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ABSTRACT. We prove uniqueness, existence and asymptotic behavior of posi-
tive solutions to the system coupled by p-Laplacian elliptic equations

—Apz1 = A1g1(22) in Q,

—Apz2 = Xag2(z1) in £,
z1 =22 =0 on 909,

where Apu = div(|Vu|p_2Vu), 1 < p < oo, A1 and Ag are positive parameters,

Q is the open unit ball in RN, N > 2.

1. Introduction. It is well known that p-Laplace equations are quasilinear equa-
tions when p # 2(see [22], [12]), and there are many important applications in
physics, game theory and image processing (see [14], [5]). In the past few decades,
a good many of results have been developed for single p-Laplace equations by dif-
ferent methods, for instance, see [21, 23, 19, 18] and the references cited therein.
Specially, in [24], Zhang and Li considered the following p-Laplacian equation

{ —Apu =g(u) in Q, (1)

u=0 on 99,

where Ayu = div(\Vu\p_QVu) is the p-Laplacian operator, N < p < oo, 2 is a
smooth bounded domain in RY, N > 1. The authors applied differential equations
theory in Banach spaces and dynamics theory to study problem (1), and obtained
excellent multiple solutions and sign-changing solutions theorems of p-Laplacian.

At the same time, we notice that many authors have paid more attention to
existence and uniqueness problems, for example, see Castro, Sankar and Shivaji [2],
Lin [13], Hai [10], and Guo [6]. Specially, Guo and Webb [7] considered the following
p-Laplacian equation

Apu=—Af(u) in Q,
{ u =0 on 0f. (2)

They obtained existence and uniqueness results to problem (2) for large A if f >
0,(f(z)/xP~1) < 0 for z > 0 and f satisfies some p-sublinearity conditions at oo
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and 0. In [11], using sub-supersolution method together with sharp estimates near
the boundary, Hai and Shivaji improved the results of (2) in a unit ball under much
weaker assumptions than in [7]. Recently, Shivaji, Sim and Son [20], and Chu, Hai
and Shivaji [3] generalize the study in [7] from a bounded domain to the exterior
domains and obtained some excellent results.

Moreover, we notice that various of system problems have become an important
area of investigation in recent years. To identify a few, we refer the reader to
[4, 15, 16, 17]. In [10], Hai considered the existence and uniqueness of positive
solutions to the following elliptic system

Au=—-Af(v) in Q,
Av = —pg(u) in Q,
u=v=0 on 09,

where €2 is the open ball in RY, f, g : Rt — R*, X and p are positive parameters.
Inspired by the above works, we are interested in the existence and uniqueness
of positive radial solutions to the following system

—Apzl = )\191(22) in Q,
—Apzz = Aaga(z1) in Q, (3)
z1=20=0 on 0O9.

Here A, denotes the singular\degenerate p-Laplace operator Apu = div(|Vu["~*Vu),
1< p<oo, A&y >0and Ao > 0 are parameters, g; and gy are continuous nonlinear-
ities, and Q = {z e RV : |z| < 1}, N > 2.

We also give new existence results for system (3). Our main tool is the eigenvalue
theory in cones. However, based on the idea of decoupling method we will inves-
tigate composite operators. Besides, the exactly determined intervals of positive
parameters Ay X Ay are established.

The rest of the paper is organized as follows. In Section 2, we present some
necessary definitions, Lemmas and theorems that will be used to prove our main
results, Theorem 2.4. Section 3 is devoted to proving the existence and uniqueness
of positive solution to system (3). In Section 4, we establish the exactly determined
intervals of positive parameter A\; x A2 in which system (3) admits at least one
positive solution. Section 5 verifies the existence and asymptotic behavior of positive
radial solutions to system (3). Finally, in Section 6, we will give some remarks on
our main results.

2. Preliminaries and some lemmas. In order to study the existence of the
positive radial solutions for system (3), let us firstly introduce the radial coordinates
form of the p-Laplacian operator. Letting r = |z|, and u(r) = z1(x),v(r) = z2(z),
then

Apr(2) = PN (Y ()2 (1),

Apza(z) = N (N ()P0 ().

Therefore, the study of positive radial solutions of system (3) is reduced to the

study of positive solutions to the following system:

—(TN’lgop(u’)) AMrN=lgi(v) in 0<r <1,

—(rN 1o, () = XorV T lga(u) in 0<r <1, (4)
u'(0) =2'(0) = u(l) = v(1) =0,
where g, (s) = [s|" s, (o) ' =@, L4+ 1 =1
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Lemma 2.1. Letp >1,q>1 satisfy 1 l =1. Then pp(s) = |5|p_25 is odd, and
spp(s) >0 if s # 0, @p(st) = pp(s)pp(t ) p(0) =0, op(1) =1, pp(=1) = -1,

227N pp(s) +op(t), if p>2, 5,t>0,
“"p(””‘{ on() Lot i T<pea 5i>0

On the other hand, ¢,(s) is increasing on [0,00), and for a > 0, ,(s*) = p5(s)
on [0, 00).

Next we mainly analyze the existence of positive solutions for system (4). In
order to get our theorems, we let Ry = [0, +00) and g; satisfy
(Co) 91 and g2 : Ry — R, are continuous.
(C1) g1 and g5 : Ry — R, are nondecreasing, C* on (0,cc0) and

lim supxg)(r) < oo, lim supzgh(x) < cc.
z—0+t z—0+

(C2) There exist nonnegative numbers a, b, A, D, where ab < 1 and A, D > 0 such
that

T UG B T S 1 C) B
=0t pp(x?) a0t pp(a?)
lim 9 () =A, lim 9(2) =D
@) R @)

and for a; > a and by > b,

g@) 4 92(@)
Pp(z1) pp(abr)
are nonincreasing for x large.

