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ODD RANDOM ATTRACTORS FOR STOCHASTIC
NON-AUTONOMOUS KURAMOTO-SIVASHINSKY EQUATIONS
WITHOUT DISSIPATION
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ABSTRACT. We study the random dynamics for the stochastic non-autonomous
Kuramoto-Sivashinsky equation in the possibly non-dissipative case. We first
prove the existence of a pullback attractor in the Lebesgue space of odd func-
tions, then show that the fiber of the odd pullback attractor semi-converges to
a nonempty compact set as the time-parameter goes to minus infinity and fi-
nally prove the measurability of the attractor. In a word, we obtain a longtime
stable random attractor formed from odd functions. A key tool is the existence
of a bridge function between Lebesgue and Sobolev spaces of odd functions.

1. Introduction. The deterministic Kuramoto-Sivashinsky (KS) equation just de-
scribes pattern formation phenomena with the phase turbulence, which was first
introduced by Kuramoto[16], with developments even in the recent papers [15, 20]
(deterministic) or [7, 8, 10, 27] (stochastic).

In this paper, we are concerned with the existence and longtime stability of a
pullback random attractor for the stochastic KS equation with additive white noise,
time-dependent forces and space-periodic conditions:

du+ (vD*u + D*u + uDu)dt = f(t,z)dt + g(x)dW, t > T,
Diu(t,—1/2) = D'u(t,1/2), i = 0,1,2,3, (1)
u(r,z) = u(x), ze(-1/2,1/2) =T,

where v,l > 0, D = % and W is a two-sided scalar Wiener process on a probability
(Q,F,P).

The deterministic form (f = g = 0) is deduced from the the original KS equation
(Temam [22]) with an unknown variable @ and v = Da. Then the periodicity of @
and the integration by parts yield

/ u(t,z)dx =0, Vt € R. (2)
z

By a similar method as in [7, 8, 10, 27], under the local integrability of the force f
and the higher regularity of g, the problem (1)-(2) is well-posed and thus generates
a non-autonomous random dynamical system (cocycle) (see [4]).
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However, it is not easy to obtain an attractor since the equation is possibly non-
dissipative. Indeed, the first eigenvalue of the differential operator ¥D* + D? is

given by
2w\ 2 2m\ 2
= () ((F) -)
with two eigenvectors given by cos 2”7“’ and sin 2% If the viscosity is small, e.g.
v < 1?/(47?), then \; < 0 and thus the equation is not dissipative (which is different
from dissipative equations in [11]).

In this article, we will show that the cocycle has a pullback random attractor
A(t,w) even in the non-dissipative case. Such a bi-parametric attractor (depend-
ing on time and sample) seems to have first been introduced by Wang [23] with
developments in [9, 14, 26, 28] and the references therein.

In order to overcome the difficulty of non-dissipation, we fix attention on the
Lebesgue space H, of odd functions, where

H:=L*7I)={we L*I): / w(z)dr =0} and H, = {w € H : w is odd}.
T

By proving the existence of a bridge function between H, and V, (the Sobolev
space of odd functions), see Lemma 2.2, we can establish the pullback absorption
and the pullback asymptotic compactness of the cocycle in H, if the force is tem-
pered, and thus obtain a pullback attractor. Of course, this attractor consists of
odd functions and thus we call it an odd attractor.

A further topic is to study the longtime stability of the pullback attractor. More
precisely, A is called backward stable if there is a nonempty compact set F(w) in
H, such that

tli{rloo distg, (A(t,w), E(w)) = 0. (3)

Such a backward stability indicates that the attractor is not explosive and the
system has more strong attraction ability in the past. The criteria for the longtime
stability are given in terms of backward uniform asymptotic compactness of the
cocycle, see [25] in the stochastic case and see [12, 13] in the deterministic case.

If we further assume that the force f is backward tempered, then we can prove the
backward uniform asymptotic compactness, which leads to the longtime stability as
in (3). We conveniently obtain the backward compactness of the pullback attractor.

Since the backward absorbing set is an uncountable union of random sets, the
measurability of the absorbing set (and thus the attractor) seems to be unknown.
In order to overcome this difficulty, we consider two universes, one is the usual
tempered universe and another is backward tempered. We prove an important result
that the pullback attractors are the same set with respect to different universes and
thus the measurability of the tempered attractor implies the measurability of the
backward tempered attractor.

