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ABSTRACT. In this paper, we consider a kind of efficient finite difference meth-
ods (FDMs) for solving the nonlinear Helmholtz equation in the Kerr medium.
Firstly, by applying several iteration methods, we linearize the nonlinear Helmholtz
equation in several different ways. Then, based on the resulted linearized prob-
lem at each iterative step, by rearranging the Taylor expansion and using the
ADI method, we deduce a kind of new FDMs, which also provide a route to
deal with the problem with discontinuous coefficients.Finally, some numeri-
cal results are presented to validate the efficiency of the proposed schemes,
and to show that our schemes perform with much higher accuracy and better
convergence compared with the classical ones.

1. Introduction. The propagation of electromagnetic waves in some materials is
usually modeled by the famous Maxwell’s equations [4] with various proper medium
responses. These significant responses reflect the material’s properties, such as the
magnetic permeability and electric permittivity with respect to the location and
the frequency of the propagating field. When it turns to high intensity radiation
situation, not only the medium quantities may depend on the magnitude of the
propagating field, but also the response will become nonlinear. In nonlinear optics,
one may often focus on the propagation of monochromatic waves, such as continuous
high intensity laser beams. In this case, some reasonable assumptions (see [3])
simplify the Maxwell’s models to a nonlinear Helmholtz (NLH) equation [5, 13]

AB(X) + “5n* (X, |ENE(X) = f(X), (1)

n?(X, | E]) = ng(X) + 2no(X)n2(X) | EJ%,

where E(X) denotes the electric field, X = [z1,---,2p]| is the spatial coordinate
(zp is called the longitudinal direction which also denotes as z as that in Fig. 1 and
the rest coordinates are regarded as transverse directions), f(X) is a given function,
wp is the frequency, c is the speed of light in vacuum, A = 8%1 4+ 4+ QED is the D-
dimensional Laplacian operator, ng(X) and ns(X) are the linear index of refraction
and the Kerr coefficient, respectively. And ng,no are always assumed to be real
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which means that all mediums are transparent. The above NLH equation can be
used to govern the propagation of linearly polarized, time-harmonic electromagnetic
waves in Kerr-type dielectrics, which can produce some important nonlinear optical
effects , such as the optical bistability [6, 30] and spatial solitons [20].

Kerr
medium
0 Z

max

FiGUre 1. Kerr medium.

Let the Kerr medium be surrounded by the linear homogeneous medium in which
nyg = nS"t, ny = 0. We introduce the linear wave number kg = wong**/c and denote

the normalized quantities

Then, equation (1) can be rewritten as
AB(X) + k§ [0(X) + e(X)[EX) ] E(X) = £(X). (2)

Since the Kerr medium coefficient ny is discontinuous at the interfaces z = 0 and
2z = Zmaz, and ng may also be discontinuous at these interfaces, it naturally leads
to the discontinuities of the coefficients v and ¢ in equation (2). Thus, for the
homogeneous Kerr medium, the coefficients v and ¢ are piecewise constants as
follows

1, z <0, 0, z <0,
v = vt , 0<2< Znax, €= gint » 0< 2 < Zhnaxs
1, 2 > Zmax, 0, 2 > Zmax-

Remark 1. When the Kerr medium is inhomogeneous which means the whole
Kerr medium will be cut into pieces by some other mediums, the linear medium for
example. In this case, the discontinuities of the coefficients v and ¢ in equation (2)
will be more complex, we refer [2, 3] for the detail.

When the electric field E and the material coefficients ng and ns vary only in
one direction z, the model (2) reduces to the 1D nonlinear Helmholtz equation
d*E 9 9
2z T (v+elEP)E=f, z€ (0, Zmax)- (3)
To solve (3) in the interval [0, Zpax], some boundary conditions are needed. It is
well-known that, at the interfaces z = 0 and z = Z ., the electronic field E and
its first derivative are continuous [3],
dE dE
—(07) = —(07),
2, 07 =——(07)
- dE dE ,
E (Zrthax) =F (Zmax) ) E (ZrJrrlax) = E (Zmax) .

E(07) = E(07),
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According to this fact, the so-called two-way boundary conditions which are also
used in [3, 14, 15] are as follows

d , d .
<d2’ + Zlf()) E . = 21]{707 (dz — Zko) E

where i = y/—1 is the imaginary unit.

=0, (4)

2=Zmax

Remark 2. According to [3], the above boundary condition (4) is developed from
the inhomogeneous Sommerfeld type relation and its complete form is
d
= 2iko B, ( - ik()) E = —2ikoElm,
220 dz

mc

d
— +iko | E
(dz 0) _
where E9 . and EZm are the incident waves which shoot into the computational

domain from z = —oo and z = 400, respectively. In this paper, we assume that

the laser beam only shoots in the Kerr medium from z = —o0, so Efl‘;:“ax =0. And

the problem (3) can be rescaled by E = E/ED & = ¢|E), ?. Without loss of
generality , we assume EY = 1.

2=Zmax

In 2D case, assuming the linear homogeneous medium in R?\()q is truncated by
a finite domain Q and Q¢ C Q is fully filled with the Kerr medium (see Fig. 2),
then (2) is followed by,

AE + k2 (U + €|E|2) E=f (z,y) € Q:=(az,by) X (ay,by), (5)
E
?)7+ZkQE:g, (x,y)€F::F1UF2UF3UF4,

where n denotes the unit outer normal vector to I and g = % + tkgFEine, e =0

in Q\ Qp, € #0in Q.

Qﬂ

T, r,

ri

FIGURE 2. Computational domain in 2D.

Many researches are done for the NLH equation. Through transforming it into
a phase-amplitude equation, Chen and Mills proposed an approach to obtain the
closed form solution of the NLH equation with a single nonlinear layer [7] and
multilayered structures [8]. And by using the multidimensional generalization of
the nonlinear Schrédinger equation, the exact solution of the NLH equation in
special case was also considered in [18]. Moreover, in [11, 12], the existence and
asymptotic behavior of the real-valued standing wave solution of the NLH equa-
tions were analyzed. On the other hand, numerical methods for the NLH equations
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are also investigated. Fibich and the collaborators studied the NLH equation in
[1, 2, 3, 14, 15]: In [14], the authors constructed a two-way artificial boundary
condition for the NLH equation to ensure that not only the backscattered waves
generate no reflection but also the correct value of the incoming wave can be im-
posed; the NLH equation was also solved by using nonorthogonal expansions in [15];
by coupling with a new technique of the separation of variables, a fourth order finite
difference scheme was developed in [1], and the algorithm was also extended to the
three-dimensional axially symmetric problem; in [2, 3], the authors solved the NLH
equations by developing an efficient Newton’s iteration method to deal with the
strong nonlinearity. In addition, a finite element method which can approximate
the discontinuous coefficient problem is constructed in [22; 23]. Recently, Wu and
Zou proved the existence and uniqueness of the NLH equation, and also analyzed
the stability and the error estimate with explicit wave numbers for the finite ele-
ment approximation in [29]. And the author proposed a robust modified Newton’s
method in [31].