A pair of functions u,v € C[0,1]NC*(0,1) with ¢, (u'), ¢,(v") € C1(0,1) is called
to be a positive solution of (4) if u(t),v(t) > 0 for all t € (0,1), and u and v satisfy
(4)-

Let

E =C([0,1],R) x C([0,1],R).
Then E is a Banach space with the norm |[|(u,v)| = max{||¢|c, ||v]|cc}, Where
lulloo = max fu(?)].

t€[0,1]
Define a cone P by

P={(u,v) € E:u>0,v>0}.
Define an operator F': E — E by
F(u,v)(t) = (A(u,v)(t), B(u,v)(t)), t€[0,1],

where
Aot = [ ey [ M a(etr)ins

and )
1 g _
B(u,v)(t) = / (pq(sNi_l/ MmN L go (u(T))dr)ds.
t 0
It is easy to check that F': P — P is completely continuous and the solution of
system (4) is equivalent to the fixed point equation

F(u,v) = (u,v).

Therefore, the task of the present paper is to search nonzero fixed points of F'.
The following well-known results are crucial in the proofs of our results.
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Lemma 2.2. (See Lemma 2.4 of [9], on page 181) Let P be a cone in a Banach
space E and T : P — P be a completely continuous mapping satisfying
(a) There exist k € K, ||k|| = 1, and a number r > 0 such that all solutions y € P

of
y=Ty+0k 0<0<o0

satisfy |yl # .
(b) There exists R > r such that all solutions z € P of

z=0Tz, 0<60<]l1.
Then T has a fized point x € P, r < ||z|| < R.
3. Uniqueness of positive solution. In this section, we analyze the uniqueness
of fixed point of F for A; A% and A5\, sufficiently large.
Lemma 3.1. Let h be continuous on Ry and C' on (0,00) such that
lim supzh/(z) < co.
Jlim supz (z) < o0

Let M, €, r be positive numbers with ¢ < 1. Then there is a positive constant C such
that

[h(vz) — op(v" ()| < C(1 =)
fore<y<land0<z <M.
Proof. Let 0 < x < M. Define H(v) = h(yz) — ¢,(7v")h(z), € < v < 1. Using the
mean value theorem, there is a ¢ € (v,1) such that
[H(v)| = [H(y) = H(1)| = (1 = )|k’ (cz) = r(p — 1)" P~ D" h(z)] < C(1 - ),
where

sup{|yh'(y)| : 0 <y < M}
3

C = +7r(p—1) max(a"(p_l)_l7 1) sup{|h(y)| : y < M}.

O

Next we will check the upper and lower estimates for possible positive solutions
of system (4).

Lemma 3.2. Let (u,v) be a positive solution of (4). Then there exist positive
constants M;, i € {1,2,3,4} and M independent of u,v such that

My (pg(MA3) =7 (1 — ) < u(t) < Ma(pg(MAS) =7 (1—1), 0<t <1,

M3 (g (A2A)) =7 (1~ 1) < 0(t) < Ma(pg(MoX)) =7 (1 1), 0<t <1
for min{ A A3, Ao A8} > M.

Proof. Suppose that u and v are a pair of positive solutions for system (4). By
integrating, we get

u(t) = /t1 (pq<sN1_1 /O /\17ngl(v(7))d7> ds,
v(t) = /tl %(SNl_l /0 AQTngZ(u(r))dT> ds.
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Next, we can denote by ¢;, i« = 1,2,..., positive constants independent of
U, v, A1, Ag. Since v is decreasing, we have

u(%) Z/ ‘Pq(sN%/Og /\17'N_191(U(7'))d7')ds

1

=) [ enlar | N g o))

2

|—

SR TRy SR RN

0
> oy )20 (0(5)). 5)
Similarly we can get
v(3) 2 Seu s pu(a(u(3)) 0

By (Ca), there are two positive constants K7 and Ky such that
91(2) = p(K12%), g2(x) = pp(K2a’) for x> 0. (7)
This together with (5) and (6), shows that
u(3) 2 59 ) Kil50q (5] K5 (u(3)) = c19g(AAg) (u(3))™.
Thus,

1

u(3) 2 ()T og (M) T = ea(ipg(MAG) . ®)
Similarly, we can get
1 = = 1
’U(§) > (01) T—ab (pq()\g)\l{) T—ab — CIQ((Pq()\2>\Il))) T—ab | (9)

It follows from (7), (8) and (9) that for ¢ > 1
A t
() =y [ o)

%
Zgaq()\l/ sNﬁlgl(v)ds)
0

> 6o 5o 1 (0(3))
M 1
=<Pq(W)<Pq(91(U(§)))

A a any 1
ZWq(T;V)chQ (pg(A1p®))T=er

=c3(pg(MAG)) =
Then by integrating, for ¢ > %, we get
ult) > e3(pg(MAG)) = (1 — ). (10)
Similarly,

(t) > ealpg(AaA)) =8 (1 — ). (11)
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Because of u,v being decreasing, this shows the left-side inequalities for w,v in

Lemma 3.2.
According to the formulas for u, v, we can see that
u(t) <[ufoo
1 1 S
< [ euar [ W an(lelwdryas
0 s 0
1 1 1
< [ euar [ M an(eldryas
0 s 0
<pq(Mg1([v]e))
and

[v]oo < @q(A2g2(luloo))-
By (7) and (11), for large A1 A% and A2A\8, we get
()] > ca(pg(MAL)Ta (1 —t) > 1 (i.e. [v]oo is large)
and
Ag1([vloe) ZA10p (Kilvl5,)
> pp(Ki[ea(pg(A2A7)) T

>AMpp(K1lef (g (A1A3))T
>1.

