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SOME MULTIVARIATE POLYNOMIALS FOR
DOUBLED PERMUTATIONS
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ABSTRACT. Flajolet and Frangon [European. J. Combin. 10 (1989) 235-241]
gave a combinatorial interpretation for the Taylor coefficients of the Jacobian
elliptic functions in terms of doubled permutations. We show that a multi-
variable counting of the doubled permutations has also an explicit continued
fraction expansion generalizing the continued fraction expansions of Rogers
and Stieltjes. The second goal of this paper is to study the expansion of the
Taylor coefficients of the generalized Jacobian elliptic functions, which implies
the symmetric and unimodal property of the Taylor coefficients of the general-
ized Jacobian elliptic functions. The main tools are the combinatorial theory
of continued fractions due to Flajolet and bijections due to Frangon-Viennot,
Foata-Zeilberger and Clarke-Steingrimsson-Zeng.

1. Introduction. For a fixed modulus x € (0,1), the Jacobi elliptic function
sn (z,x) is the inverse of an elliptic integral, i.e.,

P b dt
sn (z,z) =y iff z—/o N

The other two Jacobi elliptic functions are respectively defined by

en (z,x) := /1 —sn?(z,x),
dn (z,2) := /1 — 22sn2(z, x).

These functions appear in a variety of problems in physics and have been extensively
studied in mathematical physics, algebraic geometry, combinatorics and number
theory (see [5, 6, 8, 9, 11, 12, 19, 20, 21, 27, 28] for instance). When z =0 or = 1,
the Jacobi elliptic functions degenerate into trigonometric or hyperbolic functions:

sn(z,0) =sinz, cn(z,0) =cosz, dn(z,0) =1,
sn(z,1) =tanhz, cn(z,1) =dn(z,1) = sech z.
The three Jacobi elliptic functions are connected by the differential system (see [2]):
disn (z,x2) = cn(z,z)dn (z,x),
Lo (z,x2) = —sn (z,2)dn (2, z), (1)
L dn (z,2) = —2?sn (z,x)cn (2, 2).
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Note that
(—i)-sn(iz,1) + cn(iz, 1) = tanz + sec z = ZEnz—, (2)
n=0 n!

where i = /-1 and E,, is the number of alternating permutations (also known
as up-down permutations) in &,, (see [26]). The Taylor series expansions of these
Jacobian elliptic functions are given as follows:

3 o

sn(z,z) =z — (14 22 )Z +(1+ 1422 + )5 (1 + 13522 +1352* + 2%) + - - -,

3!

52 A 46
cn (z,x) = 1—§—|—(1+4x)4' (1 + 442 +161:)6,+~-~, (4)
4 6
dn(z,x):lfxz2 (4+I)E—x(16+44x2+9:4)%+-~. (5)

Defining the Laplace-Borel transforms of sn and cn by:
Si(z,x) :/ e 'sn(zt,x)dt and Co(z,z) :/ e fen (2t, x)dt,
0 0

e., the series obtained from (3) and (4) by replacing z™/n! by z", Rogers and
Stieltjes [21, 27] found the following continued fractions expansions.
z
S1(z2) = 1223221 ’
3-42.5. 2224
1+ (1+22) 5222 —

(6)
14+ (14 22)22 -

1+ (1+22)-3222 —

1

Co(Z,JJ) = 12.92 . 42,4 . (7)

1+22 — 3242 . 20

1+ (5% 4+ 4222)22 —
According to [12], the question of the possible combinatorial significance of the
coefficients of J,(z) in

1+ (32 + 22$2)22 _

2n+1

1+ nz:l )" Jon(z o T Z )" Jont1(x )m =cn(z,x) +sn(z,x)
was first raised by Schutzenberger. The first combinatorial interpretation was given
by Viennot [28], and is expressed in terms of so-called Jacobi permutations. Using
his combinatorial theory of continued fractions Flajolet [11] proved that the coeffi-
cients of cn (z, z) count classes of alternating (up-and-down) permutations based on
the parity of peaks. Dumont [8] finally discovered some further relations between
these functions and the cycle structure of permutations. Flajolet-Frangon [12] gave
an interpretation of the elliptic functions as generating functions of doubled permu-
tations.

A polynomial f(z) = >, a;z" € R[z] is called y-positive if f(z) = Z}Z{)QJ yixt (14
x)"~ %" for n € N and nonnegative reals 70,71, . . .,7|n/2/, the notion of y-positivity
appeared first in the work of Foata and Schiitzenberger [13]. A recent survey on
~-positivity in combinatorics and geometry was given by Athanasiadis [1]. In a
series of papers Shin and Zeng [22, 23, 24] exploited the combinatorial theory of
continued fractions to derive various ~y-positivity results.
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In this paper, by generalizing the continued fraction expansions of Rogers and
Stieltjes, we generalize Flajolet and Francon’s the combinatorial interpretation of
the Taylor coefficients of the Jacobian elliptic functions. Furthermore, we show that
the Taylor coefficients of the generalized Jacobian elliptic functions are ~y-positive.
The main tools are the combinatorial theory of continued fractions due to Flajolet
and bijections due to Frangon-Viennot, Foata-Zeilberger and Clarke-Steingrimsson-
Zeng.

2. Main results. We follow [4, 17, 16, 22, 23] for notations and the nomenclature
of various permutation statistics. First we recall three classical involutions defined
on G,, namely, the reverse, complement and the composition of the two. For
e G,,

" i=mw(n)---w(2)7(1),
i =n+1-71)n+1-=m(2)) - (n+1—n(n)),
¢ =Mn+1-7n(n) - (n+1-m(2))n+1-mn(1)).
Denote by 7! the inverse permutation of . If we use the standard two-line notation

to write m, then 7—! is obtained by switching the two lines and rearranging the

. . . . 1 2
columns to make the first line increasing. For instance, if 7 = ( 3 ), then

2 31
(123
3 1 2 )
Let &,, be the set of permutations of [n] = {1,2,...,n}. Given a permutation

m=mn(l)m(2)---7(n) € &, we say that i € [n — 1] is a descent (resp. excedance) of
7w if w(i) > w(i + 1) (resp. (i) > i). Let desm (resp. excm) denote the number of
descents (resp. excedances) of .

Definition 2.1. For 7 € G,,, let 7(0) = w(n+1) = 0. Then any entry w(i) (i € [n])
can be classified according to their ordinal type into four categories:

a peak if w(i — 1) < w(4) and m(i) > w(i + 1);

a valley if w(i — 1) > w(7) and (i) < w(i + 1);

a double ascent if w(i — 1) < w(i) and 7(i) < w(i + 1);

a double descent if w(i — 1) > (i) and w(z) > 7(i + 1).

Let pk 7 (resp. val 7, da 7, dd 7) be the number of peaks (resp. valleys, double
ascents, double descents) in 7. Note that for 7 € &,,, pk7 +dd 7 = des7 + 1.