There are many difficulties when the NLH equation is approximated by using
numerical schemes. Firstly, since the NLH equation is a strong nonlinear problem,
we need to search a robust iteration method for solving it. Secondly, similar to the
Helmholtz equation, the solution of this problem is highly oscillating with a high
number (see [19]). Moreover, it usually contains discontinuous coefficients due to
the different propagating mediums. There are also other issues to be solved, such as
the strong indefinite linear system generated from this equation and so on. But, in
this paper, we mainly focus on the case that it admits highly oscillated solutions. It
is well-known that, the FDM is one of the most frequently used numerical methods
due to its simple structure. Usually, the FDM is constructed through approximating
the derivative terms in the original equation with some difference quotients which
are obtained by the Taylor’s expansion directly [21, 32, 33], this may lead the
FDM to suffer from some disadvantages, low computation accuracy for example.
To simulate the Helmholtz equation with high wave numbers in one dimension, a
new finite difference scheme was proposed in [25]. Being different from the classical
one directly based on the Taylor expansion, the new finite difference method is
constructed by a rearranged formula which can contain more regularity information
of the solution, and thus more accurate approximations were achieved. Recently,
this kind of schemes were applied to the higher dimensional problems in [16, 17, 26,
27, 28]. But all of these problems investigated above are linear problems. In this
article, we will extend this idea to solve the NLH equation. Through some iteration
methods, the NLH equation will be linearized as a linear one at each iterative step
firstly. Several iteration methods are considered, including the classical ones and the
error correction iteration method [24] in which the original iteration solution was
modified by a residual. Then, based on the above resulted linear problem, the new
finite difference scheme is constructed, which is naturally suitable for the problem
with discontinuous coefficients to match the different propagating mediums (Kerr
and linear mediums).

The rest of this paper is organized as follows. In the next section, we apply
several iteration methods including the error correction one to linearize the NLH
equations. Then, in Section 3, after constructing the new finite difference scheme
for the 1D linearized equation, we extend the scheme to the 2D problem by using
the ADI technique. To test the efficiency of the numerical schemes, some numerical
experiments are performed in Section 4. We finally make conclusions in Section 5.
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2. Iteration methods. To solve the nonlinear equation, an iteration method is
needed. In this section, we introduce several kinds of iteration methods for solving
the NLH equation. For convenience, we rewrite the problem as,

LE + k}e|E*E = f, (6)

where £ := A + kZv denotes the linear operator.

Frozen-nonlinearity iteration may be the simplest iteration method in which the
nonlinear term is frozen as a known quantity. For example, by replacing |E|? with
the previous iteration solution, (6) is linearized by

LEY 4 ke |BY B = (7)

where E' donates the [th iteration solution. However, it is well known that the
frozen-nonlinearity iteration is only the first order convergent. An alternative iter-
ation method is the Newton’s method. Letting

ME,E) := LE + k2cE’E — f =0, (8)
then there hold,
oN, N, —
o (B B) =L+ 2k2cFE, a—E(E, E) = k2cE?, (9)

where E is the conjugation of E. Assuming E = s + E!(s is small enough) and
using the Taylor’s expansion, we can approximate (8) as

l l

—7 oA — oA _
A(El,El A B EYs + 2B E)s =o. 10
)+ 55 B E)s+ (B E)s (10)
Letting s = F — E' = E'*! — E! and substituting (8) and (9) into (10), we can get

the Newton’s iteration method,
LEW 422 | B B 4+ k2e (BY) BV = f+ 212 |EY B (11)
Furthermore, a modified Newton’s method was proposed in [31] by replacing
E*1 with E' in (11) , that is
LEW 4 2k2¢ | B  BY = f + ke |EY B (12)

In this paper, we also employ the error correction method in [24] for solving the
nonlinear Helmholtz equation. Next, we will show the process. For simplicity, the
above three iteration methods can be rewritten as a general formula

LE™ 4 NEY 4 MEW! = [, (13)
where

Ke|E'[?, i (7),

Ni={ 22 |E'[*, in (1),
2k2e [E'|?, in (12),
0, in (7),

M:={ k2e(EY?, in (11),
0, in (12),
/i in (7),

Fi=1{ f+2k3|E B, i (11),

f+Ee|EVE, i (12).
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Assuming that p!*! is the error between E'+1 and the exact solution E, i.e., p!t! =
E — E™1, then, subtracting (13) from the original equation (6), we get the error
equation as follows

Lyttt 4 K2e|EPE — NEY — MEW! = f — f. (14)
Since
~ 2,
|E|2E — ‘El+1 + Ml+1‘ (El+1 + ul-‘rl)
~i41)? 4112\ 141 =\ T, | ]? me
(ol (3 e
12 ’ul+1|2gjl+1 4 (Iul+1)2El+17
freezing the terms (ul+1)2 and ‘,u“‘lf at p! in the above equation, (14) yields

Lp T+ P+ Qi = ), (15)

where

~ 2 ~ 2
P = 2age [+ hge |, @ = ke (B),

m:f—f—@%dmf+%4ﬁﬂf—wjEH&[%qu_wq@H.

Furthermore, for the error on the boundary, there holds

6;#1
on

Obviously, by solving (15), the original solution E™1 could be modified by a
more accurate one E't1 = EUF1 4 1+1 which is expected to be useful in decreasing
the iteration number. And the iterative procedure with the error correction can be
concluded in the following Algorithm 1.

+ kol Tt = 0. (16)

Algorithm 1

Step 1: Give a initial guess E° and set u° = 0;

Step 2: Solve equation (13) to obtain Elg

Step 3: Solve equation (15) to obtain pu';

Step 4: Set E' = E' 4+ ut, if % < d(threshold of the iteration), stop;
else, set F° = E', 1° = 1! and go back to Step 2.

3. Efficient FDMs for linearized equations. After applying the iteration meth-
ods introduced in the above section, the NLH equation is linearized to linear prob-
lems at each iterative step. To implement these methods, a spatial discretization
scheme is needed. From the stability analysis in [29], we know that the solution of
the NLH equation satisfying || F||gs < coké_l (j = 0,1,2) with ¢y being a positive
constant and H’ being the classical norm in the Sobolev space. This implies the
oscillation of the field EF when kg is large. In this section, we will develop a family
of efficient finite difference schemes for solving (13) and (15) with corresponding
boundary conditions, respectively. Since these two equations have the same form,
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by taking (13) for an example, we will exhibit the construction of the new finite
difference scheme.