Note that from (Cg) it follows that

=)
=)

|v|oo S‘Pq()‘292(|u|oo))
<pg(A292(pg(A1g1(v]0))))
<pq(A2g2(pq (A1 K1) |v[S,))
<pg(Ma K20y (g (M K1) ([0]00)*))
=g (KK 2)0q(A2A]) ([0]oe) ™
=c50q(X2A]) (J0]00) ™,
Voo < 677 (pg(AeA})) 5.

5), we can get

(
/ 91([v]oc)ds)

(7%
soq()\ (Jv]oo))
<Al (g (A2A})) )
<o) Erel ™ (9, (M Ag) ™)
=c6(pq(MAG) =),

and then it follows from integrating that

u(t) < co(og(MA) T @) (1 —t), 0<t<L.

By combining the equation of u’ and

<80q

(15)

(16)
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Similarly, we can get the upper estimate for v(t). This completes the proof. O

Theorem 3.3. Assume (Cg) — (Cz) hold. Then there is a constant 8 > 0 such
that the system (4) admits a unique positive solution for min(A A%, AaA\}) > f.
Proof. We shall check the conditions of Lemma 2.2 to prove the existence of solution.
Let (u,v) € P satisfy

(u,v) = F(u,v) +6(1,1)
for some 6 > 0. Because of u, v are nonincreasing and u,v > 0 on (0, 1), the proof
is analogous to that of Lemma 3.2 that

u(}) 2 e,y

So, [|(u,v)|| # r, where 0 < 1 < ca(0g (A AG)) T .
Next, set (u,v) € P with

(u,v) = 0F (u,v)

for some 0 € (0,1). Then, by (12) and (13) we get

Voo < @q(A2g2(0q(Mg1([v]x0))))s [uloo < ©q(A1g1(pg(A2g2(lul))))-
In addition, if |v]|s — 00, by (C2) and ab < 1 we can see that

Pg(A292(04(M191(0]50)))) _ €5pg(A2AT)([0]00)*”
|U|00 - |v|oo

which is impossible. So, there is a number R > r such that ||(u,v)|| # R. Therefore,
Lemma 2.2 shows that F' has a fixed point (u,v) with r < ||(u,v)|| < R. Thus, it
follows that (4) admits one positive solution, and the existence is proved.

Next, we shall show that the solution is unique. Suppose that (u,v) and (uq,uz)
are positive solutions of system (4) and let min{A\; A%, A2}, } be large enough such
that Lemma 3.2 holds. It follows from Lemma 3.2 that

1< =0,

M M.
ﬁ;ul <u< ﬁ?ul on (0,1).

Let @ = sup{d > 0 : u > duy in (0,1)}. Then obviously dy < a < oo and
u > au; in (0,1), where ag = % We assert that a > 1. In fact, we can assume by
contradiction that a < 1. Since u, v are decreasing and

(tN "o, (1)) = =MtV gy ( /t wq(sN% /O ) MmN "L go (u(T))dT)ds),

1 s
- : _ 1 _
(N p(auy)) = =Mt lsop(a)gl(/ @Q(isN—l/O Ao ga(ua (7)) dr)ds),
t
we can get

[tV (op () = (o))
<_ )\ltzv—l[gl(/t wq(% /0( N1 g (o (7))dT)ds)

1 s
*@p(a)gl(/t @q(%/o N1 go (uy (7))dr)ds))]. (17)

Let by > by > b, ay > a and a1b; < 1. Then we assert that

/S TN_ng(Oéul(T))dT > gop(abl) /S TN_lgg(ul(T))dT. (18)
0 0
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g2(x)
$p (be )

According to is nonincreasing for x > 1 and o > g, we can get

gz(aﬂ?) 92 (33)
oo(@0)) = gy(a?)’

or
g2(az) = pp(a’®)ga(x).
By Lemma 3.2, we can get
u(r) = Mi(pg(MA3) = (1-T) > 1,
where T' € (3,1).

Since a < 1, then for s < T, we have

/ T (ga(aur) = p(a™)ga(ur))dr > (pp(a) — <pp(ozbl))/ T ga(ur)dr > 0.
0 0
For s > T, combined with Lemma 3.1, we have

27 e — gl
= Jo ™V Hga(aw) = pp(a®)ga(w))dr + [ TN (ga(au) — pp(a’)ga(u))dr
> (pp(a) = pp(a’)) g TN ga(w)dr — C(1 = T)(1 ~ a).

Because

T 3 1
N-1 * N-1 92(u(3)) _ Ko
/0 T " go(u)dr > /0 T " go(u)dr > NoN > NoN

and since there is a positive number [ > 0 such that
(gop(ab2) - gop(abl)) >I(1—aP™!) forap<a<l.

This follows that
* N1 by
/ N (gy(aw) — gp(a?)ga(w))dr > 0,5 > T
0

when T is sufficiently close to 1. So, we can see that

| ) = gyagr(w)dr >0, for s> T
0

when T is sufficiently close to 1. So, the proof of (18) is finished.
Substituting (18) into (17) and integrating gets

NN — aud)(2) < f/\l/ G(a,t)dt,
0

where
G(a,t) = tN gy (o 11;1 0a(R2r [ TN gy (uy (7))dr)ds)
—ep(@)gi( [, <pq(sfv\—i1 Os N1 g9(uy(7))d7)ds)).

