
cruitment, is introduced. The existence of traveling wave solution, which is
determined by the basic reproduction number Ry and wave speed c, is firstly
proved as Rgp > 1 and ¢ > ¢* via the Schauder fixed point theorem, where c*
is minimal wave speed. Asymptotic behavior of traveling wave solution at in-
finity is also proved by applying the Lyapunov functional. Furthermore, when
Ro < 1or Ryp > 1 with ¢ € (0, ¢*), we derive the non-existence of traveling
wave solution with utilizing two-sides Laplace transform. We take advantage
of numerical simulations to indicate the existence of traveling wave, and show
that self-protection and treatment can reduce the spread speed at last.

1. Introduction. Epidemics are widespread around the world, and always jeopar-
dize public lives and health, such as COVID-19, malaria, severe acute respiratory
syndrome (SARS), influenza and so on. The public has taken all kinds of measures
to struggle against the different infectious epidemics. Various of mathematical mod-
els are established to research dynamics and influences of prevention and control
for different epidemics [12, 23, 22, 10, 9, 15]. Recently, both the popularization of
knowledge about infectious diseases and the improvement of treatment have built
a solid foundation for epidemics’ prevention. This popularization can also lead to
the strengthening in public self-protection. For instance, since Chinese had owned
strongly self-protection and governments of China had taken efficient treatments,
COVID-19 was first under effective control in China [11, 17, 13]. As a result, it is
necessary to integrate self-protection and treatment into epidemic models. Because
epidemics are always discovered at one location and then spread to other areas [21],
reaction-diffusion models become essential to describe this spatial spread. Simulta-
neously, epidemic models with spatial spread usually can result in a development
from a diseases-free state to an infective state, which can be predicted a wave for
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this evolution of epidemics. Consequently, traveling wave solution becomes critical
to study the spatial spread of epidemics [7, 8, 18, 20].

Many people have analyzed traveling wave solution and the asymptotic speed of
propagation of classic compartmental epidemic models [16, 26, 1, 4, 30, 28, 32, 25].
Ducrot and Magal [3] studied the existence and the non-existence of traveling wave
solution satisfying a diffusive epidemic model with age-structure and constant re-
cruitment, and constructed a suitable Lyapunov functional to discuss their asymp-
totic behavior at infinity. Li et al. [14] found that the existence and the non-
existence of traveling wave solution for the system which is a nonlocal dispersal de-
layed SIR model with constant recruitment and Holling-slowromancapii@ incidence
rate are determined via both the minimal wave speed and the basic reproduction
number Ry defined by the corresponding reaction system. Zhang et al.[29] con-
sidered the existence of traveling wave solution satisfying a influenza model with
treatment for infectious individuals. Zhao et al. [31] proved the existence and non-
existence of traveling wave solution for a SIR model with multiple parallel infectious
stages which own same diffusion coefficients. Then Zhao et al. [33] established a
two-groups reaction-diffusion epidemic model to research the influence of host het-
erogeneity in spread of disease by applying the traveling wave solution. However,
human self-protection for susceptible individuals and treatment for infectious indi-

viduals were not considered together in a SEIR diffusion epidemic model.

In this paper, we firstly integrate self-protection into the classical reaction-
diffusion SEIR model with constant recruitment, so susceptible individuals are
divided into two groups: susceptible individuals S; without self-protection and
susceptible people So with self-protection. Next, the treatment for infectious in-
dividuals is considered such that I; represents the infectious with treatment and
I> means the infectious without it. Therefore, a reaction-diffusion SEIR model is
constructed as system (1), where t € Ry and x € R. In this model, S;(z, t) and
Ii(z, t) (i = 1, 2) represent the density of two groups of susceptible and infec-
tious individuals above determined, respectively. E(z, t) represents the density of
individuals who are infected without infectivity. R(x, t) represents the density of
individuals who recover and own permanent immunity. dy, d2, Do, D1, Do, and
D represent diffusion coefficients of Sy, So, E, I, Is and R, respectively. A is
constant recruitment. [ is bilinear incidence. y is the sum of the mortality rate. «;
is the recovery rate of I; (i = 1, 2), respectively. v is the reciprocal of latency. ¢; is
the proportion of individuals entering I; (i = 1, 2), respectively. p is the migration
rate from S; to Ss. o is the rate which susceptible individuals with self-protection
reduce contacts with infectious. 6 represents the rate that the treatment for the
infectious reduce their contacts with others.

PBD _ gy asi (@, 1)+ A~ 881, 181 (@, 1)+ Ia(e, 0]~ (0 + WSH(x, )
% = d2A82(x, 1) + pSi(w, 1) = BoSa(e, O [PN(z, 1) + L(w, )] — uSa(w, 1),
PEC D) poas(e, 1)+ 811, 1)+ 05 D) 0N, 0+ T2, O] - (e +2)EG, 0,
% = DiAL(z, £) + @B, £) — (u+ a1 (z, 1),

w = D2Alx(z, t) + @27E(z, t) — (p + a2)l2(z, 1),

% = DAR(z, t) + anli(z, t) + az2la(z, t) — pR(z, 1).

Throughout this aritcle, we make the following assumption:
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(A) dy=do:=d,d>Dy>D; >0, A, 8,0, p, u, o, v, q1, G2, @; >0, g1+¢q2 =
1,0 € (0, 1], 0 € (0,1] for i =1, 2.

In fact, for making a living, the susceptible has to move, and their diffusion is
almost same without special cases. Especially, the susceptible with self-protection
may take some methods, such as wearing masks, avoiding crowed public places and
so on, to decrease the likelihood of connects with the infectious. The infectious
could reduce going out owing to discomfort by disease. Thus, the assumption can
better close to reality. In mathematical analysis of this model, the assumption
(A) also can help us get an upper bound for the different susceptible and infected
components to research the asymptotic behavior as x — +4oc0.

Since the equations S;(z, t), E(x, t) and L;i(x, t) (i =1, 2) are fully decoupled
from R(zx, t), we only need to study the sub-system:

% = dASy(, t) + A~ BSi(x, t)[01i(, )+ Ix(z, 1))
—(p+ p)Si(z, t),

% = dASy(x, t) + pSi(z, t) — BoSa(x, t) [0 (z, t) + Lx(z, t)]
— pSa(z, t),

% = DoAE(x, t) + B[Si(x, t) 4+ 0Sa(x, )] 00 (z, t) + Ly(x, )] @)
— (b +7)E(z, t),

w = DiAL(z, 1) + yE(z, 1) — (p+ an) i (2, 1),

Olz(x, 1)

t
) DuAL (e, 1)+ gy B, ) — (u+ as)la(a, ¢),

ot

where t € R} and z € R.

The structure of this article is as follows. In Section 2, we firstly obtain the
basic reproduction number Ry and two non-negative constant equilibriums for the
corresponding reaction system, and these equilibriums are also two non-negative
constant equilibriums for system (2). Then, we find a ¢* > 0 called as the minimal
spread speed. Next, as Ry > 1 and the spread speed ¢ > ¢*, we prove that system
(2) admits non-trivial and non-negative traveling wave solution by applying the
Schauder fixed point theorem. Meanwhile, a suitable Lyapunov functional is used
to prove the asymptotic behavior of traveling wave solution at x — 4oc0. At last, we
obtain the existence of traveling wave solution connecting two non-negative constant
equilibriums when Ry > 1 and ¢ = ¢*. In Section 3, we firstly prove the non-existence
of non-trivial and non-negative traveling wave solution connecting two non-negative
constant equilibriums as Ry < 1. In particular, when Ry > 1 and ¢ € (0, ¢*), we
also study the non-existence via the two-sided Laplace transform. In Section 4, we
take advantage of numerical simulations to display the existence of traveling wave
solution connecting two non-negative constant equilibriums. Simultaneously, we
also conclude that self-protection and treatment can decrease the spread speed for
an epidemic via numerical simulations.

2. Existence of traveling wave solution. In order to research traveling wave
solution of system (2), the first step is to find what kind of constant equilibri-
ums of system (2) exist. It is well known that there always exists an equilibrium
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(5%, 53, 0, 0, 0) = (p-s-u’ M(Z/'i\'l))’

of system (2). We can also find a positive equilibrium by the following system,

0, 0, 0) named as the disease-free equilibrium

delt(t) = A= BS1() [01:(1) + L(t)] — (p+ 1) Sa(8),
(ﬁﬁﬂ:p&@%ﬁ%&@HMﬂﬂ+b@ﬂ_u&@%

%it) = B[S1(t) + 0 So ()] [011(t) + Lo (t)] — (p + ) E(t), 3)
%t(t) = qvE(t) — (p+ a1) i (1),

dljt(t) = @YE(t) — (14 az) (1)

The point (S, 59, 0, 0, 0) is also the disease-free equilibrium of system (3). Via the
next generation matrix method formulated in [24], the basic reproduction number
for system (3) denoted by Ry can be expressed as

QY08 @B

(+y)(p+ar)  (p+7)(p+az)

Furthermore, taking advantage of the direct Lyapunov functional method, which is
similar in [15], can claim the below theorem.

Theorem 2.1. If Ry < 1, then there exists a unique constant equilibrium of system
(3) which is the disease-free equilibrium (SY, S9, 0, 0, 0), and it is globally asymp-
totically stable. If Ry > 1, system (3) admits a positive equilibrium which is the
endemic equilibrium (ST, S5, E*, IT, I3), and it is globally asymptotically stable.