In a word, the stochastic equation (1) has a longtime stable random attractor
formed from odd functions.

2. Random dynamical systems in the space of odd functions. In this sec-
tion, we prove the existence of a bridge function and define a cocycle in the Lebesgue
or Sobolev spaces of odd functions.
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2.1. Sobolev spaces of odd functions. Let H = L?(Z) with the L?norm || - ||

and equip V' = ngr (Z) = HZ..(T)( H with the following scalar product and norm:

((u,v)) = / D*uD?vdz, ||u||%, = ((u,u)) = \|D2u||2, Yu,v € V.
T
Let H, be the subset of H formed from all odd functions and V, =V N H,.

Lemma 2.1. (i) H, and V, are closed linear subspaces of H and V respectively,
and thus they are Hilbert spaces too.
(1) Any bounded set in V, is pre-compact in H,.

Proof. (i) The linearity follows from the fact that the linear combination of two odd
functions is still odd.

We then prove the closedness. Let u,, € H, and u € H such that |Ju,, —u|| = 0.
Then there are an index subsequence nj and a set Z; C Z with Lebesgue measure
zero such that

Un,, () — u(x), for all x € T\ ;.

LetZo = {x € T: —x € Iy }. Then, for all x € 7\ (Z1UZ;), we know —x € Z\(Z;UZy)
and

u(=) = lim up, (—2) = = 1 un, () = —u(z),

which means u is odd on Z \ (Z; UZy). Since the Lebesgue measure of Z; U Z; is
zero, u almost everywhere equals to an odd function and thus u € H,.

(ii) Let {u,} be a bounded sequence in V,. By the compactness of the Sobolev
embedding V' — H, there is a subsequence such that w,, — w in H. By the
closedness of H, in H as proved above, we know u € H,. Hence {u,} is pre-
compact in H, as desired. O

The following result means the existence of a bridge function between H, and
Vs, which improves [22, lemma IIT 4.1] (see also [21]) and will be very useful.

Lemma 2.2. For any a,b > 0, there is an odd function € € C™[—1/2,1/2], given
by

where M := M (a,b,1) is large enough, such that
aljul|? < b||D?ul]? + (uD&,u), Yu € V,. (4)
Proof. From the definition of £ it is easy to show that

al 2kmx ;
—D¢(z) = 2a Z cos —— =a Z eZkmiz/l
k=1 0<|k|<M

which further implies that, for every u € V,,
/2

allul® — (uD€, u) = / (a — DE())()de

—1)2

1/2 '
=a Z / u?(x)e2k™ /g = a Z fres

k<M’ —L/2 k<M
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where fi is the kth Fourier coefficient of the function u?(-). Since u € V, the
Sobolev embedding H?(Z) < C"'/%(T) yields the continuity of u(-) and so is u?(-).
Hence the Fourier series converges:

u?(z) = Z fre?m@/t and particularly u?(0) = Z T
kEZ k€Z

Since u is odd, we have u(0) = 0 and thus ), _, fr = 0, which further implies

> -] % 4

|k| <M [k|>M
<(X (2k7r/l)4|fk|2)1/2( > (2zm/l)*4)1/2
|k|>M |k|>M

By the Parserval identity ||[D?*u?(|? =13, ., (2kw/1)* fZ, we obtain
1/2 5
‘ S fk‘ < 01HD2u2||( S k:_4) < | D2u?| M2,
k| <M k| >M
Since H%(Z) is a Banach algebra in dimension one, it follows that
I1D*u?|| < esllu®|| = < callullFa < esl|D?ull*.
All above inequalities further imply
allull® ~ (uDg,u) < cgM ™| Dul|*
We can choose M > (cg/b)?/? to obatin (4) as desired. O
2.2. Random dynamical systems on odd spaces. Consider the quadruple
(Q,F,P,0,), where Q = {w € C(R,R) : w(0) = 0} with the compact-open topol-
ogy, JF is the Borel algebra, P is the two-sided Wiener measure and fs;w(-) =
w(s+-) —w(s).
As usual [1, 2, 3, 17], we identify W (s,w) = w(s) and then the solution of

dz + z = dW can be denoted by z(fsw). The mapping s — z(0sw) is continuous
and the random variable |z(w)| is tempered:

