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ABSTRACT. In this paper we study the pluricanonical maps of minimal pro-
jective 3-folds of general type with geometric genus 1, 2 and 3. We go in
the direction pioneered by Enriques and Bombieri, and other authors, pinning
down, for low projective genus, a finite list of exceptions to the birationality
of some pluricanonical map. In particular, apart from a finite list of weighted
baskets, we prove the birationality of ¢16, @6 and ¢s respectively.

1. Introduction. Studying geometric properties of pluricanonical divisors and
pluricanonical maps of normal projective varieties is a fundamental aspect of bi-
rational geometry. Indeed, the minimal model program (MMP for short; see, for
instance, [24, 25, 2, 27]) aims to find a model with nef canonical bundle and ex-
pects that the end result is either a Mori fiber space or a minimal model. The
remarkable theorem, proved separately by Hacon-McKernan [16], Takayama [28]
and Tsuji [29], says that there exists a constant r,, (for any integer n > 0) such
that the pluricanonical map ¢,, is birational onto its image for all m > r, and for
all minimal projective n-folds of general type. The above mentioned number r,, is
an important quantity related to both boundedness problem and the explicit clas-
sification theory of varieties. However, r, is non-explicitly given in general, except
when n < 3 (namely, 1, = 3, 73 = 5 by Bombieri [3] and r3 < 57 by Chen-Chen
[9, 10, 11] and the first author [8]).
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In this paper we investigate the birational geometry of projective 3-folds of gen-
eral type with the geometric genus p, = 1, 2 or 3 by studying the birationality of
their pluricanonical maps.

Let V be a nonsingular projective 3-fold of general type. The 3-dimensional
MMP suggests that one can replace V' by its minimal model X, provided that
the property we are studying is birationally invariant. By Chen-Chen’s series of
works in [9, 10, 11], there exists a positive number mgy < 18 such that P, (X) =
hO(X,moKx) > 2. Hence it is possible to investigate the birational geometry of X
by studying the behavior of the mg-canonical map ¢,,, x. This strategy has proved
to be quite effective.

Definition 1.1. Let W be a Q-factorial normal projective variety of dimension
n. Assume that W is birational to a fibration g : W/ — S, with W’ being a
nonsingular projective variety and S being normal projective. Let us denote by 7
the birational map W --+» W/, by n = dim X and s = dim S. Then we say that the
set

F={F cW|F =7YF),F is a fiber of g}

forms an (n — s)-fold class of W, where 7.1(:) denotes the strict transform. In

particular, if n —s = 1 (= 2) we call it a curve class (a surface class). The number
deg, (F) = (Kyy ® - 7, 1(F)) (F being general) is called the canonical degree of F.

We shall use the above terminology in particular when ¢,,, x is of fiber type, i.e.,
0 < dim @y, x(X) < dim X. In this case X' is a resolution of singularities of X.
Moreover, we may assume that X’ is also a resolution of indeterminacy of @, x,
and g is obtained by taking the Stein factorization: X’ -2 T' — ¢y, x(X). In
particular, we shall also say that X is mg-canonically fibred by a curve class C (or
a surface class S).

Using the terminology just introduced, there are some relevant known results:

o When p,(X) > 4, @5 x is birational; when p,(X) = 3, ¢ x is birational (see
[5, Theorem 1.2]); when p,(X) = 2, g x is birational (see [5, Section 4]).

o When p,(X) > 5, ¢4 x is non-birational if and only if X is fibred by a genus
two curve class of canonical degree 1 (see [12, Theorem 1.3]).

¢ When py(X) = 4, ¢4 x is non-birational if and only if X has possibly 4
birational structures described in [13, Theorem 1.1].

o When p,(X) = 2, ¢7 x is non-birational if and only if X is fibred by a genus
2 curve class of canonical degree 2 (see [7, Theorem 1.1]).

o When p,(X) = 1, ¢13,x is birational (see [11, Corollary 1.7]); when p,(X) = 0,
©m, x is birational for all m > 57 (see [11, Theorem 1.6] and [8, Corollary 1.2]).

On the other hand, the following examples give rise to, very naturally, some
further questions.

Example 1.2. ([21]) Denote by X, a general weighted hypersurface in the sense
of Fletcher. For instance,

(1) X12 C P(1,1,1,2,6) has the canonical volume K3 = 1, the geometric genus
pg = 3 and g5 is non-birational.

(2) X165 C P(1,1,2,3,8) has K® = %, pg = 2 and 7 is non-birational; X4 C
P(1,1,2,2,7) has K3 = %, pg = 2 and g is non-birational.

(3) Xog CP(1,3,4,5,14) has K3 = %, pg = 1 and 13 is non-birational.
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Question A. (see [13, Problem 3.20]) Let X be a minimal projective 3-fold of
general type.

(i) When py(X) = 3, is it possible to characterize the birationality of s x ¢
(ii) When py(X) = 2, is it possible to characterize the birationality of pg,x ?
The following conjecture is inspired by Example 1.2(1):

Conjecture B. Let X be a minimal projective 3-fold of general type. When
pg(X) =1, then @14, x is birational.

The aim of this paper is to shed some light on the previous questions. In order to
give a clear account for our main results, we need to recall the so-called “weighted
basket” B(X), which is nothing but the triple {Bx, P2(X), x(Ox)} where By is
the Reid basket (cf. [26]) of terminal orbifolds of X.

Before stating our main statements, let us fix the notation. By convention,
an “(l1,ls)-surface” means a nonsingular projective surface of general type whose
minimal model has the invariants: c? =1, and py; = lz. Besides, we define S; to be
set of the following 5 elements:

O By ={4x%(1,2),(3,7),3 x (2,5),(1,3)}, K® = :Z;
By = {4 x (1,2),(5,12),2 x (2,5), (1,3)}, K% = &y;
Bz ={7x(1,2),(3,7),2 x (1,3), (2,1}, K* = L;

By ={7x (1,2),(3,7),(1,3), (3,10)}, K3 = 125;

Bs = {7x(1,2),2 x (2,5),2 x (1,3), (1,4)}, K® =

0
0
0
0 @

Our first main result is the following:
Theorem 1.3. Let X be a minimal projective 3-fold of general type with py(X) = 1.
Then

(i) p17,x s birational.
(i1) @16 x is birational unless x(Ox) = P2(X) =1 and Bx € S;.

In the second part, we mainly study the case with py(X) = 3. Our second main
result is the following:

Theorem 1.4. Let X be a minimal projective 3-fold of general type with py(X) = 3.
Then s x is not birational onto its image if and only if either

(i) X is canonically fibered with genus 2 curve fibres, and K3 =1, or
(it) X is canonically fibered with (1,2)-surface fibres of canonical degree 2 and
B(X) belongs to an explicitly described finite set S3.

The idea of this paper naturally works for the case py(X) = 2. Being aware of
the fact that the length of this paper would be too long to be tolerated by any
journal. We would rather make the announcement here:

Theorem Z. Let X be a minimal projective 3-fold of general type with py(X) = 2.

Then e, x is not birational onto its image if and only if either

(i) X is canonically fibered with (2,3)-surfaces fibres of canonical degree %, or

(i) X is canonically fibered with (1,2)-surface fibres and B(X) belongs to an ex-
plicitly described finite set Ss.

Remark 1.5. The existence of threefolds described in Theorem 1.4(i) and Theorem
Z(i) follows from Example 1.2. We do not know the existence of threefolds described
in Theorem 1.3(ii), Theorem 1.4(ii) and Theorem Z(ii). A complete list of the
elements of the sets Sg and Sy can be found at the following webpage. http:
//www.dima.unige.it/~penegini/publ.html
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We briefly explain the structure of this paper. In Section 2, we recall the es-
tablished key theorem and some necessary inequalities. Section 3 contains some
technical theorems which will be effectively used for classification. Theorem 1.3 is
proved in Section 4. Section 5 and Section 6 are devoted to proving Theorem 1.4.

In this paper we will be frequently and inevitably studying the canonical fibration
f: X" — P! of which the general fiber is a smooth (1,2)-surface. The two series
of restriction maps 6,,, —; and ¥,,, —; (see Definition 3.3) give the decomposition
of the pluri-genus, say P, = Zj>0 Um,—; for 2 <'m < 6. The main observation of
this paper is that, for each j > 0, pg x (or @5 x) is birational when u,, _; is large
enough. In other words, there are some constants N; > 0 (2 < i < 6), ¢g x (resp.
¥s5,x) is birational whenever P; > N; for some 2 < ¢ < 6. Thus we are obliged to
classify all those 3-folds of general type satisfying P; < N; for all 2 < ¢ < 6. Thanks
to the orbifold Riemann-Roch built by Reid [26] and the basket theory established
by Chen—Chen [9, Section3], we are able to do an effective classification.

2. Preliminaries.

2.1. Convention. For any linear system |D| of positive dimension on a normal
projective variety Z, we may write |D| = Mov|D| + Fix|D|. We say that |D| is not
composed of a pencil if dim ®|p|(Z) > 2. A generic irreducible element of | D| means
a general member of Mov|D| when |D| is not composed of a pencil or, otherwise,
an irreducible component in a general member of Mov|D|.

2.2. Set up. Let X be a minimal projective 3-fold of general type with P, (X) > 2
for some integer mg > 0. Then the mg-canonical map @,y x : X --+ X C PPmo—1
is a non-constant rational map, where ¥ = ¢, x (X). Fix an effective Weil divisor
K, ~ moKx. Take successive blow-ups 7 : X’ — X such that:

(i) X' is nonsingular and projective;

(ii) the moving part of |moKx-| is base point free;

(iii) the union of supports of both 7*(K,,,) and exceptional divisors of 7 is simple

normal crossing.

Set § = @m, o which is a morphism by assumption. Let X’ T % % be the Stein
factorization of g. We may write Kx, = n*(Kx) + E, where E, is an effective
Q-divisor which is supported on m-exceptional divisors. Set |M| = Mov|moK x/|.
Since X has at worst terminal singularities, we may write mon*(Kx) ~g M + E’
where E’ is an effective Q-divisor. Set d,,, = dim(I"). Clearly one has 1 < d,,,, < 3.