For o € 6, with convention 0-o0, i.e., o(0) = 0 and o(n+1) = oo, any entry (i)
(¢ € [n]) can be classified according to their left ordinal type into four categories:
let Lpk (resp. Lval, Lda, Ldd) be the set of peaks (resp. wvalleys, double ascents and
double decents) and denote the corresponding cardinality by Ipk (resp. Ival, I[da and
Idd).

Definition 2.2. For 0 = o(1)---0o(n) € 6,,, we define its star compagnon o* as a
permutation of {0,...,n} by

ot = 0 1 2 . n (8)
\n o(1)=1 o(2)-1 ... on)—1)"
Any entry (i) (i € [n]) can be classified according to their star cyclic type into four
categories:

Cpk*o={icn—1]:(c")"1() <i>o*()}, (9)
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Cval*o ={i € n—1]: (")) > i < o™ (i)}, (10)
Cda*ocUFix*oc={icn—1]:(c")'(@) <i<o* (@) uficn—1:i=0"(i

<
=
—

Cdd*o={icn—1]:(c*)" () >i>o"(i)}.

The corresponding cardinalties are denoted by cpk®, cval®, cda® U fix* and cdd”
respectively.

Definition 2.3. A permutation is a doubled permutation iff for all 0 < i < |(n —
2)/2], elements (i.e. values) 2i + 1 and 2i + 2 are of the same ordinal type. The
set of doubled permutations is denoted by DP,,. A permutation is a star doubled
permutation iff for all 0 < ¢ < |(n — 2)/2], elements (i.e. values) 2i + 1 and 2i + 2
are of the same star cyclic type. The set of star doubled permutations is denoted
by DP;,.

For example, m; = 6315427 € DP; since 1 and 2 (resp. 3 and 4, 5 and 6)
are valleys (resp. double descents, peaks) of 7. m = 6732451 € DP5; since
{1,2} € Cval* 7y, {3,4} € Cdd" 73 and {5,6} € Cpk* ms.

The first goal of this paper is to explore the coefficients in the Taylor series
expansion of Jacobi elliptic functions sn (z, z) by generalizing the continued fractions
of (6).

For 0 € &, the statistic (31-2) o (resp. (13-2) ¢ ) is the number of pairs (i, )
such that 2 <i < j<mand o(i—1) > o(j) > o(i) (resp. o(i — 1) < o(j) < o(7)).
Similarly, the statistic (2-13)c (resp. (2-31)0¢) is the number of pairs (4,5) such
that 1 <i<j<n-—1land o(j+1)>o(i) > o(j) (resp. o(j +1) < o(i) < o(4)).
Moreover, define

crosio=#{j: j<i<o(j)<o(@) or o(i)<o(j)
nest,oc =#{j: j<i<o(i)<o(j) or o(j) <o)

i<} (13)
i< j}. (14)

IN A

Let cros = > | cros; and nest = " | nest;.
Let Jopn+1(p, ¢, x,u,v,w) be the polynomials defined by the continued fraction
expansion

Z(_l)nj2n+1(paqv$7uavaw)z2n+1 (15)

n>0

[p.q [2]2,q[3]p7qx2w224 7

[3]p7q[4}§,q[5]p7qx2w224

1+ (u?+ m2v2)[l]g,q22 —

L+ (u? +220?)[3]2 22 —

where [n],, = (" —¢")/(p — ).
Theorem 2.4. We have

J2n+1(p7 q,m,u,v,w) — Z p(2—13) ‘n'q(31-2) ﬂxdeswuda ﬂvddﬂwva|ﬂ (16)

TE€EDPant1
_ § pnestﬂ'qcrowrl,excwucdd wv(cda +fix )wwcval ™ (17)
71'6D'P§nJrl
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As Jopt1(z) = Jony1(1,1,2,1,1,1), we derive
J2n+1(1’) _ Z xdesw

TEDP2nit1
— Z LT
cEDPS, 1y
Eq. (18) is due to Flajolet-Francon[12].
Theorem 2.5. We have
[n/2]
J2n+1<p7 q,T,u,0, U)) = Z aA2n+1,2k (p7 q) (xw)Zk (u2 + v2$2)n_2ka
k=0

where

anir26(pq) = Y pEI AT,
TEDP2ni1,2k

and
DPont1,2k := {7 € DPapt1,dd(w) = 0,valm = desm = 2k}.
Moreover, for all 0 < k < |n/2], the following divisibility holds
(p+ )" | azn+1,26(p, )
In particular, we obtain the following expansion of Ja,,41(z) from (20).

Corollary 1. For all n > 1, we have
L%]

Jon+1 (m) = Z |D'Pzn+172k|$2k(l + x2)”_2k.
k=0

1929

(23)

Remark 1. Using context-free grammar Ma-Ma-Yeh-Zhou gave another interpre-
tation of y-coefficients in increasing trees, see [20, Eq. (14)] and [20, Corollary 20],
it would be interesting to find a direct bijection between DPs), 41,2 and the ~-

coefficients in [20].

The second goal of this paper is to explore the coefficients in the Taylor series
expansion of Jacobi elliptic functions cn (z, ) by generalizing the continued fractions

of (7).

Definition 2.6. For o0 € &,,, any entry o(i) (i € [n]) can be classified according to

their cyclic ordinal type into four cases:
e a cyclic peak if i = 0~ (z) < z and x > o(z);
e a cyclic valley if i = o7 (x) > z and = < o(z);

e a double excedance(resp. fized point) if i = o0~ 1(x) < z and z < o(z)(resp.

z = o(x));
a double drop if i = o~ (z) > z and z > o(x).

Let cpko (resp. cvalo, cdao, cddo, fixo) be the number of cyclic peaks (resp.

valleys, double excedances, double drops, fixed points) in o.

Definition 2.7. For ¢ € &,, with convention 0-oo, a double ascent o (i) of o
(¢ € [n]) is said to be a foremazimum if o(i) is a left-to-right mazimum of o, i.e.,
o(j) < o(i) for all 1 < j < i. Denote the number of foremaxima of ¢ by fmaxo.

For instance, 1da(42157368) = 3, but da(42157368) = 2 and fmax(42157368) = 2.



1930 BIN HAN

Definition 2.8. A permutation 7 is said to be a left doubled permutation iff for
all 0 < i < |[(n — 2)/2], elements (i.e. values) 2i + 1 and 2i + 2 in 7 are of
the same left ordinal type. The set of left doubled permutation is denoted by
LDP,. A permutation 7 is said to be a cyclic doubled Permutation iff for all
0<i<|(n—2)/2], elements (i.e. values) 2i + 1 and 2i + 2 in 7 are of the same
cyclic ordinal type. The set of cyclic doubled permutation is denoted by CDP,,.

