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ABSTRACT. This paper concerns the stability of pullback attractors for 3D
Brinkman-Forchheimer equation with delays. By some regular estimates and
the variable index to deal with the delay term, we get the sufficient conditions
for asymptotic stability of trajectories inside the pullback attractors for a fluid
flow model in porous medium by generalized Grashof numbers.

1. Introduction. The delay effect originates from the boundary controllers in engi-
neering. The dynamics of a system with boundary delay could be described math-
ematically by a differential equation with delay term subject to boundary value
condition such as [20]. There are many results available in literatures on the well-
posedness and pullback dynamics of fluid flow models with delays especially the 2D
Navier-Stokes equations, which can be seen in [1], [2], [8] and references therein.
Inspired by these works, in this paper, we study the stability of pullback attractors
for 3D Brinkman-Forchheimer (BF) equation with delay, which is also a continu-
ation of our previous work in [6]. The existence and structure of attractors are
significant to understand the large time behavior of solutions for non-autonomous
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evolutionary equations. Furthermore, the asymptotic stability of trajectories in-
side invariant sets determines many important properties of trajectories. The 3D
Brinkman-Forchheimer equation with delay is given below:

5 — vAu+ au+ Blulu+alulu+ Vp = [(t,u) + g(x, 1),

V-u=0,

u(t, z)|pq = 0, (1)
uli=r = us(2), z €Q,

ur(0,2) =u(r +6,z) = ¢(), 0 € (—h,0), h > 0.

Here, (z,t) € Q x RT with Q C R? be a bounded domain with sufficiently smooth
boundary 9. u = (u1,us,us) is the velocity vector field, p is the pressure, v > 0
and a > 0 denotes the Brinkman kinematic viscosity and the Darcy coefficients
respectively, # > 0 and v > 0 are the Forchheimer coefficients, the external force
g(z,t) € L} (R; H) is a locally square integrable function and the delay term is
considered either

(1). a general delay f(t,u:) with u; : [—h,0] — H defined as u; = u(t + s) which
denotes constant, variable and distributed delays, see Caraballo and Real [1], [2].

or

(2). the special application of f(t,u;) as a sub-linear operator

ftu) = Fu(t — p(t))) (2)

for a smooth function p(-) defined in Section 4, which satisfies subadditive and
positive homogeneous property with second variable component, see Marin-Rubio
and Real [8].

The BF equation describes the conservation law of fluid flow in a porous medium
that obeys the Darcy’s law. The physical background of 3D BF model can be seen
in [14], [9], [18], [19]. For the dynamic systems of problem (1) without delay, i.e.,
f(t,ur) = 0, we can refer to [6], [10], [15], [16], [21] and literature therein for the
existence of global weak solution and attractors. For the problem (1) with delay
f(t,u), the global existence of mild solution, continuous dependence on initial data
and the minimal family of pullback attractors have been obtained in [6]. In addition,
the upper semi-continuous property of pullback attractors as delay vanishes has been
proved by virtue of some regular estimates. Furthermore, as a special application
of the delay f(¢,u;), the pullback dynamics of problem (1) with sub-linear operator
(2) has also been shown. However, the asymptotic stability of trajectories inside
pullback attractors is still open. Motivated by [3] and [17], applying regularity
for weak solution and iteration technique with variable indices, we present some
sufficient conditions with the generalized Grashof number to achieve the stability of
pullback attractors in this paper. The main features and results can be summarized
as follows.

(a) For problem (1) with delay f(¢,u:), we use the regular estimate to achieve an
upper bound of Grashof number, which implies the exponential stability of
trajectories inside pullback attractors. The proof does not depend on initial
data with more regularity, see Section 3. Here we use, the delay f(¢,u;) in
problem (1) can be the constant, variable and distributed delays F(u(t — h)),
F(u(t—p(t))) and fEh k(t, s)u(t+s)ds respectively, here F'(+) is an appropriate
function, see [1], [2].
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(b) For problem (1) with special application of f(t,u;) as the sub-linear operator,
the variable indices have been introduced to deal with nonlinear term [|u|u+
v|u?u and sub-linear operator by iterative argument, see Section 4.