3.1. 1D problem. Recalling the iteration formula for the 1D NLH equation

d2E - ——
e n (k(z)erN) Ef L MEWL =, 2 € (0, Zumax) » (17)

(d + iko) EYY = 24k, (d - ik()) El1
dz =0 dz

When the frozen-nonlinearity iteration (7) and the modified Newton’s method
(12) are used, i.e., M = 0, we can rewrite (17) as

—0.  (18)

2=Zmax

d2El+1
dz?

where 7 = — (k%v +N ) (19) has the same form as the linear Helmholtz equation,
so we can extend the idea in [25, 27] to solve it.

=7E* 4 f, (19)

Since the parameters 7 and f may be discontinuous at the interfaces of the
Kerr medium and the linear medium, we divide the computational domain by a
mesh in which these interfaces are specially selected as mesh points. Assume that
{zm}(1 < m < N) with 23 = 0,2y = Zpax are the mesh points. And for any
interior point z,, setting h,, = 2z — 2Zm—1, b}, = zmi1 — zm and

T = { Tmy *Am € [Zm—lazm]a fm 1';7 Zm € [Zm—lazm]7
T;;, Zm € [Z"L’Zm""l]’ fma Zm € [Zwmzm+1] .

Taylor’s expansion tells that

)2k:+1

= = (hp)** (hy)* 4
Bt = B (A G B
= = ha )2k (h_)
ElJrl _ El+1 ( l+l (Qk) m El+1 (2/€+1) e 21
And according to (19), there hold
k
(B = B 3 ko e, @)
s=1
k
(B = o (B0 4 7 oo flze ), (23)
s=1

Substituting (22)-(23) into (20) and (21), it yields

+oo
il = GLE + HAESW + 37 [ LE, ()2 + X (T Y], 24)

k=1
EML = G BN - g (EUHO) +Z[ ) 2 — X,;m(ﬁ;)(z’“‘”], (25)
where

GE =G (rh,hE), HE = H(t5,h%), Li,, = L (7, b)), Xit, = Xe (75,03,
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with
eMVP 4 e=mP 1 evP —ehvp
G (p,h) = 5 H (p,h) = N
N/2
1 hf+e—wﬁ = (n
Li(p,h) == [ DI f) 7
P =0
Xy, (p, h L[V s (’h/@zs+1
k(p,h) == pht1/2 ) B vt (25 + 1)!

Then, eliminating (ELT)®) in (24) and (25), we get the scheme for the interior
point as follows

HLESY — (HAG + HL G,

m—m—1 m m

+ M, Z[ Fn (T2 4 X (T @]

)EIH +H, Eﬁil =

+ H+ Z |: (2k 2) _ X];m(f;l)(Qk—l)] ) (26)

For the boundary points z = 0, 2 = Zjax, directly letting m =1 and m = N in
(24) and (25), respectively, we have

El-l—l G+El+1 +H+(El+1 (1) +Z [L?ﬁ f1 ) (2k—2) +X+ (f+)(2k 1)}’
k=1

Bl = GREY — Hy(EH® + Z [ ()@ - X];N(fm(qu)] .

Then, substituting the boundary condition (18) into the above formulas, we have
the numerical schemes for z = 0 and z = Z,,,,« as follows

+oo
(G — ko B )BT + B = 2io Bt + 3 [LE (FD + X5, (Y]

k=1
(27)
+oo
B = Gy —iko HR) B = [Lin (P2 = Xy (G @ D] (28)
k=1

Obviously, taking different k& in (26)-(28) could obtain different finite difference
schemes. For example, letting k& = 1, the new finite difference schemes are

HALESNY, — (HLG, + HypGE) BN+ H Bl =

m~m—1
— 2Xi~_m s P
+H, f+ m( nt+1f$1)]
I exn, e o
+ H Ll;mfm_m(fmﬂ— m—l) ,m=23---,N—1, (29)

— (G} —iko H )BT + BV = 2ikoHY + LT, fi +

(- 7).
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~ ~ ~ X ~ ~
BN, — (G — ik HY)ER' = LinFy = S5 (Fy = Fyea)
N

Remark 3. In fact, a more accurate numerical scheme could be developed. For
example, when the frozen-nonlinearity iteration method is used, (19) is the equation
with variable coefficient, it yields,

dQEH-l

dz? = T(Z)EZ—H + ]?7

where 7(2) = —k2 [v + 5El(z)ﬁ(z)}
In this case, like (22)-(23), we can get more precise formulas
()™ =B 4 o
- (2n+1) - (1) - -
(B:) = (BY)+ (C0+ G O VB T Y,
where C2"~2 = (2n — 1)!/(2n — 2).
Then, according to the Taylor’s series, we get
Bt = AL By + BLER + O fon + Dy £
Bt = A B+ BLER) + Cpfon + DD

where

A = Alror b)), Bry = —B(ry, hin), Cpp = Clrar hiy), Doy = —D(my hiy),

m’''m m? ' m

A(v,h) = % {eﬁh + e‘ﬁh} + % {(\fl,/):s [eﬁh — eV _ 2ﬁh}}

T e R R A I
B = g [ ]ty = [ ),
D) = oz [V — ).

Thus, eliminating the terms Eﬁ), we can obtain

9

1 ~ At A-\ ~ 1 ~
—— FE, -2 I \E 4+ F.
By "t (B;; B;L> B, "
cr o Co\ + DY D\ =
= (BT - B_L> fm + <BT - B_L> ffri)- (30)

Finally, by approximating T7(n1 ), f,(nl ) with difference quotients in (30), we can get a
more accurate scheme. Moreover, the corresponding schemes for boundary points
can also be constructed easily like (27)-(28).

When the Newton’s iteration method (11) is considered, (17) needs to be sep-

arated into the real and imaginary parts due to the existence of EZ‘H, which is



XUEFEI HE, KUN WANG AND LIWEI XU

1512
followed by
CfiR_RRJrIHfm (31)
d
< — ko ) =0, (R + kOI> =0, (32)
=0 dZ 2=Zmax
21 ~
d—71]+’RR+f1, (33)
dl
— 2k, ( - k0R> -0, (34)
( ) =0 dz 2=Zmax
where
R = real(E'*Y), I = imag(E"*Y),
fr = real(f), f1 = imag(f),
ﬁ:—real(kjgv—&—/\/—&—/\/l), f:—imag(/\/l—k%v—/\/),
7 R = —imag (M+kjv+N).

