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ABSTRACT. This paper aims at investigating the convergence and quasi-
optimality of an adaptive finite element method for control constrained nonlin-
ear elliptic optimal control problems. We derive a posteriori error estimation
for both the control, the state and adjoint state variables under controlling by
L2-norms where bubble function is a wonderful tool to deal with the global
lower error bound. Then a contraction is proved before the convergence is
proposed. Furthermore, we find that if keeping the grids sufficiently mildly
graded, we can prove the optimal convergence and the quasi-optimality for
the adaptive finite element method. In addition, some numerical results are
presented to verify our theoretical analysis.
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1. Introduction. Since the pioneer work in adaptive finite element methods was
proposed by Babuska and Rheinboldt [2], adaptive finite element methods have
been applied successfully in engineering and scientific computations. The adaptive
finite element method is based on the error information obtained by the computer
to determine whether the solution is accurate enough. Hence the soul of adaptive
finite elements is the a posteriori error estimation.

When Dérfler [15] presented a marking strategy aiming at electing the set of
elements for refinement, based on the error indicators which was controlled by the
control, the state and adjoint state, adaptive finite element algorithm was put on the
stage of academic research. He provided a fineness assumption on the initial grid 7p,
which was used to prove the reduction of energy errors while in later investigations,
Morin, Nochetto and Siebert [30] removed the assumption. Moreover, they proposed
the interior node property in order to obtain the proof for convergence of adaptive
finite element methods [31]. More pioneering works on adaptive finite element
methods see literatures [5, 3, 9, 13, 16, 17, 22], in which the linear elliptic optimal
control problem was mainly been investigated.

Convergence and quasi-optimality are the two key factors of adaptive finite el-
ement methods. It was noteworthy that Mekchay and Nochetto [29] extended the
convergence result of Morin, Nochetto and Siebert [31] for general second order lin-
ear elliptic partial differential equations by introducing a novel concept that was the
total error which was the sum of the energy errors adding the oscillations. This pro-
vided a valuable empirical basis for future scholars’ work on convergence analysis.
Meanwhile, Binev, Dahmen and Devore [4] firstly presented the property of opti-
mality. Later, a large number of scholars participate in the study of the property.
For example, Carstensen and Hoppe [6] proposed convergence and quasi-optimality
which were established for the Raviart Thomas finite element method. Gong and
Yan [20] considered the convergence analysis of adaptive finite element method for
elliptic optimal control problems with pointwise control constraints.

As to our best knowledge, nonlinear optimal control problems have gradually
penetrated into many fields of scientific research and engineering technology. Chen
and Lu [11] investigated adaptive fully-discrete finite element methods for semilin-
ear parabolic quadratic boundary optimal control problems. Gaevskaya, Hoppe,
Iliash and Kieweg [17] developed an adaptive finite element method for a class of
distributed optimal control problems with control constraints, and found require-
ment hg < 1 on the initial grid T, is not restrictive for the convergence analysis of
adaptive finite element for nonlinear problems. Chen, Gong, He and Zhou [10] stud-
ied an adaptive finite element method for a class of a nonlinear eigenvalue problems
that may be of nonconvex energy functional and prove the convergence of adaptive
finite element approximations.

Leng and Chen [23] proved the convergence and the quasi-optimality of an
adaptive element method with integral control constraints while we extend the
result of [23] to a nonlinear optimal control problem with integral control con-
straint on L?—norms in this paper. We follow the idea of [27] to derive reliable
and efficient posteriori error estimations and the idea of [19] to prove the poste-
riori upper and the global lower bound of the errors, in which the bubble func-
tion matters. Moreover, a contraction for an adaptive finite element method is
obtained based on a mild assumption on initial mesh 7, which can be seen in
[10, 14, 20, 21, 23, 24, 25, 29, 31]. Furthermore, we propose the optimal conver-
gence rate. However, the quasi-optimality is the best obstacle mission for us to
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prove. Therefore, we continue to use the idea of [14, 21, 23]. Finally, we provide
some numerical experiments to verify our theoretical analysis.

Here are some notations will be used in this paper. Let €2 be a bounded Lipschitz
domain in R? and 0 denote the boundary of Q. We use the standard notation
W™ (w) with norm || -{|m,q,. and seminorm ||, 4. to express the standard Sobolev
space for w C 2. Moreover, we will omit the subscription if w = 2. For ¢ = 2,

we denote W™2(Q) by H™(Q) and || - lm = || - [lm,2. Also for m = 0 and ¢ = 2,
we denote W%2(w) = L?*(w) and | - [lo.2w = || - low- For m = 0 and ¢ = oo, we
denote W9 (w) = L*®(w) and || - ||0,000 = max |- | = || - ||cc,w- Additionally, we

observe that H}(Q) = {v € HY(Q) : v = 0 on 9Q}. Beyond that, let ¢ and C
are the constants which independent of grids size, then we use A ~ B to represent
cA < B < CA. In addition, (-,-) denotes the L? inner product.

The rest of our paper is arranged as follows. In Section 2, we give what the
optimal control problems we want to investigate and some basic notations must be
used. Then the a posteriori error estimation is obtained and an adaptive algorithm
is proposed in Section 3. In Section 4, we use quasi-orthogonality and discrete
local upper bound to prove the convergence of the adaptive finite element method
and so is the quasi-optimality for details in Section 5. In the end, some numerical
simulations is given to verify our theoretical analysis.

2. Nonlinear optimal control problem. In this section we first introduce some
basic notations, and then we show what the nonlinear optimal control problem we
discussed about.

Ty, is a regular triangulation of Q such that Q = Uper, 7. T is an element of
Tn. Let Ty, be the initial partition of () into disjoint triangles. By newest-vertex
bisections for 7j,, we can obtain a class T of conforming partitions. For 7Ty, Tn €T,
we use T;, C Ty, to indicate that 7y, is a refinement of 7y, and hy = |T|1/2. According
to [14], the continuous piecewise linear mesh function is defined by hy, . Moreover,
hr, (z) is the average of the hy over all T’ € Tj, for any vertex z of T, with z € T".
Then we have the following properties via keeping the meshs level low enough [21].

Lemma 2.1. [21] For some constants ¢ and C and fized constant u, there holds
chy < hy,|r < Chr, (1)
VAT |loo < 1, (2)

where all grids satisfied above are denoted by T,,.