In the rest of Section 2 , we always assume Ry > 1. Then system (2) exists
two constant equilibriums: the disease-free equilibrium (S9, S9, 0, 0, 0) and the
endemic equilibrium (S7, S5, E*, I, I3). So we research the existence of trav-
eling wave solution satisfying system (2) and connecting (59, S9, 0, 0, 0) and
(St, S3, E*, If, I3). Now, we show that traveling wave solution of system (2) is
special solution with the form as

(S1(8), S2(8), E(), 11(§), I2(8)), §=z+cteR (4)

Substitute formula (4) into systmen (2), and we can obtain the wave form equations
as follows:

dS1 €) - 051(5) +A—=BS1(90(&) + I2(8)] — (p+p)S1(§) =0,

dSQ( ) — 052(5) + pS1(§) — BoS2([011(€) + 12(§)] — uS2(€) =0,

DoE"(€) — cE (&) + BION(€) + L (&) [S1(E) + 052(6)] — (n+7)E(E) =0, (5)
DiI3 (€) — eI1(8) + ;17 E(€) — (n+ a1) 11 (€) =0,

DIy (€) — eIy(€) + a2 E(€) — (1 + a2) I2(€) = 0,

for ¢ € R, where "and” represent the first and the second derivative with respect to
&, respectively. Since we would like to find positive traveling wave solution connect-
ing two equilibria, we need the positive solution (S1(€), S2(€), E(&), 11(£), I2(§))
of system (5) with following boundary conditions

Si(—o0) = 8?, E(—00) =0, I;(—00) =0,

Si(+00) =S}, E(+o0) = E*, Ii(+00) =17, i=1, 2.

(6)
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Linearizing the E-th and I;-th equations of (5) at the disease-free equilibrium
(89, S9, 0, 0, 0) yields

DoE"(€) = ¢E'(€) + B[01(€) + 1a(€)) (57 + 053) — (u+7)E(€) =0,

DiI{ (€) = Ly (€) + nyE() = (i + an)11(€) = 0,

Daly (€) = ely(€) + g2yE() = (i + a2)I2(€) = 0.

Set (E(&), I(€), I2(£)) = (no, m1, m2)e** and plug it into above equations, then
we can obtain characteristic equations

DonoA® — eno + B0 +n2) (S + 0.59) — (1 +~)mo = 0,
DimA* — em A+ qymo — (p+ o1)m =0, (7)
DomaA® — enp A + g2ymo — (1 + az)n2 = 0.

~—  ~—

Let
Dy O 0 c 0 0
A= 0 D, 0 |, B=|0 ¢ 0|,
0 0 Do 0 0 ¢
w+y O
‘N/: 0 /L"‘Oél )
0 ,u—i—ag
0 B0(50+USO B(SY +aSY
F=| av 0 0
42y 0 0

Denote O(\, ¢) = \2A — uB — V + F. Then system (7) can reduce to

O\, ¢)(mo, m, )T =0.
And define A=V~'A, B=V-'B, F =V~'F, then we yield that

(=AN + BA+1)"'Fn=n, (8)
and
0 BO(SY+059)  B(S{+0S3)
mo (A, c) mo(X, c)
(AN + BA+D)TIF = | 0 0 )
mzq(%j c) 0 0

where 1 = (no, 1, m2)", mo(A, ¢) = —DoA* +cA+ p+7, mi(), ¢) = =D\ +
Atptar, ma(A, ¢) = —DaA2+cA+pu+ag. Let M(N, ¢) = (=AN2+BA+1)7'F,
then equation (8) becomes

M(A, e)np=n.
Let p(A, ¢) be the principal eigenvalue of M(X, ¢) and define

e+ — 4Dy u—|—’y ) e+ /e —4D4( ,u—|—ozl)
Ae = min
2Dy 2D,

c+ \/02 4Ds (1 + )
2D

For ¢ > 0 and A € [0, A.), a direct calculation indicates that

B BOq1y Ba2vy 04 ;g0
P €)= [(mo(/\, c)mi(A, ) * mo(A, ¢)ma(A, c)) (51 + SQ)} - O

[N
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Moreover, some properties of p(A, ¢) can be described as the following lemma:

Lemma 2.2. Below statements hold:

(i) Ac is strictly increasing in ¢ € [0,4+00), and im._, o0 Ae = +00,

(i) p(0, ¢) = V/Rq for any c € [0, +0), p(A, 0) is strictly increasing in [0, ),
and p(A, ¢) = 400 as A = A.—0 for any ¢ > 0, where Ry is the basic
reproduction number for system (3),

(ili) for VA € (0,A.), Zp(A, ¢) <O0.

Proof. 1t is well known that (i) is established, so we only prove (ii) and (iii). It
follows from the definitions of both Ry and p(A, ¢) that p(0, ¢) = /Ry for any
c €10, +00). Due to p(A, 0) > 0 and m,;(\, 0) > 0 for A € [0, A\.) withi =0, 1, 2,

it is the fact that
- 1 69(]1’7(5? -+ O'Sg)(D())\ml(A, 0) —+ Dl)\mo()\, 0))
P 0) = o720 0) ( ma0, 0)mI(, 0)
+ﬁqﬂ(s? + 0S89 (Do Ama(X, 0) + Dadmg(A, 0))

mg(A, 0)m3(A, 0)

N

ap

> 0
for A € [0, A.). In addition, we can indicate limy_x,_omi(A, ¢) =0 (i =0, 1, 2),
respectively, so the principal eigenvalue p(\, ¢) tends to +o00 as A — A, — 0. The
direct derivative of the spread speed ¢ can show that
1. . B0q17(S? +0S9) | Baay(S] +0S3)

I )\7 = ——\ 2 )\7 < 07

g == o) (R
for YA € [0, Ac). The proof is complete. O

According to Lemma 2.2, we define
Me) = Aer[r.%frf\c) p(A, ¢), Ve>0.
Then we conclude A(0) = /Ry and lim._, o A(c) = 0. Meanwhile, A(c) is continu-
ous and strictly decreasing in ¢ > 0. Assume that Ry > 1, then there exists a ¢* > 0
such that A(c*) =1, A(¢c) > 1 for c € [0, ¢*) and A(c) < 1 for ¢ € (¢*, +00). Let
A =Inf{A € [0, Aex): p(A, ¢*) =1},
it indicates that p(A., ¢*) =1 and p(A., ¢) < 1 for any ¢ > ¢*. Define
Ai(c) =sup{A € (0, \): p(A, ¢) =1, p(\N, ¢) >1, VN € (0, \)}.

Because of p(A., ¢) < 1for ¢ > ¢*, we claim that the following lemma is established.

Lemma 2.3. Assume that Ry > 1, then there exist ¢* > 0, named as the minimal
spread speed, and A, € (0, Aex) such that
(1) p(A, €) > 1 for any c € [0, ¢*) and X € (0, A.),

(i) p(As, ¢*) =1, p(A, ¢*) > 1 for any A € (0, Ai) and p(A, ¢*) > 1 for any
A€ (0, ),

(iii) as ¢ > c*, there exists A1(c) € (0, Ai) such that p(Ai(c), ¢) =1, p(A, ¢) > 1
for X € (0, A1(c)) and p(A1(c) + en(c), ¢) <1 for some decreasing sequence
{en(0)} satisfying lim, oo €, = 0 and A1(c)+en(c) < Ax (n € Z). Especially,
A1(c) is strictly decreasing in ¢ > c*.

Since the M(A, ¢) is non-negative and irreducible for A € [0, A.), the bleow
lemma holds with utilizing the Perron-Frobenius theorem.
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Lemma 2.4. Assume that Ry > 1, for ¢ > c*, there are positive unit vectors

n}Ec) = (no(c), m(c),m2(c)™ and ¢"(c) = ((§(c), ({(c), 5(c)" forn € Z such
that

M(Ai(e), e)n(e) = n(c),
M(Ai(e) +enlc), )¢"(c) = p(Ai(e) +enlc), )¢ (o).
Fix ¢ > ¢* and let A\1(c), n(c) = (no(c), n1(c), n2(c))T and ¢"(c) = (¢ (c), ¢ (c),
H(e)T (n € Z) own same definitions in Lemma 2.3 and Lemma 2.4. For conve-
nience, we use A1, €,, 1= (10, 71, 12)T and ¢" = (&, ¢, ¢8)T (n € Z) instant of

them, respectively. It follows from Lemma 2.4 and p(\1 + &, ¢) < 1 that following
equations and inequalities are established for n € Z

- mO()‘la C>770 + (S? + USS)(HWI + 772) = 07
—mi(A1, ¢)m + qymo =0, (10)
—ma(A1, €)n2 + g2y = 0,

and
—mo(AL +&n, )7+ (SY 4+ 059 (¢ + ¢5) <0,

- ml()\l + €n, C)C{L + QI’YC(;L < 07 (11)
—ma(A1 +en, )0+ @27y < 0.

According to the above argument, we can construct suitable sub- and super-
solutions which are defined in below lemmas. And then the local existence of solu-
tion for system (5) is proved via the Schauder fixed point theorem.

Lemma 2.5. Let the vector function P(€) = (po(€), p1(€), p2())T with p;(€) =
771'(5)6)‘15 foré eR andi =0, 1, 2, and it satisfies

Dopg (&) = epo(&) + B(SY +055) (0p1(&) +p2(6)) — (1 +7)po(&) =0,
Dipy () = ep1 (&) + @r7po(€) — (n+ on)pa () = 0,
Dapy (§) = epa(&) + a27po(€) — (1 + a2)pa(€) = 0.
Lemma 2.6. For each w > 0 small enough with w < min{\y, §} and M > 1
sufficiently large, the vector function S=(&) = (Sy (£), Sy (€)1 defined by S; (€) =
max{S?(1 — Me“¢), 0} (i =1, 2) satisfies
eST(6) < dST(§) + A= (u+p)ST () = BST (OB (E) +p2(©)).  (12)
¢Sy (6) < dSy"(§) + pSy (€) — 1Sy (€) — oSy () (O () +p2(€)).  (13)
forE eR and { #—LIn M.
Proof. When & > —11n M, S;(€) =0 for i = 1, 2, and inequalities (12)-(13) hold.