Let Jay,(p, ¢, x,u,v,,w,y) be the polynomials defined by the continued fraction
expansion

Z(_l)nj2n(p7Q7xauavaw,y)'an (24)

n>0

= 2 2 .2, 2.4
144222 — e

1 (@l + p20)° + a2 )22 — Dpallaa” e’
Theorem 2.9. We have
J2n(p, q, T, u, v, W, y) _ Z p(2—31)7rq(31—2) ‘n'xdeswulda 7r—fmax7rvldd ‘n',wlvalﬂyfmax7r
7E€LDPan (25)
— Z pnest wqcros ™ peXC wucdd 7r,Ucda wwcval wyfix ™ (26)
oc€CDPan

Since Jop,(z) = Jon(1,1,2,1,1,1), we derive
Jon(x) = > adeT (27)

7TELDPan
=Y e (28)
o€CDPap
Eq. (27) is due to Flajolet-Francon [12].
When u =0 and t = v = 1 we can write
JZn(p> q, 1; 0, ]-7 w, y) = Z b2n,2k,2j (pa Q)w2ky2j, (29)
k,j>0

where boy, 21,25 (P, ¢) is a polynomial in p and ¢ with non negative integral coefficients.
Let CDPay, 21,2 denote the subset of all the permutations o € CDP,, with exactly
2k cyclic valleys, 2j fixed points, and without double drops, and let LD P2y, 2,2,
denote the subset of all permutations o € LDPg, with exactly 2k valleys and 2j
double ascents, which are all foremaxima.We derive the following combinatorial
interpretation of bay, 2 2;(p, ¢) from Theorem 2.9.

Corollary 2. We have
b2n,2k,2j (p, Q) _ Z pnest oqcrosa — Z p(2—31) aq(31—2) o (30)
0ECDPan 2k.2; CELDPan 2k 2;
In particular, when j =0, we obtain

1)27172167()(177 Q) _ Z pnestoqcrosa _ Z p(2—31)0q(31—2)0’ (31)
0€DDanp 2k,0 o€ DD3,, ok0

where DDa,, := {m € CDPay,, fixm = 0}.
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Recall (see [22]) that a coderangement is a permutation without foremaximum.
Let DDj,, be the subset of LDPs,, consisting of coderangements, that is, DD} =
{0 € LDPy,, : fmaxc = 0}. Thus, DDy, 2k,0 is the subset of derangements o €
DDy, with exactly 2k cyclic valleys, and without double drops, and DD, oy ¢ is
the subset of coderangements o € DD, with exactly 2k valleys and without double
ascents. The following is our main result about the polynomial

DD2n(p»q7x7ua v, w) = J2n(p7 q,%,u,v,w, 0)

Theorem 2.10. We have

[(n)/2]
DDZn (pa q,x,u,v, ’LU) - Z b2n,2k,0(pa q) (:L'w)mC (q2’LL2 + x202)n72/€' (32)
k=0

A pair of integers (i, ) is an inversion of o € &,, if i < j and o(i) > o(j). Let
inv o be the inverion number of o.

As inv = exc + 2nest + cros (cf. [16, Eq. (2.41)]), taking (p,q,x,u,v,w) =
(¢,1,2,1,1,1) (resp. (p,q,x,u,v,w) = (¢% q,7q,1,1,1)) in Eq. (32), we obtain the
following corollary.

Corollary 3. For all positive integers n and for each statistic stat € {nest,inv},

[n/2]
Z qStatﬂxeXCﬂ' — Z Z qStatﬂ' l‘Qk(l + x2)n—2k- (33)
7EDDan k=0 \7EDDan 2k0

For any permutation o € G,,, we denote by cyco the number of its cycles. We
give the following expansion.

Theorem 2.11. We have

[n/2]
Z qcycwxexcw _ Z Z qcyc7r I2k(1 + IZ)n72k. (34)
0€DDs, k=0 \7E€DDsn 2x,0

The rest of this paper is organized as follows. In Section 3, we recall some
definitions and preliminaries of combinatorial theory of continued fractions. In
Sections 4—7 we shall prove Theorem 2.4, Theorem 2.5, Theorem 2.9, Theorem 2.10
and Theorem 2.11, respectively. In Section 8, we refine the enumeration results on
alternating permutations, which are related to the combinatorial interpretations of
Jacobi elliptic functions.

3. Definitions and preliminaries. A Motzkin path of length n in the plan Nx N
is a sequence of points (s, .. ., s, ), where sg = (0,0), s; — s;—1 = (1,0), (1, £1) and
sp = (n,0). Each step (s;—1,s;) is called East (resp. North-East, South-East) if
8;i — 8i—1 = (1,0) (resp. s; — ;-1 = (1,1), 8; — s;—1 = (1,—1)). The height of the
step (s;—1,s;) denoted by h; is the ordinate of s;_1.

A 2-Motzkin path is a Motzkin path consists of two types of horizontal steps,
either blue or red. The set of 2-Motzkin path of length n > 1 is denoted by CM,,.
Denoting the North-East step (resp. East blue step, East red step, South-East step)
by a (resp. b, V', ¢), see Figure 1 for a 2-Motzkin path. If we weight each East blue
(resp. East red, North-East, South-East) step of height i by b; (resp. b}, a; and
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¢;), and define the weight of v by the product of its step weights denoted by w(~y).
Then,

> 3 wi=

n=0~eCM,, 1— (bO + b(’)) z—

5 (35)
apCy 2

a1Co 22

1— (b + b))z —

A 2-Motzkin path is a doubled path if the step at odd position is always followed
by a step of the same type. See Figure 1 for a doubled path -, whose wieght is
w(’y) = a0a162b20201a0a10201b6b6.

ba | ba
ai C2 ai C2

ao | C1a0 C1

F1GURE 1. The doubled path ~
Grouping steps 2 by 2 in a doubled path of length 2n yields a 2-Motzkin path of
length n, by (35) we obtain the following lemma.
Lemma 3.1. If DMs, is the set of doubled paths of length 2n, then
1

Z Z w(y) 2" = 5 . (36)

apgai1CaCl 2
7—“’)’ 2 2 1 1
n EDMQH f— (bo _|_ b/ ) z —

2
a2a3C4yC3 Z
1— (b? +by2)e — =227

Definition 3.2. A Laguerre history (restricted Laguerre history) of length n is a
couple (v, (p1,-...,pPn)), where v is a Motzkin path of length n and (p1,...,pn) is
a sequence satisfying 0 < p; < h; (resp. 0 < p; < h; — 1 if (s;-1,s;) is East red
and South east). Denote by LH,, (resp. LH)) the set of Laguerre histories (resp.
restricted Laguerre histories) of length n. Similarly, a doubled Laguerre history
(restricted doubled Laguerre history) of length n is a couple (v, (p1,-..,pn)), where
~ is a doubled path of length n and (p1,...,pn) is a sequence satisfying 0 < p; < h;
(resp. 0 < p; < h; — 1 if (s;_1,s;) is East red and South east). Denote by 09,
(resp. ©9;,) the set of doubled Laguerre histories (resp. doubled restricted Laguerre
histories) of length n.