0 0
lim [2(6:)) =0, / e**|2(0,w)|Mds < 400, Ve, M > 0. (5)
t—4oo t oo
By the ergodic theorem, we have
1 O
lim f/ |2(0sw)|ds = E|z| > 0. (6)
t—+oo t ¢

Both (5) and (6) hold true in a #-invariant full-measure subset of €2, but we do not
distinguish the full-measure subset and €. Put

v(t, T, w) = u(t, T,w) — & — gz(bw), (7)

where & € C[—1/2,1/2] is given in (4) and we assume g € H* (Z) N H,,.

per
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By the change (7) of variables, we can rewrite the equation (1) as a random
equation (without the stochastic derivative):
d
d—: + vD* + D*v +vDv + D(év) + 2(Aw)D(gv) =
f(t) = vD'€ = D*¢ = EDE + 2(0w)(g — vD'g — D*g — 2gDg — gDE), (g
Diu(t,—1/2) = D'(t,1/2), i = 0,1,2,3, t >,
v(r,x) =v.(x), z€Z, TER.
Lemma 2.3. Suppose f € L? (R,H) and g € Hfm(I). Then, for T € R, w € Q
and v, € H, the equation (8) has a unique weak solution v(t,T,w;v,) such that
(T, T, w; vy ) = vy,

v € C([r,4+00); H) N L%OC(’E +o0; V)

and the solution v(s,T,w;v,) is (joint) continuous in s > 7 and v, € H. If we
further assume that f(s),g and vy are odd functions, then we have

v e C([r,4+00); Hy) N L2 (1, 4+00; V,,).

Proof. By the similar method as in [7, 8, 10, 27], the equation (1) is well-posed in
H and so is the equation (8).

We prove the assertion about odd functions. Let u be the solution of the equation
(1) and define 4(z) = —u(—=z) for all z € Z. Since f(s) and g are odd, it follows that
@ fulfills (1) too. Since v,, &, g are odd, it follows that u, = v, + &+ gz(0;w) is odd.

Then 4(7, 7, w)(z) = —u,(—2x) = u,(x), which means the initial conditions are the
same. By the uniqueness of solutions, we have i(x) = u(x), i.e. —u(—x) = u(x).
Hence, the solution u of the equation (1) is odd and so is v (by(7)). O

By Lemma 2.3, under the assumptions of f € L2 (R, H,) and g € ngr NH,, we

loc

obtain a cocycle ® : R* x R x Q x H, — H, defined by
O(t, 7, w)u, = u(t +t,7,0_rw;ur)
=o(r +t,7,0_,w;v.) + &+ gz(6iw), YVt > 0,7 €R, u, € H,, (9)

where the F-measurability of ® can be proved by the same method as given in [6]
and the uniqueness of solutions implies the cocycle property:

(I)(tl + t277'7w) = (I)(tlﬂ' +t2,0t2w)¢(t2,7,w), Vi, te > 0. (10)

We then take the universe B by the collection of all backward tempered bi-
parametric sets B = {B(1,w) C H, : 7 € R,w € Q}, where B is called backward
tempered if

lim e **sup||B(s —t,0_w)||> =0, Va > 0,7 e R,w € Q. (11)
t—+o0 s<t

In order to prove the existence of a B-pullback attractor, we further assume
f € L% (R, H,) such that there is a o > 0 such that

loc

0
sup/ e f(r+ s)||3,dr < oo, VT € R. (12)

s<7J—0c0

By [25], the assumption (12) implies that it holds true for all positive rates:

0
Sup/ e || f(r+ )3, dr < 0o, Ya >0, T €R. (13)

s<TJ—00
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3. Backward-uniform estimates. We will frequently use the trilinear form
b(u,v,w) = / u(Dv)wdz, Yu,v,w €V
z

and the following relationships
b(u,u,u) =0, blu,v,u) =—2b(v,u,u), (14)
[b(u, u,v)| < cllul[[[ D?ul|[[v]. (15)
By the Sobolev embedding H*(Z) < C?(T), the assumption g € Héer(I) implies
g € C*(Z) Cc W2*°(Z) and thus
8= (EJ2| + 1) Dglloo + 1 < +00.