When £ < f% In M, it implies that S; (&) = SY(1 — Me“$ and p;(€) = n;eM*. Due
SRV

tow < ¢ and e”
(—dw + ) SYMe€ + A — (i + p)SU1 — Me“S) — BB +12)ST(1 — Me“€)eMi€
= (—dw + ¢)S)wMe“s + (1 + p)SYMes — B(Om + n2) ST (1 — Me*®)eh

— 0 as M — +o00, it is shown that

A1

[(—dw +¢)SY%WM + (p+ p)SYM — B(On1 + n2)SVe™ 2 M| we
0,

>
>
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so the inequality (12) is established. Furthermore,
(—dw + ¢)SYwMe*s + pSY(1 — Me*®) — Bo(Ony + 12)S(1 — Mevs)errs
— pSy(1 — Me“®)
= (—dw + ¢)SYwMe“s — Bo (0 + 12)S9(1 — Me<s)ers
> [(—dw +¢)SYwM — Bo(0n1 +12)SYe™ MM et
>0,

and the inequality (13) is set up. The lemma is completely proved. O

Lemma 2.7. Let 0 < € < § with € = &y, for some ng € Z, and the eigenvector
¢mo = (¢, ¢, ¢3)T s defined by ¢ = (Co, (1, C2)T. We define the vector map
H(E) = (ho(€), hi(€), ha(€))T with hi(€) = max{n;eMé — K(eMtIE 0}, where
1; and (; are defined in Lemma 2.4 with i =0, 1, 2, respectively. For K > 0 large
enough such that
1 K¢ 1. KG 1. K¢ 1
mln{ln n}>l

S50 S n M
w

3

€ Mo € T € 72

then the vector map H(E) satisfies

chy(€) < Dohg (€) — (1t + 7)ho(€) + B(ST (€) + 0S5 (€))(0h1 () + ha(£)),
Mo

1
§< g (14)
oy () < Dil () + auvhof€) = (n+ an)hu(€), € < L (15)
chy(€) < Daliy(€) + a2vhol€) = (n+ ala(€). € < ¢ In 22 (16)

Proof. Firstly, we prove the inequality (14). For £ < 1In KLEO’ we yield ho(§) =

noe ¢ — K (oeMT9IE S (€) = SP(1— Me®), and Sy (€) = S9(1 — Me“¢). To prove

the inequality (14), it is sufficient to show the following inequality:
K [~=DoCo(M + €)% + cCo(M1 + €) + (1 +7)Co] €M 98 + B(ST + 0S5 ) [0ha(€)
+ha(€)] + DonoATe s — enoAie™® — (u + 7)noe s (17)
>0,

which is

—KComo(A1 + €, c)eM T 4 mgmg(Ar, c)eME — B(ST + 0S5 ) [0hi(€) + ha(€)] < 0.

According to equations (10), the proof of the inequality (17) can be replaced by
proving

— K¢omo(M + €, ¢)eM T8 4 B(SY + .S9) (0 + m2)e™€ — B(ST
+085) [0h1(€) + ha(€)] < 0. (18)
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Because SY — S;7 < SYMe*¢ and me*€ — hy(€) < K(ePMH98 for i = 1, 2, it is
obtained that
B(ST + 82) (O +m2)e s — B(ST + 0.57)[0ha (&) + ha(€)]
= B(SY + 059) (01 + 1m2)e™® — B(SY + 0.53)[0h1(€) + ha(€)]
+ B(SY + 08 [0h1(€) + ha(€)] — B(ST + 057 )[0h1(€) + ha(€)]
= B(ST +053)[0(mes — ha(€)) + (12¢™) — ha(€))]
+ B[00 (€) + ha()][(ST — ST) + (S5 — 53)]
< B(SY + 0S9) (0K CLeM T8 4 K (e H9)8) + B0h (€) + ha(€)](S) Me*
+ o SIMe“*).
Thus, for the proof of the inequality (18), we only need to prove
KeP 9 —mo(A + €)Co + B(SY + 0.59) (8¢ + Go)] + MB(ST + 7.55)[0ha (€)
+ ha(€)]e”* <0,
which is
K[=mo(A +€)¢o + B(S + 53)(0¢ + G2)] + MB(SY + 055)[0mi (€)
+1a()]e@ ¢ <. (19)

For ¢ < %ln 13207 it is the fact that e(“=9¢ — 0 as K — 4o00. Thus, combining
inequalities (11), the inequality (19) is obtained, and the inequality (14) is estab-
lished. Finally, we can prove inequalities (15) and (16) via the similar way in the

proof of the inequality (14). The proof is complete. O
Now, we set X > max{ In 2 K< - Ln 2 KC . } Define
( X) =57 (£X),
_ x1(-)s x2(+)s @ol(+), (pl('>7 wa(+) QOJ( X) = h;, ( X),
Y ) ec(-x. x], B S7(©) < xil) < S,
hi (€) < ¢;(8) < p; (&),
wherei =1, 2and 7 =0, 1, 2. And it is well known that I'x is closed and convex.

For any
(Xl(')a XQ(')v 900(')7 901(')7 @2()) €Iy,
we consider the following boundary-value problem for £ € (=X, X),

— S} () + ¢Sy x (€) = A+ (14 p)S1,x (€) + BS1x (E)[01(€) + 92(6)] = 0,
— dSy (&) + ¢Sy 5 (€) — px1(€) + 152, x (€) + BoSa x (€)[091 () + ¢2(6)] = 0,
— DoEx (€) + cEx (€) — Blx1(€) + ox2(6)][01.(€) + 2(E)] + (1 + 1) Ex(€) =0,

— DuIy x () + eIy x (€) — 11720(§) + (1 + 1)1, x(§) = 0,
= Daly x(€) + eIy x(€) = g2700(6) + (n + a2) o x (€) = 0,
(20)
satisfying the below boundary condition:
S1,x(£X) =57 (£X), So,x(£X) =55 (£X), (21)

Ex(£X) = ho(£X), I, x(£X) = hi(£X), I, x(+£X) = hao(£X).
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Applying the Gilbarg and Trudinger’s Corollary 9.18 in [6], we can claim that there
exists a unique solution

(Sl,Xa S2,Xa EX7 Il,Xa I2,X)7
satisfying the problems (20)-(21), where
(S1,x, Sa.xs Ex, Iix, Ipx) € W»P((=X, X), R NC([-X, X], R%),

for p > 1. And it is shown that (S1,x, S2.x, Ex, I1.x, I2.x) € W?P((—X, X), R®)
— CL2([-X, X], R®) for some « € (0. 1) via the embedding theorem (see Gilbarg
and Trudinger’s Theorem 7.26 in [6]). Define the operator T = (T1, T2, T3, Ta, Ts)
on I'x such that

Sl,X :7—1(X17 X2, ¥o, ¥1, 802)5

S2,X :%(Xlﬁ X2, Yo, $1, 802)5

Ex :%(Xla X2, ¥0, P1, 902)3

I x = Ta(x1, X2, ¥o0, 1, P2),

II,X :7-5(X15 X2, $0, P1, ()02)7

for any (X17 X2, $0, P1, @2) S I‘l)('
Lemma 2.8. The operator T maps I'x into I'x.

Proof. Firstly, we consider S;(£) (¢ = 1, 2). It is well known that 0 is the sub-solution
of the S;-th equation in equation (20), respectively. S¥ and S are super-solutions
of S;-th equations in equation (20), respectively. According to 0 < S; x(X) =
S7(X) < 8Yand 0=5; x(—X) = S; (—X) < S?, while combining the maximum

principle in [19], it is the fact that 0 < S; x(&) < S? for V€ € [-X, X]. Due to
Lemma 2.6, it yields that S; (§) satisfies

0> —dS; " (€) + ¢Sy (€) = A+ (1 + p)Sy (€) + BST(€)(0p1(€) + p2(€))
> —dST" (&) + ST (€) — A+ (1 + p)ST (€) + BST (€)(B1 () + 2(6)),

and
0> —dS5 " (€) + ¢Sy (€) — pST(€) + uS5 (€) + BoSy (€)(Bp1(€) + p2(€))
> —dS5" (€) + ¢Sy (€) — px1(€) + uSy (€) + BoSy (€)(001(€) + w2(€)).