If d,,, = 2, a general fiber of f is a smooth projective curve of genus > 2. We
say that X is mg-canonically fibered by curves.

If d,,, =1, a general fiber F' of f is a smooth projective surface of general type.
We say that X is mq-canonically fibered by surfaces with invariants (c2(Fp), pg(Fo)),
where Fj is the minimal model of F' via the contraction morphism o : F' — Fy. We
may write M = aoF where a = deg f.Ox/(M).

Let S be a generic irreducible element of |M|. For any positive integer m, |M,,|
denotes the moving part of |[mKx|. Let S, be a general member of |M,,| whenever
m > 1.

Set

1, if dpy > 2;

C(mo) = C(mo, [M) = { M
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Naturally one has mom*(Kx) ~g ((mo)S + E’. We define
= u(S) = sup{y'| 7" (Kx) = p'S}. (2.1)

¢(mo)

mo

I

Clearly we have u(S) >

2.3. Known inequalities. Pick a generic irreducible element S of |M|. Assume
that |G| is base point free on S. Denote by C' a generic irreducible element of |G].
We define

B = B(mo, |G|) = sup{p'|n"(Kx)|s > B'C}.

Since 7*(Kx)|s is nef and big, we have 8 > 0.
Define

§ = &(mo, |G]) = (7" (Kx) - C)x-.
For any integer m > 0, we define
a(m) = a(m, mo, |G|) = (m -1-== 7)57
ag(m) = [a(m)].

We will simply use the simple notation ¢, i, 8, £ and a(m) when no confusion arises
in the context. According to [10, Theorem 2.11], whenever a(m) > 1, one has

mé > des(Kc) + ao(m). (22)
In particular, Inequality (2.2) implies
deg(Kc¢)

£E> — (2.3)
1+141
Moreover, by [6, Inequality (2.1)], one has
IS
K3 > ==, 2.4
§ > L (2.4

2.4. Birationality principle. We refer to [10, 2.7] for birationality principle. We
will tacitly and frequently use the following theorem in the context:

Theorem 2.1. (see [10, Theorem 2.11]) Keep the same setting and assumption as
in Subsection 2.2 and Subsection 2.3. Pick up a generic irreducible element S of
|M|. For m > 0, assume that the following conditions are satisfied:

(i) ImKx/| distinguishes different generic irreducible elements of |M|;
(i) |mKx/||s distinguishes different generic irreducible elements of |G|;
(i11) a(m) > 2.

Then @, x 1s birational onto its image.
2.5. Variant. Clearly, if we replace |moK x| with any of its non-trivial sub-linear

system A while taking |M| to be the moving part of 7*(A) and keeping the same
other notations as in 2.2 and 2.3, Inequalities (2.2), (2.3) and Theorem 2.1 still hold.
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2.6. A weak form of extension theorem. Sometimes we use the following the-
orem which is a special form of Kawamata’s extension theorem (see [23, Theorem

A)):

Theorem 2.2. (see [13, Theorem 2.4]) Let Z be a nonsingular projective variety
on which D is a smooth divisor such that Kz + D ~g A+ B for an ample Q-divisor
A and an effective Q-divisor B and that D is not contained in the support of B.
Then the natural homomorphism

H(Z,m(Kz + D)) — H°(D,mKp)
is surjective for all m > 1.

Take Z = X', D = S and, without losing of generality, assume pu to be rational.
We get
In(p+ 1) Kx|ls = [nu(Kx: + S)|s = [nuKs|
for some sufficiently large and divisible integer n. Noting that
’I’L(,U + 1)7T*(Kx) > Mn(u-l-l)
and that |n(p + 1)0*(Kg, )| is base point free, we have
. ¢(mo)
c"(Kg, ) > —————
PR e

2.7. Three lemmas on surfaces. We need the following lemma in our proof.

™ (Kx)ls >

o (Ksg,). (2.5)

Lemma 2.3. ([7, Lemma 2.6]) Let S be a nonsingular projective surface. Let L be
a nef and big Q-divisor on S satisfying the following conditions:

(1) L? > 8;
(2) (L-Cy) > 4 for all irreducible curves C,, passing through any very general
point x € S.

Then |Kgs + [L]| gives a birational map.

Lemma 2.4. ([11, Lemma 2.4]) Let 0 : S — Sp be a birational contraction
from a nonsingular projective surface S of general type onto its minimal model

So. Assume that S is not a (1,2)-surface and that C is a moving curve on S. Then
(c*(Ks,) - C) > 2.

Lemma 2.5. ([11, Lemma 2.5]) Let o : S — Sy be the birational contraction
onto the minimal model Sy from a nonsingular projective surface S of general type.
Assume that S is not a (1,2)-surface and that C is a curve passing through very
general points of S. Then one has (6*(Kg,) - C) > 2.

2.8. The weighted basket of X. The weighted basket B(X) is defined to be the
triple {Bx, P2(X), x(Ox)}. We keep all the definitions and symbols in [9, Sections
2 and 3] such as “basket”, “prime packing”, “the canonical sequence of a basket”,
Aj(B) (j >0),0, 0, B (n > 0), xm(B(X)) (m > 2), KB(B(X))v 05, & €n
(n > 5) and so on.

As X is of general type, the vanishing theorem and Reid’s Riemann-Roch formula
[26] (see also front lines in [9, 4.5]) imply that

Xm(B(X)) = Pm(X)

for all m > 2 and K3(B(X)) = K%. For any n > 0, B(™ can be expressed in terms

of x(Ox), P2, Ps, -+, Pyy1 (see [9, (3.3)~(3.14)] for more details), which serves as
a considerably powerful tool for our classification.
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3. Some technical theorems.

3.1. Two lemmas on distinguishing properties.

Lemma 3.1. Let X be a minimal projective 3-fold of general type with py(X) > 0
and P, > 2. Keep the setting in 2.2. Then the linear system |mK x| distinguishes
different generic irreducible elements of |My,,| whenever m > mg + 2.

Proof. Since mKx: > M,y,,, by the Matsuki-Tankeev birationality principle (see,
e.g. [4, 2.1]), it is sufficient to treat the case when |M,, | is composed of a pencil.
Indeed, if T' = P!, global sections of f.Ox/(M,,,) (as a line bundle) distinguishes
different points of I'. Hence |M,,,| distinguishes different smooth fibers of f, so does
|mKx/|. From now on, we assume that |M,,,| is composed of an irrational pencil.
Pick two generic irreducible elements S; and S;. The vanishing theorem (][22, 30])
gives the surjective map:

HY(X' Kx/ + [(m—mg— 17" (Kx)] + Mpm,)
—  HOSy, (Kx/ + [(m —mo — 1)n*(Kx)] 4+ Mm,)|s,) (3.
SH(Sa, (Kx + [(m —mo — D)7* (Kx)] + M, )|s,)- 3

Both groups in (3.1) and (3.2) are non-zero as S; is moving and M,,|s, ~0. O

1)
2)

Lemma 3.2. Let X be a minimal projective 3-fold of general type with py(X) > 0
and P (X) > 2. Keep the setting and notation in 2.2 and 2.5. Then |[mKx||s
distinguishes different generic irreducible elements of |G| under one of the following
conditions:

(1) m> 4+ 2+1.

(2) m > & +my + 1 where the positive integer my satisfies Mm,|s = G.

Proof. Without loss of generality, we may and do assume that p is rational.
(1). As(m—-1)r*(Kx)— 95— %E’S =(m— % — 1)m*(Kx) is nef and big and it
has snc support by assumption, the vanishing theorem gives

i 1
mExlls = [Kx +[(m—1)m"(Kx) — ;E'sﬂls

= Ks+ [((m— D (Kx) — S - %E{s)\sﬂ- (3.3)

By assumption, we write %W*(Kx)‘s = C + H for an effective Q-divisor H on S.
Pick another generic irreducible element C” of |G|. Similarly since
1 1 2
(m—-1)m*(Kx)—S— ;Eg)|5 —-C—-C'-2H=(m—1- e B)yr*(Kan

is nef and big, the vanishing theorem implies the surjective map:
1
H(S,Ks+ [((m—1)r*(Kx)— S — ;Eg)|5 —2H]
— H%C,Kc+D,,)® H(C',Ker + D), (3.4)

where D, = ([((m — )n*(Kx) — S — /%Eg)|5 —C—C"-2H]| + (')|c satistying
deg(D,,) > 0 and, similarly, deg(D/,) > 0. Thus both groups H°(C, K¢ + D.,)
and H(C', K¢ + D!,)) are non-zero. Relations (3.3) and (3.4) imply that |[mK x-||s
distinguishes different generic irreducible elements of |G|.
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(2). By virtue of Relation (3.3) (while replacing iEg with %E’), we may consider
the linear system

K5+ [((m — 1)n* (Kx) - S — %E’)\sw

Note that py(X) > 0 implies py(S) > 0.
When ¢ = 1, we clearly have

[Ks + [((m —1)7*(Kx) - S — E')|s]]
= [Ks+[((m—m —1)n*(Kx)—S—E')|s] +G] (3.5)

and ((m—my —1)7*(Kx)— S — E')|g represents an effective, nef and big Q-divisor
as m > mqg+ mq + 1.

When ¢ > 1, by definition, |M,,,| is composed of a pencil. Fix, from the very
beginning, a representing effective Weil divisor K; ~ Kx and set 77 = 7*(K).
Denote by T3 p, the horizontal part of T}. Then moTh p, = E;L, the horizontal part of
E’. Note that E'|s = Ej|g. Thus Relation (3.5) (replacing 7*(Kx) with 7*(K))
still holds and ((m —my — 1)7* (K1) — S — %E') |s represents an effective, nef and
big Q-divisor as m > % +my + 1.