(¢) The asymptotic stability of trajectories inside pullback attractors is further
research of the results established in [6]. However, the stability of pullback
attractors for (1) with infinite delay is still unknown.

2. Preliminary. In this section, we give some notations and the equivalent ab-
stract form of (1) in this section.

Denoting E := {ulu € (C§°(2))3,divu = 0}, H is the closure of E in (L*(Q2))3
topology, || - ||z and (-,-) denote the norm and inner product in H respectively. V
is the closure of set E in (H*(£2))? topology, || - |[v and ((+,-)) denote the norm and
inner product in V respectively. H' and V' are dual spaces of H and V respectively.
Clearly, V< H = H' — V', H and V' are dual spaces of H and V respectively,
where the injection is dense, continuous. The norm || - ||. denotes the norm in V’,
(-,+) be the dual product in V and V'. Let P be the Helmholz-Leray orthogonal
projection from (L?(€2))? onto the space H, we define A := —PA as the Stokes
operator with domain D(A) = (H?(Q))?(V and X is the first eigenvalue of A, the
sequence {w; }32; is an orthonormal system of eigenfunctions of A, and {A;}32; (0 <
A1 < Az < ---) are eigenvalues of A corresponding to the eigenfunctions {w;}72,
see more details in [13].

By the Helmholz-Leray projection defined above, (1) can be transformed to the
abstract equivalent form

%7; + vAu + P(au + Blulu + v|ul?u) = Pf(t,us) + Pg(t,z),
ulan = 0,

u‘t=7' = U-,—(x),
ur(0,2) = 6(6,2) for 0 € (—h,0),

(3)

then we show our results for (3) with f(¢,u;) as either general case or its special
case F(u(t — p(t))) in Sections 3 and 4, respectively.

We also define some Banach spaces on delayed interval as Cy = C([—h,0]; H),
Cy = C([—h,0]; V) with the norms

l¢lcy = sup [|6()]la, [Idllc, = sup [9(0)]v,
0€[—h.,0] 0€[—h,0]

respectively. The Lebesgue integrable spaces on delayed interval can be denoted as
L% = LP(—h,0;H), L}, = LP(—h,0;V). The product space is defined as Xy =
C(lr—h,T); H)xC([r,T); H) and My = H x (CgNL}) for purpose of phase space
in next sections.

3. The asymptotic stability of trajectories inside pullback attractors for
(1) with delay f(t, u).

3.1. Assumptions. Some assumptions on the external forces and parameters which
will be imposed in our main results are the following:

(Hy) The function f: R x Cy — H satisfies:
(a) For any ¢ € Cy, the function f(+, &) is measurable and f(-,0) = 0.
(b) There exists a Ly > 0 such that

||f(t7€) - f(tvn)HH S Lf”f - 77”0117 for 5777 € C'H
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) There exists Cy > 0, such that for all u,v € C([r — h,t]; H)
t

/ £ (ryun) — Flr,v.)||%dr < C’?/ llu(r) — v(r)||%dr, for 7 <t. (4)
T—h
) The function g(-,-) € L? (R, V') satisfies that there exists > 0 such that
t
/ ¢ lg(s,)Ids < oc. (5)

holds for any ¢t > 7.
(Hp) The coefficients satisfy a + 358 4+ 2y —n — 20} e”h > 0.

3.2. Some retarded integral inequalities.

Lemma 3.1. (The Gronwall inequality with differential form) Let m(-) € C*[R*
R*], v(-), h(-) € C[RT,R*] and

%m(t) <ov)m(t) +h(t), mt=7)=m,, t > 1. (6)
Then

t
m(t) < myels v()ds —|—/ h(s)e-f: vieddogs ¢ > 7. (7)

In this part, we shall present some retarded integral inequalities from Li, Liu and
Ju [5]. Consider the following retarded integral inequalities:

t 00
ly@)llx < E(t, 7)lly-llx +/ Ky (t,s)llysllxds +/ Ko (t, s)|lysllxds + p,
T i
vi>7, (8)

where E, K; and K, are non-negative measurable functions on R?, p > 0 denotes
a constant. Let X be a Banach space with spatial variable, based on the retarded
Banach space above, then we use || - ||c, denotes the norm of space C([—h,0]; X)
for some h > 0, y(t) > 0 is a continuous function defined on C([—h,T]; X), y:(s) =
y(t + s) for s € [—h,0].