(— S

(

for any ¢ € [-X, X,] with X' = —%th. Because of S; x(—X) = (—X) and
Six(X') > 87(X') = 0, it is concluded that S;(£) < S; x(€) for € € [-X, X'
by the maximum principle. Therefore, we claim that S; (§) < S; x(§) < S’? for
¢e[-X, X

Secondly, we consider about Ex, I; x and I x. It follows from the maximum
principle that Ex > 0, I; x > 0 for any { € [-X, X]. According to Lemma 2.5, it
is obtained that

)+
) +

) = B(SY + 53)(0p1(€) + p2(&)) + (1 +7)po(€)
) = B(SY + 53)(01(€) + 92(€)) + (1 + 7)po (&),
) — @1ypo(§) + (1 + a)pi(§)

) — a1ypo(§) + (1 + a)pi(§),

)
)
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and
0= —Dapy (€) + cpa(€) — q2vpo(€) + (11 + a2)p2(£)

< —Dapy (€) + epa(€) — goypo(€) + (1 + a)p2(£),

for any ¢ € [-X, X]. So the maximum principle shows that Ex (§) < po(&), I1,x(§)
< p1(€) and I x (&) < pa(&). for € € [-X, X]. Furthermore, Lemma 2.7 implies
that

0> —Dohg (€) + cho(€) + (
> —Dohg (€) + chy(€) + (
1

0> —D1ihy (&) + chy(§) — qryvho(§) + (1 + a1)hi(§)
> — DR (€) + ey (€) — qivpo(€) + (1 + an)ha (€),
for { € [=X, X}] with X; = 1 In 4, and
0> —Dahy (€) + chy(€) — q2vho(€) + (1 + a2)ha(€)
2 (€) + chy(€) — q2vp0(€) + (1 + aa)ha (),

for £ € [=X, X,] with X, = LIn 7. Owing to Ex(=X) = ho(=X), I1 x(=X) =
hi(=X) and I x(—X) = hy(—X), while combining the fact Ex (X)) > ho(X) =
0, I x(X;) > hi(X;) = 0 and I x(X,) > ha(X,) = 0, we can implies that

Ro(€) < Ex(€), h(€) < I x(€) and ha(€) < Lox(€) for € € [-X, X|] (i =0, 1, 2)
by the maximum principle. Thus, one yields ho(§) < Ex (&) < po(€), h1(§) <
I x(&) < p1(&) and ha(§) < Iz x(§) < pa(&) for £ € [-X, X]. This completes the
proof. O

By taking advantage of the classic embedding theorem, 7 is a compact operator
from 'y to I'x. In fact, 7 : I'xy — 'y is also a completely continuous operator
(see [27]). Above all, the Schauder fixed point theorem implies that there exists a
vector function (S1,x, S2.x, Ex, I1.x, Iz x) € I'x satisfying

(S1,x, S2.x, Ex, I x, I2,.x) =T(S1,x, S2.x, Ex, I x, I>x),

for £ € [-X, X], which includes that (S1,x, Se.x, Ex, I1,x, I2 x) satisfies follow-
ing equations for i =1, 2,

—dS] x(€) + ¢S] x(€) = A+ (1 + p)S1x(€) + BS1 x (€)[011,x (€) + I, x (£)] = 0,
— dSy x(€) + ¢Sy x (€) = pS1,x(€) + 1S2,x (€) + B0 Sa x (E) 01, x (€) + 2, x (€)]
=0,
— DoEx(€) + cEx (€) — BS1,x (€) + 0Ss, x (E)][011,x (€) + Lo, x (€)]
+ (p+7)Ex(§) =0,
— DiIy x(6) + eIy x(€) — a1y Ex (€) + (u+ ar)I1 x (€)

) = 07
— DIy (&) + cly x (€) — e2vEx (€) + (1 + aa) Iz, x (€) = 0,
SZ,X(iX) = Si‘(iX), Ex(+X) = ho(£X), IZ,X(iX) =h;

(£X).
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We have proved the local existence of solution for system (5). In order to obtain
the global existence, we need the following estimate.

Lemma 2.9. For a given'Y > 0, there exist some positive constants Ng,(Y), Ng(Y)
and N, (Y) such that

| Si,x llos-v, vi< Ns,(Y), || Ex |les-y, vi< Ne(Y), || Lix lcsi-v, vi< N (Y),
(23)
with i =1, 2, and these positive constants are independent of
1 1. n 1. m 1.  nm
In In .

1
X > Y, —In—, -1 , - , -
max{ w nM € nKCO e KG e K(

Proof. We always set ¢ = 1, 2. The equation (22) can imply that S; x(§) <
S0, Ex(€) < moeMY < Np(Y), and I; x (€) < mieMY < Np,(Y) for any € € [-Y, V.
And applying L? (p > 2) estimates of linear elliptic differential equations to S; x,
we can claim that

I S1x lwzviy< Q1 (A + BSUONL(Y) + NL (V)] || 61 w2y
and
| Sa.x llws -y < Q2 (989 + BoSSIONL(Y) + N (]+ 1| 62 lwar(-vy))
where €2; is a constant depending on Y. ¢; can be considered as a linear function
connecting points (=Y, S; x(=Y)) and (Y, S; x(Y)), respectively. Therefore, there

exists a constant és\l(Y) such that || S; x [[w2r—y,y)< @(Y) for any X >,
respectively. Owing to W2P(-Y, Y) — C1e[-Y, Y] for a = 1 — %, it is shown
that || Six [[cre—y, < ]T/'\S/(Y) | Six llwr.e(—y, vy where ﬁ;(Y) is a constant
depending on Y, which can lead to || S;x [lcre—y, v]< ]TTS\(Y) for N;(Y) =
Q/); (Y)]Vg/l (Y) > 0. According to the first and second equations in equations (22),
we also obtain || S; x [lc2-y, v]< ]V;(Y) for N;(Y) > 0, respectively. Via the
similar way, we further yield that || Ex [c2[—y, v1< Ng(Y) and || L x |le2—y, v1<

]T[I\i (Y). Finally, the estimate (23) is established with differentiating two sides of the
first five equations in equations (22). The proof is finished. O

Set a sequence of positive numbers { X, }, -, satisfying X,,, — +00 as m — +oo0.
Thus, by Lemma 2.9, there exists a solution (S1, S, E, I, I3) € C*(R, R®) of
system (5) such that

S7(€) < 81(6) < 57, S5 (€) < S2(6) < 83,

ho(§) <E(E) < po(§), hi(§) < 11(§) < p1(§), ha(§) < 12(€) < p2(§) (24)
with V¢ € R. According to inequalities (24), we can gain

lim S1(&) =59, lim S9(¢) =S89, lim E(¢) =0,
E——o0 §——o0 §——o0

lim I;(¢) =0, lim Iy(¢) =0.

{——o0 £——o0

Now, we need to show some estimates about solution (51(§), S2(§), E(§), [1(€),
I5(¢)) in order to research the asymptotic behavior as £ — +oo.
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Lemma 2.10. Let r < min{p, p+ a1, p+ as}, then we have

d A
0< B+ 4L+ </ p5—
and
A < 51(8) < S,
pA

where Dy = min{Dy, D1, D} and V¢ € R.

s>
~—

2337

(26)

Proof. In this proof, we still set ¢ = 1, 2. As E(&), I1(§), I2(§) are non-negative and
not identically zero, the strong maximum principle implies that E(&), I1(£), I2(§) >

0 for any £ € R and E(&) + 11 (&) + 12(£) > 0. Define

m1(§) = pS1(&) + BS1(§)[011(8) + 12(8)], ma(§) = pSi(§) — BaS2(011(8) + L2(8)],

and

ni(§) = qvE(§), n2(§) = avE(§).
Due to the define of r, it then follows that
— ds (§) )
— dSy (§) + ¢S, (&)
— DoE" (§) + cE'(
~ DiI, (¢
~ Dol (€

So we need to consider the following Cauchy problems

0 8
{ st ©) - 352 wi(t, O +egen(t €+t € =A—mi(o)
’LL1 0 5

fUQt f

U20£

)
852 up(t, §) + eggualt, &) +rualt, §) = ma(f),

8
9 (%2 vilt, §)+c8—§vl(t &) +rui(t, &) =ni(8),

{ olt, €) 352 tolt, €)-+ crvalt, €+ roalt, € = ma(€) ~ ma(e
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for Vt > 0, V€ € R. Then, via the Theorem 12 and the Theorem 16 in [5], we can
indicate

_ (E—ct—y)?
ui(t, §) =e” ﬁ e S1(y)dy
_ (f—ct—y)” ct*y)2
/ / \/m s (A - ml(y))dyd87
_ (g—ct—y)?
us(t, §) =e” \ﬁ e Sy (y)dy
t 77‘t (5*4%*5/)2 E d

" /0 /R \/TTO:;@_W (m1(y) —ma(y) — n(y) — n(y))dyds,
_ (g—ct—y)?

_ 1 _(g—ct= y>2
wlh, £) = rt/R\/m " d“/ / \/m T ni(y)dyds,

for Vt > 0, V€ € R. Applying the comparison principle in [19] concludes
Si(€) S wuilt, ), E(§) <wolt, §), Li(§) < wilt, §), vi>0, V§ €R.
Let t — +00, then one yields
A
51(6) = — = f1(6), S2(8) < f2(8), E(€) < fo(€) — 90(&), Li€) = 9:(E),
for Vt > 0, V€ € R, where

—+o0 ot —+o00 2
fi(€) = / 7T [ (e —y - ct)e Erdydr,
0

— 00

oo e +oo 42
fo(§) = /O e Virbor [m1(§ —y —ct) —ma(§ —y — ct)]e” "ot dydt,

— 00

oo e +oo 2
90(§) = / e Virbot [1(E —y — ct) + na(E —y — ct)]e” ot dydt,
0

—00

oo ¢ +o00 42
gz(g) = / e ArDit nz(g —y— ct)e_ ID,t dydt
0

—00

Owing to d > Dy > D;, we yield

V' Dogo(€) > V/D1g1(€) + /Daga(€)

Vd[f1(6) > /Do fo(¢
for any £ € R. We also have v/D;I;(£ ) < \/ 59i(€) Consequently, it is shown that