4. Proof of Theorem 2.4. Clarke-Steingrimsson-Zeng [4] gave a direct bijection
® on permutations converting statistic des into exc on permutations, and linking
the restricted Frangon-Viennot’s bijection to Foata-Zeilberger bijection. As a vari-
ation of ®, Shin and Zeng [23] constructed a bijection ¥ on permutations to derive
a cycle version of linear statistics on permutations. Recently, Yan-Zhou-Lin [29]
constructed a bijection )y zr, from &,,41 to LH,,. Han-Mao-Zeng [16] showed that
Yan-Zhou-Lin’s bijection 1y 7, is a composition of Francon-Viennot’s bijection and
Shin-Zeng’s bijection ¥, see [16, Theorem 2.5]. Further, Han-Mao-Zeng also give
another bijection ¥* on permutations converting statistic des into exc on permuta-
tions, see [16, Corollary 2.2].
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Lemma 4.1 (Han-Mao-Zeng). For o € &,,, we have
(Val, Pk \ {n},Dd, Da)o = (Cval*, Cpk*, Cda* UFix", Cdd*)¥* (o)  (37)
and
((2-13);, (31-2);)0 = (nest;, cros;)¥* (o) for i€ [n]. (38)
Let
wex'c =#{i€n—1]:i <o"(i) = o(i) — 1}(= exco).
As exc = wex* = cval® +cda”® +fix*, des = val+dd, by Lemma 4.1 and Definition 2.3,

we obtain the following result.

Theorem 4.2. Let U* be the restriction of U* on DPapt1. Then U* is a bijection
from DPayp41 to DP;n_H. Moreover, for o € DPapy1, we have

(2-13,31-2, des, da, dd, val) o
=(nest, cros, exc, cdd*, cda* + fix*, cval® ) U* (o). (39)
Proof of Theorem 2.4. For i € [2n + 1], define (31-2)x0, (2-31),0 and (2-13),0 for
o c DP2n+1 by
(Bl-2)o=#{i:i+1<jando(i+1) <o(j) =k <o(i)},
23 go=#{i:j<i—lando(i)<o(j)=k<o(i—1)},
2-13)po=#{i:j<i—lando(i—1) <o(j) =k <o(i)}.
We use Frangon-Viennot’s bijection ¥ py : DPapi1 — DHap. For any o € DPoypy1,
the doubled Laguerre history (so, ..., San, P1, . - ., D2n) is constructed as follows. Let
so =(0,0) and for i =1, ..., 2n,
the step (s;—1, s;) is North-East if ¢ is a valley,
the step (s;—1,s;) is South-East if 4 is a peak,
the step (s;—1,s;) is East blue if 7 is a double ascent,
the step (s;—1,s;) is East red if ¢ is a double descent.
While p; = (2-13);0 fori=1,...,2n.
According to definition of h;, (31-2);0 + (2-13)10 =0 = hy. For i > 1, if i is a
valley, we have

(31-2);_10 4+ (2-13);_10 — 1 if i — 1 is a peak,
(31-2)i10 + (2-13);_10 + 1 if i — 1 is a valley,
(31-2);—10 + (2-13);—10 if  — 1 is a double ascent,
(31-2);_ 10+ (2-13);

(31—2)10' + (2—13)10' =
i—10 if 7 — 1 is a double descent.
By inductions we have

(31-2);0 + (2-13);0 = h; if i is a valley.

Similarly, it is not difficult to prove by induction that (31-2),0 + (2-13);0 = h; if i
is a peak, double ascent or double descent.

Since 0(0) = 0(2n+2) = 0, so 2n+ 1 must be a peak and valo = pko — 1. Thus
(S0, -y 82n,P1, - - -, P2n) is & doubled Laguerre history of length 2n and

2n
’LU(O') _ IER7+NE'quB 'y,UER'waE'y priqhi*pi’

=1
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where NE~, EB~, and ER v are the number of North-East steps, East blue steps,
and East red steps of «. Therefore,

2n
ER NE EB ER NE
Tont1 (P, vy, vy w) = 0 aPRITNEI BB PR NEY T, 1], (40)
vy€DMay, =1

where [n],, = (p" —¢")/(p — q). Given a doubled path ~, the weight of each step
at height k is created by using the following rules:

ap =azwlk+ 1,4, bri=ulk+1]pq by i=avk+1],q cx:=[k~+1pg,
(41)

if the step is North-East, Fast blue, East red and South-East, respectively, and the
weight of v is defined to be the product of the step weights. Summing over all the
doubled paths of length 2n with the rules (41), we have

J2n+1(paQ7x7uaan) = Z w(FY) (42)
vYEDMay,

By Lemma 3.1, Jo,+1(p, q, z,u, v, w) are the coefficients in the following continued
fraction expansion,

ZJQTH-l b,q,x,u,v w)

n>0
1
1p.4[212 ., [3]p.qz2w? 22 »
1—(u?+ 932172)[1]129 a* = Lpal ]pyq[ ]féz]l [4]2 [5] 2,22
xiw?z
1 — (u? +220?)[3]2 2 — P pal P

by transforming z to —z? and multiplying both sides by z, we obtain (16) imme-
diately. This completes the proof of (16). This lead to (17) combining (39) and
(16). O

5. Proof of Theorem 2.5.

Proof of Theorem 2.5. In view of (43), for 0 < k < [n/2], let azpn+1,2(p; ¢, , u, V)
be the coefficient of w?* in Ag,.1(p,q, z,u,v,w), i.e.,

[n/2]
J2n+1(p7q7x7u7v7w) = Z a2n+1,2k(p>Q7xau7’U)w2k' (44)
k=0
Transforming z and w to 71577y and w(“z';xzﬁ) in (43), respectively, we obtain
[n/2]
Z Z A2n+1,2k (p, ¢, u,v) w2k
2k (uZ + g2p2)n—2k
n>0 k=0 * (u? + a%v?)
1
= . 45
T a2y Blyg®? )
P 1 _ [3]2 5 — [3]p7q[4]127,q[5}}27,qw222
- L [B2, % — [5]p,4[6]5 ¢[7]p.qw?2?
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Since the right-hand side of the above identity is free of variables x, u, and v, the
coefficient of w?¥ 2™ in the left-hand side is a polynomial in p and ¢ with nonnegative
integral coefficients. Denote the coefficient of (45) by

L a2n+1,2k(p7 q,,u, U)
P2n+1,2k(pa Q) T l‘Qk(UQ i IQ’UQ)"_Zk .

On the other hand, Take (p, q,x,u,v,w) = (p,q,1,1,0,w) in (44), then the con-
tinued fraction (43) becomes the right-hand side of (45) immediately. With the
definition of agy41,25 in (21), we see that

Poyy12k(0,q) = a2n41,2k(0,¢,1,1,0) = azpy1,2k (0, q)-

With Eq. (44), this proves (20). Finally, since (p+¢)* | [2n — 1], q[2n]2 ,[2n + 1], 4
for all n > 1, each w? appears with a factor (p + ¢)? in the right-hand side of
(45), and the polynomial Py, 1 21 (p, q) is divisible by (p+ ¢)?*. This completes the
proof. O

In the rest of this section, we will provide a combinatorial proof of Corollary 1
via the modified Foata-Strehl actions on permutations.