T = —real (kjv + N = M),
Taking the real part equation (31) for an example, following the same process for

(19), we have, at any interior point z,,, that
Rk sIQS 2)+ZR5L5~(25 27 (35)

R%k) = ﬁ'lfan + i-m Z m m

R(2k+1) _ Rk R(l)—i—I ZRk 51(25 1)+2Rk 5“125 1)’ (36)
s=1 s=1
and
Rypi1 = G R + HJL R
—+oo
~ (2k—2) ~ ~ (2k—1)
+y° [L* (I+I + fg;m) + X (Imm + fg;m) } , (37)
k=1
Rpm-1=G; Ry — H R
=r ~\(26-2) o ~ N\ (26-1)
Z |:Lk;m (Imlm + fR;m) o Xk;m (Im[m + fR;”“L) :| , (38)
where
i =G (Ri.nt). H = H (R 03
XE, = X (RE1E)

L, = Li (RE 1),

Eliminating R\ in (37) and (38), we get
+oo

Hf Ry — (HpG™ + HyGY) Ry + Hy Ry = Y (H, Ff + HEF) L (39)
k=1
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where
B =T (LI 4 X I ) 4 L () 72 X (T ) 570

Fr = I (Lot = X I ) + L (Fan) 7 = X (Fri) 0.

m ksm”™m

Similarly, setting m = 1 and m = N in (37) and (38), respectively, and according
to the boundary condition (32), we get

— GTRI + Ry — kon—Il =

+oo

P~ 2k—2 2k—1 = - = _

S (a2 4+ XYY 4 L (TR0 @2+ X ()Y (40)

k=1

Ry_1— GR,RN — k‘gHK,IN =

+oo

T— - 2k—2 - 2k—1 _ _ ~ B

Z [IN (Lk;NIJ(V )~ Xk;NI](V )) +Lk;N(fR;N)(2k 2) _ XI:N(fR;N)@k 1)] .
k=1

(41)

Obviously, by retaining different terms in the right hand side of (39)-(41), we
can also get a series of finite difference schemes for the real part equation (31)-(32).
For example, taking k = 1 in (39), it yields

HYRy,_1— (HLG™ +H, GY) Ry + Hy Ry
= (HuZi L + BT L) T+ (ML T X, — T X5, ) 1Y)

By approximating ¢5})(¢> =1, fR) with £mt1=¢m=1 i the above formula, we can

Rt thom,
get a finite difference scheme for (31) at the interior point z,(m =2,--- ;N — 1),
A - [R,I=B-Fg, (42)

where

A = (A, Ay, A3, Ay, A5, As),

R = (Rm—la Rmv Rm+1)7 I= (Im—h Ima Im+1),

B= (Blv BQ? B37 B4, B5a Bﬁ)v

FR = (fIJ%r;m—N fg;’rrﬂ fIJ%r;m—i-l’ f]%;m—l’ fg;m’ f]%;m—i—l)?

with

Av=Hy,  Ay=-HNG, - H,Gf, — Ay=H,
HTHX — HYT-X;

Ay = —Ag = e h_’" LM As = —H LY, — HAT, Ly,
By =-B3=—-F7—"—, By = H,;Lfm, By=-Bs = 77— —, Bs = H;:Lfm.
hen + hm ' hin + hm ’

Similarly, letting & = 1 in (40)-(41), we have
~ G Ri+ Re—koHi I = ZF (Liah + X1V + L Fi + X (B ™,

Ry-1—GyRy = koHyIy = Iy (LinIy = XinIQ) + Lin Fr — Xin ().



1514 XUEFEI HE, KUN WANG AND LIWEI XU

By using the boundary condition (34) and approximating (f7,)") and (}’; N
: fg,27}7§,1 J?E,N*JTE,Nfl

with i and s

the boundary points z = 0 and z = Zax,

, respectively, we get a finite difference scheme at

- (G1+ - koferf;l) Ry + Ry — (1<;0H1+ + L;jj) I

+ lel T X1+;1 FEs T+x—
=|Li;— e frit hTfR,z + 2koZy X1, (43)
1 1
Ry-1~ (Gy = koXTnZy ) R — (koHy + LinZy ) In
_ XN = Xin =
= <L1;N - h; ) Trin + h; TrN-1- (44)
N N
For the imaginary part (33)-(34), the same procedure can be applied to develop
the new finite difference scheme at any interior point z,,(m =2,--- ,N — 1),
A [LR] =B F,, (45)
where

_(+ =+ + — - =
FI - (fI;m—l’fI;m7fI;7rL+17fI;m—17fI;m’f];m-l—l)’

A =T}, Ay =-TFS —T S+, A3 =T, ,

T-R, Yt —TiR, Y- ~+ -
Ay=—Ag = T ZT + hT = Lm’ As = —TvﬁRlifm - TrJﬁRli_;W
B B T Yiim By =T .M B B L Yiam Bs =T+ M
1 — 3 = h,j;]l—f—h:n’ 2 = dmHims P4 — 6_h,7tb+h:n7 5 = dImi1mo
with
~* ~*
St =@ (Imhi) : T==H (Im,hi) :
~x ~=
M, =L (zm, h;ﬁ) , i, =X (Im, h;i) .
And the schemes for boundary points z = 0 and z = Z,,x are
~+ ~+
— (Sl+ + koR,y Y;l) I+ 15— (lelRl — kon“) Ry
vh) -~ Y-
= <M;1 - h;) i+ S il + 2k T, (46)
1 1
In_1— (SN + kOYhNRN> In — (Ml;NRN — kOTN> Ry
— YlfN - YlfN iy
= (Ml;N - h; )fI;N + hL fI,Nfl‘ (47)
N N

Obviously, (42)-(47) constitute a finite difference scheme for the system of equa-
tions (31)-(34). According to the above process, it can be found that, through
translating the high order terms E®™ and E?"*1) into the lower ones, much more
terms in the Taylor’s expansion could be included in the new finite difference scheme.
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Therefore, the new scheme is expected to achieve much better computational ac-
curacy. Moreover, the case of discontinuous coefficients is considered fully and
naturally in these schemes.