+\/g7(1)11 \/1)7212 < fol€ \/7f1 \/;fz(ﬁ)
\/DTOQ — S1(9) - \/;052@
2

and

IN

IN
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which implies

D D D
() + 1) + B(8) </ 5= B©) +/ 5 —h(O) + 1/ 5 1(¢)
d A
- Dmin ?7

for Dypin = min{Dy, D1, D2} and any £ € R.
On the other hand, one has

455 () — e1(€) + A~ B9 5ot — (-t 9)SH(6).

for any £ € R. Then the maximum principle implies that
A

< 51(§), V¢ eR.

ptp+By ooy

Via the similar argument on S1(£), we can indicate

A
P < 85(€), VEER.
This lemma is completely proved. O

Since the system consisted by E-th and I;-th equations in system (5) is cooper-
ation and irreducible, the Theorem 2.2 in [2] and Lemma 2.10 can claim that there
exists a positive constant M7 such that

max{[ max F, max [;, max IQ}

£—1,6+1] [€—1,6+1] [6—1.6+1]
< M; min { min F, min I[;, min Ig} . (28)
[6-1,6+1] [€—1,6+1] [6-1,6+1]
Furthermore, there exists a constant M > 0 such that
E I, I .
E(¢) 1 (§) I5(§)

for V€ € R. Actually, L? interior estimate shows there exists a positive constant
My > 0 satisfying

max{H E HW?@(&—%,&%), | 1 HWM(&—%,H%% | I ||W21p(57§,§+%)}

S Mo {I| B llzre—r601) + I In looe—r600) + 1 B2 looe-1,641) )

§6M2max{ max F, max [;, max IQ},
[€—1,6+1] [6—1,6+1] [€—1,£+1]

for any £ € R and p > 1. The above inequality, combining the embedding theorem,
can conclude that there exists a positive costant M3 satisfying

’ ’ ’
max { || E' lloog oy |0 - paosips 152 lop—goet )

§M3max{ max F, max [;, max Ig}. V¢ € R. (30)
[z—1,z+1] [z—1,z+1] [z—1,z+1]

Set M = M Ms, then the inequality (29) is established via the estimate (30).
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In order to take advantage of a suitable Lyapunov functional to research the
asymptotic behavior of (51(§), S2(§), E(§), 11(§), 12(€)) as & — 400, we define

Sl(')’ SQ(')v E()v Il(')v IQ() ECl(R, (07 +OO)) X
x CH(R, (0, 400)),

E = Sl() > 0, Sg() > 0, E() >0, Il() >0, IQ() > 0, ,
- E©|, |L©O] |LO]_ -
M=00Fe | T he| T ne| <M

Let g(z) =z — 1 — Inz and define a suitable Lyapunov functional

VS Sa B h B)(E =51 |51 (g - 57 ) +eo (
1

)
e o5 (g 5) + (55

+ B {DOE' <Eé) - El> +cg (EE@))] (31)
rati [l (75— 1) +oo ()
veunfons (g - 4) (5]

_ BOTI(St + 0S;)
ayE*

where

¢, I(Si+ oSy

C
' Gy E*

for each (S1(-), Sa(), E(:), I1i(-), Ix(:)) € E. Then we claim the below lemma.

Lemma 2.11. Let (A) be satisfied and (S1(-), S2(-), E(-), I1(-), I2(:)) be a positive
solution of system (5) satisfying

N S Sie) < 87 (32)
E(g) < NE*, (33
L&) < NT;, (34
and
E©|  |L©)], |L©
20| | no|tne| <Y (39)

for any € € R and i = 1, 2, where N is a positive constant. Then there exists a
constant m > 0, depending on N, such that

—m < V() <400, VEER, (36)
where the map V(§) is defined as formula (31). Moreover, the map V() is not

increasing. In particular, S;(§) = Sy, E(&§) = E*, 1,(§) = I} as the map V(§) is a
constant.
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Proof. The previous description has shown S; and S, are bounded in C?(R). Via
inequalities (32)-(35), we can conclude that for any £ € R

diSZ‘S; © ( o Sl> T+ DyEE (6) (Eég) - ;)

K2

N | 1
+> G DiI (i) (1(5) - F)

i=1

2 ’ ’ ’
Lo aa Ao (1B (L@, [128)
<d» S| S; — )+ DC DC
< ; F1Sille W 52) + DON + ( B | s
2 1 o o
<dY 87| Si e W+ g5) + DON + DON?, (37)
i=1 @
where D = max{DyE*, DI} DyI3}, and C = max{1, Cy, Cy}. Let
51(8) S2(§) E(¢) L(8) 1(¢)
d(¢E) = .
(&) =cg < S: + cg S5 +cg T + cChyg I + cCayg I3
(38)
According to both the definition of g(-) and (32)-(34), it is shown that 0 < ®(¢) <
+00,V¢ € R. Then, by combining the inequality (37), the inequality (36) holds.
Since a direct calculation with letting z; = Sg—(f), To = Sg—(;), T3 = %, Ty =
11[(15), Ty = bl—(f) leads to
T:(A75951]17ﬂ51127p51) 27$17;1
* * Tk * Tk 1 x
+ (pST — BobS5 I — BoS5I5) (3 — — — w9 — —
I T2
1 1
+ 3OS I} (3 - “) + BS;I; (3 o nis “)
T T3 T4 T z3 Ts
1
+poosyy (4- - -2 200
T i) I3 XTq
1
+ oyt (4- o - 2o mmn )
T xT9 T3 xIs
Therefore, via the mean inequality, we conclude that
dv(¢)
<0, V¢eR,
<0 v
which implies that the map V(£) is non-increasing. Especially, when
dv(¢)
—=> =0, V€eR
dg ) é‘ e )
the map V (€) is a constant, which indicates that
S1(€) =857, S2(8) =855, E()=FE*, () =17, () =1, V¢E€R.
This completes the proof. O

Now, we gain the first theorem for existence of traveling wave solution for system
(2) as below:
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Theorem 2.12. If (A) and Ry > 1 hold, system (2) admits a non-trivial and non-
negative traveling wave solution (S1(€), S2(§), E(§), I1(§), I2(£)) satisfying the
boundary condition (6) for each ¢ > c*, where ¢* is the minimal spread speed and
Ry is the basic reproduction number for system (3).

Proof. We still set ¢ = 1, 2 in this proof. It follows from the previous argument
that there exists a vector function

(51(8), S2(8), E(E), 1(€), 12(€))

satisfying system (5), and
lim S1(6) =59, lim So(€) =S89, lim E(¢) =0,
{——o0 £——o0 £——o0
lim () =0, lim I(§) =0,
£——o0 £——o0

for any £ € R. Therefore we only need to show that
lim_$1(¢) = ST, lim_Sa(¢) =S5, lm E(¢) = E"

§—+o0
i I =17, 1l I =1,
5_12100 1(6) 1 5_12100 2(€) 2

Take an arbitrary increasing sequence {&,,} with &, > 0 and m > 0 such that
&m — +00 as m — +00. Define

Si,m(é) = Sz(g + gm)» Em(g) = E(£ + gm)» Iz,m(f) = Iz(§ + gm)
Via the elliptic estimate, it may assume that the sequence (S1m, S2.m; Em, I1.m,
I5 1) converges towards (S1 00, 52,005 Foos 11,00 12,00) in CL(R) x---xCL _(R). As
a result, (51,00, 92,00, Foos 11,00, I2,00) is also a solution of system (5). In addition,
the map V() defined as the formula (31) is not increasing, then we yield

V(Sl,my SQ,ma ETVM Il,ma IZ,m)(é.) S V(Sla 827 E?’l’h Ila 12)(5)

for any ¢ € R. Since the map V() is bounded via Lemma 2.11, there exists a
constant G € R such that

lim V(Sl,ma SQ,mv Ema [1,m7 IQ,m)(g) :év VéER?

m——+oo

which implies that
V(SLOO) 52,007 EOO7 Il,ooa IQ,OO)(&) EG’
in C} (R). Combining Lemma 2.11, we can claim that
Si,oo = S;k7 EOO = E*7 Ii,OO = 1:7
Sioo =0, B, =0, I ., =0.
Via the arbitrariness of the sequence {&,,}, we finally indicate
lim S;(¢§) =S5/, lim E()=FE", lim L) =I;.
dm &) =25; Jim () Jim ()
The proof is completed. O

Furthermore, the second theorem of existence for traveling wave solution for
system (2) is stated as below:

Theorem 2.13. Assume that (A) is satisfied and Ry > 1. Then for ¢ = c¢*, system
(2) also admits a non-trivial and non-negative traveling wave solution (S1(§), S2(§),
E), I(¢), I2(8)) satisfying the boundary condition (6), where c* is the minimal
spread speed and Ry is the basic reproduction number for system (3).
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Proof. Step 1. Take a decreasing sequence {¢,,} € (¢*, ¢*+1) with lim,,— 100 ¢y =
c*. It follows from Theorem 2.12 that there exists a solution (S1.m, S2.ms Em, 11.m,
I5,m,) of system (5) for each ¢, satisfying conditions (6), (25), (26), (28) and (29).
Since (S1,m(-+a), Se.m(-+a), En(-+a), I1 m(-+a), Izm(-+a)) is also the solution
of system (5) satisfying equations (6) for any a € R, we can let
SY + S5
SLm (O) == %
The interior elliptic estimates, Arzela-Ascoli theorem and a diagonalization argu-

ment can indicate a subsequence of {(S1,m, S2.m: Em, I1,m. I2,m)} defined again
by {(S1.m, S2.ms Em, I1m. Iam)} satisfies

(Sl,m7 S2,m7 Emv Il,m- I2,m) — (Sh S2a E7 Il- 12)
as m — +oo in C2 (R, R%). And it is well known that (S1, S2, F, I;. I2) satisfies
system (5) and
S+ 5t