In this paper we mainly enter into meaningful discussions with the following
nonlinear optimal control problem:

amin {3l = vl + Sl

—Ay+4(y) = f+u nQ, (3)

y=0, on 04, (4)

where yq € L*(Q), Usg = {v : v € L*(Q), [,v > 0} is a closed convex subset

of U = L*(Q) and ¢(-) € W2*°(=R,R) for any R > 0, ¢'(y) € L*(Q) for any

y € HY(Q), ¢/ > 0. Let V = H}(Q), we give the weak formulation to deal with
state equation, namely, find y € V such that

a(y,v) + (6(y),v) = (f +w,v), YoeV,
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where
a(y,v):/Vy-Vde and |||v]|]| = Va(v,v).
Q

Then the nonlinear optimal control problem can be restated as follows

in {5l = wall + 1l . )
aly,0) + (6),0) = ( +w,0), Yo eV ©)

It is well known [26, 27] that the nonlinear optimal control problem has at least
one solution (y,u), and that if a pair (y,u) is the solution of the optimal control
problem, then there is a co-state p € V' such that the triplet (y,p,u) satisfies the
following optimality conditions:

a(y,v) + (¢(y),v) = (f +u,v), VveV, (7)
a(g,p) + (&' (Wp.@) = (Y —ya,q), VqeV, (®)
(cu+p,v—u)>0, YVve&Upy. (9)

Since the coercivity of a(+, -), we define a solution operator S : L?(Q2) — HZ () of
(4) such that S(f +u) = y and let S* be the adjoint of S such that S*(y —yq) = p.
Suppose V}, is the continuous piecewise linear finite element space with respect to
the partition 7, € T. For 7;, € T, we define U" as the piecewise constant finite
clement space with respect to Tp. Let Uy = {vy € U : [,v, > 0} C L*(Q).
Then we derive the standard finite element discretization for the nonlinear optimal
control problem as follows:

. 1 2 O 2
i, {3l = vl + sl . (10
a(yn,v) + (6(yn),v) = (f + up,v), Vv eV (11)

Similarly the nonlinear optimal control problem (10)-(11) has at least one solution
(yn,un), and that if a pair (yp,up) is the solution of (10)-(11), then there is a
co-state pp € V}, such that the triplet (yn,pr, ur) satisfies the following optimality
conditions:

alyn,v) + (¢(yn),v) = (f +up,v), VveV, (12)
a(q,pn) + (&' (yn)pn: @) = (Yn — ya,q), ¥V q € Vi, (13)
(aup + pr,vn —up) >0, Vo, € U;‘d. (14)

Based on [12, 14, 21, 27|, we have the following Lemmas in order to derive a
L?—norms posteriori error estimation for both the control, the state and adjoint
state variables.

Lemma 2.2. [21] Suppose that Q is convex such that for any f € L*(Q), (3)-(4)
have at least one solution y = S(f +u) € H*(Q) N HE(Q) and

yllz < CILf + ulfo,
and apparently the assumption is valid for S*.

Lemma 2.3. [12] Assume that Q is convez, here holds

o(y) — o) = Wp—y)=—d(p—y)+ " W) P —y),
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for any (y,p) € V and where

1 1
¢'(y) = / ¢'(y+sp—y))ds, ¢"(y)= / (1= s)¢"(p+s(p —y))ds,
0 0
are bounded functions in Q.
Lemma 2.4. [14, 27] For allv € HY(Q), T, € T and T € T, we have
| 2 lIvello + ChY lo. (15)

3. A posteriori error estimation. In this section, we will recall a residual-based
a posteriori error estimation for nonlinear elliptic equations. For the model problem
that we studied in Section 2, a reliable and efficient a posteriori estimation will be
obtained. In the end of this section, an adaptive finite element algorithm will be
introduced.

Here we define some error indicators. 7(-) are error indicators and osc(-) represent
the data oscillations. For T, € T, T € Tj, we define

ni.7, (pn, T) = hi
375, (unyn, T) = B3| f + un — ()3 - + Bl (Vo) -
P (o T) = Wbl — a — & o)l + -1 (V) - m
osck, (£,T) = Wyl f — frli3 1.

0s¢%, (yn — ya, T) = |l (yn — va) — (un — va)7ll3 1

where uy, € U, yn,pr € Vi, (Vyp) - n denotes the jump of Vyy, and n denotes
the outward normal oriented to 9T\052, and where fr is L?-projection of f onto

Jrtf

piecewise constant space on T and fr = T For w C Ty, we have
77171 (ph,w anTh P, T’
Tew
oscTh (f,w Z oscTh (f,T
Tew

Simﬂaﬂy? we have 77%,7] (uha yhaw)v 77:%,7’,1 (yhvphvw) and OSC%'h (yh — Yad, W).
Lemma 3.1. Let 7), € T, under the conditions of Lemma 2.2, we have
ly = ynllo < C(llu = unllo + [[Ih7, (v — wn)lID),
[lp = prllo < Clu = unllo + [llh7, (v = yu)lIl + [l1h7s, (0 — p)IID),
for sufficiently small p.

Proof. Suppose that y,p" € V are intermediate variables satisfying the equations
as follows

a(y",v) + (6(y"),v) = (f +up,v), YveV, (16)

a(q,p") + (&' W")p" q) = (yn —ya,q), VeV (17)

Employing the Galerkin orthogonality, the approximation properties, Lemma 2.2,
and ||Vhr||eo < p, there exist similar results, which resemble to Lemma 3.1 in [21],
for nonlinear elliptic optimal control problems with sufficiently small p that

1y" = ynllo < Cllh7, (" = wn)lll,
p" = pullo < CllIhg, (" = pa)ll]-
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It has been proved |||y —y"||| < C||ly—y"||1 < C||u—up]|o in the Theorem 3.1 of [28]
for nonlinear elliptic optimal control problems. Then associated with the Lemma
4.4 in [7], we deduce similar conclusions for nonlinear optimal control problems that

1y = "Il < Cllu = unllo- (18)
Ilp = p"lll < C(llu—unllo + lly — ynllo)- (19)
By using the triangle inequality, we have
1y = ynllo < [ly = 4"[lo + " = nllo,
lp = pallo < [lp = p"[lo +[1p" = prllo-

In connection with what we discussed above, the triangle inequality and Lemma
2.1, it is easy to prove the prevenient results in Lemma 3.1. O

Now we are in the position to derive a posteriori error estimation for both the
control, the state and adjoint state variables.

Theorem 3.2. Let (u,y,p) € Uga x HE () x HE(Q) be the solution of (7)-(9) and
(un, Yn,pn) € UMy x Vi, x Vj, be the solution of (12)-(14). Then we have a posteriori
error upper bound
[lu = unll§ + |1y = ynll3 + [P — pall3
Sc(nin (pha 7~h) + 77%,'7’,1 (uha Yh, 771) + n%,Th (yhapha 7~h))7

and apparently a global lower bound
Ci 7, (> Th) + 157, (wns yns Ta) + 03 75, (ns i Th))
<l = unl 2+ lly = sl + 1p — pall3 + 05k, (f, Ta) + 056k, (90 — as To):
where ¢ and C' only depend on the shape regularity of Ty,.

Proof. In view of Lemma 7.3.1 in [27], we similarly derive that
llu = unll§ < Cnf 7, (P> T) + Cllpn — 1[5, (20)

where p” is the solution of (3.2). Then we shall to deal with ||p, — p"||2.
Let &€ = p" — pp, and &; = 7,& where 7, is the standard Lagrange interpolation
operator of £, then it follows from Lemma 2.1, Lemma 2.3 and (8) that
1p" = palls =a(VE V" —pn)) + (&' (") (0" = pn). €)
=(V(€ =€), V(pn —0M) + (¢ (yn)pn — ¢' (y" )" € = &1)
+(VEL V" —pn)) + (&' (y")p" — & (yn)pn, &1)
+((¢' (yn) — &' (y"))pn, €)
=3 [ —w- e - 3 [ (Im)-nils — enas

TeTh TeTh

+ (" = yne &) + (@' (yn) — &' ("))pn €)
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<C > hillyn — ya — ¢ (yn)
TETh

> h3/2(/ Vph)-n]2>1/2

aT\dQ

+ 11y = ynlloll€llo + Clld" (yn) — &' W™)lolprllo]1€]]0,00

<C Y hT/ yn —ya— &' (yn)pn)* +C D h[(Vpn) - n)?