Lemma 3.1. Assume f € L} (R, H,) fulfilling (12) and g € H;fer(I) N H,. Then,

for Be®B, 7 €R andw € Q, there is T = T(B,T,w) > 1 such that for allt > T
and us—y € B(s — t,0_4w) with s <,

sup |lu(s, s — t, 0_sw; us,t)H2 < cR(7,w), (16)
s<T

sup / B =)+ IDgllc [ 1200 —s)147 | D24y (1) |2y < cR(7,w), (17)
s<t1 Js—t

sup  sup |v(o, s —t,0_w;ve¢)||? < Clw)(1+ F(1)), (18)

s<T o€[s—1,s]

where R(1,w) =1+ p(w) + Rs(T,w),

0
p(w) = |z(w)] +/ ePrIPlloe [ 120N (|29, )| * + 1)dr, (19)
0
Ry(rw) = Sup/ B+ 1Dglloe 2 12O | £y 4 ) |2dr, (20)
s<7J—-—c0

C(w) is an intrinsic positive random variable and
0
F(r)= sup/ || f(r + s)||2dr < +o0.
s<7J—-—c0
Proof. Multiplying (8) by v(r,s — t,0_sw;us—;) and integrating over Z yield
d
S0l + 201 D*0][* = 2] Do|* + 2(vDv, v) + 2(D(¢v), v)
= _22(07750J)(D(g’l))7 U) + 2(f(T), ’U) + 2(h(§)7 U) + 22(97‘75(4‘})(}}(9)’ U)a
where
h(E) = —vD*¢ — D*¢ — €D,
h(g) =g —vD'g— D*g — 2(0,_.w)gDg — gDE. (21)
By the integration by parts, we have ||Dv||? < ||v||||D?v]|| and thus

v 2
=2/|Dv]|* > =2|[ll[[ D%l = =5 1 D*0]* = —lv]l*.
By (14), (vDv,v) = 0 and
2(D(&v),v) = 2(vDE,v) + 2({Dv,v) = (vDE,v).
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By (14) again,

—22(0r—sw)(D(gv),v) = —2(0r—sw)(vDg,v) < [ Dgllsc|2(Or—s)l[[v]|*.
By the Young inequality,

2(f(r),0) < IF ) + o],
Since ¢ € C°°[—1/2,1/2] as in Lemma 2.2, it follows that
2(h(€),v) = —2(vD*¢ + D¢+ £DE,v) < [|v]* +c.

Since g € H*(Z), it follows that

22(0,—sw)(h(g),v) = 22(0,w)(g — vD*g — D*g — 2(6,—sw)gDg — gDE, v)
< l* + e(|2(Br—sw) > + |2(Br—sw)[*) < |v]]* + e(1 + |2(6r—sw)|*).

From all above estimates, we obtain
d 2 3 2,112 2 2
ol + SID%? + (wDEv) — (5 +3+ 2(6,-sw)| [ Dgloo ) 1]
< IO + et + 20— sw) ). (22)

Given ﬁ (E|z| + 1)||Dgll + 1. Applying Lemma 2.2 with a = 8+ 2 + 3 and
b= %, we can choose £ such that

2 D% + (wDE ) > (5+ 2 + )]
Then we can rewrite (22) as
T 2 2,112
V17 + (B = [2(0r—sw)ll| Dglloo)[v]I* + v Dl|
< £+ e(1 + [2(0r—sw)[*). (23)
Multiplying (23) by

ST (B=IDglloo2(05 o)) _

B(r—s+t))—|Dglle [, |2(07—sw)ldi
and then integrating the product over r € [s — t, o] with o > s — ¢, we obtain

(o, s —t,0_.w;vs_t)|?
+1,/ eB(T—U)JrHDgHooff\Z(9fv—sw)\df‘||p20(r)||2dr
s—t

< lvs t||2 (0—(s—t))+I1Dgllos [T, |2(8r—sw)|dr

b [ e Dl O (1) |2 4 (14 (0, . (28)
s—t



1536 YANGRONG LI, SHUANG YANG AND QIANGHENG ZHANG

For all s < 7, we take 0 = s in (24) to obtain

lv(s,s —t,0_sw;vs—t) H2

+V/ P=5)+IDgllo [ 12(05—)ldf || D24 () (12

—t
< Jvs_g||2ePrHIPle J2, 126 ldr

b [ I B O ) (1 (6,0
s—t

_ HUS_tH2e—6t+HDgHm 10, 12(6,w)]dr

0
b [ Dl SO 14 5)[P -1+ [o(8r) )
—t

By the change (7) of variables, we have
v(s,8 —t,0_sw;vs_¢) =u(s, s —t,0_swius—¢) — & — gz(w),
Vs—t = Us—y — § — g2(04w),
which together with (25) implies
lu(s, s —t,0_sw;us_o)||* < cllv(s,s —t,0_sw;ve_¢)||* + (1 + |2(w)])
< (ot ][* 4+ 1+ (0w e P HIPollm S 20 o1 1 ()
s [ PO O (e 4 )+ 200+ Dy