Sl (0) 2 ’ (39)

which implies that
(517 527 E7 Il' IQ) $é (SIO’ ‘987 07 07 O)

Moreover, we yield S; > 0, £ > 0, I, > 0. Above all, it is concluded that
(S1, S2, E, I1. I) satisfies estimates (25), (26), (28) and (29). Via Lemma 2.11,
one gains
Si(+00) = S, E(4+o00) = E*, I;(+00) =1/, i=1, 2.
Next, we need to prove what the solution converges to as £ — —oo. Since Lemma
2.11 implies V (§) defined as the formula (31) is non-increasing, then we can obtain
either

fE][_n V(&) =L < +oo, (40)
or
EEEH V(&) = 4o0. (41)

If the formula (40) holds, via the similar way in Lemma 2.11, it can claim that
Si(—OO) = S:,E(—OO) = E*7 Iz(—OO) = I*a i=1, 2,

and then L = 0, which implies that V' = 0 for any £ € R. Consequently, applying
Lemma 2.11 concludes that

Si (&) =S, B =FE", Li(§) =1, VEeR, i=1, 2,

which contradicts the equation (39). Thus, the equation (41) must be only workable.
Due to the inequality (37), it is shown that

Jim @(€) = +o, (42)

where ®(¢) is defined as the formula (38) in the proof of Lemma 2.11. Now, we
firstly show that

¢ lim inf E) =0. (43)

On the contrary, if E(£) > ¢ in £ € R for some § > 0. According to E(400) = E*,
then it follows from the estimate (28) that there exists a constant 0 > 0 such that

L;(€) >4, VEeR,
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which indicates that
lim ®(§) < +oo,
§——o0

and contradicts the equation (42). Therefore, the equation (43) holds. Secondly,
we prove that
lim E(¢) = 0.

§——o0
If
lim sup E(§) =4d > 0,
£——o00

there exists a sequence {¢;} satisfying

lim E(;) =4,
j—00
Via the estimate (28), we can have
1
()< ——6, i=1, 2
)< amnd 1
Then, it is implied that

lim sup V(§;) < 400,
j—o0o
which contradicts the equation (41). Therefore,
lim E(£) =0.

£——o0
In the similar way, we can also claim that

lim I;(¢) = 0.

£——o0
Finally, set ¢ = 1, 2 and we show that
lim S;(&) =57

{——o0

In order to hit the target, we firstly prove the existence of lime_, o S;(§). On the
contrary, we assume that one of limg_,_, S;(§) does not exist. Since S;(§) satisfies
(26), we obtain

Jim inf{S;(€) + Sa2(&)} < dm sup{S1(§) + S2(§)} <

==

Take a sequence {,} satisfies &, — —o0 as n — +o0o and

lim_[51(6) + Sa(6n)] = lim_inf(S1(6) + Sa(6)} < .

n—-+o0o

d 2
E[sl@n) + S2(£n)] =0, @

Since lim,,— 4o I;(£n) = 0, adding the S;-th equation and Ss-th equation implies
that

[S1(6n) + 52(&n)] < 0. (44)

n—-+oo
which leads to a contradiction to inequalities (44). Thus, lim¢_, o S;(§) exists,
respectively.
Step 2. This step is to prove limge,_ o S;(§) = 59 Let lime, o0 Si(€) = ki.
Utilizing the equation

—dSy (&) + ¢Sy (&) + (u+ p)S1(€) = A — BS1(E)[011(6) + L2(€)], € €R,
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we can obtain that

3
S1(6) :%[ eMETIN = B8 (2) (011 (2) + L ())]de
1 [T g5, @00 @) + )
zJe
0
— [ e B8i(¢ - 2)OnE -~ 3) + Bl — )ldo
10o+oo
# [ M= 881 (€~ D)€ — 2) + Bl — 0)da,
0
where
s d(Ay — Ay), Ay = c— /A +4d(p+p) A, — c—\/02+4d(u+p).

2 ’ 2
As & — —o0, it follows from the Lebesgue dominated convergence theorem that

A 0 “+o00
kL= — (/ sA17 g —|—/ sAdem> ,
z —o0 0

which leads to
A 0

ky=——=257].
ptp !
Via the similar argument on S5(€), we can get
k
[
I
This completes the proof. O

3. Non-existence of traveling wave solution. The previous section has stated
the existence of traveling wave solution connecting disease-free equilibrium and
endemic equilibrium when Ry > 1 and ¢ > ¢*. In this section, we aim to prove the
non-existence of this solution in three cases: (1) Rg < 1, (2) Rp =1, (3) Ry > 1
and ¢ € (0, ¢*).

3.1. Case(1): Ry < 1.

Theorem 3.1. If Ry < 1, there does mot exist a non-negative and non-trivial
traveling wave solution of system (5) satisfying the boundary condition (6), where
Ry is the basic reproduction number for system (3).

Proof. On the contrary, assume that there exists a solution (S1(§), S2(€), E(£),
I (§), I2(€)) satistying system (5) and the boundary condition (6). Let Egyp, =
supgeg £(§) and take i = 1, 2. We can yield from the I;-th equation that
DI} (€) = L (€) + ivEsup — (n+ ) [i(§) 20, VEER.
It follows from the comparison principle that
qi’yEsup
L) < ———=, VEeR.
(6 < X2 e
Next we research the following equation

i e n ql’yEsup q2’7Esup = .
DoE"(©) — ' (6)+ A (#1154 VB ) _ (1)) —o,
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where A = 59 + ¢S9. Via the comparison principle, we can show that

E@)sﬂ(aq” L2 )Eww
ptor pt g

A(0 Q1 + q27y )21
pHor pta

and contradicts the fact Ry < 1. Above all, there exists no non-negative and non-
trivial traveling wave solution as Ry < 1. O

3.2. Case(2): Ry =1.

which indicates

Theorem 3.2. As Ry = 1, there does not exist a non-negative and mon-trivial
traveling wave solution of system (5) satisfying the boundary condition (6), where
Ry is the basic reproduction number for system (3).

Proof. Set a new sequence {&,,} C R such that
lim FE(,)=B= sup E(¢).

m——+oo

Now, we need to show B =0 by contradiction. Assume B > 0, and we con-
sider the function sequence (S1,m (), S2,m(§), Em(§), I1.m(§), Ia,m(€)) = (S1(€+
Em), S20E4+&m), Em(E+&m), Ii(E+Em), I2(€+ &n)). We take a function subse-
quence denoted again by (S1,1,(£), S2,m(§), Em(&), I1m(£),
I3, (£)), and utilizing elliptic estimates shows that
(S1,m(€)s So.m(€)s Em(&), Tim(€); Tom(€)) = (S1(E), S2(8), E(E), L(€), Lx(€)),
%m%+mmﬁg)mm@&)&@ E(¢), 11(€), L(¢)) satisfying

a8y (€) = ¢S1 (€) + A= BSI(E)(OL,(€) + (&) — (p+ w)51(6) =0,

dSs (€)= S5 (€) + pSi(€) — BrSa(€)(0 ~1()+f2(€))—u52(§)=0,

DoE" (€) = cE'(§) + 8[011(6) + L(&)] [S1(8) + 082(9)] — (n+ME(©) =0,

DIy (€) —cli (&) + avE(€) — (u+ a1)1(€) =0,
(

E(0) =B, E(¢) < B,
0<8i(§) <8y, i=1,2 VEeR

The maximum principle implies that

7 qu
Ii(§) < .
[l
Moreover, we can yields

! 5 5 @y q27 3 3
0 < DoE"(0) + B[S1(0) + 05 (0)] (aﬁal + HO@) B—(u+7)B.

Owing to £ (0) < 0, B[S1(0) + o$1(0)] (auﬁg + )B —(u+7)B >0 and

S; < 89, we must claim 8[S;(0) + 05, (0)] (9 LYy oy )B (1147)B = 0, which

pton ptoaz

implies that S’Z-(O) = 59, The minimal principle with combining the S;-th equation
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can lead to S;(€) = Sy, E(&) =0, I;(€) =0, V¢ € R. Consequently, we have B=0
that contradicts B > 0. This case is completely proved. O

3.3. Case(3): Ry > 1 and ¢ € (0, ¢*). In this case, we attempt to utilize the
two-sides Laplace transform to gain the non-existence of traveling wave solution for
system (2). Therefore, we firstly need to imply the exponential boundedness for
traveling wave solution via next two lemmas.

Lemma 3.3. Assume that Ry > 1, where Ry is the basic reproduction number for
system (3). For any ¢ > 0, if system (5) admits a non-trivial and non-negative
solution (S1(£), S2(€), E(&), I1(£),I2(8)) satisfying the boundary condition (6),
then there exist two constants J > 0 and G > 0 large enough such that

3 3 3
/ E(z)dz < J, / Li(z)dz < T, / I(z)dz < J,

for & < —2G.

Proof. Set i =1, 2. Let ¢ > 0 and (S1(£), S2(§), E(&), I1(§), I2(£)) be traveling
wave solution of system (5) satisfying the boundary condition (6). Thus, we can
claim there exist G > 0 large enough and small € € (0, 1) such that

Sz(g) > Szo(l - 5)7 g € (—OO, _2G)
For any ¢ < —2G, we can yield

B(S1(8) + 052(€))(O11(€) + 12(€)) — (1 + 1) E(&) 2B(SY + 059) (1 — €)[011(€)
+ L] = (n+7)E(E) (45)

For y < £ < —2G, let

13 13 13
Jole, y) = / Ea)dz, Ji(¢, ) = / L@)de, Jo(é, y) = / I(x)da.