Let L(E, K1, K2, p) = {y € C([—h,T]; X)|y > 0 and satisfies the inequality (8)},
and

k(K1 K3) —Sup /Kltsds—i—/ thsds

We assume that
lim E(t+s,s)=0 9)

t—+o0
uniformly with respect to s € RT. Moreover, we suppose that (K7, K3) < +o00.
Lemma 3.2. (The retarded Gronwall inequality) Denoting ¥ = sup E(t,s) and
t>s>1
k = k(K1, Ka), then we have the following estimates:
(1) If k < 1, then for any R, € > 0, there exists T > 0 such that

lyellx < pp+e, (10)
fort > T and all bounded functions y € L(E, K1, Ko, p) with ||lyo|x < R, where
1
K=1=-
(2) If k < 1%9’ then there exist M, X > 0 which are independent on p such that

lyellx < Mllyollxe ™ +p, t>7 (11)
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for all bounded functionsy € L(E, K1, Ka, p), wherey = fb_:lc and c = max{%7 1}.

(8) If k < 1_‘%9, then the solution reduces to trivial for the occasion ke < 1.

Proof. See Li, Liu and Ju [5]. O

Remark 1. (The special case: Ko = 0) Denote (Ki,Ks) = (K71,0) and let
9, Kk, p, v be the constants defined in Lemma 3.2. Then we have the similar
estimates as in Lemma 3.2.

3.3. Well-posedness. The minimal family of pullback attractors will be stated
here in preparation for our main result.

e Some inequalities

Lemma 3.3. (1) (See [7], [11]) Assume that 8 > 2, then for any a,b € R™, we
have

(la|”2a — [6]°~20) - (a — b) = 7ola — b]”,

where vo > 0 is a constant which is determined by the volume of domain and its

dimension, such as min-~yy = %G_Q in a 3-dimensional smooth domain.
(2) The following Cq-inequality holds

|2~y < Cq(|z]*™" + |y|*™ )|z — y]
for the integer ¢ > 2.

e Well-posedness

Theorem 3.4. Assume that the external forces g(t,x) and f(t,u;) satisfy the hy-
pothesis (Hy) and (Hy), the initial data (u.,$) € Mg = H x (Cg N L}) and (Hyp)
are also true. Then there exists a unique global weak solution v = u(-,T,u,, ) €
C([r = h,T); H)N L?(1, T; V) N L7, T; L4(Q)) of equation (1) on [t — h,T].

Proof. Step 1. Existence of local approximate solution.

By the property of the Stokes operator A, the sequence of eigenfunctions {w;, i =
1,2,---} of the Stokes operator is an orthonormal complete basis of H formed by
elements of V' N (H?(Q2))? such that

Awi :)\iwi, i:1,2,--~ . (12)
Let H,, = span{wi,ws, -+ ,wn}, P, : H — H,, be a projection, then the

m

approximate solutions can be written as wu,,(t) = Zhjm(t)wj (where hj,(t) =
j=1

(vm (t), w;) is to be determined) which solve the problem

(Ot , wj) + V(Vtm, Vw;) + (Qtm + Bltim|tn, + KT T, w;)
= <f<t7umt)7wj) + <g?wj>a
um(T) - Pmu'r = Urm, (13)

Umr (0, 2) = Ppo(0) = ¢dm(0) for 6 € [—h, 0],
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Then it is easy to check that (13) is equivalent to an ordinary differential equations
with unknown variable function hj,,(t). By the Cauchy-Peano Theorem of ordi-
nary differential equation, the problem (13) possesses a local solution over the time
interval [0, t,,].