—t
By the ergodic limit (6), there is 77 > 0 such that
0
/ |2(0,w)|dr < (E|z| + 1)t, Yt >Ty.
—t
Since § = (E|z| + 1)||Dg|loc + 1, we have for all ¢t > T,

¢ BIHIDg e [0, 12(0,)ldr < =Bt+|Dylloc (Bll+1t _ o=t < 1.

which together with (5) implies that there is 7o > T3 such that for all ¢ > Tb,

|z(0_tw)|e_ﬁt+“DgH°° L0, 12(6rw)|dr < J2(0_w)let < 1.

(28)

Since us—t € B(s —t,0_sw), we see from (11) and (28) that there is a T3 > T, such

that for all ¢ > T3,

sup ||y |2 PHIPale [2, 20ldr < o=t gup || B(s — 1, )| < 1.

s<T s<T

Hence, by taking the supremum of (27) over s € (—oo, 7], we have for all ¢t > T3,

sup ||u(s, s —t, G,Sw;us,t)HQ < (14 |z(w)])

s<T

0
+ c/ eBr+lDyllo [7 Iz(efw)\dr‘(|z(grw)|4 + 1)dr
—00

0
+csup/ BrHIDglloe [2120:)147 | £ 4 5|2

s<T

=c(1+ p(w) + Ry(1,w)),
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which proves (16). Consider the second term in (25) and take the supremum over
(=00, 7], we obtain (17) as follows:

Sup/ (BIr=5)HIDgll [ |=(0r—) 47 | D2y () |2l

s<T Js—t

<c(l+ p(w) + Ry(1,w)), Vt > Ts.

Finally, by the ergodic limit (6), one can prove that there is an intrinsic random
variable C(w) > 0 such that

0
/ |2(05w)|dF < —r(E|2| + 1) + C(w), ¥r <0,

which implies that for another intrinsic random variable (still denoted by C(w)),
ePrHlDglles [7120:)1d7 < O()e, Wi < 0. (29)

Using (28)-(29), we see from (24) that for all 0 € [s — 1, ], s < 7 and t > T3,

[lv(o, s —t,0_sw; vs,t)H2

< [[vs_t]2e PO (=D HIDgllo [, 20 ar

o—sS
b [ B D SO (14 5) 2+ 2O +

—t

0
<P+ 0) [ AT 16l + i
0

< clvs—i[*e™" + C(w) / t e"(lF (r+ 8)II* + [2(0rw)|* + 1)dr (30)

By taking the supremum in s € (—oo, 7| and o € [s — 1, s], we have for all ¢t > Tj,

sup  sup ||v(o, s —t,0_w; v, y)|?
s<T o€[s—1,s]

<c)(1+sw [ L+ lRar),

s<7J—00
which is finite in view of (13). Hence, (18) holds true. In addition, by (29), p(w)
and R;(T,w) are finite. The proof is complete. O

We need the non-autonomous version of the uniform Gronwall lemma (see [19]).

Lemma 3.2. If y, hy, ho is non-negative and locally integrable on R such that
y'(r) < ha(r)y(r) 4 ha(r),Vr > s — 1,
where s € R. Then
yls) < ( / y(r)dr + / ha(r)dr ) el M0, (31)
s—1 s—1