Applying (7) and Lemma 3.2, for t < T, we get

I Ga(sr=r Jo AoV ga(un (7)) dr)ds
= g(A2) fr SOQ(SN% fs TN gy (uy (7))dr)ds

> 0g(N2) [ 0a(sir Jy 7™V ga(un(7))dr)ds
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Z@q(QZ(ul( )) R )‘2 fTSDq sN T fo = 1d7‘)ds
>(1- T)wq(AQNN)wq(gz(m(T)))

> (1= T)e, () Kaul(T) L
> (1 - T)py (22 K, [Ml (soq(xlxg)> a- t)]

_b
1—ab

> (R Ky MY Qoq(w)) (1 -1y
= B(T)(pg(AoA})) P

> 1,
where h(T) = (52 ) Ko MY (1 — TP+,
Because (p‘zl(if)l) is nonincreasing for x > 1, we get
gi(a”a) > py(a®)gi (@).
Thus

Glat) =" ep(a) ~ oloNon [ ealiis [ i gatun(mjarias)

>tV (1= P )gr (A(T) (g (X)) =)
>H(T)tN o, (1 —aP™1) >0, t<T, (19)
where H(T) = lok*K2h®*(T)) and [y is a positive constant so that
0p(®P) — o (@) > Ip(1 —aP™!) for ap < a < 1.
This proves that
N — o) (2) <0, 0<z<T.

On the other hand, if z > T, then for large A\; A3 and A2)}, and T sufficiently
close to 1, it follows from Lemma 3.1 and (19) that

fOG(ardr>f G(a, t)dt + [ G(o, t)dt

1 1
> B0 0 (Mo TE (1 — ap~l) = C(1 = T)(1 — ar)
> 0.

Therefore, we have
(v —auy)(z) <0 for 0<z<1.

This shows that there is a constant & > « in (0,1) such that v > @uy, which is
a contradiction. Thus a > 1 and hence u = w; in (0,1). Similarly, we can verify
v = in (0,1) and so we finish the proof of Theorem 3.3. O

4. New existence results. In this section, we will establish some new existence
results of positive solutions for system (4). To achieve this goal, we will define a
new cone P and a composite operator 7.

Lemma 4.1. (See Theorem 2.3.6 of [8], on page 99) Suppose that D is an open
subset of the an infinite-dimensional real Banach space E, 8 € D, and P is a cone
of E. If the operator I' : PN D — P is completely continuous with I'0 = 6 and
satisfies

inf Tax >0,
zeEPNOD
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then T' has a proper element on PN OD associated with a positive eigenvalue. That
is, there exist xg € PN OD and pg > 0 such that Tzg = poxg-

Let E = C[0,1]. Then E is a real Banach space with the norm || - || defined by
[} = max |z (t)].
Let J = [0,1] and P be the cone
1 13
P:=qveFE:v(t)>0,te] v(t)21||v||, te[z,z] . (20)

It is easy to see that P is a normal cone of F.

For v € P, define T; : P — E(i =1,2) as

1

(Thv)(t) Z/t qu(TNl/OT sVl (v(s))ds)dr, (21)

T

1
To)(®) = eu%) [ oulzms [ 8 mlols)dspar, (22)

It follows from Lemma 3 in [1] that T;(i = 1,2) maps P into itself. Moreover, T}
and T, are completely continuous by standard arguments.

Define a composite operator T' = TT5, which is also completely continuous from
P to itself. So the operator T" also maps P into P. Therefore the next task of this
paper is to search nonzero fixed points of operator T'.

o 0 (v)
. g1(v 0 . g1\v
=1 =1
gl ULHOIO @p(v) 9 gl U1_>H6 sDp(v)7
. 92(’0) 0 92(0)
=1 =1
92 ULHOlo QDP(U) 9 92 U1_>H6 s01)({[})7
and

o

1

4

1 N—-1 3N —1 ! 1 * ! 1
A= S ds = N4N N B = % §0q<m)d7, B* = o Q0q<m)d7' (23)

Theorem 4.2. Suppose that (Co) holds. If 0 < ¢° < 4o0(i = 1,2), then there
exists Bop > 0 such that, for every R > Py, system (4) admits a pair of positive
solutions ugr,vr satisfying ||ur|| = R for any

ArA2 € [AR, AR),
where \r and \r are positive finite numbers.
Proof. Since 0 < gf° < 400, there exist 0 < {; <ly, p > 0 so that
Liep(v) < 91(0) < lagp(v), Yo > pi
Lipp(u) < ga(u) < lapp(u), Yu > p.
Next, we verify that By = 4 is required. Letting
Qr={z € E:|z| <R},
then 0 € Qg and Qg is a bounded open subset of Banach space E.
Since R > fy, for any u,v € P N INR, we get

1 1 1 1
U(t) Z 7””” = 7R7 U(t) Z 7””” = ZRu te [Za 7]7

4
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and 1 1 1 1 13
>z “By = > = ~By = =9
u(t) = Hull > 2o =, o(1) > Lol > 1o =, 1€ (3]

So, for any v € P N 02k, we have

e

1
T)0) > [ el [N ()

4

Y

[ et /. Loy

N

v

1 1 2 B
[ eulomr [ hyo(s)as)ar

Y

! 1 [i 1
1
J, eir [ o weatleasyar

1
=7 lIvlea(hA)B, ¥t € J.
Analogously, for u € P N 0Qg, we obtain

i :
@O > [ ez [ m(uo)ds)ar

> [ ol /. g s

Zﬁ (‘O‘J(TNA[ SN_1Z1<pp(u(s))ds)dT
> 1 ! ‘ N1 L ds)d
=/, q(m s 1<Pp(1|\u||) s)dr

1
1

S

|ullq(lhA)B, Yt € J.

Therefore, we get

1
> | Toulleg (1 A)B

1 2
> —[ull(pq (1 4) B

This gives that

1
inf  Tu>— lLA)B)? > 0.
Ljnt | Tu> ul(ey(hA)B)
For any R > By, Lemma 4.1 yields that operator T" admits a proper element
ur € P associated with the eigenvalue p1r > 0, and up satisfies ||ug| = R.
For operator T, we can denote vg = Toug, then ugr and vy are the solutions of
system (4).