Now we only need to consider the case when |G| is composed of an irrational
pencil. Pick two generic irreducible elements C' and C” of |G|. The vanishing
theorem gives the surjective map:

HYKg+ [((m—mq — )" (K1) — S — %E’)L@] +G)

— HY%C,Kc+ D)o HY(C',Ker + D)
where D = [((m —m; — 1)7* (K1) — S — %E’) |s1lc+ (G —C)|c has positive degree

and so does D’. This implies that the two groups H°(C, K¢+ D) and HO(C', K¢ +
D’) are non-zero. We are done. O

3.2. Two restriction maps on canonical class of (1, 2)-surfaces. Within this
subsection, we always work under the following assumption:

(L) Keep the setting in 2.2. Let mq > myg be an integer. Assume that | My, | is
base point free, dp,, = 1, T = P! and that F is a (1,2)-surface. Take |G| = Mov|KF|.
Modulo possibly a further birational modification of X', we may assume that |G| is
base point free. Let C' be a generic irreducible element of |G|.

Definition 3.3. For any integers j > 0, define the following restriction maps:

07,1 —j
HO(X/7Mm17jF) L) HO(F7MWL1|F)3

HOF, My, |7 = §C) "5 HO(C, My, o).
Set U, ,—j = Im(0my,—5), Viny,—j = Im(¢m,,—;), tmy,—j = dimUn,,—; and vy, —;
= dim le,,j.
Proposition 3.4. Let X be a minimal projective 3-fold of general type with Pp,, >
2. Keep Assumption (L). Then

(1) the sequence {um, —jlj = 0,1,---} is decreasing and so is the sequence
{’Uml,*jU = 07 17 e }
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(2) We have

< miy—1, mp > 2;

v

"= g, my =2

(8) If there is a positive integer ki (resp. ko) such that P, > kium, o (Tesp.

hO(F, My, |F) > kovm, 0), then
Mm1 Z le (TESp.Mm1|F 2 kQC)

Proof. (1) For any j > 0, since My, — jF > M,,, — (j + 1)F and My, |p — jC >
My, |F — (j + 1)C, the sequences {wy,, —;} and {v,,, —;} are naturally decreasing.

(2) Since 7*(Kx)|r is nef and big, we have 7*(Kx)|r < 0*(Kp,) < Kr by
considering the Zariski decomposition of Kr. Hence

(M, |7 - C) <ma(r(Kx)|F - C) < mi(0™(Kr,) - C) = my.

Note that C'is a curve of genus 2. If h*(C, M,,, |c) = 0, by Riemann-Roch theorem,
we have
h(C, M, lc) = (My,, - C) — 1.
Thus we deduce that vy, o < h%(C, My, |c) < m1 — 1, which implies the required
inequalities. If h!(C, My, |c) > 0, we have
Um0 < WO, Male) < 14 5 (My, -0) < 14 m,

where the second inequality follows by Clifford’s theorem. We can easily deduce
the required upper bound of v,,, o from the above inequality. The proof of (2) is
completed.

(3) Since h(X', M,,, — k1 F) > 0 by the decreasing property of {u,, —;}, we see
M., > k1 F. Similarly, one has M,,, |r > k2C. O

Proposition 3.5. Let X be a minimal projective 3-fold of general type with Pp,, >
2. Keep Assumption (L). Suppose that the following conditions hold for some
positive integers ny, j1 and lyi:

(i) there exists an effective divisor Sy, —;, on X' such that |S,, —j,| is base point

free;

(ii) miKx: > j1F 4 Sny .
(ZZZ) th,jl‘p Z llo—*(KFo) (7”68[). Sn17,j1|p Z llc),'
Then one has
w (Ex)|r > S
ny +J1

L+

o (K resp. m (K > —C
(R (resp. 7 (Kx)le > 20
Proof. By assumption, we may assume that Sy, _;, is smooth. Take a sufficiently
large positive integer s. Denote by |Nyj, —1| the moving part of |(sji1 —1)(Kx/ +F)|.
By Theorem 2.2, we have
[(sjr = )(Ex: + F)l[r = |(sj1 — 1) Kp].

Since |(sj1 — 1)(Kx/ + F)| clearly distinguishes different fibers of f, |Ny;, —1] is big.
Modulo a further birational modification, we may and do assume that |Nyj, _1]| is

base point free. In particular, Ng;, _; is nef and big. Kawamata-Viehweg vanishing
theorem gives

ls(n1 + 1) Kx/|[p = |Kx' + Ngjy—1 4 85n, 5, + Fllr
= |KF+st1—1|F+SSn1,—j1|F|
= sl 4+ 1) (Kr,)|
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Thus, by the base point free theorem for surfaces, one has
L+5
n1 + ji
The other statement trivially follows since Kr > o*(Kp,) > C. O

™ (Kx)|F > o (Kp,).

Proposition 3.6. Let X be a minimal projective 3-fold of general type with py(X) >
0, Py > 2. Keep Assumption (L£). Assume that |S1| is a moving linear system on
X' so that |S1| and |F| are not composed of the same pencil and that

My, > F+ 5.
Suppose that ms is a non-negative integer such that
(a) |(me + 1)K x/| distinguishes different generic irreducible elements of | My, |;
(b) [(ma2+ 1)Kx/||r distinguishes different generic irreducible elements of |G]|.
Then
(1) Suppose that |Si|r| and |G| are not composed of the same pencil. Set 6 =
(S1|F - C). The following statements hold:
(1.1) For any positive integer n > mq + %, one has

(n+1)522+5+[(n—m1—%)~£].

Moreover, when Si|r is big, the above inequality holds for n > my + %
(1.2) ont1,x is birational for all

1 2 1 2
n > max{m27LB + % + ;(1 - S)J +1}.
(2) if |S1|r| and |G| are composed of the same pencil, the following statements

hold:
(2.1) one has

(n+my + 1)§(mo, |G) = [ng(mo, |G[)] + 2
for any integer n satisfying n&(mo,|G|) > 1. In particular,
2
my + 1;
(2.2) Ontm,+1,x is birational for any integer n satisfying

§(mo, |G]) =

n&(mo,|G|) >2 and n>mgy—my.

Proof. Modulo further birational modifications, we may and do assume that |S1| is
base point free. Let |G1| = |S1|r| and C; the generic irreducible element of |G .
By assumption, |G| is also base point free. By the Kawamata-Viehweg vanishing
theorem, we have

(n+m1+1)Kx/||lr = |Kx +[nn*(Kx)]+ 51+ Fllr
= |Kp+ [nr"(Kx)|r] + Cy]. (3.6)

Since pg(X) > 0, we see that |(n + mq + 1)K x/| distinguishes different general
F and |(n 4+ my + 1)K x/||p distinguishes different general C. What we need to do
is to investigate |(n +mq + 1)Kx-||c.

(1). If |G1| and |G| are not composed of the same pencil, then

1 1 2
> O > —(Cy-0) > —.
EmoGl) = - (M| C) 2 (01 C) >
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We have

1
B’]T*(Kxﬂp = C+Hm0

where H,,, is certain effective Q-divisor. The vanishing theorem on F gives
|Kp + [nm*(Kx)|r] + Cille = |Kp+ [nn"(Kx)|r — Hm, | + Cillc
= |K¢c + Du,l, (3.7)
where deg(Dy,,) > (n — %)f -+ 0 > 2 whenever n > % Thus (1.1) holds.
For (1.2), set

1 2 1 2
n = max{mQ,LB + % + ;(1 — E)J + 1}
Write
mlﬂ'*(Kx) =F+5; +Em1.

By the Kawamata-Viehweg vanishing theorem, we have

2 1 2.
|(n+1)Kx/||r = [Kx + [n7"(Kx) — 5Em — o (1- g)EFWF
. 2 1 2
= |Kr + [nm"(Kx)|F — < Emy|Fr — — - (1= 5)Ep|F]|
1) I 0
Note that
nm* (Kx)|r — gEm1|F T (1- S)EF|F =(n- 5 ;(1 - g)ﬂ (Kx)+ 551

is simple normal crossing (by our assumption), nef and big. The vanishing theorem
on F' gives

K+ e ()l = 3Bl = - (1= ) Eplrle
= 1K+ [0 (x| = 3 Bl = 5 (1= 2Bl = Hy o
=|Kc + Dy
where D, = [ (Kx)|r = 2B |r — 4 - (1 = 2)Bple] = Ho | with
degD,, > (n—%—%—l(l—g))§+2>2.

Thus ¢ 4 is birational.
B

2m141(1-2),42 X
5 m 5 ’

(2) If |G1| and |G| are composed of the same pencil, then C; = C. By the
Kawamata-Viehweg vanishing theorem, we have

\Kp + [nn*(Kx)|r] + Cllc = | K¢ + Dl (3.8)

where deg(D,,) = deg([n7m*(Kx)|r||c) > n&. Whenever n is large enough so that
deg(D,,) > 1, the base point freeness theorem and Relations (3.6) and (3.8) imply
that

(n +my 4+ 1)€(mo, [G) = [n(mo, |G])] + 2,

which also directly implies &(mo, |G|) > m12+1. Furthermore, whenever deg(D,,) >

2, we see that @,4m,+1,x is birational. O
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Proposition 3.7. Let X be a minimal projective 3-fold of general type with py(X) >
0, Py > 2. Keep Assumption (L). Suppose that My, |p > jC + Cy where Cy is an
irreducible moving curve on F with Cy £ C and j > 0 an integer. Set 61 = (Cy-C).
Suppose that mo is the smallest non-negative integer such that
1. |(mg + 1)K x| distinguishes different generic irreducible elements of | My, |;
2. |(me + 1)K x/||p distinguishes different generic irreducible elements of |G|.

Then
(i) when &1 < 2j, @ni1,x is birational for all
1 01
ey Ly
S(mo,IGD( J) IO I+

(i) when 61 > 27, wny1,.x is birational for all

n > max{ma, |

2 2j
n > max{ms, |~ +%+ﬂ(1—%ﬂ +1}
(#ii) For any positive integer n satisfying n > ﬁ + % and
1 mq 51
n—f—f,fmo,G +*>].,
( P )§(mo, |GI) ;
one has
1 m 0
(n+ De(mo, Gl) = [(n = - = =H)(mo, [G]) + =1 + 2

Proof. Modulo further birational modifications, we may and do assume that |M,,, |

is base point free. By our assumption we may find two effective Q-divisors E;, on
X" and E]), on I such that

min*(Kx) = My, + E/

may?
My, |r =jC+Ci+E), .
Without lose of generality, we may assume that p is rational. Set
- max{ms, LW(Z - ‘Ll) + = —|— mlJ 1}, when 6; < 2j;
max{ma, L + 2m1 + 3 ( 1)j + 1}, when §; > 2j.