Definition 5.1 (MFS-action). Let w € &,, with boundary condition 7(0) = 7(n +
1) = 0, for any a € [n], the a-factorization of 7 reads m = wywqawswy, where we
(resp. ws) is the maximal contiguous subword immediately to the left (resp. right)
of a whose letters are all larger than a. Following Foata and Strehl [14] we define
the action ¢, by
Yo () = wiwzawswy.

Note that if a is a double ascent (resp. double descent), then wy = & (resp. ws = &),
and if a is a peak then wo = w3 = . For instance, if a = 3 and 7 = 28531746 € &7,
then wy = 2,wy = 85, w3 = & and wy = 1746. Thus @, (7) = 23851746. Clearly,
g 1s an involution acting on &,, and it is not hard to see that ¢, and ¢, commute
for all a,b € [n]. Brandén [3] modified the map ¢, to be

o(m), if a is not a valley of m;
gu(r) = {S" )

, if a is a valley of 7.

1

o

FIGURE 2. MFS-actions on 569174328 (recall 7(0) = w(10) = 0)

See Figure 2 for illustration, where exchanging ws and ws in the a-factorisation
is equivalent to move a from a double ascent to a double descent or vice versa.
Note that the boundary condition does matter. Take the permutation 569173428
in Figure 2 as an example. If 7(0) = 10 instead, then 5 becomes a valley and will
be fixed by ¢f.
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It is clear that ¢/’s are involutions and commute. For any subset S C [n] we can
then define the map ¢y : DPayy1 — DPopt1 by

Ps(m) = T Pha1(m)pha ().

a€sS

Note that 5, ;(7) = 7 and the concatenation of ¢, | (m)ps,(7) is closed for
7 € DPapt1. Hence the group Z5 acts on DPsy, 1 via the functions ¢y, S C [n].
This action will be called the Modified Foata—Strehl action (MFS-action for short).

Proof of Theorem 1. For any permutation m € DPay, 1, let Orb(w) = {g(n) : g €
Z%} be the orbit of m under the MFS-action. The MFS-action divides the set
DPapy1 into disjoint orbits. Moreover, for m# € DPa,41, 2a — 1 and 2a are double
descents (resp. double ascents) of 7 if and only if 2a — 1 and 2a are double ascents
(resp. double descents) of ¢, ;(m)ph, (7). Double descents (resp. double ascents)
2a—1 and 2a of 7 remains a double descent (resp. double ascent) of @b, (7)ph, ()
for any b # a. Hence, there is a unique permutation in each orbit which has no
double descent. Let 7 be this unique element in Orb(7), then da® = 2n+1—pk7 —
val7™ and desT™ = pk7 —1 = val@. And for any other 7’ € Orb(7), it can be obtained
from 7 by repeatedly applying ¢5,_; and @b, for some double ascents 2a — 1 and
des

2a of 7. Once ¢h, 15, is used, 5 increases by 1 and dz—a decreases by 1. Thus

des o des T da 7 des _ =
E 2 = (1+4x)7 =z 2 (14z)" 9T,
oc€0rb 7

By summing over all the orbits that compose together to form DPsy, 11, we obtain
) 5]
Z rz2 T = Z|DP2n+1,2k|l’k(l +$)n_2k,

TEDPant1 k=0
by transforming = to z2, (23) is derived immediately. O
6. Proof of Theorem 2.9 and Theorem 2.10. We need the following result[16,
Lemma 2.1].

Lemma 6.1 (Shin-Zeng). For o € &,,, we have

(Lval, Lpk, Lda \ Fmax, Fmax, Ldd)c (46)
=(Cval, Cpk, Cda, Fix, Cdd)(®(0)) (47)
=(Cval, Cpk, Cdd, Fix, Cda)(®(c)) ™!, (48)
and
((2-31);, (31-2);)0 = (nest;, cros;)(®(c))™t  for i€ [n). (49)

As exc = cval+cda, des = Ipk+1dd = Ival+1dd, by Lemma 6.1 and Definition 2.8,
we obtain the following result.

Theorem 6.2. Let ® be the restriction of ® on LDPs,. Then D isa bijection from
LDPs, to CDPs,. Moreover, for o € LDPs,, we have

(2-31,31-2, des, Ida — fmax, Idd, Ival, fmax) o
—(nest, cros, exc, cdd, cda, cval, fix) (B (o)) . (50)
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Proof of Theorem 2.9. Using Foata-Zeilberger’s bijection Wry : CDPa, — D95,
the restricted doubled Laguerre history (so, ..., S2n,D1,...,P2n) is constructed as
follows. Define sy = (0,0) and

e the step (s;_1,$;) is North-East if ¢ is a cyclic valley,

e the step (s;_1,s;) is South-East if ¢ is a cyclic peak,

e the step (s;—1,s;) is East blue if 4 is a double drop (or fixed point),
o the step (s;—1,s;) is East red if ¢ is a double excedance,

while p; = nest; o for i = 1,...,2n. Then, we have

h;, if (s;—1, s;) is North-East;
h; — 1, if (s;—1,s;) is South-East;
hi, if (s;-1,s;) is East blue;
h; —1, 1if (s;_1,s;) is East red.

nest; o + cros; o =

Thus (Sg, - - -, S2n,P1, - - -, P2n) 18 a restricted doubled Laguerre history of length 2n
and

2n

'lU(O') _ xER'y—i—NE 'quB 'y,UER'waE 'nyB* quE Y+EB~y Hp;m qhi—l—pi7

i=1
where NE~, EB~, and ER~ are the number of North-East steps, East blue steps,
and East red steps of v and EB* v is the number of East blue steps whose height is
equal to p;. Given a doubled path v, the weight of each step at height k is created
by using the following rules:

ag =zwlk + 1,4, bk = yp”® + qulklpq, b = av[klpg, ok = [klpg, (51)

if the step is North-East, East blue, East red and South-East, respectively, and the
weight of v is defined to be the product of the step weights. Summing over all the
doubled paths of length 2n with the rules (51), we have

Jgn(p,q,x,u,v,w,y) = Z U)("Y) (52)
vyEDMay

By Lemma 3.1, Jo,(p, q, 2, u, v, w,y) are the coeflicients in the following continued
fraction expansion,

Z J2n(p7 q,T,u,v,w, y)zn

n>0
1
= . 53
12 22 2w?2? (53)
1—y2z— p,q“lp,q
[3]7,4[4]7, 4% w?2*

1= ((qul2lp.q +p?y)* +2202[2]7 )z —
By transforming z to —2?2 in (53), we obtain (24) immediately. This completes the
proof of (26). This lead to (25) combining (50) and (26). O
Proof of Theorem 2.10. The generating function of the right side of Eq. (32) is

[n/2]
Z Z Z pnestﬂ-qcros‘rr (Z‘w)Zk(C]QUZ +.132’l}2)n_2k2n (54)

n>0 k=0 \7€DDan 2k.0

cval
= Z Z pret g (W) ((¢*u® + 2®v?)2)", (55)

n207eDD,,,
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where E/Dgn = UP_yDDay 2k,0- Using Theorem 2.9, we have
JQn(p,q,LO, 1,UJ,O) — Z pnestwqcrOSﬂ'wcvalﬂ'.