TET, aT\dQ

+y" = ynll + CollEl13,

where ¢(-) € W2>°(Q), the embedding ||v]|0,c < C|[v]|2 and |[p"||o < C have been
adopted and ¢ is positive. Then choosing § = %, we obtain

llpn = P"115 < Cn3 75, (Yo pns Ta) + Cllyn — y"115 (21)
Similarly there is going to be proved by letting 5 = y" — g, that
llyn — "1
=a(V(y" = yn), VE) + (4(y") = &lun) €)
:(V(yh — Yn), (g— 51)) + (o(y h) = &(yn), £— 51)

_Z/f*Fuh* (yn)) (€ — &) — Z/Vyh J(€ &)

TET aT\oQ
<0 Y b [ (rw o+ € X [ (7 nl+ ol
TET aT\oQ

where ¢(-) € W2°°(Q) have been applied and hence we have

yn = y" 11§ < Cn3.7,, (un, yn, Th)- (22)

It is easy to derive the expect upper bound by combining with (20)-(22).

Next we are going to deduce the global lower error bound through the standard
bubble function [1, 19]. Similar to Lemma 3.7 in [19], it can be similarly proved
that there exists polynomial wr € H3(T) such that

/Th4T((yh —ya)r — ¢ (yn)pn)? = /Th%((yh —ya)r — ¢ (yn)pn)wr, (23)

and apparently

lfwr|2p < C /T (9 — ya)r — & (yn)pn)>s (24)
< Chy2||wr 2. (25)

chy?|lwr[[§ 7 <
Then it follows from (23) and (24) that

/Th‘lT((yh —ya)r — ¢ (yn)pn)*

/Th‘lT((yh —ya)r — &' (yn)pr)wr,

Z/ Wy (yn — ya — ¢ (yn)pn)wr + / h((yn — ya)T — (Yo — ya))wr
T T
EIl + IQ.
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Combining with (2.8) and Lemma 2.4, there holds

I = / W (o — p)Awr + / W (g — y)wr + / W6 (4) (0 — pr)pror
T T T

+ /T B (y) — & (n))prwr

<C(lp = pullg.2 + llyn — yll5.2 + 2lld’ W)llozllp = pallo,z|lpallo,rllwr o007
+ hpll¢' () — &' (wn)llo,lpallo.rllwrlo,co.r) + C (7 lwrl§ ¢ + hplwr 3 7)
<C(lp = pullg.r + llyn — yllg.7) + CSRT|lwr [, (26)

where ¢(-) € W2>(Q) have been used, the embedding ||v||o,cor < C|Jv||2,7 and
the property ||pn|| < C have been adopted.
Similarly, we have

I <C / B (= ya) — (g — ya)? + COh [wrllo 1 (27)
T

Hence by using the Cauchy inequality with the help of (25)-(27), we obtain
/Th%((yh —ya)r — &' (yn)pn)”

<C(|lp — pal

2 ot llun = ylBr + /T B (v — ya)7 — (n — ya))?)

+ Ch4T/ h((yn — ya) — &' (yn)pn)?.
T

Then it brings about
/Th%((yh —ya) — &' (yn)pn)?

<C</Th4T((yh —yd)r — &' (yn)pn)? + /T ha((yn — va)r — (yn — yd))2>

gc<||pph|3,T+ o = sl + [ b (on — vir — (o yd>>2). (28)
T

Then we need to use the new bubble functions defined in [19] to both in deal with
the jump. Similar to [18, 19], it can be similarly proved that there exists polynomial
wpr € HE(T) such that

| o) w = [ (V) - nlwor, (29)
orT

aT
and apparently

l[wor| B o0 < C /8 (T (30)

376T\BQ < Ch;2||w6T||%,aT\aQ~ (31)
And then it follows from (29) and(30) that

/8 (V) nl? = /8 B4{(Vp) - nlior = /8 [(9p0) -n = (Vp) - mJuor

chz*||wor|[§ or\o0 < llwor|

— [ B(p - p)Awsr + / B(y — ya — & (y)p)wor
oT oT

EIg + I4.
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Similarly, it can be deduced that
I3 <Cohil|war|[§ o o0 + Cllp — palld o\ 00-
Combining with (13) and Lemma 2.4, there holds

Ii= [ W3y — ya— &' (yn)pn)wor + / b (y — yn)wor
oT oT

+ h3d' (y) (p — pr)war + h3d" (y)(y — yn)Prwor
o aT

Cllly =l oron+ [ n ==& )
hg_’r\ |¢'(?/)||o,aT\aQ\|P - thO,c’)T\E)QHw6T| |0,oo,6T\aQ
h16" (W) lo.omoally — ynllo.oroalPrllo.oraealworo.ce.omo0)

+ 05(h llwar|lj oren T hiplwarl; OT\00)

1467

<C(lly — ynllg or\00 + llp — Pulls o 00 + /a:r hi(yn — ya — &' (yn)pn)?)

+ Coh|lwar |3 o a0-

Hence by using the Cauchy inequality with the help of (29)-(30), we have

/ B(Vpy) - 2
oT

OT\o0
<Clp—plE+ly—wlB)+C 3 /hT v — ya — & (yn)pn)?,

TETh

where ¢(-) € W2°°(Q) and war € HZ(2) have been used.
In connection with (28) and (32), it is easy to get that

3.7, (Un, oh> Th)

Z/hTyh_yd_ (wn)pn)® + Y /a h3([Vpn] - m)?
T

TETh oT\oN
<Clon—plE+Cly—mlE+C Y / By — va) — (o — ya))?
TETh
=Cl|lpr — plI§ + Clly — ynll§ + CoscZ (yn — ya, Th)-

It can also be deduced that
M7 sy, Tn) = Y / W (f +un — d(yn))*

TeTh

+ Z h’T [Vyn] - n)?
oT\09

<Cllyn = yl2+ Clu—wilf+C 3 / HA(f — fr)?

TETh

=Cllyn = ylI§ + Cllu — unllg + Cosc, (£, Tn).

Above-mentioned results tell the proof of Theorem 3.2 is accomplished.

(32)
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Theorem 3.2 gives a reliable and efficient posteriori error estimations for the
sum of the L?—norms errors for the control, the state and the co-state variables.
Then we introduce an adaptive finite element algorithm to explain what we mainly
investigate in this paper.

Algorithm 3.1. Adaptive finite element algorithm for nonlinear optimal control
problems:

(o) Given an initial mesh 7p, and construct finite element space U, :fj and V.
Select marking parameter 0 < # <1 and set k := 0.

(1) Solve the discrete nonlinear optimal control problem (12)-(14), then obtain
approximate solution (up, , Yn, ,Pr,) With respect to 7y, .

(2) Compute the local error estimator 7, (7') for all T' € Ty,

(3) Select a minimal subset My, of Ty, such that

77’2[’hk (th) > 977%% (77%)7

where n%—hk (w) = 77%771 (ph,w) + 775,7—’1 (up, yn,w) + 77?2)’7—}1 (Y, pn,w) for all w C T, .

(4) Refine My, by bisecting b > 1 times in passing from T, to Tj,,, and
generally additional elements are refined in the process in order to ensure that
Thyy. is conforming.

(5) Solve the discrete nonlinear optimal control problem (12)-(14), then obtain
approximate solution (upn,,,;Yn, ., Ph;.,) With respect to Ty, ;.