Integrate both sides of inequalities (45) from y to &, with y < £ < —2G, and we can
yield

B(ST + 081 =) (01 (&, y) + (& y) — (u+7)Jo(& y)

3
< / [8(51(2) + 052(2))(011(2) + L2(z)) — (1 +7) E(x)]dz. (46)
Y
It follows from Lemma 2.10 and inequality (29) that

I EC) ez < Pl L) e < P, (47)
and

lim E'(¢&)= lim I,(€) =0, (48)

{——o0 §——o0
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where P is a positive constant. Due to inequalities (47)-(48), we have

¢
[ [B(S1(z) + 082(2))(011(x) + I2(2)) — (1 + ) E(z)]dx (49)
é ! ’ ’
= lim_ [~DoE" (2) + cE (x)]dz = —DoE (&) + cE(¢),

£ 3 . ,
/ (g E() — (u+ o) Li()de = lim [ [-Di} (@) + eI (x)]da

= =DI;(&) + cLi(€). (50)

In the following, we aim to prove that there exists a constant J > 0 such that

3 3
/ E(z)dz < J, / L(z)de < J, V&< —2G.

Let
pty BOSY +0S9)(1—e) B(S?+059)(1—¢)
A= q1y o 0 ;
q27 W+ oo 0

and we conclude |A| < 0 for € > 0 small enough on the basis of assumption Ry > 1.
Add

J(& y) = — (u+a2)B0(SY + 093)(1 — &) (v Jo (&, y) — (n+ ar)a(€, v))

— (p+an)B(S) +0S9) (1 —e)(g27Jo (€, y) — (n+ a2) (€, )

to both sides of the inequality (46) multiplied by —(p + a1)( + a2), and it is
obtained that
_ 3
A€ ) <t @)+ a) [ 8(51(@) + 0Sa(0) (O (@) + a(z)

— (p+y)E(x)]dz — J(&, y), (51)

for y < £ < —2G. As y — —oo, the inequality (51), combining equations (49) and
(50), leads to

3
/ E(z)dz < J, V&< -2G.

In the similar way, we also can claim that

3
/ Li(z)de < J, V&< —2G.

— 0o

The proof is completed. O

Lemma 3.4. Assume that Ry > 1, where Ry is the basic reproduction number
for system (3). For any ¢ > 0, if there exists a non-trivial and non-negative trav-
eling wave solution (S1(§), S2(8), E(&),11(£), 12(8)) of system (5) satisfying the
boundary condition (6), a positive constant py can be found and satisfies

sup E(£)e ™08 < oo, sup |E'(€)|e ¢ < oo, sup |E” (€)]e™H0¢ < oo,
§ER £ER £€R

sup I (£)e H0¢ < oo, sup |1 (€)]e ¢ < oo, sup|I; (&) "0¢ < oo, (52)
EER £ER £eR

sup Ip(§)e ¢ < oo, sup|L,(¢)|e ¢ < oo, sup|Z, (§)]e ™ < oo,
EER £eR ¢€R
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Proof. Fix ¢ > 0. According to € > 0 and G > 0 defined in Lemma 3.3, it is also
shown that
S1(§) > SP(1—¢), Sa(&) >S9 (1—e), V&< —2G.
And Ry > 1 implies that
[0k + a2) + g2yB(p + 01)](S? + 0S5) (1 — ¢)
(b +7) (b + o) (p + az)
Thus, for any £ < —2G, we yield that
cE'(§) > DoE" (&) + B(SY + S9)(1 — )01 (&) + La(&)] — (n+NE(E),  (54)
eI (€) = DiI; (§) + @ivE(€) — (n+ a1 (&), (55)
cIy(€) = DIy (§) + g27E(€) — (1 + a2) T2 (€). (56)

Set ¢ = 1, 2 and remain in what follows. According to Lemma 3.3, it is indicated
that

> 1. (53)

13 13
To(€) = [ B(x)de < 7, Ji(€) = / Ii(z)de < T,

— 00
for any £ < —2G. Moreover, we integrate tow sides of the inequality (54) from —oco
to £ and can obtain that

CE(§) 2 DoE'(§) + B(S) + 0:85)(1 = £)[0.I1(€) + T2(€)] — (n+7)Jo(&)- (57

Integrating two sides of the inequality (57) from —oo to £ with £ < —2G indicates
that

3 13 3
B(SY + oS (1 — 6)[0/ Ji(z)dz + / Jo(z)dx] — (u+ ’y)/ Jo(z)dz (58)
+ DoE(€) > cJo(§).
Via the similar way in equations (55) and (56), we can yield
£ & _ _
wr [ G@de— (etan) [ Do+ DLE© =ch@©, (59
and
£ & _
iy [ oo (et ar) [ Do+ Daba(@) = ch©), (60

which reduces to

£ 1 & _
/ Ty (@)dz = (m / Jo(x)da + D11 (€) —ch(g)>, (61)

—o0 _M+OZ1 —o0

and

—o0 _M+(X2

13 B 1 3 _ _
/ Jo(z)de = <q27/_ Jo(z)dx + DoI5(€) — cJ2(£)> . (62)

Next, we need to claim there exist two positive constants a and b such that

aZ/ Ty(w)de < b3 () (63)



2350 HAI-FENG HUO, SHI-KE HU AND HONG XIANG
Substituting equations (61) and (62) into the equation (59) has

cJo(€) ZB(SY +oS5)(1 —¢)

3
(qw/ Jo(z)dz + D111 (§) — Cj1(§)>

o —o0

§
(cm/ Jo(x)dz + Dol () — Cjz(f))]

+
M+ —00

3
+ DoE(€) — (u+7) / Jo(w)dz

~[atst+ospa -2 (EJZ + B (i) [ ; Jola)dz

0D
+ B(SY + 5S9)(1 — &) (H — L

D
L(g) + —2
aq [ amn e

12@)) T DyE(9)

— BT+ a1 - ) (o O+ (O

which implies

e [te) + 5052 + o591 -9 (L h©+ )]
> {ﬂ(s‘f + 081 —¢) <qu?§1 + u%ﬁl@) —(p+ 7)} /; Jo(x)dx

0D
+B(SY + 589)(1 —¢) <M — !

L)+ 22 12(5>)+D0E<s>.

ay U e )

Because E(£) and I;(£) are non-negative, the above inequality reduces to

[o(st o591 - (20 B0 )] [* e

<0l + BSY + a39)(1 — ) (o RO + )|

According to the inequality (53), we can claim that there exist two positive constants
ap and by such that

£
o / Jo(x)dz < bo(Jo(€) + Ji(€) + Ja(6)). (64)

— 00

Plug the inequality (64) into the inequality (58), and it is shown that there are two
constants a and b satisfying

3 ¢
a (/ Ji(z)dz +[ Jz(x)dfv> < b(Jo(&) + J1(8) + J2(8))- (65)

Hence, for any £ < —2G, the inequality (3.3) is established by adding the inequality
(64) and the inequality (65). Let

T(&) = Jo(&) + J1(&) + J2(€),

then we gain that

£
a / J(x)dz <bJ(€), VE < —2G,
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that is o
a/ J(x+&)dx <bT(E), VE< —-2G.

Because J(-) is increasing, it is implied that an7 (£ —n) < bJ (&) for any £ < —2G
and 1 > 0. Therefore, there exist a large enough & > 0 and a small wy € (0, 1)
such that
T~ &) <woT(§) VE<—2G.
Let W(§) = J(€)e M08 with 0 < g = Eio In w%, < A1, and then it is concluded that
V(€ — &) = T(€—&o)e ™) <wp T (€75 = (),
for any £ < —2G. According to J(£) < oo for any £ < —2@G, we can find a constant
ko > 0 such that (&) < ko for V&€ < —2G, that is J (&) < koeto¢ for any & < —2G.
Therefore, there exists a constant go > 0 such that ffoo J(z)dz < goetot in € €
(—o00, —2G). Combining equations (59)-(60), we can also find a constant pg > 0
satisfying
E(§) < poett,  I;(§) < poett, V¢ < —2G.
Since E(£) and I;(€) are bounded in R, we obtain that
E(§) < poett,  I;(€) < poett, VEER.
According to estimates (29) and (57), it yields

sup |E (&)]e "¢ < .
£ER

Via the E-th equation in system (5) and the inequality (54), we can conclude that

sup |[E” (¢)]e ¢ < o0,
£eR

Finally, applying the similar argument on I;(§) shows that

sup [;(€)e ¢ < oo, sup|I (&)le ¢ < 0o, sup|I; (&)]e ¢ < oo.
£eR EER £€ER

This completes the proof. O

According to above two theorems, we can obtain the following non-existence
theorem.

Theorem 3.5. If Ry > 1, for ¢ € (0, ¢*), there exists no non-trivial and non-
negative traveling wave solution (S1(€), S2(8), E(€), I1(§), I2(8)) of system (5)
satisfying the boundary condition (6), where ¢* is the minimal spread speed and Ry
is the basic reproduction number for system (3).