ﬂ€ﬁ2n
Eq. (53) implies that
1+ Z Z pnest Trqcros 7TwCV3| ™, n
nzl We%2n
_ 1
- (2 P2
1-— ’ 5
12 3]2 ,[4]2 ;w2
_ y— a7
pa 1-— [4]p7qz

Making the substitution z ~ (¢?u® + r?v?)z and w :Uw/(qzu2 + 22v?) in the
above equation, we obtain the continued fraction of (55) is

56
) [1]2 1212 ,22w?2? ’ (56)

B [3]12,)q[4]§’qx2w222
Lo @R R ) Tl )
which is generating function of Zn>0 Jon(p, ¢, x, u,v,w,0)2z" by (53). This com-
pletes the proof. O

A

7. Proof of Theorem 2.11. We need the following lemma. Let

‘D (qat U, V, w Z quCO' exc o Cdao cdda Cvalo' (57)
oED,

Lemma 7.1. [23, Eq. (41)] We have

(oo}
1+ Z D, (q,z,u,v,w)z"

n=1

1—-0(zu+v)z — Mg+ 0)aws? | (58)

2(q + 1)zwz?
3(q + 2)zwz?

1—1(zu+v)z —
1—-2(zu+v)z —

Define D3Y"(83, z, u,v,w) to be the coefficients in the following continued fraction
expansion

n yeyc n 1
1+§ 1) D3 (8, @, u, v, w) 2" = N 2wl ;o (59)
172w?z
= 14 boz? — 2, 2.4

1+blz2_)\2mwz

where, for £ > 0,
b = (2k)%(z%u® +v?), and Mgy = (2k +1)(2k +2) (B + 2k)(B + 2k + 1).
Lemma 7.2. We have

f‘y(‘(ﬁ7 T, u,v ’LU) Z chc LINC S 7rucda wvcdd 7rwcva|7r. (60)
w€DDay,
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Proof of Lemma 7.2. Comparing the definition of (57) and (60), observing the
Eq. (58), we constuct a doubled path ~, the weight is created by using the fol-
lowing rules:

b + by, = k(zu+v) and arcpr1 = (k+1)(B8 + k)zw, (61)

where ay, (resp. by, b), and ¢) is the weight of North-East (resp. East blue, East
red and South-East) step at height k. The weight of v is defined to be the product
of the step weights. Summing over all the doubled paths of length 2n with the rules
(61), we have
DY (B, z,uv,w) = Y w(y).
yEDMa,

By Lemma 3.1, D3 (8,2, u,v,w) are the coefficients in the following continued
fraction expansion,

1+ Z D5 (B, x,u, v, w)2"

n>1
1
= 62)
2 1 2,122 ! (
1—22(22u? 4+ v?2)z — rTwE
which is equivalent to (59) by transforming z to (—z)2. O

Proof of Thereom 2.11. Then the generating function of the right side of Eq. (34)
is

/2]

14+ Z Z Z qcyc7r ka(1+x2)n—2kzn (63)

n>1 k=0 \7€DDan 2k.0

cval
=14> 0 ) gm <1fx2) (1+2%)2)". (64)

n21 DDy,

Using Lemma 7.2, we have

D;:'rglc(5717130;w) = Z BCYCT"vaalﬂ.
7€DDan

Eq. (62) implies that

1+ Z Z chc wwcvalﬂ'zn

n2l 7eDDs,

1
= . (65)
1—0. 7 28(8 + 1w?2z?

_3(B+2)4(8+ 3)w?z?

1-22-1z

Making the substitution z + (14 22)z and w + x/(1 + 2?) in the above equation,
we obtain the continued fraction of (64) is

26(8 + 1?2 @

3(8 +2)4(8 + 3)2*2*

1-0-(1+22)z—

1-22.-(1422)z—
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which is generating function of 1+, <, D5 (8, x,1,1,1)2" by (62). This completes
the proof. - O

8. The alternating permutations and Jacobi elliptic functions. A permu-
tation o = o109 -0, € &, is alternating (resp. falling alternating) permutation
if 01 < 09, 09 > 03, 03 < 04, etc. (resp. o1 > 09, 03 < 03, 03 > 04, etc.). Let
2A* (resp. A,) be the set of alternating (resp. falling alternating) permutations on
[n]. Let eval 7 (resp. oval) and opk7 (resp. epk) denote the number of even valleys
(resp. odd valleys) and odd peaks of 7 (resp. even peaks).

A Dyck path is a Motzkin path without horizontal step. So the length of a Dyck
path must be even. Let Dyck,, denote the set of Dyck paths of length 2n. Then,
it is well known (see [12]) that

1+ Z Z w(y)2? =

n>1~vy€Dyck,,, 1—

1

a00122

(67)

a10222

1= 2
agC3z

Recall Definition 3.2, let Dyck path diagram (resp. restricted Dyck path diagram)
of length 2n be the Lagurre history (restriced Laguerre history) of length 2n without
east steps. Denote by Pay, (resp. P3,) the set of Dyck path diagram (restricted
Dyck path diagram) of length 2n. There are several well-known bijections between
Aoy, and Pop,—q and P, see [22] and references therein.

We also need a standard contraction formula for continued fractions, see [22, Eq.
(44)].

Lemma 8.1 (Contraction formula). There holds

1 1
C1z N 016222
1-— 1—ciz— 5
Coz C3Cyq 2
P o — 1—(ca+c3)z— o
c32 1-—
1—
1— Cyq2
1—-...

Define the polynomials F,,(p, ¢, z,y) by the continued fraction expansions

s 1
n 2n
Z(_l) E2n(p7Q7x7y)Z - [1]2 222 (68)
n=0 1+ pvqy
[2]2 x?%2?
1+ p,q
[3]2 222
1+ Pﬁqy
- [4]2 jx*2*

:1—y222+y2((p+q)2m2+y2)z4+---,
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and
> Tz
Z(_l)nE2n+1(p,Q7‘ray)z2n+1 = 1 9 2,2 (69)
=0 14 [p.a[2]p.qy~2
14 [2]p,q[3]p,q2%2°
1+ [3]p,q[4]p.qy° 2>
14 [4]p,q[5]p,q2%2°
=zz— (p+q)zy’2’
+H(p+9*0® +pg + )2y’ + (p+ @) Payh)2" + -
We have the following combinatorial interpretations for E, (p,q,x,y).
Theorem 8.2. Forn > 0, we have
E2n(p, q,x,y) — Z p(2-31)7rq(31—2)wxevalﬂ'Jropkﬂ'yovalﬂ'Jrepkﬂ’ (70)
ST
E2n+1(p, q., y) — Z p(2—13) 7Tq(31-2) ﬂxeval m+opk 7ryova| 7r+epk7r' (71)
TEA2n 1

Proof. We prove the Eq. (70) and Eq. (71) by using Francon-Viennot’s bijection
Vpy @ Aopyr = Py and Wiy, @ ™Ay, — P3,. For 0 € Ay, the corresponding
Dyck path diagram (so, . . ., San, &1, - - -, €25, is constructed as follows: Let sg = (0, 0)
and for i =1,...,2n,

e the step (s;—1,s;) is North-East if ¢ is a valley,

e the step (s;_1,s;) is South-East if 7 is a peak.
While & = (31-2);0 for i = 1,...,2n. We only prove Equation (70) and leave (71)
to the interested reader.