Lemma 3.3. For BEB, 1 € R and w € Q, there is T =T (B, 7,w) > 1 such that
forallt > T,

sup || D?u(s, s —t,0_sw;us_¢)||* < Ry (1,w) < +o0, (32)
s<T

uniformly in us_y € B(s —t,0_4w) for all s < 7.
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Proof. Multiplying (8) by D*v(r,s —t,0_sw;us_;) and integrating over Z yield
d
EHDQUH2 + 2v||D*||? — 2||D3v||? + 2(vDv, D*v) 4 2(D(£v), D)
— —22(6,w)(D(gv), D*v) + 2(£(r), D)
+2(h(€), D') + 22(0,—sw)(h(g), D*v),
where h(§) and ﬁ(g) are defined by (21). By the interpolation inequality,
2D = 2 D% D*ol| = ~<|ID"ol? — e D]
2(vDv, D*) > —c||v]|| D*v[|| D*v|| > —§I|D4vll2 —c[lol?| D]
Note that H?(Z) is a Banach algebra, by the Poincare inequality,
2(D(&v), D*) > —¢|| D(&v)|[[|D*]| = —¢| D*(€v) ||| D]

(
> —c| D%[|D*v]| | D*o]| > =< | D*]|* — e[ D?v]|*.

;|
8
By the similar method,
— 22(0,—sw)(D(gv), D*) < cl2(0,—sw)[|D*g|[| D*v][[[ D*v]|
< ZID 0| + cl=(6,— )P D%
By the Young inequality,
2(£(r), Do) < <[ D] +cll £ ()]
Since &€ € C°°[—1/2,1/2] as in Lemma 2.2, it follows that
2(h(€), D'v) = ~2(vD*¢ + D¢ + €Dg, D*v) < S| D% +c.
Since g € H*(Z), it follows that
22(0,—sw)(h(g), D)
= 22(0sw)(g — vD*g — D*g — 2(0,_.w)gDg — gD¢, D*v)
< GID I 41+ [2(0, ) ).
From all above estimates, we obtain
d%||D2v||2 < e([lol® + [2(6r—sw)* + 1)[[D?v]|?
+e(lF )P+ 2(0r—sw)|* +1). (33)
By using the uniform Gronwall lemma on (33) with
y(r) = | D?v(r,s —t,0_sw;vs_¢)|?,
ha(r) = efJo(r,s = t,0_sw;vs—))|* + [2(0,—sw)[* + 1),
ha(r) = c(lLf(N)]I? + [2(0r—sw)[* + 1),

we see from (31) that for all s < 7,

s

1D%0(s,s — t. - )P < ([ wdars [ haGryar)elamom
s—1 s—1
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We then estimate the supremum of each term in (34) with respect to s < 7. By
(17) and the continuity of |z(6.w)|, for all t > T > 1,

S S
Sup/ y(r)dr = sup/ HDQU(T7 s—t,0_.w; vs,t)||2dr

s<t Js—1 s<t Js—1
S
< C(w)sup/ eBlr=9)+Dglle [ [2(0m—s)ld? || D24 () || 2 dr
s<TJs—1

< C(w)R(T,w) < 400.
By (13) and the continuity of |z(6.w)],

sup ’ ha(r)dr = csup /S (Hf(7“)||2 + |z(0,._sw)\4 + 1)dr

s<tJs—1 s<TJs—1

S
< csup/ e f()|Pdr + ¢ sup  |z(0,w)|* 4 ¢
s<TJs—1 o€[—1,0]

0
< csup/ || f(r + s)||2dr + C(w) < cF(1) + C(w) < +0o0.

s<T J—00

By (18),

sup/ hi(r)dr = csup/ (J[v(r, s — t,0_sw;vs—))||* + |2(0,—sw)|* + 1)dr

s<tJs—1 s<tJs—1
<esup sup [olrs — 40w v )| + C(w)
s<T refs—1,s]

< Clw)(1+4 F(1)) < 4+00.
Hence,

sup || D (s, s — t,0_sw;vs_¢)||> < C(w)(F(1) + R(1,w))eC @A+,

s<T

Finally, by the change (26) of variables and (34),

sup [|[D?u(s, s — t,0_w;vs_y)|?
s<T

= 8(Sl<1p ID%v(s, s — t,0—sw;vs—o) | + | D> + | D?g||*|2(w)])

< C(w)(F(7) + R(7,w))eC@a+FM™) L (1 4 |2(w)|) =: Ry (1,w) < +oc.

The proof is complete. O

4. Existence and backward stability of odd random attractors. We need
the concept of a pullback random attractor as introduced by Wang[23].

Definition 4.1. Let ® be a cocycle (fulfilling (10)) on a Polish space X over the
quadruple (2, F, P,0) and © a universe of some bi-parametric sets on X. Then
A € D is called a pullback attractor for @ if it is compact, invariant under ®, and
©-pullback attracting. The pullback attractor is called a pullback random attractor
if it is further random, i.e. each A(7,-) is a random set.