Proof. We intend to prove this theorem by contradiction. Fix ¢ € (0, ¢*). On the
contrary, we assume there exists a non-trivial and non-negative (S1(§), S2(€), E(&),
1,(€), I5(€)) of system (5) satisfying the boundary condition (6). Via Lemma 3.4,
then there exists a positive constant o defined in the proof of Lemma 3.4 such that
inequalities (52) are established. Set Ki(&) = S — S1(€) and K»(€) = S9 — S(€)
in R. Plugging K;(£) and K5(€) into S;-th and Se-th equations yields

K1 (€) — dEY (&) + (u+ p) K, (€) — BSL(E)[OL(E) + ()] = 0, (66)
Ky (€) — dIS, (€) — pKy (€) + nIy(€) — BoSa(€)[OL(€) + L(€)] =0.  (67)
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According to the inequality

’ mo L 1
|| K; ||C((oo,0],R)§ 2 || K; ||é((oo,o],R)H K; Hé((m,o]ﬂ)v
and the fact that

lim K;(§) =0, (68)
£——o00
we can claim .
lim K,(¢§) =0, (69)
§——o0

for ¢ = 1, 2. In addition, since K;(§) is bounded and satisfies equations (68)-(69),
integrating both sides of the sum of equations (66) and (67) from —oo to £ < 0 can
show that

’ ’ 5
c[K1(8) + Ka(8)] — d[K, (§) + Ky ()] + M/ (K1 () + Ka(x)]dz

E — 00
- /_ B8y () + 085 (2)][011 (x) + I (2)]dz = 0.

Let f(¢) =[5, AlS1(x) +0S2(0)][011(x) + Ta(w))dx, and K, (€) = p [* [Ka(x) +
K (z)]dz for any £ < 0. It follows from Lemma 3.4 that f(£) < Cyeto€ on € € R,
where C' is a positive constant. Hence, a direct calculation indicates that

c

0
)+ Ko (€) = [K10) 4 KO o€ [e 7K @)+ o)l

c

I U
< [K1(0) + K2(0)]e® + geaﬁ/ e” 4 f(x)dw,
3
for £ < 0. Owing to f(&) = O(e!0%) as € — —oo, we can claim that K;(£)+ Ko (§) =
O(eto8) as € — —oo, where f1y = min {po, £} . Combining 0 < K; () + K(§) < %,
we can conclude that

sup[ K (€) + Ka(€)]e o€ < oo,
£ER

which implies

sup K1 (€)e M08 < 0o,  sup Kp(£)e Mo < oo. (70)
€eR EER

On the basis of the above discussion, we define the one-sided Laplace transforms
for E(£), I(£) and I2(¢) by
0

0 . R R . N

L) = [ e ME©d )= [ e Rn©d Ll = [ e Hnod
(71)

Next, we only consider A € R;. Since E(§) > 0, I;(§) > 0, I1(£) > 0 for any £ € R,
and L;(-) is increasing for A € R, respectively, there exist two possibilities: (i) a
positive constant v; > g can be found such that L;(-) < oo for any 0 < A < v; and
limg ,, o Li(A) = oo. (ii) Li(-) < oo for any A > 0, where ¢ = 0, 1, 2. Therefore,
we define two-sided Laplace transforms for E(-), I1(-) and I5(-) by

R “+o0 R . o0 o N

L) = [ e MB©d = [ e n©i L0

— 00 — 00

400 .
[ Hnga,

— 00

0
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and we also only research A > 0. Because E(-), I;(-) and I5(-) are bounded in R,
respectively, it is the fact that

400 R +oo R +oo N
/ eB(E)dE < oo, / eI (€)dE < oo, / eI (€)de < oo,
0 0 0

for any A > 0, which implies £;(-) owns the same property as L;(-) in R, with
i =0, 1, 2, respectively.

In the following, we indicate that there indeed exists a v; = 400 such that
£1(5\) < oo for any A > 0 with i = 0, 1, 2, respectively. The first step is to prove
v9 = v1 = vg. According to

DoE"(€) — cE'(€) + B(SY + aS)[O11() + I2(€)] — (1 + 1) E(€)
= B[S — S1(&) + 059 — S (O][011(€) + I(€)],  VEER,
it is implied that

[DoX* = X = (1 + )] Lo(A) + B(ST + oSHOL1(A) + L2(N)]

+oo N
y / (S0 — S1(6) + 0(SY — Sa(ENOL() + L(&)]eEde, Ve e R,

(72)
In the same way, we can obtain
[D1A? — e — (u+ an)]L1(N) + @1y Lo(A) = 0, (73)
and
[DaA? — eX = (1 + a2)]L2(A) + g27Lo(A) = 0. (74)

Thus, it follows from equations (73) and (74) that vg = v; = vg. Let v = vy =
v1 = v9. The second step is to prove v = 400 via a contradiction. We assume that
v < 400 and L;(\) < 0o (i =0, 1, 2) for any A € [0, v) and limg ., 4 Li(\) = oo.
Equations (72)-(74) can show that —Djv? + cv + (1 + 1) > 0 and —Dav? + cv +
(1t + ) > 0. If Dov® — cv — (n++) > 0 and let A — v — 0 in both sides of (72),
the right side shows

“+oo
8 / 59— 81(6) + (52 — Sa(€)]BL(€) + Ln(€)]e"Sde

< Bsup {57 — S1() + (3 — Sa(&))]e ¢ | [ [ ente e

£ER e

N b(é)e“%)ﬁdé]

— 00

< 0.

However, the left side tends to oo, which leads to a contraction. If Dyv? —cv — (u+
v) < 0, plugging equations (73) and (74) into the equation (72) can obtain that

+o00
mo(A, LoV, o) — 1] =B / 59— S1(6) + o(S — Sa(ENL(E)  (75)

+ Ip()]e de,

and 0 < v < A.. As A — v — 0, the right side is bounded, but the left side tends to
00. As a result, the case (i) is impossible.
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If the case (ii) is established, similarly, let A — +00 in both sides of the equation
(72). The right side is bounded but the left side tends to co owing to DoA? — e\ —
(1 + ) — oo, which also leads to a contraction. Above all, the non-existence is
completely proved. O

4. Numerical simulations and discussion. Section 2 and Section 3 have proved
the existence and non-existence of traveling wave solution for system (2) satisfying
the boundary condition (6). In this section, we aim to visually display the existence
of traveling wave solution for system (2) connecting disease-free equilibrium and
endemic equilibrium. Now, we firstly take a set of parameters for system (2) as
follows:

d=0.02, Dy =0.015, D; = 0.005, Dy = 0.01, D = 0.02,
A=8, u=0.3, 8=0375 p=0.7,

=05, v=0.75, a; = 0.65, as = 0.5,

0 =05, ¢ = 0.6, go = 0.4,

As aresult, we can obtain the disease-free equilibrium (S, S9, E° I?, I3, R°)
(8, 18.6667, 0, 0, 0, 0), the endemic equilibrium (S5, S5, E*, I, I}, R*) =~
(3.3762, 2.3999, 5.9687, 2.8274, 2.2383, 9.8565) and the basic reproduction number
Ry = 3.2821 > 1. For simulations, we further intercept [—200, 200] from spatial

domain and [0, 200] from time domain. Moreover, we take the Neumann boundary
condition and the below piecewise functions as initial conditions for system (2):

S¥, 0<a<200, t=0, i=1, 2,
Si(l',t):

(|

SY, —200<x<0, t=0, i=1, 2,
E*, 0<z<200, =0,
Blw, 1) = {0, 200<x<0, t=0,
I, 0<e<200, t=0, i=1,2
L@, ) = {o, 200<2<0, t=0, i=1, 2,
R, 0<z<200, t=0,
Rz, 1) = {0, 200< 2 <0, t=0.

The figure 1, simulations with applying above conditions, indicate that there
exists a traveling wave solution of system (2) connecting disease-free equilibrium
and endemic equilibrium. Meanwhile, we cross section curves of traveling wave
solution in figure 1 as t = 200 (see figure 2). And we can find that traveling waves
for system (2) are not monotonic in figure 2.

Since we pay more attention to influences of self-protection and treatment in
the spatial spread for an epidemic, it is critical to research the change of the mini-
mal spread speed c¢* while self-protection ¢ and treatment 6 changing. The direct
derivations of p(\, ¢) with respect to o and 6 show that

dp Jdp

20 >0, % > 0, (76)
respectively, where p(\, ¢) is defined as the formula (9). The inequality (76) means
that the numerical increase in ¢ and 6 could lead to increasing of the minimal
spread speed ¢* with applying Lemma 2.3. The figures (a) and (b) in figure 3
also display that the minimal spread speed c¢* is increasing with respect to ¢ and
0 for o, 6 € [0.05, 1], respectively. In fact, measures about the enhancement of



A DIFFUSION SEIR EPIDEMIC MODEL 2355

5, 5,0)

FIGURE 1. The numerical simulations of existence for traveling wave solution
of system (2)

self-protection and treatment can lead to numerical reductions about both ¢ and
6, which implies the minimal spread speed ¢* will decrease via the inequality (76)
and figure 3. Above all, the effective self-protection and treatment can reduce the
spread speed for an epidemic.

In this paper, we mainly construct a non-monotonic reaction diffusion SEIR
model with effects of self-protection and treatment in incident rate, and determine
the existence and non-existence of traveling wave solution connecting disease-free
equilibrium and endemic equilibrium. We prove the existence as Ry > 1 and ¢ > c*.
And when Ry <1 or Ry > 1 with ¢ € (0, ¢*), there exists no non-trivial and non-
negative traveling wave solution satisfying the boundary condition (6). Finally,
the numerical simulations show the existence and indicate that self-protection and
treatment can reduce the spread speed of an epidemic. However, self-protection
and treatment may affect the movement of different individuals in various times
and spaces. Some individuals may even choose or be forcibly quarantined. These
factors are worthy being researched in the future.

Acknowledgments. We would like to thank you for following the instructions
above very closely in advance. It will definitely save us lot of time and expedite
the process of your paper’s publication.
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FIGURE 2. Cross section curve of traveling wave solution for system (2) as
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