For any o = 0102 ...09, € Aoy, let 0* = 0102 ... 02,09p+1 With 09,41 = 2n 4+ 1.
Let U}y (0) := Upy(o*). Since 1 is the valley then (31-2)10 + (2-31)10 =0 = hq,
and for i > 1,

31-2);_10 + (2-31);_10+1 if i —1is a valley and 7 is a valley,

) )
31-2);_10 + (2-31);_10 — 1 if i — 1 is a peak and 7 is a peak,
31-2),_ )i

) )

(

(
(31-2);04(2-31) ;0=

( 10 if i — 1 is a valley and 7 is a peak,

(

(
(
(2-
(

31-2);_10 4+ (2-31),_10 if i — 1 is a peak and ¢ is a valley,

by induction we have

h; if 7 is a valley,
(31-2);0 + (2-31),0 =
h; —1 if i is a peak.
Therefore,

2n
ONE v+ESE « NE'y Hp —-1-¢;

=1

w(a) 7ENE~+OSE Ty q§i7
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where NE v, SE v, ENE ~, ONE v, ESE v and OSE ~ are the number of North-
East steps, South-East steps, North-East steps at even positions, North-East steps
at odd positions, South-East steps at even positions, and South-East steps at odd
positions. By inductions it is easy to see that the the height ho; (resp. ho;y1)
of even step (s2;-1,82;)(1 < i < n) (resp. odd step (s2i,82i41)(0 < &/ < n —
1)) of Dyck path is odd (resp. even). For example, o = 645231 gives the path
(ONE, ENE, OSE, ENE, OSE, ESE) and the weight (y, xp, zq, zp, zq,y). Let [n]p 4 =
(™ —q¢™)/(p — q), given a Dyck path ~, the weight of each step is created by using
the following rules:

asg = 2k + 1)p gy, aort1 := 2k + 2]p gz, Cor = [2k]p,q%, Cont1 = [2k + 1] Y,
(72)

if the step is North-East at height 2k, North-East at height 2k + 1, South-East at
height 2k, and South-East at height 2k + 1, respectively, and the weight of ~ is
defined to be the product of the step weights. Summing over all the doubled paths
of length 2n with the rules (72), we have

EQn(paq,xvy) = Z w(f)/) (73)
vE€Dycky,

By (67), Jan(p, ¢, x,y) are the coefficients in the following continued fraction expan-
sion,

1

E n b b ) 2n = 74
HZ:O on(Ds ¢, T, Y)2 ; [1];2,,49222 (74)
- [2]2 j22°
LBy
) [4]12)7(]3:222

By transforming 22 to —z2 for the above equation, we obtain (68) immediately, This
completes the proof of Eq. (70). O

Remark 2. 1. By Lemma 8.1 it is easy to check that
EQn(paQa‘r71) = J2n(paQ7x7131a171)7 (75)
Boni1(1,1,1,1) = Jopp1(1,1,1,1,1,1). (76)
Given a Dyck path Dyck,,,, a North-East step at positions (s2;_1, $2;)(1 <
i < n) is matched by some South-East step at (so;7, s2;/41)(0 < i < n—1), i.e.,
the number of North-East even steps is equal to the number of South-East
odd steps. From the Francon-Viennot’s bijection, the number of even valleys
is equal to the number of odd peaks for m € 20s,,. Therefore, when p = ¢ =1,

(70) reduces to Flajolet’s result [12, Theorem 4].

2. When z =y =1, (70) and (71) reduce to Shin-Zeng’s result [22, Theorem 4].
3. Dumont [10, Propostion 7] obtained Es,(1,1,2,y) by enumerating cycle-
alternating permutations with distinct weights for even and odd cycle peaks.

Further refinements of Es,(p,q,z,y) were given in [25, Section 2.15] with
combinatorial interpretations in terms of cycle-alternating permutations.



SOME MULTIVARIATE POLYNOMIALS FOR DOUBLED PERMUTATIONS 1943

Acknowledgments. The author thanks Prof. Jiang Zeng for his inspiring discus-
sions and useful comments. Most of the present work was done during his PhD at
Institut Camille Jordan, Université Claude Bernard Lyon 1 in 2018-2019.

[1]
2]
[3]
[4]
[5]
[6]
7]
(8]
[9]
[10]
[11]
(12]
(13]
(14]
15]
[16]
(17]
(18]
(19]
(20]
(21]
(22]
(23]
24]
(25]
(26]

27]

REFERENCES

C. A. Athanasiadis, Gamma-positivity in combinatorics and geometry, Sém. Lothar. Combin.,
77 (2016-2018), 64pp.

F. Bowman, Introduction to Elliptic Functions with Applications, English Universities Press,
Ltd., London, 1953.

P. Brandén, Actions on permutations and unimodality of descent polynomials, European J.
Combin., 29 (2008), 514-531.

R. J. Clarke, E. Steingrimsson and J. Zeng, New Euler-Mahonian statistics on permutations
and words, Adv. in Appl. Math., 18 (1997), 237-270.

E. V. F. Conrad, Some Continued Fraction Expansions of Laplace Transforms of Elliptic
Functions. Ph.D thesis, Ohio State University, 2002.

E. V. F. Conrad and P. Flajolet, The Fermat cubic, elliptic functions, continued fractions and
a combinatorial excursion, Sém. Lothar. Combin., 54 (2005/07), 44pp.

S. Corteel, Crossings and alignments of permutations, Adv. in Appl. Math., 38 (2007) 149-
163.

D. Dumont, A combinatorial interpretation for the Schett recurrence on the Jacobian elliptic
functions, Math. Comp., 33 (1979), 1293-1297.

D. Dumont, Une approche combinatoire des fonctions elliptiques de Jacobi, Adv. in Math.,
41 (1981), 1-39.

D. Dumont, Pics de cycle et dérivées partielles, Sém. Lothar. Combin., 13 (1986), 19pp.

P. Flajolet, Combinatorial aspects of continued fractions, Discrete Math., 32 (1980), 125-161.
P. Flajolet and J. Frangon, Elliptic functions, continued fractions and doubled permutations,
European J. Combin., 10 (1989), 235-241.

D. Foata and M.-P. Schiitzenberger, Théorie Géométrique des Polynémes Eulériens, Lecture
Notes in Mathematics, 138, Springer-Verlag, Berlin-New York, 1970.

D. Foata and V. Strehl, Rearrangements of the symmetric group and enumerative properties
of the tangent and secant numbers, Math Z., 137 (1974), 257-264.