Step 2. Uniform estimates of approximate solutions.
Multiplying (13) by k., (t), and then summing from j =1 to m, it yields

1d
5 gt + vlluml[3 + adlumllZ + Bllum 2 o) + vllumlliz @)

[(g(t) + f (s, ume(s)), um)|
v 1 1
< allunl + g llunl? + 5o + 1w I (14)

IN

A

Integrating in time, using the hypotheses on f(-,-) and g¢(¢, ), by the Young in-
equality, we get

t t t
2 + / s + 28 / et 125 gl + 27 / ety s

T

2 CJ% 0 2 e 2 CJZ‘ ! 2
< ult+ 32 [ 106 s+ 55 [ g+ 7 [ s
(15)
Using the Gronwall Lemma of integrable form, we conclude that

{um} is bounded in the space
L®(1,T; H)N L3(1 — h, T; V) N L3(1, T; L3(Q)) N L*(r, T; L*(Q)).

Step 3. Compact argument and passing to limit for deriving the global weak
solutions.

In this step, we shall prove {u,,} has a strong convergence subsequence by
the Aubin-Lions Lemma along with the uniformly bounded estimate of % in
L?(0,T;V’'). By the estimates of u,, above step and continuous embedding V —
LP(Q) with p € [1, 6] for three dimension, we can obtained that |w,, |u,, € L*(7,T; H)
and |y, |*um € L?(7,T; H). From the equation

Aoy,
dt
and assumptions (Hy) and (H,), we can see that {du,,/dt} is bounded in L*(7,T;
V).
By virtue of the Aubin-Lions Lemma, we obtain that {u,,} has a strong conver-

gent subsequence (also denoted as {u,, } without confusion) with u € L?(7—h,T;V)
and du/dt € L*(,T;V’) such that

= —v At — oty — Bl |t — Y|t um + P(g(t) + f(t, ) (16)

Um (t) = u(t) weakly * in L*(7,T; H),

um(t) = u(t) stongly in L?(7,T; H),

U (t) — u(t) weakly in L2(7,T;V),

dty, /dt — du/dt weakly in L?(1,T; V'), (17)
fCoum.) = f(-,u.) weakly in L?(7,T; H),

Um — u(t) weakly in L3(7, T;L3(Q)),

U — u(t) weakly in L*(7, T; L4(Q))
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which coincides with the initial data w,,(7) = Ppur — u(7) = u,; and ¢p,(s) —
o(s).

For the purpose of passing to limit in (13), denoting v = u,, — u, we point out
that we can deal with the nonlinear terms as the following novelty. Since w; is an
eigenfunction of Stokes operator, we claim that

T
/ (Bltrnlim — Blulu, w;)ds

< COaBllumlzae sy lum = wltaerisoy
+C By, — u||L°°(T,T;H)||u||2L2(-r—h,T;H)

and
T
[ Gl P = slulPu,y)ds
j

< CVHUmHZLZ(T,T;v)Hum - u“i“(T,T;]L‘L(Q))
A0V — L iy ([0l T2 (rnrvy + lumll s rpay)  (18)
and the convergence of delayed external force f(t,u,,:) can be verified by the hy-
potheses.

Thus, passing to the limit of (13), we conclude that u is at least one of global
weak solutions for problem (1). O

e The regularity
Proposition 1. Assume that the external forces g(t) and f(t,u;) satisfy the hy-
pothesis (Hy) and (Hy), the initial data (ur,¢) € My = H x (Cy N L%) and

(Ho) are also true. Then the global weak solution u in Theorem 3.4 has the regular
boundedness in L (1, T; V).