Let Mg = m. Then we get

1
TUR = U1RUR = )uR. (24)

vq(Mr
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It follows from the proof above that, for any R > S, system (4) has a pair of
positive solutions ur and vg with ugp € P N 0Qg associated with Ay = A1z > 0.
Thus, by (24) we get

ur(t) = pq(Ar)Tug,
and so
1 T _
ur(t) = ¢q(Mir) [, eozm=r Jy 8" 'g1(vr(s))ds)dr,

vr(t) = 9q(har) [, 0q(=s=r [y sV Lga(ur(s))ds)dr

with |Jug| = R
On the one hand,

un(t) =pg(\in) / ol / r(s))ds)dr

<pg(Min) / / #(s))ds)dr

<pq(laMr)llvrl / Pl )T
—<pq(l2)\m)B lvrll, Vt € J.

Analogously,
vRr(t) < @qa(laA2)B*|lug||, Yt € J.
This verifies that
lurll = R < ¢q(13(B*)*AirAa) |[url,

and so,
1
M 2 B
On the other hand,
1 1 3
w)®) 2¢40n) [ eulr [ nenlo)ds)ar
4

3
1

! sN71g (vr(s))ds)dr

ZQPq()‘lR)A ‘Pq(TN_l
1
! 1
>¢408) [ ol

1

oo

sN*111<pp(vR(s))ds)dT

»M»—‘\ P\H\ o\

1 §
1 _ 1
>0u0n) [ ¢alozr [ 5% el lolds)r
4 4

1
:Z@q(/\thA)BHvRIl, vt e J.

Analogously, we can show that
1
(vg)(t) > Zgoq()\gllA)BHuRH, vVt e J.

Therefore, we get

urll > 6<Pq(>\13>\25 1A%)B?||ugl,
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and so,
SO;D(16) 3
MpA < ———~2— = Ap. 25
1RA2 < 22, (B?) R (25)
We hence get A\jr\2 € [Ag, Ar]. This gives the proof. O

If we define another composite operator T* = T5T}, where

T =) [ el [ as)isar (20

1 T
@500 = [ ey [ s o), (27)

Corollary 1. Let T* = T3 Ty. Suppose that (Co) holds. If0 < g2° < 4o00(i = 1,2),
then there exists By > 0 such that, for every R > By, system (4) admits a pair of
positive solutions ug,vg satisfying |[vg| = R for any

A2k € [Ar, AR], (28)
where \g and \r are positive finite numbers.

Proof. Similar to the proof of Theorem 4.2, we can prove Corollary 1. O

Theorem 4.3. Suppose that (Co) holds. If 0 < g9 < +oo(i = 1,2), then there
exists B > 0 such that, for every 0 < r < B, system (4) admits a pair of positive
solutions u,, v, satisfying ||u.|| = r for any

/\1r/\2 S [ATWS\T‘]’
where N, and N\, are positive finite numbers.

Proof. Similar to the proof of Theorem 4.2, we can prove Theorem 4.3. O

Theorem 4.4. Suppose that (Co) holds. If gi° = +oo(i = 1,2), then there exists

Bo > 0 such that, for every R, > By, system (4) admits a pair of positive solutions
uR,, VR, satisfying ||ur,| = R« for any

>\1R*)\2 € (OaAR*}v (29)

where \g, s a positive finite number.
Proof. Since ¢g{® = +o00, there exist I, > 0, p* > 0 so that
91(v) > Lepp(v), Yo = pi;

g2(u) > Lepp(u), Yu = p*.
Now, we show that By = 4u* is required. Set
Qr, ={z € E: ||z| < R.}.
Since R, > By, for any u,v € PN ONg,, we get
13

1
7R*7 t FREEVEE

1
u(t) 2 gl = :

1 1
Re 0(0) 2 ol =

and

1 1 1 1 13
>7 - = * >7 —_ = * -, —.
u(t) > Zllull > 360 = 1*, v(t) > gloll > 0 =", t€ (5]
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So, for any v € P N 0Qg,, we have

T1 ’U

1
©q( o 1/0 sN_lgl(v(s))ds)dT

1

vV

sN_lgl (v(s))ds)dr

ﬁ

\

qTNl

\Y
‘6

a TN— 1/ v ll*@p(”(s))dS)dT

1

Y

0= f o
Jy o
/1
J, i / Ny (ol ds)dr

=lev||<pq(l*A)B, Vit € J.

Analogously, for u € PN 0Qg,, we obtain

T)(0) > [ orl g [ mlue)ds)ar
1
> [ i [ ute)ds)r

1 1 2 B
2/ @Am/l sV ll*gop(u(s))ds)dT
b

3

3
,
> /; wq(% / SN—ll*gop(%HuH)ds)dr
~Lullgy 1. 4)B, e € 1
Therefore, we get
(Tu) (1) =(T Tyu)()

> Ty A)B
> < ul(ey (1 A)BY.

This gives that

. 1 2
st Tuz el (oL AB) > 0.
For any R, > Sy, Lemma 4.1 yields that operator T" admits a proper element
ug, € P associated with the eigenvalue 1, > 0, and ug, satisfies = R,.
For operator T', we denote vg, = Toug,, then ug, and vg, are the solutions of
system (4).
Let \ig, = m. Next, similar to the proof of (25), we can verify that (29)
holds. This finishes the proof of Theorem 4.4. O

Theorem 4.5. Suppose that (f) holds. If g0 = +oo(i = 1,2), then there exists
B1 > 0 such that, for every 0 < r* < [y, system (4) admits a nontrivial radial
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solution wpx = (Uypx, Ugp= ) satisfying ||uie«|| = r* for any
/\17~*>\2 € (O,)\**],
where \** is a positive finite number.