D. Foata and D. Zeilberger, Denert’s permutation statistic is indeed Euler-Mahonian, Stud.
Appl. Math., 83 (1990), 31-59.

B. Han, J. Mao and J. Zeng, Eulerian polynomials and excedance statistics, Adv. in Appl.
Math., 121 (2020).

B. Han, J. Mao and J. Zeng, Eulerian polynomials and excedance statistics via continued
fractions, Sém. Lothar. Combin., 84B (2020), 12pp.

Z. Lin and J. Zeng, The v-positivity of basic Eulerian polynomials via group actions, J.
Combin. Theory Ser. A., 135 (2015), 112-129.

S.-M. Ma, T. Mansour, D. G. L. Wang and Y.-N. Yeh, Several variants of the Dumont
differential system and permutation statistics, Sci. China Math., 62 (2019), 2033-2052.
S.-M. Ma, J. Ma, Y.-N. Yeh and R. R. Zhou, On the unimodality of the Taylor expansion
coefficients of Jacobian Elliptic function, preprint, arXiv:1807.08700v3.

L. J. Rogers, on the representation of certain asymptotic series as convergent continued frac-
tions, Proc. London Math. Soc. (2), 4 (1907), 72-89.

H. Shin and J. Zeng, The g-tangent and g-secant numbers via continued fractions, Furopean
J. Combin., 31 (2010), 1689-1705.

H. Shin and J. Zeng, The symmetric and unimodal expansion of Eulerian polynomials via
continued fractions, Furopean J. Combin., 33 (2012), 111-127.

H. Shin and J. Zeng, Symmetric unimodal expansions of excedances in colored permutations,
European J. Combin., 52 (2016), 174-196.

A. D. Sokal and J. Zeng, Some multivariate master polynomials for permutations, set parti-
tions, and perfect matchings, and their continued fractions, preprint, arXiv:2003.08192.

R. P. Stanley, A survey of alternating permutations, in Combinatorics and Graphs, Contemp.
Math., 531, Amer. Math. Soc., Providence, RI, 2010, 165-196.

T.-J. Stieltjes, Sur the réduction en fraction continue d’une série procédant suivant les puis-
sances descendantes d’une variable, Ann. Fac. Sci. Tulouse Sci. Math. Sci. Phys., 3 (1889),
H1-H17.


http://www.ams.org/mathscinet-getitem?mr=MR3878174&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0058760&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2388387&return=pdf
http://dx.doi.org/10.1016/j.ejc.2006.12.010
http://www.ams.org/mathscinet-getitem?mr=MR1436481&return=pdf
http://dx.doi.org/10.1006/aama.1996.0506
http://dx.doi.org/10.1006/aama.1996.0506
http://www.ams.org/mathscinet-getitem?mr=MR2703731&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2223029&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2290808&return=pdf
http://dx.doi.org/10.1016/j.aam.2006.01.006
http://www.ams.org/mathscinet-getitem?mr=MR0537974&return=pdf
http://dx.doi.org/10.1090/S0025-5718-1979-0537974-1
http://dx.doi.org/10.1090/S0025-5718-1979-0537974-1
http://www.ams.org/mathscinet-getitem?mr=MR0625332&return=pdf
http://dx.doi.org/10.1016/S0001-8708(81)80002-3
http://www.ams.org/mathscinet-getitem?mr=MR0592851&return=pdf
http://dx.doi.org/10.1016/0012-365X(80)90050-3
http://www.ams.org/mathscinet-getitem?mr=MR1029169&return=pdf
http://dx.doi.org/10.1016/S0195-6698(89)80057-5
http://www.ams.org/mathscinet-getitem?mr=MR0272642&return=pdf
http://dx.doi.org/10.1007/BFb0060799
http://www.ams.org/mathscinet-getitem?mr=MR0347951&return=pdf
http://dx.doi.org/10.1007/BF01237393
http://dx.doi.org/10.1007/BF01237393
http://www.ams.org/mathscinet-getitem?mr=MR1061147&return=pdf
http://dx.doi.org/10.1002/sapm199083131
http://www.ams.org/mathscinet-getitem?mr=MR4131821&return=pdf
http://dx.doi.org/10.1016/j.aam.2020.102092
http://www.ams.org/mathscinet-getitem?mr=MR3366473&return=pdf
http://dx.doi.org/10.1016/j.jcta.2015.04.006
http://www.ams.org/mathscinet-getitem?mr=MR4014844&return=pdf
http://dx.doi.org/10.1007/s11425-016-9240-5
http://dx.doi.org/10.1007/s11425-016-9240-5
http://arxiv.org/pdf/1807.08700v3
http://www.ams.org/mathscinet-getitem?mr=MR1576106&return=pdf
http://dx.doi.org/10.1112/plms/s2-4.1.72
http://dx.doi.org/10.1112/plms/s2-4.1.72
http://www.ams.org/mathscinet-getitem?mr=MR2673011&return=pdf
http://dx.doi.org/10.1016/j.ejc.2010.04.003
http://www.ams.org/mathscinet-getitem?mr=MR2854634&return=pdf
http://dx.doi.org/10.1016/j.ejc.2011.08.005
http://dx.doi.org/10.1016/j.ejc.2011.08.005
http://www.ams.org/mathscinet-getitem?mr=MR3425973&return=pdf
http://dx.doi.org/10.1016/j.ejc.2015.10.004
http://arxiv.org/pdf/2003.08192
http://www.ams.org/mathscinet-getitem?mr=MR2757798&return=pdf
http://dx.doi.org/10.1090/conm/531/10466
http://www.ams.org/mathscinet-getitem?mr=MR1508085&return=pdf
http://dx.doi.org/10.5802/afst.34
http://dx.doi.org/10.5802/afst.34

1944 BIN HAN

(28] G. Viennot, Une interprétation combinatoire des coefficients de déveloooements en série
entiere des fonctions elliptiques de Jacobi, J. Combin. Theory Ser. A, 29 (1980), 121-133.

[29] S. H. F. Yan, H. Zhou and Z. Lin, A new encoding of permutations by Laguerre histories,
Electron. J. Combin., 26 (2019), 9pp.

Received May 2020; revised August 2020.

E-mail address: han@math.biu.ac.il, han.combin@hotmail.com


http://www.ams.org/mathscinet-getitem?mr=MR0583951&return=pdf
http://dx.doi.org/10.1016/0097-3165(80)90001-1
http://dx.doi.org/10.1016/0097-3165(80)90001-1
http://www.ams.org/mathscinet-getitem?mr=MR4014617&return=pdf
http://dx.doi.org/10.37236/8661
mailto:han@math.biu.ac.il, han.combin@hotmail.com

	1. Introduction
	2. Main results
	3. Definitions and preliminaries
	4. Proof of Theorem 2.4
	5. Proof of Theorem 2.5
	6. Proof of Theorem 2.9 and Theorem 2.10
	7. Proof of Theorem 2.11
	8. The alternating permutations and Jacobi elliptic functions
	Acknowledgments
	REFERENCES