3.2. 2D problem. In this section, we extend the new finite difference scheme to
the 2D problem by applying the ADI method [9, 10]. Similar to (31)-(34), the 2D
equation (5) need to be divided into real and imaginary parts like

AR=RR+II+ fr, (.)€, (48)
OR OR
— = —kol =gir, (x,y) €T, — —kol=gor, (x,y)€ly,
oy oy (49)
_OR = (2.y) €Ty, OB _por— (,y) €T
Oz 04 = 93R, Y 35 oz 04 = 94R, Y 4,
Al =TI+ RR+ f1, (z,y) €, (50)
ol ol
——+kR=g11, (vr,y)el, —o +koR=g2r, (z,y) €Ty,
y Jy (51)
—g-‘rkR— (x,y) €T g—f—kR— (z,y) el
O ot = 931, Y 35 O 04t = G471, » Y 4,

where 9gir = real (gl) ygir = lma’g (gl) (l = 17 27 37 4)

According to (5) and Fig. 2, the parameters ﬁ,f, Z,R are also discontinuous
at the interface 0€)y. So, we divide the computational domain Q into N, x N,
parts such that 9Qg (including its four vertexes) is overlapped with some mesh
points. And let (zm,yn)(1 < m < Ng,1 < n < Ny) be the mesh points and
h;L = Tm — Tm—1, h% = Tm+1 — Tm, k; = Yn — Yn-1, k»j; = Yn+1 — Yn be the mesh
sizes.

It is well-known that the ADI method is used to simulate a high-dimensional
problem by solving a series of one-dimensional problems. Based on this, by directly
separating the real part equation (48) into two 1D equations in x,y directions at
the interior point (%, yn), we have

R n ~

Ox2 = Y2 RmnBm,n + ’Y:cfm,n[mvn + fﬂfR?"”v”’ (52)
62Rm n 5 T s
(9:1/27 = 'YyRm,an,n + 7y1m7njm»” + fyR;m,na (53)

where v, + 7y =1, for + fyr = [r-
Similar to (42), the new finite difference schemes for (52) and (53) can be directly
got as follows

Hf Rop1n— (Hy Gy + Hy GF) Ry + Hy Ry
— (HyvZh oLy + H T oLy ) Lo
H;’Yzf#z,an,l + Hj’wa;,,nXazl
kil + him
= (H;L;,l + H;L;l) J?wR;mmv
HfRpn1— (Hf G, +H;G}) Ry + Hy Ry i1

(Ierl,n - Imfl,n)

(54)

_ (Hywyf+ L+ 4 H;'yyf;%nl}lzl) L

m,ny,1
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CHy T X+ v T Xy

(Im,n+l - Im,n—l)

kit + kn
= (H, L}y + H L) fyramn, (55)
where
G:zt =G <7w7/€rirl,n7 hi) ) H;t =H (VIﬁiﬁn,m hrin) )
L:mt,l =L (fyf’f\;’?r:z,na hi) ) Xil =Xi <717€7:i7n7hi) )
GF = G (WRE, ok ) HE = H (3R 0 k).
L;t;l =1L (f}/yﬁi}nv kf) ) X;?l =X (Pyytf‘;’i,nv kf) .

Combining (54) and (55), we get the new finite difference scheme for (48) at the
interior point (zy,,yn)2 <M< Ny —1,2<n< N, — 1),

A [Ra I] = fR;m,na (56)
where
A= (A17 AQa A3a A47 A57 A67 A7a ASa A97 A10)7
R = (Rm,nfla Rmfl,ru Rm,na Rerl,n; Rm,n+1);
I= (Im,nfh Imfl,na Im,n, Im+1,n7 Im,nJrl)a
with
+ +
A1 — Hy AQ Ha:

Hy L+ Hf L, CHoLi + HELg,
HYG; + H; G} HfG, +H, G

A Ll v HIL,,  Hy L+ HyLy,
Av= H;L*f:HjL’l’ As = Hy L ?H*L’. ’
z, z, y;l y Loy
Ag = HJ'ny:rrz,nX;_,l + H;Vyf;L,nXil A — H;’YI:/Z\;;,TLX;_J + Hj’Yzf;z,an_J
(kit + k) (Hy L+ Hi L) (him 4 hm) (Hz Ly + HE Ly ,)
he e HyveZhn by + HEveZmnley  Hy vThnlgy + HivZmaly,
Hy Ly +HEL;, Hy Ly + Hy Ly, ’
Ag = — H;’Yzi:rrl,nX;J + H;F’wa;m,nxz_,l Ao = _HJVyfrJ;z,nX;1 + H;r'}/yfn;,nxy_,l

(hih + hm) (Hz L3y + Hi Ly ) (ki + ki) (Hy Ly, +Hf L)
Similar to the interior points, the new finite difference scheme for each boundary
point is also constructed by developing two schemes in x and y directions, respec-
tively. For example, when (2., y,) € T'1\{T'1 NT3,T'1 N T4}, the scheme (54) with
n = 1 can be seen as the new finite difference scheme in x direction, and in y

direction, according to (53), we get

1)

+ + Ry + 7 T+ + + aIr(nl)l
Rm,Q = Gy Rm,l + Hy 8y’ + Ly,lfyR;mJ + ’szm’l Ly;l‘[m,l + Xy,l ay, .
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Then, substituting the corresponding boundary condition into the above formula,
we have
_ (G; + kovyfj,g,lX;l) R+ Rino + (kOH; - yyf;g’lL;l) L
= sz;lfyR;mJ — H g1rim,1 — ’Yylz\-;,leﬁlglI;mJ- (57)

So, combining (54)(n = 1) and (57), the new finite difference scheme for the bound-
ary points on I1/\{T'y N T3, Ty NT4} is

Ay -Rp = F, (58)
where

Rb = (Rmfl,la Rm,17 Rm+1,1, Imfl,la Im,l; Ierl,lv Rm,2)7
Ap = (A1, Az, A3, Ay, As, Ag, Az),
Hf H,

A= Hy L, +HiL,, As = Hy L], + HIL,,
4 HIGI4H[GE Gi+ kovZh 1 X
Hy LL, +HiL,, Ly ’
_ H;%frtgxil + H:’Yva;,lxx_,l
L (b b)) (H L+ HEL )
As — koH;r - ’ny;;,lL;l _ H;vxf$,1LI,1 + H;j%cir;,lL;,l
L Hy Ly + Hi Ly, ’
Ag = 7H_;%f:g71le + H;F’Yzf;JXz_,l
(hih + hin)(Hz Ly + HE L)
T+ Y+
A7 = Lgl,+;1’ Fy = fR;m,l - fg;gm;m,l - W&]u;m 1

Similar to (57), on other three boundaries (excluding the vertexes), we also have:
for the boundary points on I';)\{T'a NT'3, T2 N T4} (y direction):