Proof. Similar to the proof of Theorem 4.4, we can prove Theorem 4.5. O

5. Asymptotic behavior of positive solutions. In this section, we study the
asymptotic behavior of positive solutions for system (4).
Let P be defined as (20), and T;* and T» be respectively defined in (26) and (22).

Define a composite operator 17 = 1715, which is completely continuous from P to
itself. So the operator T; also maps P into P. We also define another composite
operator

?2 = T2Tf7
which has the same meaning as ﬁ

Theorem 5.1. Suppose that (Co) holds. Fori € {1,2}, then we have the following
two conclusions.

(Cs) If g9 = 0 and g° = oo, then for every \; > 0 system (4) admits a pair of
positive solutions uy,,vx, with

lim ||uy, || =00, lLim |vy,] = oc;
i s, = oo, tim o]
(Ca) If 99 = 00 and g = 0, then for every \; > 0 system (4) admits a pair of
positive solutions wy,,vx, with
li =0, =0.
i flus, )| =0, Tim o,
Proof. We need only verify this theorem under condition (Cs) because the proof is

similar when (Cj) is satisfied. For i € {1,2}, let \; > 0. Since g{ = 0, there exists
r > 0 such that

1
gl(U)S )@P(v)7 v OSIUSTa

Altpp(B*

1
u) < —— u), V 0<u<r,
92( )— )\2%0:0(3*)9017( )

where B* is defined in (23).
Thus, for ¢ = {1,2} and u,v € PN 9IQ,., we get

1

B0 =) [ eales [ aotsasyar
1
<<,0q(/\1)/0 TNI 1/0 sN71g (v(s))ds)dr
SL‘0‘1()‘1>/0 TNl 1/0 V- 1)\190 B*)‘PP@(S))ds)dT
<o) [ uloris [ s entlvlhas)ar

<o, Vt e J,
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and

(Ta)(®) =oi0) [ ey [ 5 (s dspir

0

1
1
S‘Pq()@)/ Qoq( N—
0 T

_.
S—
>

N

=2

L
Q
(V)

I
—~
=
=
&

QU

\1

<oy (M) / ol s / sN-lmmws))ds)m

B

B

1 1 L 1
<pa(M) / el / N (ullds)dr
! o TN Aagpp(B*) 7" |
<Jul|, ¥t € J.
So
| Frall =175 Toul
<||Tou
<Jlul. (30)

Next, for ¢ = {1, 2}, considering ¢g9° = oo, there exists R satisfying 0 < r < R so
that

g1(v) > epp(v), Vo> R,
92(u) > epp(u), Vu> R,
where € > 0 satisfies
0a( M A A%?)B? > 1, (31)

where A and B are respectively defined in (23).
Let R > 4R. Then, for u,v € PN INg, we get

1 R 1 S 13
u(t) = 7llull = B o(®) = 7ol = B te (7. 5)

and then

T

1

1
T7o) =) [ eul s [ o) asyar

4

sN71g (v(s))ds)dr

1 1
>4(M) / ol s

4

L 1
>04(M) / =y

4

2%@1)/1 ©q( Nl,l

B

4

sN"lg1(v(s))ds)dr

2

e

sV e, (v(s))ds)dr

S T S S—

wleo
3

_ 1
" legp (S lvlds)dr

—

! 1
2%0\1)/ 90(1(7_N—1

3 1
4 4

=pq(MAe)Blv||, Vt € J.

Similarly, we get
(Tou)(t) > pg(\oAc)B|lul|, Vt € J.
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So, by (31), we have

(Tyv1)(t) =(T5 Tou)(t)
> (M Ae) B Tou]
>0y (M AaA%?) B2 |u]
>|ful]. (32)

From the above estimate and the fixed point theorem of cone expansion and
compression of norm type, we deduce that operator 77 has a fixed point u € PN
(Qr\Q,). Denote v = Thu, then u and v are the desired solution of system (4).

Similarly, we can prove that ﬁ has a fixed point v € PN (Qr\2).

Next, for ¢ € {1,2}, we prove that ||uy,| — +o0, ||v,| — 400 as \; — 0T. In
deed, if not, there are a number ¢; > 0 and a sequence \;,, — +00 such that

urni, ll <615 floag, || <6 (m=1,2,3,---).

Moreover, the sequence {||uy,,, ||} and {||vx,,, ||} respectively contain a subsequence
that converges to a number 7;(0 < 7; < ;). For simplicity, we suppose that
{lury,, I} itself converges to 11, and {||lvx,,, ||} itself converges to 7.

If ;1 > 0,m2 > 0, then [Jux,,[| > %, |lvs,, || > % for sufficiently large m
(m > M, M denotes a natural number), and so

1 T _
L Iy ealar=r Jo s7'or(v(s))ds)dr]|
Pq(A1m) (R
1 1 N—
N Jo 2aem=r Jy s g1 (v(s))ds)dr||
B [wrs,
S‘Pq(Dl)B*
Hu/\lm
20,(D1)B*
<22 DVBT
m
and
1 T _
L el f s geuls))ds)dr|
Pq(Aam) V2,
1 1 nN—
N Jo ea(z5= fy " 'ga(u(s))ds)dr|
B Va2,
<‘Pq(D2)B*
vz I
20,(D1)B*
<ZeaDIB L,
12
where,

Dy = max{glm r< ol < R},

Dy = max {gg(u), r<|ul < R}.