For Item (i), since nm*(Kx) — F — ;E}, is nef and big (see (2.1), as F' = S), the
Kawamata-Viehweg vanishing theorem implies:

. 1
(n+1DEKx/[lr = |[Kx +[nm"(Kx)— ;EHHF

1
|Kp + [nm*(Kx) — ;EM|F|

F |KF + I—Qmo,m;ll (39)
where
* ]‘ / ]‘ 12
Qmo,mi = (" (Kx) — ;EF)‘F e N *E
1 m
= (n— e f)ﬂ*(Kx)lF + 01 +C.

Since Qpmy,m,; — C is nef and big, the vanishing theorem implies

[Kp + [Qmo.my o = Ko + [@mgm, — Cllel (3.10)
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where
1 mi

deg([Qmamy = Clle) = (n = - = " )e(mas |G + % > 2.

Clearly, since py(X) > 0, |(n + 1)K x| distinguishes different general F' and |(n +
1)K x/||r distinguishes different generic C. Combining both (3.9) and (3.10), we
deduce the birationality of ¢,41, x.

Item (iii) follows directly from (3.9) and (3.10) since |K¢ + [Qmo.m, — Cllc] is
base point free under the assumption.

We are left to treat (ii). Since nn*(Kx) — F — iE}; is nef and big (see (2.1), as
F = 5), the Kawamata-Viehweg vanishing theorem implies:

1

(n+DEx ||l = [Kx + [nm"(Kx) — ;EHHF
1
= |Kp+[nm"(Kx) - ;EHIFI
= |Kr + [Qmo,mi || (3.11)
where
~ 1 2 2 27
Qo = (07" (Kx) = ~Ep)lr = = E |r = =B, = (1= ) Hp,
1 01 01 01
1 2m 1 2j 2
= ———— = (1= )" (K —C1 4+ C.
(== = 2 (= D) (e + 5 Cr
Since Qmo,ml — C is nef and big, the vanishing theorem implies
|Kr + [Qmo,mi e = |Ke + [Qmom, — Cllcl (3.12)
where

Aeg([Ormoms — Clle) > (n — % - " )emo. (6] + 57 >0,

Clearly, since py(X) > 0, |(n + 1)K x| distinguishes different general F' and |(n +

1)K x/||r distinguishes different generic C. Combining (3.11) and (3.12), we get the
birationality of w41, x. O

4. Minimal 3-folds of general type with p, = 1. In this section, we always
assume that py(X) = 1. By the proof of [11, Corollary 4.10], we know that X
belongs to either of the types: (1) Py =1 and Ps > 3; (2) Py > 2.

4.1. The case P, =1 and Ps > 3. As explained in Subsection 2.8, we will utilize
those formulae and inequalities in [9, Section 3] to classify the weighted basket
B(X).

Proposition 4.1. If p,(X) = P4(X) =1 and |5Kx| is composed of a pencil, then

p15,x 18 birational.

Proof. We may take mg = 5 and use the set up in 2.2. Pick a general fiber F
of the induced fibration f : X’ — T' from 5. Clearly we have py(F) > 0 and
(> Ps(X)—12>2. By (2.5), we have

™ (Kx)|F ~o “(Kr,) + Er (4.1)

< o
¢+5

for an effective Q-divisor E7 on F where Fy is the minimal model of F'.
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For a positive integer m > 7, Lemma 3.1 says that |mK x| distinguishes different
general F'. By Kawamata-Viehweg vanishing theorem, we have

1
mKx/||lr = [Kx +[(m—1)7"(Kx)— EE’WF

= IKp o+ [ = D (Kx)le - -

CE’lFH- (4.2)

Noting that |Ms5] is composed of a pencil, we have

(m — V)" (Kx)|r — ZE’|F =(m—-1- TO)W (Kx)|p-
Case 1. F is a not a (1, 2)-surface.
We have
. 1 3¢+ 15
(m = 1) (Kx)le = £Elr) = 2B
= 30" (Kp) + am 7" (Kx)|F,
where @y c =m—1— W > 0 whenever m > 15. By Lemma 2.3 and Lemma
2.5, we see that
. 1 3¢ +15
K+ [(m = )" (Kl = 2Bl = 2B

gives a birational map. Hence we have proved that ¢15 is birational onto its image.

Case 2. F is a (1, 2)-surface.
We take |G| = Mov|Kp|. We have 8 > 2 and £ > 2(0*(Kpg,) - C) = 2 by
(4.1). By Lemma 3.2(1), when m > 11, |[mKx-||r distinguishes different generic

irreducible elements of |G|. Since

mo 16

1
a(ls) =14 — — — =) > — > 2,

(15)= (-T2 - )= =

15 is birational by Theorem 2.1. O

Now we discuss the case when |5K x| is not composed of a pencil.

Setting (N-1). Take two different general members S5, St € |Ms|. Denote by As
the I-dimensional sub-pencil, of |Ms|, generated by Ss and Si. Modulo a further
birational modification, we may and do assume that both |Ms| and the moving part
of A5 are base point free. Then one gets an induced fibration f = fr, : X' — P!
whose general fiber is denoted as F', which has the same birational invariants as
that of a general member of |Ms|. In particular, py(F) = py(Ss) > 2. We may take
mo = 5 and |G| = |Ms|p|. Pick a generic irreducible element Cs in |G|. Clearly
8> % On the other hand, we have

1
™ (Kx)|lp 2 go*(KR,) (4.3)
by (2.5) as p > L.

Proposition 4.2. Assume that py(X) = Py(X) = 1 and that |5K x| is not composed
of a pencil. Keep the setting in (R-1). If g(C5) > 3, then pi6.x s birational.

Proof. We have mg = 5, As C |5Kx/|, ( =1 and g > % Since ¢g(C5) > 3, we

have & > % by Subsection 2.5 and Inequality (2.3). Take m = 14. Then, since
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a(14) > £ > 1, one has ¢ > % by Inequality (2.2). Finally, since «(16) > 1—75 > 2,
©16,x is birational by Lemma 3.1, Lemma 3.2 and Theorem 2.1. O

Proposition 4.3. Assume that py(X) = Py(X) = 1 and that |5K x| is not composed
of a pencil. Keep the setting in (R-1). If g(Cs) = 2, then p16,x 1s birational.

Proof. By [9, (3.6)], n§, > 0 implies that x(Ox) > P5 > 3. We will discuss the
two cases separately: ¢(F') =0 or ¢(F) > 0.

Case 1. ¢(F) =0.
With the fibration f : X’ — P!, we have ¢(X) = ¢(X’) = 0 and h%(Ox) =
x(Ox). Since ¢(F) = 0, one has R! f.wx: = 0 and hence

W (P, fuwxr) = h*(Ox) = x(Ox) > 3.

Since fiwx:/pt is a nef vector bundle of rank p,(F'), we may write

fowxr = @8 Opi (),
where a; > —2 for any 1 < i < py(F'). Since py(X) = 1, there is an iy such that
a;, = 0. We deduce that
hl(P17f*wX/) = Z hl(]P)la OIF” (al)) S pg(F) -1
iio
Thus we have py(F) > 4.

Subcase (1-i). |Kp| is not composed of a pencil.
We consider the natural restriction map

0: HO(F7 U*(KFO)) — HO(C57U*(KF0)|05)'

When dimy(Im(6)) > 3, then we have deg(c*(Kp,)|c,) > 4 by Riemann-Roch
theorem and the Clifford theorem on C5. Hence

£2 $(0"(Kn) C5) 2

W N

Since a(15) > % > 2, p15,x is birational by Lemma 3.1, Lemma 3.2 and Theorem
2.1.
When dimg(Im(#)) < 2, we naturally have

0" (Kp,) > Cs + (',

where C” is a generic irreducible element in Mov|o*(Kp,) — Cs|. Suppose C5 = C".
Then 7*(Kx)|r > %05 which means 8 > % Since

€2 20" (Kn)  Cs) 2

Wl

by Lemma 2.4, we have a(16) > % > 2. Hence ¢16,x is birational for the similar
reason. Suppose that C5 and C’ are not in the same curve family, in particular,
C5 # C'. Then (C5 - C") > 2 since |C5| is moving on F. By the vanishing theorem,
we have

BKx/||F = [Kx +[T7"(Kx)] + Fl|r
7 |Kr+[Qs] +C" + Cs



2308 MENG CHEN, YONG HU AND MATTEO PENEGINI

where Q¢ = 7*(Kx)|r is nef and big. By Lemma 3.1 and Lemma 3.2, |13Kx/]
distinguishes different general fibers F' and different generic elements C5. Using the
vanishing theorem once more, we have

|KF + [Q] + C" + Cs||c; = |[Kc; + Dsl,
where deg(Ds) = (([Qs] + C’) - C5) > 2. Thus 13 x is birational.
Subcase (1-ii). |Kr| is composed of a pencil.

Modulo further birational modifications, we may and do assume that Mov|K 15| is
base point free. Since ¢(F') = 0, Mov|Kr| is composed of a rational pencil. Let C be
a generic irreducible element of Mov|Kp|. Since py(F') > 4, we have o*(Kp,) > 3C.

If C5 is not numerically equivalent to C', then hO(F,C — C5) = 0 and then
h°(Cs,Cle.) > 2. We have (C - C5) > 2 by the Riemann-Roch on C5. Thus we
have

€2 (0" (Kn) - Cs) > 5(CC5) > 1.

In this case we have seen that § > %
Otherwise, we have 0*(Kp,) > 3C5 and so 8
by Lemma 2.4. In both cases, one has a(15) >
Lemma 3.1, Lemma 3.2 and Theorem 2.1.
Case 2. ¢(F) > 0.
By Debarre [14], one has K7, > 2py(F) > 4. Assume that |G| is not composed
of a pencil. Then we have

AISO f Z %(U*(KFO)'C%) Z %

> 1
- 2'
% > 2. Thus 15 x is birational by

{2 2 (0"(KR,) - C5) >

S| =
N =

since (0*(Kp,) - Cs5) > /8 > 2. Then it follows that «(16) > 2. When |G| is
composed of an irrational pencil, we have G > 2C5 and so > % Note that one
has £ > % and so that a(15) > 2. As a conclusion, for above two cases, 16 x is
birational by Lemma 3.1, Lemma 3.2 and Theorem 2.1.