For a pullback attractor, we can consider its longtime stability, i.e. the limiting
behavior of its fiber when the time-parameter goes to infinity, see [5, 25] in the
stochastic case and see [12, 13] in the deterministic case.
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Definition 4.2. A pullback attractor A for a cocycle is called backward stable
if, for each w € €, there is a nonempty compact set K (w) such that

Er_noo dist x (A(7,w), K(w)) = 0. (35)

T

While, the minimal compact set fulfilling (35) (if exists) is called a backward
controller.

The backward controller means the minimal compact set controlled the attractor
from the past.

Theorem 4.3. Suppose f € L} (R, H,) with the backward tempered condition and

loc

‘T4 . .
g € Hper(I) N H,. Then the cocycle ® generated from the stochastic KS equation

has the following properties in the space H, = LE(I)
(i) ® has a B-pullback attractor A € B.
(i1) A is backward stable with a backward controller, given by

A(—00,w) := NrerUs<,A(s, w). (36)
(i11) A is a B-pullback random attractor.

Proof. Step 1. Prove the B-pullback absorption. By Lemma 3.1, & has a B-
pullback absorbing set given by

K(r,w) ={w € H, : |w]|* < cR(1,w) = c¢(1+ p(w) + Rs(1,w))} (37)

where p and Ry are defined by (19) and (20) respectively. In fact, by (16), K is
backward absorbing in the following sense

Us<-®(t,s —t,0_4w)B(s — t,0_w) C K(r,w), YVt >T(B), B € B.
To prove K € B, we first claim that
0
ple) =l + [ epripal 2 1s0rerang,

— 00

0
+/ eFr+1Dalloe [2 12O (g )

is tempered with any rate a > 0. Indeed, by (5), |z(w)| is tempered, i.e.
e z2(0_w)| — 0 as t — 4o00. If || Dg||s = 0, then p(w) is obviously tempered.

If | Dg|loo > 0, then we assume without loss of the generality that o < ||Dg||o min
(1,E|z|). Then, by the ergodic limit (6), there is T > 0 such that for all ¢ > T and
r < —t,

0 0
(0% «
z(Orw)ldr < (Elz| + —=—— r,/ z(0pw)|dP > (E|z| — ——=——)t.
/T'( o7 < (Bl + qpgpo ) [ 101 2 (81 = qup)

Since f = [|Dglloc(El2| + 1) + 1 > ||Dglloc (E[2| + gpg7< ) it follows that for all
t>T and r < —t, ‘

B+ +HIDglloo [7 |2(050)|d7
< eIDgllocEl2l+8) (r+t)+ Dyllo [, |2(07w)|d7 — [ Dylloo [2, |2(05w)|d7

< elIDglBI 1+ )= (IDgllocBlz1+-§)r—(IDgll Bl 1= )t < Gt (38)
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By (38), we have

0
oot / Bt Dglloe [0 12(0:—w)dF g,
— 00

—t
_ oot / B+ Dgllo [ 12(05)d .

(oo}

—t

a, 3a 4 _a
< e_o‘t/ eiTe T ldr < Zem 5t S 0ast — +00,
which means the second term of p(w) is tempered. By (38) and (5),

0
e_at/ eBr+Dglleo [7 10— e)ldr (g ) [4dr
— 00
—t
:e—at/ P+ Dyl [70 20017 g o) |4y
—o0

0

< ef%t/ e1"|z(0,w)|[*dr — 0, as t — 400,
— 00

which means that the third term of p(w) is tempered. Hence p(w) is tempered and

thus backward tempered (since it is independent of 7). We then claim

0
Ry(rw) = sup [ APl O ) P
s<7J—-—00
is backward tempered. Let o be the rate mentioned above and 7 € R. Since Ry (-, w)
is increasing, it follows from (38) and (13) that
e ' sup Ry(s —t,0_w) = e "Ry (1 — t,0_,w)

s<T

0
~ et gup / P+ 1Dl J2 |67 £ 4 5 |2y
— o0

s<tT—t

—t
~ e sup / B0+ Dalloe 7120147 £y 4 1 4 o)||2dr
s<t—tJ—00

—t

—t
<e i sup / etT||f(r +t 4 8)||2dr < e_%tsup/ eTT|| f(r + s)|%dr
s<T

s<t7—tJ - — 00
0
<e_%tsup/ et f(r+ s)|%dr — 0, as t — 400,

which means Ry (-,-) is backward tempered and thus KL € B. Note that Rs(7,w) is
the supremum of uncountable random variables, its measurability is unknown.