Rn, -1 — (G; + ko'yyf;,NyXy_;l) Ry, + (k:OHy_ . 'yyf;l,NyLy_;l) Lnx,
= L:;;lfyR;mvNy - H;QQR;m,Ny - VyI;7N?/X;1QQI;m,N?,, (59)
for the boundary points on I's\{T's N Ty, '3 N T2} (x direction):
— (G + kon T, X ) Ban + Ron + (Ko =0T, L) i
= L;r;l.}V.:ER;l,n - H;QSR;I,n - szinXéclgSI;l,nu (60)
for the boundary points on I'y\{T'y NT'1,T'y N T2} (x direction):
Rszl,n - (GI_ + kO’Vx:/Z\'NI,nX;J) RNI,n + (kOHz_ - %fo,nL;l) INz,n

= L;,lsz;Nz,n — H gariN, 0 — Valy, nXp1941N, n- (61)

Thus, applying the same process, the new finite difference schemes for these bound-
ary points can also be written as (58) with different Ay, Ry and Fj. The details
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are: for the points on I'o\{T's NT'5,T's N T4}, there hold

Ry = (Rm-1,n8,, BNy Rt Ny s Im—1.Ny s Im Ny s It 1, N, B vy 1),
HF H;

A= Hy LI, +HiL,,’ A= Hy Li, +HL,,
£, G+ H GE Gy koY T n, Xy
Hy Lt + HI L, Ly, ’

Hy 7T Xy + Hivw, X5
A= (i + hm)(Hz Ly + HE Ly ;)
oo koHy =T, Lyn  HivaTy w, Ly + BT, v, Las

Ly, Hy Ly, +Hi Ly, ’
PR VoI, NiX:’ 1 Hiv.I, w X
(Pt + him) (Hg L, + HI L)

A7 = L_, Fy = frum.nN, — Hyigﬂ_%;m’Ny - Vyfnz’Nng;lgzI;mNy,

Ly Y Ly L,

and for the points on I's\{I's NT'1,I's N T2}, there hold

Ry = (Ri -1, Rin, Rint1, Iijn—15 Lim, Tin1, Ron),
+ —
Hy H,

A = Hy L, +HjL,, As = Hy L, +H;L,,
4 - GE + koI X5 HFG, + H G
Ly Hy Ll +Hj L’
_ H X+ BT X

Y (R k) (Hy Ly + Hy Ly,)

As — kOH:j - ’YsznL:J _ H;Vyff:fl’;,1 + HJ’Yy_ff,nL;,l
Lty Hy Lf, +Hy L, ’
PR v It X+ B I, X
(kn + ko )(Hy Ly + Hy L)
Ar = L7 Fy = Frog o — Hgsrin B %ffan%gSI;l,n’
Lt e T LR Lt

and for the points on T'y\{I'y NT'1,T'y N T2}, there hold

Ry = (Rn,n—1, BNy s BNyt 1, INg n—1, INy s INy g1 RNy —1.m),
+ p—
H,y H,

Al = — — A3 = — —
Hy Lf, + Hf L, Hy Lf, + Hf L,
o Gat koveIn,mXpy — HPGy +Hy G
2= - — - — —
L,y Hy Ly +Hy L,
- H X+ T X

(kit +kn )(Hy L + Hy L))
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kOH; - ’YxINm,nL;,l H;’nyf\}anzjl + H?jfny;fx,an;l

A5 = — - — — )
Lz,l Hy L;_,l + H;_Ly;l
A — Hy v Iy, o Xy + Hf Iy, o Xypn
6= —

(kb +kn)(Hy Ly +Hy L)
H;gﬁlR;Nw,n B ’Y-’EIIT/m,nXm_;lg‘H;van
Lya Ly

1 _
A7 = T Fy = frNgn —

z,l

According to (57), (59)-(61), the new finite schemes for four vertexes can also be
obtained. For example setting m = 1 and n = 1 in (57) and (60), respectively, and
combining them together, we get the finite difference scheme at the vertex I'y NT's,

A, R, =F,, (62)
where

A, = (A1,42, A3, A1), Ry =(Ri1,R21,R12,111),
G;_ + ko’yyffth;fl G;'_ + ko’ymffle;I

A =

+ + )
Ly;I Lm;l
D e + _ N T Tt
A — 1 A — 1 _ koHJ —vyI{ L, koH] — .1y L;,
2 = T 3 = T 4 — T T )
Lw;l Ly;l Ly;l L:r;l
+ T+ x+ T+ x+
Fo— J? Hy g 7yI1,1X ;lg H;93R;1,1 ’YwI1,1Xg,-;1931;1>1
v=JR11~ 73 91R;1,1 — — ;x 9111 — F - ¥ .
Ly;l Ly;l Lw;l stl

Similarly, for the rest three vertexes, their new finite difference schemes can be also
concluded in (62) with different Ay, Ry and F: for the vertex I'y N Ty, there hold

Ry = (Rn,-1,1, BN, 1, BN, 2, IN, 1),

1 1
Ar=—, Az=—7,
L;E,l Ly;l
Ay = _G; + kOVyIth,lX;l _ Gy + kovaln, 1 X 4
= = i ,
Ly;l La:,l
koH; - VyIJJ\rfz,ngjl koH; —valn, 1L,
4 = L+ + L~ )
y;1 z,1
- H;‘ ’ny]'\Z,IX;;l
Fo=frRN, 1 — =3 Q1RN,1 — — 701N, 1
Ly Lya

~

_ H_ gip;N, 1 _ %INl.,lxx;1g4I;Nm,1
L Lgc)1

x,1

9

and for the vertex I's N I3, there hold

Ry = (Rin,-1,R1 N, R2n, s 11 N,),

1 1
Ar=—, A3= TF
Ly;l L:L’;l
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Gy +kovIin, Xgn G +kovTiy X1
L, L

Y;

9 =

)

 koHy =Ly, Ly koHF =Ty Ly

4=

— + b
Ly§1 La:;l
rl H; goranN,  Volin, Xyn92r1.n,
F, = fran, — 7= - 7=
y;1 y;1

T+ +
_ H}gsran, Velin, Xea9srin,

+ +
L;c;l Lgc;l

)

and for the vertex I's N T'y, there hold

R, = (RN, ,N,~1, BN, ~1,N,, BN,.N,, IN, N, ),

1 1
A1 = A2 = T
Ly;l L:r,l
AB = _G; + ko’ny]T[z7NyXy_71 _ G; + kO’yIINT1N'UX7;1
Ly, Ly, ’
koH, — ’YyIKI,,,,NyLy_;l koH, *’erNm,NyLa_:J
A4 = + ’

Lo Ly,
Hy garin,.N,  Voln,n, Xy 9208..N,
L L

y;1 y;1

F, = frN, N, —

~

H; garn,,N,  Veln, n,Xe1945N, N,
L L '

x,1 x,1

For the imaginary part (50)-(51), the new finite difference scheme can be pro-
duced in the same way. And the details are omitted here.