From now on, we may and do assume that |G| is composed of a rational pencil.
Since F possess a genus 2 fibration onto P* and F is of general type, we see ¢(F) = 1
(see Xiao [32, Theorem 2.4.10]).

Subcase (2-i). K7 > 6.

As 2= (Kp-C5) > /K -0.(C5)%, we see 0.(C5)* = 0. By [7, Lemma 2.7], we

see
o (Kp,) > 205 (4.4)

and so 3 > 1 according to (4.3).
Let us consider the natural map:

HO(F,20*(Kp,) —iCs) 2= HY(Cs,20%(Kp,)|c,)
for 0 < i < 3. Note that h?(F,20*(Kp,)) = P2(F) > 8 and
h0(05’20-*(KF0)|C5) = hO(U*<C5)72KF0

We naturally have h°(F,20*(Kg,) — Cs) > 5.
(2-i-1). If dimIm(p_1) = 3, we have

20'*(KF0) >Cs+C_4

U*(Cs)) =3.
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where |C_1| = Mov|20*(Kp,) — C5] and (C_; - C5) = deg(C_1]¢,) > 4. By (4.3)
and (4.4), we have

4 1 3
817 (Kx)lp 2 30" (KR) 20" (KR) + 3505
1
> CSJFiC—L (4.5)

Applying Kawamata-Viehweg vanishing theorem, one gets
BExlle = [Kx + [0 (Kx)] + Flle
7 |Kr+[Q-1]+Csl, (4.6)
where Q_1 = 7 (Kx)|r + %C'_l. Since

(7" (Kx)lr + 5C-1) - Cs) 2 (8" (Kl C5) + 5(C-1-Co) > 2,

we see that |[Kp+[Q_1]+Cs]|c, gives a birational map. By Lemma 3.1 and Lemma
3.2, we have seen that ¢5 x is birational.

(2-i-2). If dimIm(p—1) < 2 and dimIm(p_2) = 2, we have
20 (Kp,) > 2C5 + C_s
where |C_s| = Mov|20*(Kf,) —2Cs| and (C_3-C5) > 2. By the vanishing theorem,
we have
6K x/[lr = [Kx +[107"(Kx)] + FllF
7 |Kp+[Q-2]+C5)

where Q_o = 47*(Kx)|r + %C’,Q is nef and big. Since (Q_2 - C5) > % > 2, we
see that |Kp + [Q_2] + C5||c, gives a birational map. Thus @16 x is birational by

Lemma 3.1 and Lemma 3.2.
(2-i-3). If dimIm(p_1) < 2 and dimIm(p_2) = 1, we have

20'*(KF0) Z 405

since hO(F,20*(Kp,) — 2C5) > 3. Clearly this implies 8 > % by (4.3). Since
a(16) > 2, @16, x is birational by Lemma 3.1, Lemma 3.2 and Theorem 2.1.
Subcase (2-ii). If K7 < 5, by Horikawa’s theorem (see [17, 18, 19, 20]), the
Albanese map of F'is a genus 2 fibration onto an elliptic curve E, say alb : I’ — E.
On the other hand, K7 > 2p,(F) implies p,(F) = 2. Modulo further birational
modification, we may and do assume that Mov|K | is base point free. Pick a generic
irreducible element, C' of Mov|Kp|. If Mov|K | is composed of an irrational pencil,
then C' and C are not in the same pencil, i.e. (C-Cs5) > 1. Since |G| is composed
with a rational pencil, we have h9(C, Cs|s) > 2 and then (C - C5) > 2 by the
Riemann-Roch theorem on C. Moreover, numerically, one has Krp > 2C. Then
2 = (Kp-Cs) >4, a contradiction. So M0V|KF\ must be a rational pencil. Write

o*(Kp,) ~C+H,
where H is an effective divisor. Pick a general fiber €’ of alb. Clearly we have (C -
C") = 2 as |C| is a rational pencil and ¢’ & |C|. Also we have 2 > (0*(Kp,)-C") > 2
by Lemma 2.4. Thus (C’ - H) = 0 which means H is vertical with respect to alb.
So H? < 0. Now one has 4 > (C' 4+ H)?> = ¢*(Kp,)? > 4 since (6*(Kp,) - C) = 2
by Lemma 2.4. Thus H? = 0 and H is equivalent to a multiple of C’. The only
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possibility is H = C’. Now we see that Cs ~ C, otherwise, (Kp-C5) > 2 gives a
contradiction. Hence we have

67 (Kx)|r > 0*(Kp,) = Cs + C’
with (C5 - C") = 2. Applying Kawamata-Viehweg vanishing theorem, one gets
BKx[|lr 7 |[Kx + [T (Kx)] + Fllr
7 |Krp+[Q-3]+Cs|,
where Q_3 = 7*(Kx)|r + C’" and (Q_3 - C5) > 2. Since
[Kr + [Q-3] + Csllcy

gives a birational map, we see that (3 x is birational by Lemma 3.1 and Lemma
3.2. 0

Proposition 4.2 and Proposition 4.3 directly imply the following:

Theorem 4.4. Let X be a minimal projective 3-fold of general type with py(X) =
Py(X) =1. Then 16 x 1is birational onto its image.

4.2. The case P, > 2.

Proposition 4.5. Let X be a minimal projective 3-fold of general type with py(X) =
1 and Py > 2. Then p16,x is birational unless Py(X) = 2 and |4K x| is composed
of a rational pencil of (1,2)-surfaces.

Proof. Take my = 4. Keep the same notation as in 2.2. By Theorem 2.2, we have
15K x/[|s 7 [3(Kx/ + 5)|[s = 3K (4.7)

for a generic irreducible element S of |M|. This also implies that 7*(Kx)|s >
%O—* (KSO)'

When d; > 2, we have ( = 1 by definition. Note that K¢ ~ (Kx/ + S)|s. The
uniqueness of Zariski decomposition implies that

5
c"(Kg,) > " (Kx)|s + S|s > 15\57

which means that K3 > 5 > 1. Thus Sy is not a (1,2)-surface. Take |G| = |5]s].
Then 8 > 4. By Lemma 2.4, we get £ > 2 and so

12
a(15) > (15— 1-4-4)¢> = >2

By Lemma 3.1, Lemma 3.2 and Theorem 2.1, 15 x is birational.

When d; = 1, using Lemma 3.1 and (4.7), we may and do assume that F is either
a (2,3) or a (1,2)-surface. For the case of (2, 3)-surfaces, we take |G| = Mov|Kp|.
Then 8 = % and we still have £ > % Then, since a(16) > 2, 16,x is birational by
Theorem 2.1. For the case of (1, 2)-surfaces, we still take |G| = Mov|Kp|. If Py > 2
or P, = 2 and |M] is an irrational pencil, then we have ¢ > 2. This implies that
™ (Kx)|r > $0*(Kp,) and 8 > . Then we have { > £ and «(15) > 2. By Lemma

3.1, Lemma 3.2 and Theorem 2.1, ¢15 x is birational. O

(R-2). Assume py(X) =1, Po(X) =2 and | M| is composed of a rational pencil of
(1,2)-surfaces. One has x(Ox/) > 0 since P; = P,. Furthermore, from the induced
fibration f: X’ — P!, one gets ¢(X) =0, x(Ox) = h*(Ox/) = h!(f.wx/) <1 and,
due tonf 4 >0 ([9, (3.6)]), 3> x+2 > Ps + 05.
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Proposition 4.6. Let X be a minimal projective 3-fold of general type with py(X) =
1 and Py(X) = 2. Assume that X has the property (R-2). Then 17, x s birational.
Proof. Note that 2 < Ps < 3. By [11, Table A3], we know £ > 2 and K% > &
Case 1. Ps = 3. If |5Kx/| is composed of a pencil, then we have 57*(Kx) > 2F,
which means p > % This also implies that 7*(Kx)|p > %0*(KFO) whence > %
Since a(15) > % > 2, ¢15,x is birational by the similar reason.

Now assume that |5K x/| is not composed of a pencil. Clearly we have h®(Ms|r) >
2. Set |G5‘ = ‘M5|F|

Subcase 1.1. When |G| and |G| are not composed of the same pencil, one has
£> %(M5|F -C) > % Recall that we have mp =4, (=1 and § = % So a(16) > 2
and ¢16,x is birational.

Subcase 1.2. When |G| and |M5|r| are composed of the same pencil, we must
have (C - G5) = 0. Recall that we have & > 2.

If Ms|p is not irreducible for a general Ms, we have 8 > 2. Since «(15) > 2,
¢15,x is birational by Lemma 3.1, Lemma 3.2 and Theorem 2.1.

If Ms|p is irreducible for the general My, we denote this curve by C5 = M5 N F.
On F, we have C' = Cs. Take a generic irreducible element C' of |Ms|az,|. Suppose

(C5 - C) > 0. We must have (Cs - C) > 2 since |C5| is a rational pencil. So we get

. N 1, 4 2
§=(m"(Kx) C5) = (m"(Kx)las - C5) 2 £(C- C5) 2 -
We again have a(16) > 2, which implies the birationality of @16 x. Suppose (Cs -
C) = 0 and Ms|ps, > 2@'. We set 79 = 5. Then ((ro) = 1. Set |G| = |Ms|az]|.
Clearly we have B(ro, |G|) = 2 and

(10, |G]) = €(mo, |G]) = %

Since a(mo,lél)(w) > 1—75 > 2, ¢16,x is birational by Lemma 3.1, Lemma 3.2 and

Theorem 2.1. As the last step, suppose (Cs-C) = 0 and Mj|ay; is irreducible. Then
we have C5 = Ms|s, on a general member Sy € |M5|. We know that S is not a
(1, 2)-surface and py(Ss) > 2. So
* 1 * A
§= 5(47 |GD = (7T (KX)|55 : M5|S5) > 6(05(‘[{55,0) ’ C) >
where o5 : S5 — S5, is the contraction onto the minimal model. Thus «(17) >
% > 2 and ¢7 x is birational for the similar reason.