Step 2. Prove backward B-pullback asymptotic compactness. We need to prove
that, for any s, <7, t, = 400, g € B(sp —tn,0_¢, w), where 7 € R, B € 9B and
w €  are fixed, the solution sequence {u(sy, $n, —tn, 0—s,w, up n)} has a convergent
subsequence in H,.

Indeed, by (32) in Lemma 3.3, we have

| D*u(8my 5 — by 0—s, w0, u00) || < Ry (1,w0) < 400

provided n is large enough. Then the sequence {u(sy,Sn — tn,0_s,w,up )} is
bounded in V,,. By the compactness of the Sobolev embedding V' — H, the sequence
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is pre-compact in H. By Lemma 2.1, {u(sy, $p — tn,0_s,w, uo n)} is pre-compact
in H,.

Step 3. Prove the existence of a B-pullback attractor A € 9. By the abstract
result as in [23], the existence of a B-pullback attractor follows from the B-pullback
absorption (by taking s = 7 in Step 1) and the B-pullback asymptotic compactness
(by taking s, = 7 in Step 2). But the measurability of A is temporarily unknown
since we cannot prove the measurability of the absorbing set K (it is an uncountable
union of random sets).

Step 4. Prove the backward stability of A and the existence of a backward con-
troller. By the backward asymptotic compactness in Step 2, we can prove that A
is backward compact, i.e. Us<,A(s, 7) is pre-compact (cf. [18, 24]). Then the theo-
rem of nested compact sets implies that A(—o0,w) (as defined by (36)) is nonempty
compact. By the same method as in [25], we can prove

li)r_n dist g, (A(T,w), A(—o0,w)) =0

and thus A is backward stable. Suppose E(w) is another nonempty compact set
such that
lim disty, (A(T,w), E(w)) = 0.
T——00
For any w € A(—o0,w) , we can take a sequence w,, € A(1,,w), where 7,, = —00,
such that w,, — w. While,

distg, (wp, E(w)) < disty, (A(1,,w), E(w)) =0

and thus w € E(w), which proves the minimality. Therefore, A(—oo,w) is the
backward controller.

Step 5. Prove the measurability of A. Let ® be the usual universe forming from
all tempered set in H,, i.e. D = {D(7,w)} € ® if and only if
Jdim "D —,60_w)|’ =0, Ve > 0,7 € Ryw € (39)
—+o0
where we have omitted the supremum in the definition (11) of 8. Then, by the
same method as in Lemma 3.1, one can prove that ® has a ®-pullback absorbing
set given by

Ko(r,w) = {w € Hy : [w|* < ¢(1+ p(w) + Ro(r,w))} (40)

where
0
Ro(1,w) :/ eBrJrIIDgHocffIZ(9fw)|df||f(r+T)H2dr

such that sup,«, Ro(s,w) = Ry(7,w) in view of the definition of Ry in (20). As an
integral of random variables, Rg (7, -) is measurable (although we do not know the
measurability of Ry). By the same method as in Step 1, we know Ko € ® (it may
not belong to B).

By the same method as in Lemma 3.3 and Step 2, one can prove that & is
®-pullback asymptotically compact in H,. Then the abstract result in [23] can
be applied to obtain a ®-pullback random attractor Agp such that Ag is just
constructed by the omega-limit set of Kgp.

Since Rop(7,w) < Ry(T,w), we have Kp C K and thus their omega-limit sets
fulfill A5 € A. On the other hand, since A € B C D, it follows that A can be
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attracted by Ag, which, together with the invariance of A, implies A C Ap. So,
A = Ap and thus A is random too. O

Remark 1. The method for proving K € B (where the absolute value |z(6sw)]| is
involved) differs from those in the literature. The method for proving the measur-
ability of A also differs from the usual.

On the other hand, every function of the (nonempty) attractor A(r,w) is odd
and smooth, where the smoothness follows from the Sobolev embedding V' — C*(Z)
and the invariance of the attractor.
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