Remark 4. In fact, for the 2D equation, when the frozen-nonlinearity iteration
and the modified Newton’s method are used, it is not necessary to separate (5) into
real and imaginary parts. In this case, the 2D equation can be divided into two
1D equations directly. Furthermore, since two 1D equations are separated from a
2D equation, we assume that f,r, fyr are not discontinuous, and € # 0 in f at the
interface 9€)y of the Kerr medium and the linear medium.

4. Numerical experiments. In this section, we will show some numerical tests
to verify the efficiency of the scheme proposed in the above section. And we set
§ = 1078 in Algorithm 1.

4.1. 1D problem. Firstly, let kg, v and e be given, and set the exact solution of
the 1D equation to be (see [7])

E = \z)e'?®), (63)
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where A(z) and ¢(z) are both real and satisfy

1
o(2) = 9(0) + W / S (64)
A(z) = v/ B(2), (65)
with
B(z) = B2+ (Br — B2) en’® [\/g (81— B3)"" ko v/ Zuax — 2) gi - gj] . (66)
w
B = o (67)
w2 eew]” 1474
v & & I3
52 B g (1 + 2UI€0> + U2k0‘| B (1 + 21)]430) ’ (68)
w2 2ew ]’ 1474
g E g
ﬁ?, ~ e (1 + 2’Uk‘0> + ’Uzko + <1 + 2’UI€0> ’ (69)

and cn[-|]-] being the Jacobi elliptic function and W € [0, ko] being a parameter need
to be determined.
Moreover, at z = 0, there hold

;562(0)+(v1)ﬂ(0)+4(v+3)z;Ekm(;(), (70)
% L = 2k sin ¢(0), (71)
with
(CM>2 + w2 RO+ SR2eN = A (72)
dz A2 0 20 '

Thus, putting (66) with z = 0 into (70) and solving the nonlinear equation, we
can determine W. Then, we obtain f(z,)(1 < m < N) by (66), A by A =
ko (v+1)W + £W?2, XN (0) by (72), ¢(0) by (71), and ¢(zp,) by (64) one by one.
Finally, putting A(z,) = v/B(2m) and ¢(z,,) into (63), the exact solution is deter-
mined.

To test the accuracy of the proposed scheme, with v = 1,ky = 8, Znax = 10
and the initial guess E°(z) = e*0* | we firstly solve the 1D equation (3) with
€ = 0.01 and 0.1 by using the new scheme based on the frozen-nonlinearity iteration
method with kgh = 1. We can see that the numerical solutions can highly match
the reference ones (see Figs. 3-4). Then, selecting frozen-nonlinearity iteration,
the errors in [*°-norm with € = 0.01 are compared in Table 1 among different
numerical schemes: the standard finite difference (SFD) scheme, the compact finite
difference (CFD) scheme, the finite volume (FV) method proposed in [2] and two
new schemes (26)(k = 1) and (29). Clearly, the newly proposed finite difference
schemes can achieve the best accuracy. These all imply that the newly proposed
finite difference scheme can approximate the high oscillation solution of the NLH
equation effectively.
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. 'lll'l‘l'l -

02 0.2

real(E)
o
imag(E)

o
0.2 0.2
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e

1 -1
o 2 4 6 8 10 o 2 a 6 8 10

FIGURE 3. Numerical solutions with e = 0.01 in 1D problem (Red:
new scheme with kgh = 1; Blue: reference solution).

Then, under the same computational environments, but with Z,,.x = 1, the it-
eration numbers are compared among four iteration methods for varying € and kg
in Table 2. It can be found that, among the classical ones, the Newton’s iteration
method converges fastest, but the error correction has obvious advantage in decreas-
ing the iteration number especially for the cases of large ¢ and ky. The values of
ko or € seem have little influence on the iteration number when the error correction
method is convergent.

Furthermore, we simulate the optical bistability by using the proposed finite
difference scheme. Firstly, letting the transmittance T := E(Zpax), we solve (3)-(4)
with varying ¢ and plot |T|? in Fig. 5, the result is very similar to that in [2].
It worth noting that, since the Newton’ s method is sensitive to the initial guess,
we start the Newton’s method with a initial guess which is obtained by solving
(3)-(4) with the frozen-nonlinearity iteration method when ¢ = 0.01, E° = 0. The
solutions corresponding to the rest € are obtained by increasing the value of ¢
step by step through some proper Ae and the solution with ¢; is selected as the
initial guess for ;11 = €; + Ae. Then, we select much smaller Ae to compute the
switchback-type multi-solution near ¢ = 0.724. In Fig. 6, we choose the solution
with € = 0.722 (point A) and e = 0.726 (point E) as the initial guess to calculate
the solutions corresponding to the lower branch and the upper branch, respectively.
It worth to note that, in the lower branch, when we increase the value of ¢ at
point F(e &~ 0.72524), the value of |T'|? will directly jump to the one corresponding
to point H and then varies following the route H — E. Similarly, in the upper
branch, decreasing the value of ¢ at point S(e = 0.72376) leads to the value of
IT|? follows the route S — G — A. Obviously, |E|? has three different values
when ¢ € (0.72376,0.72524). To simualte the middle branch, we firstly set ¢ =
0.724226 and solve (3)-(4) to obtain the solution corresponding to point C' with the
initial guess which is selected as the linear combination of the solution at point B
(e = 0.724226 in the lower branch) and the solution at point D (¢ = 0.724226 in
the upper branch). Then, the middle branch is captured by selecting the solution
corresponding to point C' as the initial guess. Successfully approximating the optical
bistability also indicates the robustness of the new finite difference method.