(6) Set k =k + 1 and go to step (2).

4. Convergence analysis. In this section, we will do our best to demonstrate the
convergence while we first give some properties which take vital significance to the
proof of the convergence and even the quasi-optimality for the error indicators and
the data oscillations before we begin to show the convergence analysis.

Lemma 4.1. Let (u,y,p) € Usa x HY(Q) x HY(Q) be the solution of (7)-(9) and
(Uhy Yn, pr) € UM, x Vi x V), be the solution of (12)-(1/). Then we have a posteriori
upper bound

[l = unllg + 11h7, (v = yn)lI1* + k7, (0 — o) |12

SC(TI%,T;I (ph7 771) + ng,Th (Uh, Yh, 771) + 77;71 (yh7ph7 7;7/))’
where C' only depends on the shape reqularity of Tp,.
Proof. By applying (18), the triangle inequality, and Lemma 2.1, we obtain

1175, (v = y)llI* <A, (y = v + A7, (" = )l
<(IVhT llsollly = 51D + [[1A7 (4" = ym)III?

<Cllu — unl[§ + lllh7, (4" — yu)II*. (33)
Similar to the proof of Lemma 3.3 in [21], we deduce that
117 (" = yw)II* < 03 7, (un, yn, Th)- (34)
Analogously, the following conclusions can be drawn
117, (0 = o) I* < Cllu = unl|F + Clly = yul* + [[|a7: (0" = pa)II1%, (35)

and apparently
117, (0" = p)llI* < 3 7, (v i, Th). (36)
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It is obvious to get the expected result in Lemma 4.1 via using (33)-(36), and the
upper bound in Theorem 3.2. O

Next, we gives a stability result for error indicators which is can be found in
Lemma 3.4 in [21], Lemma 4.1 in [23], and even Proposition 3.3 in [8], and so on.

Lemma 4.2. ForT €T, T, €T, let up,,up, € U;‘d, Yhy» Yhe € Vi and pp,, Ph, €
Vi, we have
m,75 (Pras T) = m,7, (s T)
<C(lIhr, (Pry = Pro)lllr + [[VIT ool |PRy — Phsllo,1), (37)
02,75 (Why s Ynys T) = 2,75, (U Yo s T)
<CO(hz|lun, = unyllor + 11h7, (Yny = yna)lleor
+ IVhT, oo, 7l|Yny — Ynallowr ), (38)
03,75 (Yna> Phas T) = 13,75, (Yna s Phas T)
<C(W7llyn, — ynsllo.r + A7, (Phy — Do) lleor
+ [IVhT, [loo, 7Py — Phall0,wr ) (39)
osc, (Yn, — Ya, T') — oser, (Yn, — ya, T)
<C([||h7, (Y, = yn)llIT +1IVhT, 0.7); (40)

where wr denotes the patch of elements that share an edge with T .

o T [Yny — Y|

Proof. We first prove (37) while (40) can be just proved similarly. Consulting the
literatures [1, 21, 25], namely the trace inequality, there exists T' € Ty, T, € T such
that

[olloor < Clhz"Ilellor + hel|lol1.7), (41)
for arbitrary v € H'(Q). In connection with the inverse estimates and (41), we have
—1/2
11V (Pry = pna)] - 1llo.omv00 < Chp' 2 llpny = Phalllur- (42)
Recalling (1) in Lemma 1, we know that

hrlllpn, = pholllwr <ClAT NV (Phy — pho)llo.wr
SC(thThv(p’n - ph2>|||UJT + ||<ph1 - phz)VhTh | |0,wT)' (43)
Recalling the definition of 71 7, (pn, T'), we employ the triangle inequality to calculate
for T' € Tp, that
.75, ns T) <0173, (0nas T) + B[V (0hy — pia)] - 10,0700 (44)

Then it is easy to derive the desired result (37) by adopting (42)-(44).
Next we are to prove (38) while (39) can be proved similarly. We calculate while
applying the inequality (15) in Lemma 2.4 for the edge T NT" to obtain that

h?%/QHV(yhl - yh2)||O,TﬁT’
<BY (1N (yny — yna)7llo.ror + 11V (Wny — Y )7 llo,r0r)
<ChY (119 (yny — wn)llor + B 21V (i, — yna)lo,r

+ g 19, = wna)llo.r + B9 (s = ya)lo.r)
<C(lh7, (Yny = yn ooz + [[(Yny = Yno) VR o, ruT- (45)
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Recalling the definition 0y 7, (un, yn,T'), Lemma 2.3 and Lemma 3.1, we adopt the
triangle inequality to calculate for T € Tj, that

2,7 (uhl y Yha s T)
1
(yn) = o(yn)llo.7)

<n2,75, (Why s Yo, T) 4+ (RH[V (Yhy — Yns))
SnZ,Th (uh27yh27 ( ||A yhl yhz) %T

N

+ BV (yny — yn)lllo,omon + Rl ) llo,r|1Yn, — ynall5.7)

<27, (uhzvyhzaT) + (h T||[ (Yny — Yn, )]
1

— ynolllT)?. (46)

Then it is easy to deduce the expected result (38) by connecting (45) into (46). O

+ h%‘”uhl Uhgy

Lemma 4.3. For T, € T, let My C T be the set of marked elements and let
Tn € T be the refinement of Ty, so that we have

nf 71)1 (ﬁ7ﬁ) B (1 + 0') [77%,71 (p77;L) - Ani’Th (p7Mh)]

( S Wb — @l B+ Il (o gh>|||), (47)

TET,

775 T (ﬂh, i Tn) — (1 +0) (137, (s s Th) — A 75, (Wns Yy M)

(Z Wbllun — @l B+ 111 (o — )11

TeThH
2 lyn — ghua), (48)
77§ 7 (Zjh,ﬁhjﬁ) — (L4 0) [n3.7, (Wn,ors Th) — A3.75, (s phy M)

(Z Wllun — @l B + 1A (o — )l

+ ||Vh7—h

TETh
+IVh, el = 3l ). (19)
o5 (9 — 0. T (1 T) — 20562 (G — 3. To (1)
<20 (Il (o — NI+ 119, I — 3n12), o

where uy, € UL, 1y, € Ud,yh, Ph € Vi, Un,Dn € Vi,0 € (0,1] and A =1 -2~
Proof. We just prove (49) and (50). The proofs of (47) and (48) are similar with
(49). Employing the Young’s inequality with parameter o and (39), we obtain

2 2 s B Ta) — 12 5 (oo s Ta) < C(1+ - ( S Wblun — il
TeTh

Wk, (on = BulIP + 11905 2o —mé) on? - (s Ta)e (51)

For a marked element 77 € M;, C Ty, let 7~7LT, ={T ¢ T :T C T’}. Note that the
jump [Vp] = 0asu e Uy C UL, and y,p € Vi, € V. According to the definition
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: 1 _ 1 by .
of hy, we can obtain hy = |T'|2 < (27°|T"|)2 < 272 h/,, inferring that

_3b
> oms (i T) <27 201 (y,0,T)).
TE€Th,,
For T" € Tp\ M}, we deduce that
’r];'fh (y’ b, T/) S n%,’]‘h (ya b, T/)v
which can use to derive that
_3b
7732,,7"1 SQ 2 77%,7’,1 (yvpa Mh) + 7]3,71 (y7pa 7’h\-/\/lh)
=037, (W, 0. Th) — M3 7, (., M1,). (52)