This gives a contradiction as Ay, — 07 for ¢ € {1, 2}.
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If ;3 = 0 and 72 = 0, then |lux,,. || = 0,]|vx,,. || — 0 for sufficiently large m
(m > M), and so it follows from (Cg) that for any € > 0 there is 7* > 0 so that

gl(v/\Qm) < 8(,0]0(1)), VO0< Ulam < 'r*7

92(u>\1m) < 8@?(“)7 Vo< UNy,, < rr.

Then, for uy,,,, Ur,,, € PNOQ«, we have

1 T _
Uy ealam= Jg s™tg1(v(s))ds)dr]|
Pq(A1m) [l

1 1 _
L olar i sy (0(s))ds) |
- Hu/\lm

I ealami=s [y sV tepy(v(s))ds)dr]|

<

- l[txs, |

_24(&)B o]
||u)\17n||

and
1 T _
Uy ealam=r Jg s™ tga(uls))ds)dr|
Pq(Aamm) [0 I

g ealari=r Jy 8N ga(v(s))ds)dr]
- Hv>\2m

1 1 _
I Jo paGw=r Jo " epp(v(s))ds)dr]|
”v/\zmH

IA

_2a&) Bl
[oxan]

where B* is defined in (23). Because ¢ is arbitrary, for ¢ € {1,2}, we get Ay, —
+00 (m — +00), which contradicts \;; — 07. The proof of Theorem 5.1 is
finished. O

6. Some remarks. In this section, we offer some remarks and applications on the
associated system (4).

Remark 6.1. The present research extends the study in Hai [10] from Laplacian
system to p-Laplacian system. Meanwhile, we obtain some new existence results by
defining composite operators and using the eigenvalue theory in cones. Moreover,
we also analyze the asymptotic behavior of positive solutions to system (4).

Remark 6.2. In this paper, we also generalize the study in Guo [6], Guo and
Webb [7], Hai and Shivaji [11], Shivaji, Sim and Son [20], and Chu, Hai and Shivaji
[3] from single p-Laplacian equation to coupled p-Laplacian system. Here, we not
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only get the uniqueness results, but also we obtain some existence results, and we
consider the asymptotic behavior of positive solutions.

Remark 6.3. The approaches to prove Theorem 3.3, Theorem 4.2-Theorem 4.5
and Theorem 5.1 can be applied to the single equation case

—Apz=Ag(z) in Q,
z=0 on 09,

where Apu = div(|[Vul’?Vu), 1 < p < N, X is a positive parameter, € is the open
unit ball in RV,

Acknowledgments. The authors also would like to thank the anonymous referees
for their valuable comments which has helped to improve the paper.

REFERENCES

[1] R. P. Agarwal, H. Lii and D. O’Regan, Eigenvalues and the one-dimensional p-Laplacian, J.
Math. Anal. Appl., 266 (2002), 383-400.

[2] A. Castro, L. Sankar and R. Shivaji, Uniqueness of non-negative solutions for semipositone
problems on exterior domains, J. Math. Anal. Appl., 394 (2012), 432-437.

[3] K. D. Chu, D. D. Hai and R. Shivaji, Uniqueness of positive radial solutions for infinite
semipositone p-Laplacian problems in exterior domains, J. Math. Anal. Appl., 472 (2019),
510-525.

[4] L. D’Ambrosio and E. Mitidieri, Quasilinear elliptic systems in divergence form associated to
general nonlinearities, Adv. Nonlinear Anal., 7 (2018), 425-447.

[5] Y. Du and Z. Guo, Boundary blow-up solutions and the applications in quasilinear elliptic
equations, J. Anal. Math., 89 (2003), 277-302.

[6] Z. M. Guo, Existence and uniqueness of positive radial solutions for a class of quasilinear
elliptic equations, Appl. Anal., 47 (1992), 173-189.

[7] Z. M. Guo, J. R. L. Webb, Uniqueness of positive solutions for quasilinear elliptic equations
when a parameter is large, Proc. Roy. Soc. Edinburgh Sect. A, 124 (1994), 189-198.

[8] D. J. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press,
Inc., Boston, MA, 1988.

9] G. B. Gustafson and K. Schmitt, Nonzero solutions of boundary value problems for second
order ordinary and delay differential equations, J. Differential Equations, 12 (1972), 129-147.

[10] D. D. Hai, Uniqueness of positive solutions for a class of semilinear elliptic systems, Nonlinear
Anal., 52 (2003), 595-603.

[11] D. D. Hai and R. Shivaji, Existence and uniqueness for a class of quasilinear elliptic boundary
value problems, J. Differential Equations, 193 (2003), 500-510.

[12] J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear Potential Theory of Degenerate Elliptic
Equations, Dover Publications, Inc. Mineola, New York, 2006.

[13] S.-S. Lin, On the number of positive solutions for nonlinear elliptic equations when a param-
eter is large, Nonlinear Anal., 16 (1991), 283-297.

[14] P. Lindqvist, Notes on the p-Laplace Equation, Report. University of Jyvaskyld Department
of Mathematics and Statistics, vol. 102, University of Jyvdskyla, Jyvaskyld, 2006.

[15] Z. Liu, J. Suand Z.-Q. Wang, A twist condition and periodic solutions of Hamiltonian systems,
Adv. Math., 218 (2008), 1895-1913.

[16] Z. Lou, T. Weth and Z. Zhang, Symmetry breaking via Morse index for equations and systems
of Hénon-Schrodinger type, Z. Angew. Math. Phys., 70 (2019), Paper No. 35, 19 pp.

[17] N. Mavinga and R. Pardo, A priori bounds and existence of positive solutions for semilinear
elliptic systems, J. Math. Anal. Appl., 449 (2017), 1172-1188.