4.2. 2D problem. Now, we turn to a 2D problem. Setting Q = [-1/2,1/2] x
[—1/2,1/2],Q0 = [—1/4,1/4] x [-1/4,1/4] and v = 1 in (6). In this case, we set the
parameter v, =7y, = 1/2 in (51)-(52) in our new finite difference scheme. Firstly,
we examine the accuracy of the proposed finite difference scheme by taking € = kj 2
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TABLE 1. Errors in [°°-norm for the 1D problem with ¢ =

0.01.
N 100 200 400 800 1600
ko =10
SED 2.14 1.05 2.69e-1 6.7le-2 1.67e-3
FV[2 1.59  5.03e-1 1.29e-1 3.23e-2 8.09e-3

CFD 9.38e-1 3.70e-2  3.27e-3 6.67e-4 2.72e-4
Scheme (29) 1.26e-3 2.99e-4 7.43e-5 1.89e-5 5.16e-6
Scheme (30) 2.16e-4 5.68¢-5 1.43e-5 3.68¢-6 1.16e-6

ko =20
SED 231 2.13 1.80 5.33e-1  1.34e-1
FV[2] 2.00 2.00 9.76e-1 2.60e-1 6.52e-2
CFD 2.17 1.02 7.16e-2 5.46e-3 8.00e-4

Scheme (29) 8.56e-3 1.57e-3 3.75e-4 9.57e-5 2.70e-5
Scheme (30) 1.29¢-3 3.16e-4 7.56e-5 1.87e-5 4.95¢-6

ko = 40
SFD 124 235 213 203 103
FV[2] - 200 199 170 5.16e-1
CFD 122 236 176  1.40e-1 9.86e-3

Scheme (29) 1.12e-2 9.70e-3 1.80e-3 4.49e¢-4 1.3le-4
Scheme (30) 5.64e-3 2.68e-3 6.86e-4 1.05e-4 2.61le-5

ko = 80
SFD 1.07 105 232 229 202
FV[2] - - 200  1.98 197
CFD 1.04 121 231 199  0.29

Scheme (29) 7.38¢-3 8.68e-3 4.92¢-3 1.99¢-3 1.52¢-3
Scheme (30) 1.47e-3 1.05e-3 2.48e-4 2.56e-4 2.04e-4

H““m '“'””“H!wn

0.2 0.2

® b

o.

o.

)

real(E)
imag(E)

0.2 0.2

0.4 0.4

IR <

o

-o.

o

-o.

3

10 o 2 a 6 8 10

FIGURE 4. Numerical solutions with ¢ = 0.1 for the 1D problem
(Red: new scheme with koh = 1; Blue: reference solution).

and the exact solution [29]

5v/2eivV/k3+25
~ \/ekg cosh(5z)
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TABLE 2. Iteration numbers of different iteration methods for
the 1D problem.

ko 10 20 40 80 160 320 640 1280

e =0.01
Frozen-nonlinearity 5 5 6 7 9 12 17 38
Error Correction 3 4 4 4 4 4 5 6
Modified Newton 5 6 7 &8 10 14 22 -
Newton’s method 4 4 5 5 6 8 11 -

e =0.02
Frozen-nonlinearity 5 6 7 9 12 19 45 -
Error Correction 4 4 4 4 5 5 7 9
Modified Newton 6 7 8 10 14 23 - -
Newton’s method 4 5 5 6 8 11 - -

e =0.04
Frozen-nonlinearity 6 8 9 13 22 55 - -
Error Correction 4 4 5 5 6 8 13 -
Modified Newton 7 9 10 16 25 - - -
Newton’s method 5 5 6 8 10 - - -

e =0.06
Frozen-nonlinearity
Error Correction
Modified Newton
Newton’s method

e =0.08

12 18 35 - - -

14 20 39 - - -
7 10 - - - -

Sl 00 B =7
o © v ©
o
o
\]

—_

o
1
1

Frozen-nonlinearity 8 10 14 20 &9 - - -
Error Correction 5 5 6 7 9 - - -
Modified Newton 9 11 17 25 - - - -
Newton’s method 5 6 8 11 - - - -

e=0.1
Frozen-nonlinearity 9 10 16 35 - - - -
Error Correction 5 6 6 8 12 - - -
Modified Newton 10 13 18 36 - - - -
Newton’s method 6 7 9 - - - - -

|
|

e N
il
\/‘\
\

1]

0.955 \/}

0 0.1 0.2 0.3 0.4 05 0.6 0.7 08

FIGURE 5. |T|? with respect to € for the 1D problem.
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0.955,
0.722 07225 0723 07235 0724 07245 0725 07255 0.726 0.7265

FIGURE 6. Switchback-type non-uniqueness of |T'|? near € = 0.724
for the 1D problem.

In Fig. 7, we exhibit the exact solution and the numerical solution obtained by
the new finite difference scheme with kg = 100, h = 1/400, it can be observed that
the solution is highly oscillating, but the numerical solution can match the exact
solution well.

To simulate the transmission and collision of the nonparaxial solitons which are
also considered in [3, 29], we solve the NLH equation (5) with two different incident
waves

20\/§€in / kg +400

Evl - - v--
me cosh(20z)
2 9201/2eWVEE 00 o0 /5,in/kE+400(y/2—/32/2)
inc — + ’
cosh(20x) cosh[20(z/2 + v/3y/2)]

And the source term is set as
_AEilnc - kgEllnc 7($,y) € Q\QO>
07 (xvy) S QOy

1=1,2.

The intensities of the incident field and the total field for different cases are shown
in Fig. 8 and Fig. 9. When only one incident wave E} = comes into © from south
(see Fig. 8(A)), it can be found that the incident wave can pass through the Kerr
medium almost without any change when ¢ = k;? (see Fig. 8(B)), while the field is
totally different when & = 0 (see Fig. 8(C)). When there are two solitons with the
field E2,. come into the medium from south and east respectively, they meet and
collide in €y. In the case of ¢ = ky 2 these two solitons are also nearly unchange
when they pass through the Kerr medium (see Fig. 9(B)). It is worth to note
that, comparing with Fig. 8(B), the amplitudes near (0,—1/2) and (1/2,0) have
bigger values, which means that the backward scattering becomes stronger when
two solitons colliding. Similarly, the total field changes a lot when the same medium
is fulfilled in Qg and 2\ Qo (see Fig. 9(C)). Therefore, from the transmission and
collision of the nonparaxial solitons examples, we can conclude that, the Helmholtz
equation and the NLH equation are much different despite the nonlinear coefficient
is very small (here ¢ = 107%). And the scheme studied in this paper can release
these clearly.
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FIGURE 7. Solutions for the 2D problem with kg = 100, h = 1/400
(Left: numerical solution; Right: exact solution).
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FIGURE 9. Collision of two solitons.
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5. Conclusions. In this paper, we construct a kind of new finite difference schemes
for solving the nonlinear Helmholtz equation based on some iteration methods.
Numerical results indicate that, the proposed scheme not only can approximate the
high oscillation solution with better computational accuracy, but also can be used
to simulate some physical phenomenons in the Kerr medium, such as the optical
bistability and the collision of nonparaxial solitons. Moreover, without any extra
consideration, this finite difference scheme also provides a route to deal with the
problems with discontinuous coefficients or source terms. Thus, it can be extended
to much more complex cases, such as the multi-layered Kerr mediums propagating
problem and the nonlinear Maxwell’s equations.
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