Then adding (52) into (51) and rearranging the terms can obtain the expected result
(49).
Next, for arbitrary T € T, N T, by using (50) in Lemma 4.2, we have

OSC%’;I (yh — Yd, T) - 2080%1 (gh — Yd, T)
<2C([[|h7, (yn = gn)lll7 + (VA7 oo,z |lyn —

0.7); (53)

where the Young’s inequality have been applied and oscr, (y — ya,T) = oscs, (y —

yq, T). Then summing over T € T, N Ty, for (53), we can easy to derive the desired
result (50). O

In order to facilitate computation, we introduce the following new notation

ehy, = ll1h7s, (0 =y )II* + 17, (0 = pr )|,

Eizzk = |Hh‘7—hk+1 (yhk+1 - yhk)|||2 + |||hThk+1 (phk+1 - phk)HIQ’
U%Lk (CU) = T]%,’Thk (phk ’ CU) + 77577';% (uhk y Yhy s CU) + 77;%,7’,% (yhk y Phys CU),
osc%k (w) = osc%—hk_ (f,w)+ osc%% (Yn, — Yd, W),
forw € Tp,. Asto the proof of the convergence, one of the main obstacle is that there
do not have the orthogonality while it is vital of the proof for the convergence. Thus
getting back to the second place we transfer proof of the quasi-orthogonality. The
latter is popularly adopted in the adaptive mixed and the nonconforming adaptive
finite element methods [24]. Apparently it is true for the following basic relation-
ships with 7, , Th,,, € T and Ty, C Ta, ., that
s, ., (0 = vne DI =[A7, (0 = on ) = [lh7, , (Ohgy = on) ]
- 2a(hThk+1 (v— vhk+1)’ hTthrl (vhk+1 - vhk))’ (54)

so that we obtain the quasi-orthogonality in Lemma 4.4 by estimating the last term
of (54).

Lemma 4.4. For any € > 0,7y, Tn,., €T, there holds

(L= olllh7, ,, @ = yn DI = @+, (v = yn)I?

107, Whiss = ym) I
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Sg(uz + 18) (Ilun = w116+ Nlyn — yn |18 + 11y = Yniya 13) (55)
(1=l ., 0 = pr DIP = A+ Olh7, (0 =PI
Fh gy, Wi — vl

S%(/ﬁ + 13) (Ilun — wn |15 + llon — Pl + |2 = Phiy 115) (56)

where hg = max hrp.
T€Th,

Proof. We just prove (55) while (56) can be proved in a similar way. Let y/s+1
satisfying (16) with f +wup,_,, then we have

a(h i (U = Ynigs ) A7y ki = Yni))
=a(hy,, (Y= y" ), hr (Whiss — Yni))
+ a(h'/_nk+1 (yhk+1 - yhk+1)’ h’7—hk+1 (yhk+1 - yhk)) (57)

Similar to the proof of Lemma 4.3 in [23], we can estimate the second term of the
right side of (57) as shown below

a(hThk_H (yhk+1 - yhk+1)7 hThk+1 (yhk+1 - yhk))

€
<g U7, @M = g DI + 7, G = ] [)

1
+ L+ (Ul = v, |16 + 5™+ = yne[13):

Next we will subdivide the proof. By applying (2), (18), and the triangle inequality,
we have

A7, 6" =y
<N, (v = O+ AT, (U = Y]

<plly =y" Mo+ a7, Yy =y DI + A7, ., 5 = g
<C(p+ho)llu = uny iy llo + {17, (0 = yne )

in which we use the same way to derive that

A7, (0" =y )lll < Clu+ ho)llu = uns o + [11A75,., , (v = yn Il

It follows from the triangle inequality that

Hyhk+1 - yhk+1||0 < O(HU - uhk+1||0 + ||y - yhk+1”0)’

and apparently

19" = ynello < O~ un,ps llo + lly = ynllo).

Then in connection with what we discuss above to deduce that
h
a(hTthrl (y' — Yhya ), hThk+1 (yhk+1 - yhk))

€
<37, @ =y DI + 7, (= yn)l)

C
+ ;(u2 + ) (I = wnyy |5+ 11y = ynel13 + 11y = yn,lIP)- (58)
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For the first term of the right side of (57), we obtain
CL(hThk+1 (y - yhk-H )7 hThk+1 (yhk+1 - yhk))
:((y - yhk+1)VhThk+1 ) v(hThk,+1 (yhk+1 - yhk)))
(hThk+1 V(y— yhk+1)’ V(hThk+1 (yhk+1 = Yni)))
€
<37, @ =y DI + 17, (5 = yn)l?)
C
+ — (1 + hg)l[u = w5 (59)
Contacting (57), (58) and (59) to gain
a(hThk_H (y— Yhya ), hThk_H (ythrl %))
C
<= (7 4 hg) (e = wne |15 + 1y = yne 1 + 1y — yn. 1)
€
T/ O [ [ R R 1 [} (60)
Because of hTth < h,, , we have the following result

7, ., W=yl <7, V= yn )]+ #lly =y, llo
<h7, (v = yu )+ 2601y — yn, o,
such that
1175, ., @ =y )II1? < L+ IR, (v = yn )1 + 401 + )||y ymll3- - (61)
Then we can obtain (55) by combing with (54), (60), and (61). O

Theorem 4.5. Let (u,y,p) € Uga x HE () x HE(Q) be the solution of (7)-(9) and
(Uhy Yn,pr) € UL, x Vi, x Vi, be the solution of (12)-(1/) generated by the adaptive
finite element algorithm 3.1. Then exist v > 0 and o € (0,1] depending only on the
shape of regularity of initial Tp,, b, Q and the marking parameter 0 € (0, 1] such that

e%k+1 + ’Ynisz_‘,l (7;”@4»1) S Oé(eik + 717’27,]‘, (7;”@))’ (62)
apparently providing hg < 1 and sufficiently small p.

Proof. Taking Lemma 3.1, Lemma 4.3, and Lemma 4.4 into account, we can easy
to derive that

&, <O (Th), (63)
C
(1= ek, <1+ Peh, — By + S0+ 8) (= wnee I+ 1l = I
_ 2 B 2 _ 2 64
+||y yhk+1”0+||p phk||0+”p phk+1||0 ’ ( )
1
P, Thec) S+ 0) (0, () = Ny, (Ma)) + €1+ )
- 8) (1= una I = w1+l = s+ 1 = s

P+ |pphk+1||3) +Eh} (65)
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Simplifying (64) and (65) by employing Lemma 3.1 and Lemma 4.1, we have
(1—e)ep

Chisa
C
<+, - B+ St i) (i, () + o, (). (66)

2
77’7';%+1 (7—hk+1)

<(1+ o) (i, (o) = i, (M)

1
o D) (o, T+, ) )+ B @0
Multiplying (67) with v, = m and adding the result to (66), we can easy to

deduce that

(1 - E)e%kJrl + ’7177%1“1 (77%+1)

<+ e, + (L +0) (i, ()~ M, (M) )

1) (4, () 0, (i) ).

where v, = 1+ g Applying the marking strategy in Algorithm in 3.1 and (63), we
have

(L =e)en,, + [ = + )07, | (Th)

<(+op - 2REEDDN G 4 o)1 - (- 20)

where 73 € (0,1). By simple calculation and letting
_n- Yo (u? + hi)