Case 2. P; = 2. Since we have x(Ox) = 1, ¢ > 0 implies Ps + 05 < 5. By
eg = 0, we get P = P; and € = 0. Hence o5 = 0. By [10, Lemma 3.2], we have
Ps > P,+ P, = 3. We set m; = 6 and shall use Proposition 3.6 to consider in detail
the property of the maps s _; and ¢, _; for j > 0 (see Definition 3.3). Recall that
mo = 4.

If vgp > 3, one has £ > %deg(M6|C) > % by Riemann-Roch theorem and
Clifford’s theorem on C. Since a(14) > & > 2, @14 x is birational by Lemma 3.1,
Lemma 3.2 and Theorem 2.1. If vg,_; > 2, then we have

wl

Mslp > C + C_q,
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where C_; is a moving curve with h%(C,C_1|¢) > 2 (hence (C' - C_1) > 2). Since
Kawamata-Viehweg vanishing theorem gives

|12KX’HF = |KF+ |'7T*(Kx)|pw + 4 +C|

and |Kp + [7*(Kx)|r| + C1 + Cllc = |K¢ + D| with deg(D) > 2. Thus @12 x is
birational.
We assume, from now on, that vgo <2 and vg_; < 1.

Subcase 2.1. Either h°(F, Mg|r) > 4 or h°(F, Mg|r) = 3 and vg,9 = 1.
Clearly, one has Mg|p > 2C, which means 8 > % Since «(16) > 76 > 2, 16,
is birational by the similar reason.

Subcase 2.2. Either hO(MG‘F) =3 and V6,0 >2or ho(}?7 M6|F) < 2.
In particular, we have ugg < 3. When Ps > 5 or Ps = 4 and ugo < 2, one
naturally has
Mg > F + Fy

for a moving divisor F; on X’. Suppose that F and F; are in the same algebraic
family. Then p > % and hence 8 > %. As amg,1q)(16) > % > 2, p16,x is birational
by the similar reason. Suppose that F’ and Fj are in different algebraic families. By
Proposition 3.6 (mg = 4, m; = 6), we see that either (13 x is birational or we can
get a better estimate for £. In fact, since £ > % and if we take n = 4, Proposition
3.6(2.1) gives & > 11; similar trick implies £ > % Now since 6§ > 2, we see that
©13,x is birational by Proposition 3.6(2.2).

When Ps = 4 and ug o = 3, then we must have h(Mg|r) = 3. By assumption,
one gets vg 0 = 2, which implies £ > % Since a(17) > 2, 17 x is birational.

When Ps = 3, we have
1
60°
By [10, Lemma 3.2], we have Py > Ps + P> = 4 and ¢; = 5 — Pg > 0. Since any
one-step packing of B(®) has the volume < =, we see Bx = B®) and K% = &

Note that we have & > 2 =. Since rx = 60 and 7x§ is an integer, we see § >
Thus «(17) > 2 and 17 x is birational.

B®) = {7x(1,2),2 % (2,5),2 x (1,3),(1,4)}, K° =

\w%

1

DO

Proposition 4.7. Let X be a minimal projective 3-fold of general type with py(X) =
1 and Py(X) = 2. Assume that X has the property (R-2). Then @16 x is birational
unless X belongs to one of the following types:
(i) Bx ={4x(1,2),(3,7),3 x (2,5),(1,3)}, K = 35
(i) Bx ={4x(1,2),(5,12),2 x (2,5), (1,3)}, K° =
(iii) Bx ={7x(1,2),(3,7),2 x (1,3),(2,7)}, K* = 1'
(Z’U) BX:{7X(172)7( ) ( 73)3 10)} K? = 1057 )
(v) Bx ={7x(1,2),2x(2,5),2x (1,3),(1,4)}, K* = .

Proof. From the proof of the previous proposition, we only need to consider the
following three situations:

(4.7.1) Ps = 3 (the last situation of Subcase 1.2 of Proposition 4.6);

(4.7.2) P5; =2 and Ps = P; = 4 (the second situation of Subcase 2.2 of Proposition
4.6);

(4.7.3) P; =2 and P; = P; = 3 (the last situation of Subcase 2.2 of Proposition
4.6).

(3,
x

b
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Step 1. Either P; > 5 or Pg > 6.

We keep the same notation as in Proposition 3.4. Take m; = 7. If vy ¢ > 3, then
&> %deg(Mﬂc) > %. Since a(14) > 1—76 > 2, 1a4,x is birational. If v7 o < 2 and
uro > 4, then M7|p > C+ C; for certain moving curve Cy (i.e. h°(F,Cy) > 2). For
the case C' = C1, we have § > % and a(16) > % > 2. Hence @16, x is birational. For
the case C' # C1, 13 x is birational by Proposition 3.7. If vz o < 2 and uyo < 3,
since P; > 5, My > F + I for some moving divisor F; on X’. In the case F' = I},
we have p > % and then 8 > %. Since «(13) > % > 1, we see £ > 1% Since
a(16) > 28 > 2, ¢4 x is birational. Finally, for the case F # Fy, by Proposition
3.6, either @14 x is birational or we have that |S1|r| and |G| are not composed of
the same pencil. Take n = 4 and run Proposition 3.6(2.1), we get £ > %. Similarly,
take n =7, since 7§ > 2, 15 x is birational again due to Proposition 3.6(2.2).

Similarly, take m; = 8. If vgg > 3, then £ > & deg(Ms|c) > 3. Since a(15) >
% > 2, p15,x s birational. If vg g < 2 and ugo > 4, then Mg|p > C + C; for certain
moving curve Cy on F. For the case C = Cy, we have 3 > 1 and the optimization
by Inequality (2.2) gives £ > %. Hence a(16) > 2 and @16, x is birational. For the
case C' # C, p14,x is birational by Proposition 3.7. If vg o <2 and ug < 3, since
Py > 6, h°(Mg — F) > 3. In the case that |[Mg — F| is composed of the same pencil
as |F|, we have Mg > 3F. Then u > % and 8 > % As &> % and a(15) > % > 2,
©15,x is birational. Finally, for the case |Ms — F| is not composed of the same
pencil as |F|, we may write Mg > F' + F for some moving divisor F; with F' # Fy.
By Proposition 3.6, either 15 x is birational or we have that |Fi|p| and |G| are
not composed of the same pencil. Take n = 4 and run Proposition 3.6(2.1), we get
&> %. Similarly, take n = 7, since 7§ > 2, ¢16,x is birational due to Proposition
3.6(2.2).

Therefore we may assume P; < 4 and Ps < 5 in next steps.

Step 2. Case (4.7.1).

In Property (R-2), Ps = 3 implies o5 = 0. From e = 0, we get 4 > P; = P+ 1.
Thus Py = Ps; = 3 and Py = 4,5. Referring to the corresponding situation in the
previous proposition, we have proved & > % Thus K% > 4%55 > %. Since e7 = 1,2,
we have either

B = {3x(1,2),2 % (3,7),2 x (2,5), (1,3)}

contradicting to K3 > %); or

B ={4x(1,2),(3,7),3 x (2,5),(1,3)}
with K3 = %, the only possible packing is

Bgo = {4 X (17 2)7 (5a 12)3 2 X (2a 5)7 (17 3)}
with K3 = g5 which is minimal. This asserts (i) and (ii).

Step 3. Case (4.7.2).
We still have £ > % and so K3 > %. Similarly, since

5> Py > P+ Ps.

with K% = 15 (

So we have Py = 5 and
B ={7x(1,2),(3,7),2 x (1,3),(2,7)}
with K3 = 2. This has only one possible packing
Bios = {7 % (1,2),(3,7),(1,3),(3,10)}



2314 MENG CHEN, YONG HU AND MATTEO PENEGINI
with K = 15¢. This asserts (iii) and (iv).

Step 4. Case (4.7.3).
We have proved that

Bx = B® = {7x(1,2),2 x (2,5),2 x (1,3),(1,4)}

and K% = g5, which asserts (v). O

Theorem 4.8. Let X be a minimal projective 3-fold of general type with py(X) =1
and Py(X) > 2. Then

(1) v17,x 1is birational;
(2) v16,x is birational unless X belongs to one of the following types:
(i) Bx = {4 x (1,2),(3,7),3 x (2,5),(1,3)}, K? = 2 Py(X) = 1 and

1057
x(Ox) =1; [
(i) Bx = {4 x (1,2),(5,12),2 x (2,5),(1,3)}, K* = &, Py(X) = 1 and
x(0x) =1;
(iii)) Bx = {7 x (1,2),(3,7),2 x (1,3),(2,7)}, K3 = ﬁ, Py(X) =1 and
X(OX> =1;
(iv) Bx = {7x(1,2),(3,7),(1,3),(3,10)}, K3 = &, Py (X)=1and x(Ox) =
1;
(v) Bx ={7x(1,2),2 x (2,5),2 x (1,3),(1,4)}, K* = &, P»(X) =1 and
X(Ox) =1.
Proof. Theorem 4.8 follows directly from Proposition 4.5, Proposition 4.6 and Propo-
sition 4.6. O

Theorem 4.4 and Theorem 4.8 imply Theorem 1.3.

5. Threefolds of general type with p, = 3 (Part I). Within this section, we
assume pg(X) = 3, d; = 2 and keep the same set up as in 2.2. The general fiber C
of the induced fibration f : X’ — I is a curve of genus g > 2. Let us recall the
following theorem.

Theorem 5.1. Let X be a minimal projective 3-fold of general type. Assume
pg(X) =3. Then
(i) (|6, Theorem 1.5(1)]) K% > 1.
(ii) (7, Theorem 4.1]) when K3 > 1 and dy = 2, p5 x is birational.
In fact, by the argument in [6, 3.2], K% = 1 implies g(C) =2 and ¢ = (7*(Kx) -
C)=1.
From now on within this section, we always assume that K% = 1. Take |G| =
|S|s|, which means 8 > 1. Since

1 =K% > (m"(Kx)|s - 8ls) > (7" (Kx)|s - BC) > B, (5.1)

we see # = 1. This also implies that |G| is composed of a free rational pencil on S
and that h?(G) = h%(C) = 2. Recall that o : S —» S is the contraction onto the
minimal model. By Theorem 2.2, we have

4K x5 = [2(Kxr + 9)lls = [2Ks| = 207 (K, )],
which directly implies
1
T (Kx)ls 2 507 (Ks,)- (5.2)
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Lemma 5.2. Assume py(X) =3, dy =2 and K% = 1. Then

pg(S) =4, q(S)=0
and K%O =4.