[18] K. Perera, R. Shivaji and I. Sim, A class of semipositone p-Laplacian problems with a critical
growth reaction term, Adv. Nonlinear Anal., 9 (2020), 516-525.

[19] J. Sénchez, Multiple positive solutions of singular eigenvalue type problems involving the
one-dimensional p-Laplacian, J. Math. Anal. Appl., 292 (2004), 401-414.

[20] R. Shivaji, I. Sim and B. Son, A uniqueness result for a semipositone p-Laplacian problem on
the exterior of a ball, J. Math. Anal. Appl., 445 (2017), 459-475.


http://www.ams.org/mathscinet-getitem?mr=MR1880513&return=pdf
http://dx.doi.org/10.1006/jmaa.2001.7742
http://www.ams.org/mathscinet-getitem?mr=MR2926234&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2012.04.005
http://dx.doi.org/10.1016/j.jmaa.2012.04.005
http://www.ams.org/mathscinet-getitem?mr=MR3906387&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2018.11.037
http://dx.doi.org/10.1016/j.jmaa.2018.11.037
http://www.ams.org/mathscinet-getitem?mr=MR3871414&return=pdf
http://dx.doi.org/10.1515/anona-2018-0171
http://dx.doi.org/10.1515/anona-2018-0171
http://www.ams.org/mathscinet-getitem?mr=MR1981921&return=pdf
http://dx.doi.org/10.1007/BF02893084
http://dx.doi.org/10.1007/BF02893084
http://www.ams.org/mathscinet-getitem?mr=MR1333953&return=pdf
http://dx.doi.org/10.1080/00036819208840139
http://dx.doi.org/10.1080/00036819208840139
http://www.ams.org/mathscinet-getitem?mr=MR1272439&return=pdf
http://dx.doi.org/10.1017/S0308210500029280
http://dx.doi.org/10.1017/S0308210500029280
http://www.ams.org/mathscinet-getitem?mr=MR959889&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR346234&return=pdf
http://dx.doi.org/10.1016/0022-0396(72)90009-5
http://dx.doi.org/10.1016/0022-0396(72)90009-5
http://www.ams.org/mathscinet-getitem?mr=MR1938364&return=pdf
http://dx.doi.org/10.1016/S0362-546X(02)00125-6
http://www.ams.org/mathscinet-getitem?mr=MR1998966&return=pdf
http://dx.doi.org/10.1016/S0022-0396(03)00028-7
http://dx.doi.org/10.1016/S0022-0396(03)00028-7
http://www.ams.org/mathscinet-getitem?mr=MR2305115&return=pdf
http://dx.doi.org/10.1016/0362-546X(91)90229-T
http://dx.doi.org/10.1016/0362-546X(91)90229-T
http://www.ams.org/mathscinet-getitem?mr=MR2242021&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2431664&return=pdf
http://dx.doi.org/10.1016/j.aim.2008.03.024
http://www.ams.org/mathscinet-getitem?mr=MR3916100&return=pdf
http://dx.doi.org/10.1007/s00033-019-1080-8
http://dx.doi.org/10.1007/s00033-019-1080-8
http://www.ams.org/mathscinet-getitem?mr=MR3601585&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2016.12.058
http://dx.doi.org/10.1016/j.jmaa.2016.12.058
http://www.ams.org/mathscinet-getitem?mr=MR3969151&return=pdf
http://dx.doi.org/10.1515/anona-2020-0012
http://dx.doi.org/10.1515/anona-2020-0012
http://www.ams.org/mathscinet-getitem?mr=MR2047620&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2003.12.005
http://dx.doi.org/10.1016/j.jmaa.2003.12.005
http://www.ams.org/mathscinet-getitem?mr=MR3543777&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2016.07.029
http://dx.doi.org/10.1016/j.jmaa.2016.07.029

1438 YICHEN ZHANG AND MEIQIANG FENG

[21] B. Son and P. Wang, Analysis of positive radial solutions for singular superlinear p-Laplacian
systems on the exterior of a ball, Nonlinear Anal., 192 (2020), 111657, 15 pp.

[22] J. L. Vézquez, A strong maximum principle for some quasilinear elliptic equations, Appl.
Math. Optim., 12 (1984), 191-202.

[23] M. Xiang, B. Zhang and V. D. Rddulescu, Existence of solutions for perturbed fractional
p-Laplacian equations, J. Differential Equations, 260 (2016), 1392-1413.

[24] Z. Zhang and S. Li, On sign-changing andmultiple solutions of the p-Laplacian, J. Funct.
Anal., 197 (2003), 447-468.

Received April 2020; revised June 2020.

E-mail address: zyc_bjstu@126.com
E-mail address: meiqiangfeng@sina.com


http://www.ams.org/mathscinet-getitem?mr=MR4021191&return=pdf
http://dx.doi.org/10.1016/j.na.2019.111657
http://dx.doi.org/10.1016/j.na.2019.111657
http://www.ams.org/mathscinet-getitem?mr=MR768629&return=pdf
http://dx.doi.org/10.1007/BF01449041
http://www.ams.org/mathscinet-getitem?mr=MR3419730&return=pdf
http://dx.doi.org/10.1016/j.jde.2015.09.028
http://dx.doi.org/10.1016/j.jde.2015.09.028
http://www.ams.org/mathscinet-getitem?mr=MR1960421&return=pdf
http://dx.doi.org/10.1016/S0022-1236(02)00103-9
mailto:zyc_bjstu@126.com
mailto:meiqiangfeng@sina.com

	1. Introduction
	2. Preliminaries and some lemmas
	3. Uniqueness of positive solution
	4. New existence results
	5. Asymptotic behavior of positive solutions
	6. Some remarks
	Acknowledgments
	REFERENCES