Y 1 ,
— €
Ly (1 +0)M0 —€(3 +¢)
(651 =1-— ,
1—e¢
0y ~LF )= (1=9)06) +92(4” + hj)

Y1 — Y2 (p? + hg)
where ay € (0,1) if choosing €, small enough and where ay € (0,1) if electing
1, ho sufficiently small, then here holds

2 2 2 2
ehk+1 + 7777_;Lk+1 (ﬁlk+1) < 1€, + 05277]771,€ (ﬁlk)v

which tells a contraction property, namely (62), in Algorithm 3.1 if selecting o =
max{ay, as}. O

Theorem 4.6. Let (u,y,p) € Usa x HE () x HE(Q) be the solution of (7)-(9) and
(un, Yn,pn) € UM, x Vi, x V), be the solution of (12)-(1/) generated by the adaptive
finite element algorithm 3.1 with the other conditions being same with Theorem 4.5,
then there holds

lu = wn, 1§ + Iy = yn, |5 + o = P15 =0 as &k — oo
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Proof. 1t follows from Lemma 4.1 and Theorem 4.5 that we can obviously get
[lu—un,llo =0 as k — oc.

Then combining with Lemma 3.1, it is distinct to get the desired result in Theorem
4.6. O

5. Quasi-optimality analysis. In this section, we consider the quasi-optimality
for the adaptive finite element method. Firstly we give the notations interpretation.
For any 771,771 € T, let #7; be the number of elements in 7y, and 7; & 75, be the
smallest common conforming refinement of 75, and 7y, satisfying [15, 30, 31] the
property

#(Th @ Th) < #Th + #Th — #Tho- (68)
According to [14, 21, 23, 24], we need to define a function approximation class

A® ={(u,y,p,y4) € L*(Q) x H&(Q) X H&(Q) x L2(Q) : |(u,y,p,vya)|s < 400},

where
U :==sup N° inf inf w—up|?
|(u, Y, P, ya)ls sup ThETN(%yh’ph)eU:MLWh{ll nllo
1
+ly = ynllg + lIp — pallg + 05, (Tw)} 2,
and

Ty = {Tp € T: #Tp — #Th, < No}.

We need a local upper bound for the distance between two nested solutions
consulting [8] in order to illustrate the quasi-optimality of an adaptive finite element
method due to the errors here can only be estimated by using refined element indices
without buffer.

Lemma 5.1. Let (u,y,p) € Uyq X H (2) ><~H& () be the solution of (7)-(9). Given
sufficiently small p, let T, € T,, and T, C T € T, (un, yn,pn) € UL, x Vi x Vi, and

(i, n, Pn) € UP, x Vi x V5 be the solution of (12)-(14) on Tp, and Tp,. Then there
holds

lan — anllg + llyn — Gnll + [lpn — Balls < O, (Ra), (69)
where Ry, := R, 7, is the subset of elements that are refined from T to Th.
Proof. According to the optimal condition (14), we obtain

(aup + pp,v —up)

>0, YoveV,,
>0,

(O[’fl,h +}5h7’l}—ﬁh) V?)EV;“
thus getting
aHuh — ﬂh”g :(auh,uh — ’ELh) — (aﬂh,uh — ﬂh)

<(Ph — P, un — Un) + (Qup + pr, up — Up). (70)
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For (pn — pn,un — p) of (70), we have

(Pn — Phyun — Up)
=(5%, (3, (f + @n) —ya) — 57, (57, (f + un) — ya), un — @n)
=(5% (5%, (f + @n) — ya) = S5 (S5, (f +un) — ya), un — Un)

+ (5% (57, (f +un) —ya) — ST, (57, (f + un) = ya), un — tn)
(S (S, (@n — un))sun — )

+ (5%, (57, (f +un) —ya) = 57, (S7.(f + un) — ya), un — @n)
:(th’ (@n —un), S (un — Un))

+ (5% (57, (f +un) —ya) = 57, (S72.(f + un) — ya), un — Un)
<(8% (57, (f +un) —ya) = S, (57, (f + un) = ya), un — tn).

In order to estimate the right side of the above inequality, we suppose that ¢ €
H}(Q) is the solution of the following equation

a(p,v) = (8%, (7, (f +un) = ya) = 57, (S7:.(f +un) = ya),v), Vv € Hy(Q).
By applying the duality arguments, we can gain that
5% (S5, (f +un) = ya) — S, (S7:.(f +un) — ya)llo
=a(p, S% (S5, (f +un) — ya) — 57, (57, (f + un) — ya))
=a(p = &7, 9% (95, (f +un) — ya) — 57, (97, (f + un) — ya))
+ (87, (f +un) = S7, (f +un) &m0 — )
+ (87, (f +un) = S7,(f + un), 9), (71)

in which &7;, is the standard Lagrange interpolator onto Vj,. For the first term of
right side of (71), we have

ale = &7, 5% (57, (f +un) —ya) — 57, (57, (f + un) — ya))
=a(e — &7, 5%, (S, (f + un) —ya) = 5% (57, (f +un) — ya))

+ ale = &7.0, 57 (S7.(f +un) —ya) — 57, (57, (f + un) — ya))
<C(l[ell2]1S7, (f +un) = S, (f +un)llo

+1h7, V(e = &m.@)lol|h7;, V(S5 (573, (f + un) — ya)

= 57, (57, (f + un) = ya)))llo)
<Cllell2(11S7, (f +un) = 57, (f + un)llo

+ |7,V (SE (57, (f + un) = ya) = S, (57, (f + un) —ya)))llo)-  (72)

Similar to Lemma 2 in [14], we infer that

1187 (f +un) — S7,(f +un)llo < Cnz.75, (wns yn, Ri), (73)
|h7, V (S% (57, (f + un) — ya) = ST, (57, (f + un) = ya)))llo
<Cn3,7, (Yns Phs R). (74)
By using the similar way, we deduce that
(S7, (f +un) = ST, (f + un) . &7,0 — ) < Cna, 75, (Un, Yns Rav), (75)

(Sg, (f +un) = S7,.(f +un), ) < Cnz, 75, (un, yn, Ri)- (76)
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Combining (72)-(76) and Lemma 2.2 with H?-regularity, we derive that

(Pr — phyun — tn) < C(2,7, (Uns Y, Ru) + 13,7, (Yns Phy Ri))- (77)

Next we are going to estimate the second term on the right side of (70). Assume
that

(auh + pp,up — ﬂh) < (auh + Ph,Vp — ﬁh), Yy, € U;Ld.
Then we set v, = 77, iy, for which 77, is L?—projection onto Py(7}), thus obtaining
(aun +pn,vn — @) = (I, = 773,) (Qun + pr), (w7, — I7,) (v — @n)),

for arbitrary T € T;, and where I7; is the identical L?—projection onto Pq(7p).
Owing to T € Tph\Ry, C Ty, such that (w7, — I, )(4n — up) = 0, then here holds

(up + pp,vn — @n) < O, (Ph, Ri)||un — Gnllo- (78)
In connection with (70), (77) and (78), we infer that

lun = anllo < C (1,7, (Pns Ru) + 02,75, (Wns Yy Ru) + 03,75, (Yn, o1, Ri)) - (79)
Employing (73)-(76) and the triangle inequality, we deduce that

|lpn = Brllo =157, (57, (f + un) — ya) — S% (S7, (f + @n) — ya)llo
<197, (57, (f + un) — ya) — S% (S5, (f + un) — ya)llo
+ 1157, (S5, (f + un) = ya) — 8% (S7, (f +tn) — ya)llo
<C(|lun — @nllo + n2,7, (Un, Y, Ri) + 03,75 (Yns Pry Ri))- (80)