Proof. We have Kg ~ (Kx/ + S)|s > 2C and h°(S,C) = 2. Hence p,(S) >
h0(S,2C) > 3. By (5.2), we have K% < 4. On the other hand, the Noether
inequality (see [1, Chapter VIL.3]) implies p,y(S) = py(So) < 4. Finally, by Debarre
[14], we obtain ¢(S) = ¢(Sp) = 0. By the Noether inequality and K2 < 4, it is
sufficient to prove that p,(S) = 4.

Suppose that py(S) # 4. Then we have py(S) = 3. Note that we have Kg >
0*(Ks,) > 2C and h%(S,2C) = 3. So |Kg,| is composed of a pencil of curves. By
Lemma 2.5, we have

(KSO U*(C)) = (U*(KSO) : C) > 2.

Since g(C) = 2, we have (¢*(Kg,) - C) < (Kg-C) = 2. We deduce that (Kg, -
0+(C)) = 2. Since Kg, > 20.(C), we have

K%, >2(Ks, - 0.(C)) > 4.

By Hodge index theorem, we have 0,(C)? < 1. Note that ((Kg, + 0.(C)) - 0.(C))
is a positive even integer by adjunction formula. Thus we have o,(C)? = 0 and
(Ks, +0+(C)) -04(C)) =2 . In particular, the linear system |o.(C)| is base point
free and is composed of a pencil of curves of genus 2, i.e., |0.(C)| is composed of a
free pencil of curves of genus 2. Thus Mov|Kg, | is composed of a free pencil of curves
of genus 2. By Xiao ([31, Chapter 5, Corollaire 1]), one has Kgg > 4py(Sp) —6 > 6,
a contradiction. O

Proposition 5.3. Under the same condition as that of Lemma 5.2, Assume py(S) =
4. Then |Kg,| induces a double cover 7: Sy — Fao (Fo denotes the Hirzebruch ruled
surface with a (—2)-section) and s x is non-birational.

Proof. Clearly we have K g'o = 4 by the Noether inequality. By our assumption, |C|
is a free pencil on S and o*(Kg,) > 2C. If |Kg| is composed of a pencil of curves,
then Mov|Kg| = |3C|. Hence

T (Kx)|s > Pl (Ks,) > 5C,

-2
which means g > %, a contradiction. So |Kg| is not composed of a pencil of
curves. In fact, such surfaces have been classified by Horikawa (see [17, Theorem

1.6(iii),(iv)]). Namely, S belongs to one of the following types:

1. the canonical map @, Ks,| 8ives a double cover of Sy onto P! x P! whose branch
locus is linearly equivalent to 617 + 6o, where [; and [y are two natural line
classes on P! x P! with 12 =12 = 0;

2. @, | induces a double cover 7: Sy — Fy whose branch locus is linearly
equivalent to 6Ag + 12, where A is the unique section with A2 = —2 and
is a fibre of the ruling of Fy with 2 = 0.

Case (1) is impossible. By the ramification formula, one has Kg, = Cy + Cq,
where C; is the pullback of [; for ¢ = 1,2. On the other hand, we have a genus 2
curve class C' = ¢,C. With the similar reason to that in the proof of Lemma 5.2,
|C| is a free pencil on Sy. Noting that Kg, > 2C, we have

~ o~ o~

2=(Ks, C)=(C1-C)+(C2-C).
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Here we have three free pencils of curves of genus 2. If C; # C for some 1, then
(C; - C) > 2 as C is moving on C;. So the only possibility is that C; = C while
(Cy - C) = 2. But then one has

2= (Ks, - Ca) 22(C-Cs) = 4
a contradiction.

Case (2) implies the non-birationality of 5 x. By (5.1) we have (7*(Kx)|s)?
= 1. On the other hand, we have

2= 2(x* (Kx)ls)? 2 (0" (Ks,) - 7 (Kx)ls) 2 /K3, - (w* (Kx)ls)? =
which means, by the Hodge Index Theorem, that
* 1 *
T (Ex)ls = 507 (Ks,)- (5.3)

According to Horikawa, the double cover 7: Sy — F5 is branched over a smooth
divisor B € |6A0 + 127\ By construction (Ag - B) =0 and 7*A¢ = A; + Ay with
A? = =2 for i = 1,2 and (A; - A2) = 0. Denote by Cy = 7*v. Then, by the
ramlﬁcatlon formula, we have Kg, ~ 2Cy + A; + As. Let us pullback everythmg to
S and take Cy = 0*(Cy), A; = o™ (4; i) for i =1,2. Then o*(Kg,) ~ 2Cy + A, +A2
For the similar reason, we see C = C since (0*(Kg,) - C) = 2. Thus C and C are
in the same curve class. Thus we have

m™(Kx)[s=C+ 5 (Al + Ap). (5.4)

Denote by A; (i = 1,2) the strict transform of A; on S. Then (0*(Kg,) - A;) =0
for i = 1,2 since (0*(Kg,) - A;) = 0.

Let us denote by ¢ the restriction map f|s : S — f(S). The general fiber of
¢ is in the same class of C. Since 7*(Kx) > S, we may write n*(Kx) = S + E}
where S is certain special member of |M| and E} is an effective Q-divisor. Denote
by C'" = §|g. Clearly C' ~ C. Then

W*(Kx)‘s =C'+ Jy + JIp,

where J, and J;, are effective Q-divisors, J, is vertical with respect to ¢ while J},
is horizontal with respect to ¢. Since 7*(Kx)|s < Kg and (Kg - C) = 2, J has at
most two irreducible components. Suppose A; is not any component of Supp(Jy).
Then

0=(A; -7 (Kx)|s) > (A; - C") = (A; - Co) = (A; - Cp) > 0,
a contradiction. Hence it asserts that J;, = aA; + bAy with a,b>0and a+b=1.
Now since o.(m*(Kx)|s) = 1 Ks, and the A; is a horizontal (—2)-curve, one gets
a > % and b > %, whence a = b = % In a word, we see that
5 . .

57’1'*(Kx)|s :50/4—5(141 +A2)+5Jv. (55)

Since
5 . . R R
M5‘S < |_5C/ + 5(141 + Ag) + 5J1,J =5C' + 241 + 24,5 + \_5JUJ

and |5J, ] is vertical with respect to f|g, we see that (Ms|s - C') < 4. On the other
hand, by our assumption, (41 + As)|c ~ K¢. By the Kawamata-Viehweg vanishing
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theorem once more, we get the following two relations:

I5Kx/|ls %= |Kx +[37"(Kx)|+Slls
= |Ks+ [37"(Kx)|s]|

= K+ [3n (Kx)ls — (A + A) = 4] (5.6)
and
[Ks + 37 (Kox)ls — 5 (A + A2) = Tl
= Ko+ (A + Ay)le| = [2Kol. (5.7)

By (5.6) and (5.7), we have |Ms||c = |2K¢|. Note that (Msls - C) < 4. We
deduce that |Ms||c = |2K¢|. Since C' is a smooth curve of genus 2, |2K¢| is not
birational. Note that the curve class parameterized by C covers X’. Hence @5 x is
not birational. O

Theorem 5.4. Let X be a minimal projective 3-fold of general type with py(X) =3
and dy = 2. Then ps5 x is non-birational if and only if K% = 1.

Proof. This theorem follows directly from Theorem 5.1, Lemma 5.2 and Proposition
5.3. O

Theorem 5.4 is sharp and here is an example due to Iano-Fletcher [15]:

Example 5.5. The general hypersurface X = X1o C P(1,1,1,2,6) of degree 12 has
the invariants p, = 3 and K§’( = 1, but @5 x is non-birational. Notice that in this
example X5 is a double cover of P(1,1,1,2) ramified over a sextic. The surface
S maps 2 : 1 onto P(1,1,2), which exactly fits into the situation described in the
proof of Proposition 5.3

6. Threefolds of general type with p, = 3 (Part II). This section is devoted
to studying the case py(X) = 3 and dy = 1. Keep the same notation as in 2.2. We
have an induced fibration f: X’ — T" of which the general fiber F is a nonsingular
projective surface of general type. Let o: F' — Fj be the contraction onto the
minimal model.

By [5, Theorem 3.3], it is sufficient to assume b = g(I') = 0, i.e. T' =2 P!. Note
that p,(X) > 0 implies p,(F) > 0. Thus Fy must be among the following types by
the surface theory:

(1) (K}%‘Ovpg(FO)) - (L 2);

(2) (K%,.pq(Fo)) = (2,3);

(3) other surfaces with p,(Fp) > 0.
By [7, Theorem 4.3 and Claims 4.2.1, 4.2.2] it suffices to consider Case (1). It is well
known that, for a (1,2)-surface, | K g, | has one base point and that, after blowing up
this point, F' admits a canonical fibration with a unique section which we denote
by H. Denote by C a general member in |G| = Mov|c*(KF,)|. Set mg = 1.

6.1. Several sufficient conditions for the birationality of 5 x.

Lemma 6.1. Let X be a minimal projective 3-fold of general type with py(X) = 3,
dy =1, T =P Assume that F is a (1,2)-surface. Then B(1,|G|) > 2, £(1,|G|) =1
and (7" (Kx)|r)? > 2.



2318 MENG CHEN, YONG HU AND MATTEO PENEGINI

Proof. By our definition in 2.2, one has {(1) = 2 and

7 (Kx) ~Q 2F+Ei, (6.1)
where F] is an effective Q-divisor. By (2.5) (or, see [12, Corollary 2.5])
2
T (Kx)lp = 50" (Kr,) + @, (6.2)
where Q' is an effective Q-divisor on F. In particular, we have
2
pLIG) > 2.
This also implies that
2 2
(" (Kx)|p)* 2 3 (7" (Kx)[r - C) = 3¢ (6.3)
Finally we know £ > 1 by [7, Claim 4.2.3]. As it is clear that { < (6*(Kp,)-C) =1,
one has £ = &(1,|G|) = 1. O

Lemma 6.2. Under the same condition as that of Lemma 6.1, if B(1,|G|) > 2,
then @5 x is birational.

Proof. Since

a52(5—1—i—%)-€>2,

@5, x is birational by Lemma 3.1, Lemma 3.2 and Theorem 2.1. O
By Equality (6.2), we may write
" 2
where Er is an effective Q-divisor on F'.

Lemma 6.3. Under the same condition as that of Lemma 6.1, if

N 2
(7" Kx|r)® > 3
then @5 x is birational.

Proof. Consider the Zariski decomposition of the following Q-divisor:
3
27T*(Kx)|F + §EF = (27T*(Kx)|p + N+> + N,

where

(z1) both N* and N~ are effective Q-divisors and N* + N~ = 2 Ep;
(z2) the Q-divisor 7*(Kx)|r + N7 is nef;
(z3) ((m*(Kx)|lp +NT) - N7)=0.

Step 1. (7*Kx|r)? > 2 implies (N*-C) > 0.
Since C' is nef, we see (N1 -C) > 0. Assume the contrary that (N -C) = 0.
Then (NT)%2 <0 as C is a fiber of the canonical fibration of F'. Since
2 2

3 (7" (Kx)|r)* = 3 (T (Kx)- C) + (" (Kx)|r - EF)
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implies (7*(Kx)|r-Er) > 0, we clearly have (7*(Kx)|r-NT) > 0 by the definition
of Zariski decomposition. Now

(NF)? = (N*- (o (Kx)lr — O = N7))

= gW* -7 (Kx)|F) + (7" (Kx)|Fr - N7) >0,

a contradiction.

Step 2. (NT-C) > 0 implies the birationality of ¢5 x.
By the Kawamata-Viehweg vanishing theorem, we have

. 1
5Kx/[|lp = |[Kx + [47 (KX)—§EH||F

= |Kp+ [(4r* (Kx) — 2E)|r].

2
Noting that
* ]‘ / 7 * * 3
(4’/T (KX)fiEl)‘F = 57‘( (Kx)|FEQ7T (Kx)‘F+O+§EF
= 2 (Kx)lr+N")+C+ N, (6.5)

and that 27*(Kx)|r + N7 is nef and big, the vanishing theorem gives
1
K+ [(47"(Kx) = 5E)|r = N7llo = |Ke + D7, (6.6)

where deg(D1) > 26 + (NT - C) > 2. By Lemma 3.1, Lemma 3.2, (6.5) and (6.6),
@5 x is birational. -

Lemma 6.4. Under the same condition as that of Lemma 0.1, if the Cartier index
rx s not divisible by 3, ps5 x s birational.

Proof. By [8, Lemma 2.1], we see that rx (7*(Kx)|r)? is an integer. When rx is
not divisible by 3, one has

(zrx] 2
(K 2> 3 =
(m(Kx)lp)" 2 == >3
Thus @5 x is birational according to (6.3) and Lemma 6.3. O

Lemma 6.5. Let mi > 2 be any integer. Under the same condition as that of
Lemma 6.1, 5 x is birational provided that one of the following holds:

(i) tm, 0 = hO(F,miKF);

(i) hO(Myn, — jF) >2my —j+2 > 1 and uy, —; < 1 for some integer j > 0.

Proof. (i). Since 0,,, o is surjective and |mi0*(Kpg,)| = |mi1C|, we have
mim* (Kx)|r = My, |r > m1C,

which means that § = 1. By Lemma 6.2, @5 x is birational.
(ii). By assumption, |M,,, —jF| and |F| are composed of the same pencil. Hence
we have M,,, > (2my + 1)F, which means p > 2mT11+1 By (2.5), we get

2m1+1

Tl 2 5

0" (Ks,)

which means 8 > % By Lemma 6.2, @5 x is birational. O
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6.2. The solvability of explicit classification assuming the non-birationality
of @5 x. Now we will apply the results in Subsection 3.2 to do further discussion.
Recall from Definition 3.3, for any integers j > 0 and m; > 1, one has

Py (X) = 02 (M, = (7 + 1)F) 4ty 0 + Uy —1 + o+ Uiy —j- (6.7)
By Proposition 3.4 and Lemma 6.5, we may assume that
1
Umy,0 < Py (F) — 1= §m1(m1 —1)+2. (6.8)

Lemma 6.6. Let my > 2 be an integer. Keep the same condition as that of Lemma
6.1. Assume that @5 x is non-birational. Then

1. .
Py < gjma(ma = 1) +2j
holds for any integer j > 2my — 1. In particular, one has
P, <md —m? 4 4m,.

Proof. Assume that we have P, > 1jmi(m; — 1) 4+ 2j. By Equation (6.7) and
Inequality (6.8), we have h®(M,,, — (5 + 1)F) > 0 which means M,,, > (j + 1)F.
Inequality (2.5), we have 7* (Kx)|r > mf:]1+1a*(KF0) which implies 3(1,|G|) > 2.
By virtue of Lemma 6.2, ¢5 x is birational, a contradiction. Hence the lemma is
proved.

In particular, take j = 2m1, we get P, < m$ —m? + 4m;. O

Remark 6.7. The key role of Lemma 6.6 is that, if @5 x is non-birational, then
P,,, is upper bounded for any m; > 1. For instance, we have P, < 12. In fact,
Subsection 3.2, Lemma 6.2 and Lemma 6.3 allow us to get effective upper bounds
for P, (2 <mj < 6), which are essential in our explicit classification.

Just to illustrate the main idea of our explicit study, we present here the following
result for the case my = 2:

Proposition 6.8. Keep the same condition as that of Lemma 6.1. Assume that
s, x is non-birational. Then Py(X) < 8.

Proof. Suppose, to the contrary, that Po(X) > 9. Set m; = 2. By virtue of Lemma
6.5, we may assume uz o < h°(2Kp) — 1 = 3.

Case 1. up,_1 = 3.
There is a moving divisor S, _1 on X’ such that

My >F 4+ S5

and h°(F, Sy, _1|r) > 3. Modulo further birational modification, we may and do
assume that |S2 _1| is base point free. Denote by C2 _; the generic irreducible
element of |S2 _1|p|. Then |C2 _1] is moving as ¢(F) = 0.

If |Se,_1|F| and |C| are composed of the same pencil, then

Ms|p > Sa—1|F > 2C,

which means that § > 1. By Lemma 6.2, @5 x is birational.
If |So,—1|r| and |C| are not composed of the same pencil (which implies that
(Ca,_1 - C) > 2), Proposition 3.6(1) implies that o5 x is birational.

Case 2. up ;1 <2and uy,_p =2
We have
My > 2F 4 S _o,
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where S2 _5 is a moving divisor on X’ with h?(F, Sz _o|r) > 2. Similarly we may
and do assume that |S3 _2| is base point free modulo further birational modifica-
tions. When |S2 _o|r| and |C| are not composed of the same pencil, Proposition
3.6(1) implies the birationality of ¢5 x. When |S2 _2|r| and |C| are composed of
the same pencil, Theorem 3.5 (n; = j; = 2, I; = 1) implies B(myo,|C|) > 2 > 2.
By Lemma 6.2, ¢5 x is birational.

Case 3. ug 1 <2, uy_o <1and P(X)>9.

Clearly, hO(M2 - 2F) > 4. By Lemma 6.5 (my = j = 2), @5 x is birational. O

By the similar method, but slightly more complicated arguments, one should
have no technical difficulties to obtain the following proposition, for which we omit
the proof in details:

Proposition X. Keep the same condition as that of Lemma 6.1. Assume that vs x
is non-birational. Then P3(X) < 15, Py(X) < 26, P5(X) < 41 and Ps(X) < 63.
Moreover, when P3(X) =15 or Py(X) =26 or P5(X) =41, vs5 x is non-birational
if and only if )

(" (x)le)? = 5.

We would like to explain the outline for classifying the weighted basket B(X).
Keep the same condition as that of Lemma 6.1 and assume that @5 x is non-
birational. Then the following holds:

(c1) x(Ox) = —1or =2 since ¢(X) =0, h*(Ox) =0, 1 and p,y(X) = 3;
(¢3) K% >4 by [6, 3.7);
(c4) rx is 3-divisible, which applies to the basket By rather than B(®).

The above situation naturally fits into the hypothesis of [9, (3.8)] from which we
can list all the possibilities for B(®)(X). To be precise,

B<5) = {n?,Q X (172)7'”'3,5 X (275)777'?,3 X (173)7”’?,4 X (174)7”’?,5 X (175)7' }

with
n?72 3X(OX)+6P2—3P3—|—P4—2P5—|—P5—|—O'5,
Q(OX) P3+2P5*P6705
=2 (Ox)+2pg+3P3—3P4—P5+P6+O'5,

ng,f)
B® ni’ e
n?A (Ox) — 3P, + P3+2P, — P5; — o5

where o5 = 37,5, n{ . >0 and
(259 <2X(Ox)—P3+2Pr—P6

Note also that, by our definition, each of the above coefficients satisfies n? , > 0.
With all these constraints, a computer program outputs a raw list of about 500
possibilities for {Bg?), Py(X),x(Ox)}. Taking into account those possible packings,
we have the following conclusion.

Corollary 6.9. Let X be a minimal projective 3-fold of general type with py(X) = 3,
diy =1, T 2Pl Assume that F is a (1,2)-surface and that @5 x is non-birational.
Then B(X) corresponds to one element of certain concrete finite set Ss.

Being aware of the length of this paper, we do not list the set S3, which can be
found, however, at http://www.dima.unige.it/~penegini/publ.html

Finally it is clear that Theorem 1.4 follows from Theorem 5.4, [7, Theorem 4.3
and Claims 4.2.1, 4.2.2] and Corollary 6.9.


http://www.dima.unige.it/~penegini/publ.html
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