It is similar to Lemma 2 in [14] that we infer that

lyn = Gnllo =157, (f + un) — Sz, (f + @n)llo
<|[S7, (f +un) = Sz, (f +un)llo + 197, (f +un) — Sz (f +@n)llo
<C(|Jun — anllo + n2,7, (un, yn, R))- (81)
To sum up, the proof is finished by adopting (79)-(81). O

Next lemma tells the Dorfler property on the set R, = Ry, -7, in order to
bound the number of marked elements.
_C
1+4C
and let (up,yn,pn) € UL, x Vi, x Vi, and (U, Ynys Phy) € Ufj X Vi, X Vp, be the
solution of (12)-(14) on Tp, and Tr,. There exists a constant § = 2(1 — L) such
that

Lemma 5.2. We assume that the marking parameter 0 € (0,0*) with 6* =

eZThk + oscg—hk (Thy,) < 8(e%, + oscr, (Th)), (82)
where 2. = |lu—unl|g+ |y — ynl|§ + |l — pull§, similarly for e%—hk .Then there holds
17, (Rn) = 07, (Th).

Proof. Combining with (82) and the upper bound in Theorem 4.5, we can obtain
c(1- 25)77%1 (Tn) <(1 - 25)(6% + osc%—h (Tw)
<er — 26%—}% + osc%. (Th) — 2050%—}% (Thy)-
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Employing the triangle inequality and the Young’s inequality, here holds
[l = unlf§ < 2(/Ju — wn, |I§ + [lun — un, |5),
1y = wnlls < 21y = ynll5 + 1y — yn,ll5),
1P = pall3 < 2(1lp = pral13 + llpn — pri|13)-
Thus obtaining the result
17, (Tw) = 207, (Th,) < 2007, (Ra), (83)

with Lemma 5.1. By applying the dominance property which is similar to Remark
2.1 in [8], we infer that

osc%—h (T) < 7727}2’ (1), (84)
for T' € R}, and apparently
osc%—h (f,T) < 77%% (f,7), (85)

for T € T,\Ry. For T € T;, N Ty, we can get the following result by employing (50)
of Lemma 4.3 and the inverse estimates

0sc%, (Th\Rn) — 20s¢%;, (To\Rn) < 2C(llyn — yn, |3 + llpn — pr1[5)-  (86)
Then it can be derived via using (83), (84) and (86) that

C(1 = 26)13, (Th) < (1+4C)E, (Ra), (57)

which tells the proof. O

Lemma 5.3. Assume that the marking parameter 0 satisfies the the conditions
in Lemma 5.2. Let (u y,p) € Usa x HE(Q) x HE(Q) be the solution of (7)-(9) and
(Why > Yny» Phy ) € UM X Vi X Vi, be the solution of (12)-(14) generated by Algorithm
3.1. Then the number of marked elements th C Th, satisfies

L
2

H My, < CBF6 % |(u,y, p,ya) (%, +oscr, (Th,) ™,

if (u,y,p,yq) € A® for p being small enough.

Proof. Let v? = §Bi(egr} + 0s¢Z. (Th,)), where § is defined in Lemma 5.2 and
i e

B is to be defined as follows. Then there exists a T, € T and (up,,Yn,,Pn,) €

Uhe ot X Vi, x Vg, such that

#771,, - #7710 S C\(U,y,p, yd)|21/*§, (88)
[l —un, |5 + 1y = yn, |6 + llp = pn, |5 + 05, (f, Th,)
+osct, (yn, = Ya, Th,) < V7 (89)

for any (u,y,p,yq) € A°. Next we suppose Tp, = Tp, ® Th, is the smallest common
refinement of 7y, and Ty, , and let (up,_, yn,, pr.) be the solution of (12)-(14). Then
we give the inequalities as follows in order to deduce the expect result we wanted

7, +osch (Tn.) < BleF, +oscq (Th,), (90)
where there are some notations been defined by
ez, = lu—un 3+ lly = yn, 5 + 2 — pn 5,
oscg, (Th,) = 0scg, (f,Th,) +0s¢%, (Yn,, Th,),
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and apparently eZ. and oscZ. (Tp,) can be defined similarly. Just as obviously,
here holds

v —wn, 11§ = [lv —on |5 + lon. = vn, |5 +2(v — v, vn —vn,), (91)

for all v € Uyq,vn, € U;’g, and vy, € UM‘Z*. Applying the Young’s inequality and
(91), we have

(w—un. un, — un,) =(u = un,,un, — un,) + (Un, = Un,, Un, = Un,)
<(u-— — un,)
2 1 2
SHU_UhV”o"‘ZHuhe — un, |16, (92)
and apparently in the same way

2 1 2
¥ = ynsyne = yn,) = 1y = yn, llo + Jllyn. = yn, llo, (93)

2 1 2
(= pnespne = pn,) = [0 = pa,llo + Zlln. = oo, [lo- (94)

Hence combining (91)-(94) to get

5 + llun, — un, I3
+lyne — yn, Ilo o+ llpn. — pn, |13
<6(|[u = un, 1§ + 1y = yn, 5 + llp = pr, |15)- (95)
For all 7" € Ty, , assuming that 7y, :={T € Tj_ : T € T'}, then we derive that

> w-Ake= 3 ([ -

TeTh,, TeTh,,

, (f, )2
- 2 o

T/
TEThT,

< // f2 _ ZTGT;,,T, (fT f)

|
(Jr 1)?
SC f2 _ T
7 |
=C||f — frll§ -
which tells that
oscz, (f.Th,) < Coscz, (f.Th,)- (96)
By using the same way, we have
osct, (yn. —Ya, Tn.) < CoscZ, (yn, — Y, Th,)- (97)

Therefore, we can gain (90) via employing (95)-(97). Based on the definition of v/?
and (89), we deduce that

e%—he + osczTh’E (Tn.) < B2 = 5(@%-hk + osc%—hk (Thy))-

According to Lemma 5.2, we find that the subset Ry, _,7, verifies the marking
property for 6 < 6*, then we infer that

#th S #R'T}Lk—)'T;LE S #ﬁle - #7;‘% S #7;@ - 7;L0' (98)
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Hence we can obtain the desired result by contacting with (88), (98), and the
definition of v2. O

Next we derive a equivalent property of the indicator dominates oscillation by
concluding Theorem 3.2, Lemma 3.1, and Lemma 4.1 as follows
e%—hk + osc%—hk ~ eik + 777%7% (Thy), (99)
which is of vital importance for the proof of quasi-optimality.

Theorem 5.4. Assume that Tp, satisfies the condition (b) of Section 4 in [32].
Let (u,y,p) € Uga x HF () x HY(Q) be the solution of (7)-(9) and (un,,, Yn,,Ph,) €
UM X Vi, X Vi, be the solution of (12)-(14) generated by Algorithm 3.1. Then there
holds

1

#Th, — #Tho < Cl(u,y, pyyd)l (€%, +oscz, (Th)) "%,

provided hg < 1 if (u,y,p,yq) € A° for p being small enough.

Proof. Similar to the Theorem 4 in [14], we infer that

k—1

#HThe — #Thg <C Y M, (100)

=0
Employing (100) and Lemma 5.3 to get that

k—1

#Th = #Tng S C Y Ma, < CXZ (7, +oscr, (Th,))~ =, (101)

i=0

1 1
where x = B2 |(u, y, p,ya)|s 6~ 2. Combining with (99), (101), and Theorem 4.5,
we deduce that

k
i i
#Th — #The < Ox(€5,, +o0scq, (Th)) % ) at,
=0
which yields the proof of Theorem 5.4. O
6. Numerical examples. In this section, we firstly present the adaptive iteration

method where the purpose is to provide empirical analysis for our theory.

Algorithm 6.1. Given an initial control u) € UL, then for k = 1,2,---, seek
(yF,pk,uk) such that

a(yp.wi) + (6(yr), wn) = (f+u§71,wh), YV wp, € Vg,
algn.py ") + (6(wh)py " an) = (vF — ya.an), ¥ an € Vi,
(O['U,h'i‘p;’i ! h_uh) >0 VUZEUadﬂ

and apparently

1
uﬁ = E(—Php,li + max (0,13],2)),

where P, is the L%-projection from L?(Q) to U" and p} = o
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Example 1. We consider the nonlinear optimal control problem subject to the
state equation

—Ay+y’=fru, —Ap+3y°p =y -y,
where we choose av = 0.5 and © = [0, 1] x [0,1] and apparently exact solution
1 _
u :a(maX(O,p) 7p)7
p = — (sin(wz1) + sin(mzg)),
y =sin(mz) sin(mxs).

By simple calculation we have fQ pdx = —% which satisfies u € Ugg.

the exact state the numerical state with 6=0.3

FIGURE 1. The profiles of the exact state and the numerical state
on adaptively refined grids with § = 0.3 and 15 adaptive loops for
Example 1.

the exact co-state variables the co-state with 6=0.3

FIGURE 2. The profiles of the exact state , the numerical state, the
exact co-state variables and the co-state variables on adaptively
refined grids with # = 0.3 and 15 adaptive loops for Example 1.

In terms of the same error and actuarial accuracy, the adaptive refinement process
saves time than the uniform refinement process. In Figures 1-2, we provide the
profiles of the exact state variables, the numerical state variables, the exact co-state
and the co-state on adaptively refined grids with # = 0.3 and 15 adaptive loops for
Example 1 generated by Algorithm 3.1 and then we plot the adaptive girds after 5
steps and 13 steps with § = 0.3 and 15 adaptive iterations for Example 1 in Figure
3. It is easy to observe that lager gradients exist in some certain regions but the
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adaptive girds after 5 steps with 6=0.3 adaptive girds after 13 steps with 6=0.3

FIGURE 3. The adaptive girds after 5 steps and 13 steps with § =
0.3 and 15 adaptive loops for Example 1 generated by Algorithm
3.1.

the numerical state of uniform refinement the co-state of uniform refinement

FIGURE 4. The profiles of the numerical state and the co-state
variables on uniformly refined grids (f = 1) and 15 adaptive loops
for Example 1.

solutions are smooth. Moreover, the grid refinement at the center of the domain,
while the solutions may have lager gradients near the boundary.

In Figure 4, we plot the profiles of the numerical state and the co-state variables
on uniformly refined grids (§ = 1) and 15 adaptive loops for Example 1 generated
by Algorithm 3.1, and then the adaptively refined triangulations after 5 adaptive it-
erations with 6 = 0.4 and uniformly refined triangulations after 5 uniform iterations
of 15 loops are performed in Figure 5. Obviously, it is not difficult to find that the
uniformly refined grids seem to have a better encryption effect, but in connection
with Figures 1-2 and Figure 4 to observe that the adaptive finite element method
may deliver even much smaller errors compared to uniformly refined method. Com-
bining Figure 3 and Figure 5, the adaptive iteration is more efficient and effective
than the uniform iteration whereas the uniform iteration needs to be solved at a
higher cost of grids, thus increasing iteration time. So the adaptive finite element
method has some advantages in the numerical approximation process.

In Figure 6, we show the convergence history of the total error estimate indica-
tors, where we plot the adaptive triangle iterations of 15 adaptive loops with the
coefficient 6 = 0.3 and 6 = 0.4, even more there provides a convergence of the total
error estimation indicators for the uniform triangle iterations (6 = 1). We can see
an error reduction with slope -1 that is the optimal convergence rate what we expect
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adaptive girds after 5 steps with 6=0.4 uniform girds after 5 steps

FIGURE 5. The adaptive girds after 5 steps with § = 0.3 and the
uniform refinement (6 = 1) after 5 steps for Example 1 generated
by Algorithm 3.1.

adaptive refinement with 6=0.3 adaptive refinement with 6=0.4

slop-1] slop-1]
2

e

%
/0

uniform refinement

FIGURE 6. The error estimations of adaptively refined grids with
0 = 0.3, § = 0.4, and the error estimates of uniformly refined grids
for Example 1.

via applying linear finite elements from the upper two pictures in Figure 6. Mean-
while, we give the comparisons of the error estimations, for which we know that the
optimal second order convergence for the error reductions of error estimations.

Example 2. We consider the same nonlinear optimal control problem as Example
1 with @ =0.1, Q@ = (0,1) x (0,1), and apparently the exact solution

5% 100w, m<o,
v 0, m >0,
~7x10%em, m<O0,
b=

0, m >0,
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where m = (21 — 0.2)® + (22 — 0.6)* — 0.04 and absolutely [, udz > 0 via simply
calculating.

the numerical state with 0.3 the exact state with 8=0.3

FIGURE 7. The profiles of the numerical state and the co-state on
adaptively refined grids with 8§ = 0.3 and 27 adaptive loops for
Example 2.

adaptive grids after 15 steps with 8=0.3 adaptive grids after 25 steps with 6=0.3

F1GURE 8. The adaptive girds after 15 steps and 25 steps with
0 = 0.3 for Example 2 generated by Algorithm 3.1.

adaptive refinement with 8=0.3 uniform refinement t

FIGURE 9. The error estimations of adaptively refined grids with
0 = 0.3 and the error estimations of uniformly refined grids for
Example 2.

In Figure 7, we plot the numerical state and the co-state on adaptively refined
grids with # = 0.3 and 27 adaptive loops for Example 2 generated by Algorithm
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3.1. Obviously, we can observe the lager gradients concentrate on the certain regions
as the adaptive finite element method may deliver much smaller errors compared
with the uniform refinement. In Figure 8, we present the adaptive grids after 15
and 25 adaptively refined by choosing Dorfler’s marking parameter § = 0.3 with 27
adaptive loops. Apparently, the grids gather around the regions where there exist
much lager gradients. Therefor they just validate the phenomenon in Figure 7. In
addition, the grides focus on the points as f and y, have singularities near these
points. Hence when dealing with singular points, adaptive encryption has better
effect.

We give the comparisons of convergence history of Example 2 in Figure 9. The
left plot in Figure 9 is adaptively refined with Dorfler’s marking parameter § = 0.3
and 27 adaptive loops while the right one is uniform refinement (6 = 1). With
the optimal L?—norms convergence we desired, we can see the errors reduction for
adaptive refinement. Moreover, the reduced orders only can be found in uniform
refinement because of the singularity of the solutions.

Acknowledgments. The authors express their thanks to the referees for their
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