Proof. Taking inner product of (3) with Auw, it yields

1d
S A 2uly + v Aul, + a4V
—|—ﬁ/ |u|u - Audz + 7/ |u|?u - Audz
Q Q
= (f(t,ur), Au) + (g(t), Auw). (19)
According to Lemma 3.3, the nonlinear terms have the following estimates
v p
|B(Julu, Au)| < 5 || Aullf + - llullgs (20)
2 4v
and
7/ luf2u - Audz = 1/ |V(\u|2)|2dx+7/ (2| Vu|2dz (21)
Q 2 Jo Q
and
1 1 v
(f(tw), Au) + (g(), Au) < | f (8 u)lf + o la@ N + SllAulz,  (22)

hence, we conclude that

d

SIAY2uly 2042l + 5 [ (9 (uf?)Pde+ 2 [ | VuPda

< Pt v Liscuniz + Ligw (23)
- 2u L v I H v LN
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Letting t — 1 < s < t, neglecting the third and fourth terms on the left hand side of
(23), integrating (23) with time variable from s to ¢, it yields

420 +20 [ 1420 Bar

< AV ?u(s HH+—/wu|mm

2 t
2 [swntiar+ 2 [ 1o

(24)

and

/WMWTMM<LHM)Mz+ﬁ/Wu )3dr. (25)

Then integrating with s from ¢ — 1 to ¢, using the uniform boundedness of u in
Theorem 3.4, we deduce that

/8 t
Aol < [ 1A s [ u)lar
t—1 t—
2L2 t 92 t
ooz, + 22 [ o+ 2 [ oty
T t—1
t
< C[I6lRs, + hurly] +€ [ lalas

203
ok [t lfar

which means the uniform boundedness of the global weak solution u in L>(7,T; V).
The proof has been finished. O

e Uniqueness

(26)

Proposition 2. Assume the hypotheses in Theorem 3.4 hold. Then the global weak
solution u is unique.

Proof. Using the same energy estimates as above, we can deduce the uniqueness
easily, here we skip the details. O

3.4. Pullback attractors. To description of pullback attractors, the functional
space Mg = H x (Cg N L%,) is used as our phase space equipped with the norm
1S, Ollaze = 1€l + ISz, + ¢l for (€,¢) € Mp. Based on the well-posedness,
we shall verify the pullback dissipation and asymptotic compactness for the process
to achieve the existence of pullback attractors, which also needs the following as-
sumption:

(Hy) For every u € L*(1 —h,T; V), there exists a n € (0,v\;) which is independent
on u such that

t

t
/kwmmm@m<@/ €7 us) [ 3ds. (27)
T h

T—
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for any t <T.

e The continuous process

Proposition 3. For given f : R x Cy — H and g € L} _(R;V’) satisfying
(Hy),(Hy), (H1) and (Hy). Then, the solution of problem (1) generates a bipara-
metric family of mappings U(t,7) : My — My by U(t, 7)(ur, d) = (u(t), us), which

18 a conlinuous process.
e Pullback dissipation

Lemma 3.5. Assume that f : R x Cy — H and g € L? _(R;V') satisfying

loc

(Hy),(Hy), (H1) and (Hy). Then, for any (u-,¢) € My, the solution u of (1)
satisfies the estimates

2 2% (t—1) 2 2
lul3 < e (uclf + Crllo) 12 )

8an
e~ t

t
P / e lg(r) 2 dr (28)

v—ni~l

and

SCy
«
I 8C; [*

by [ g+ 52 [t lar (29)

8C

[e%

IN

()17 + —llusll7s,

t
v [ ol dr

IN

()17 + —llusllZs,

t
5 [ o)

1 8Cy [*
by [ o+ 52 [t han (@0)

8C

t
3 [ I)ldr < (o)l + 2L

IA
=

w2
I 8C; [
by [ o+ 52 [ ) ihan @y
Proof. By the energy estimate of (1) and using Young’s inequality, we arrive at

d
Sl + 2vlully + 2ajullz; + 28]ullis @) + 2vlulis)
1 _ 8
< ——— gl + v = nAllull + 2afullf + =1t ud)lF, (32)
vV —nA «Q

where n € (0,vA1).
Multiplying the above inequality by e, we obtain

d
(€ lullz) + e vhallullfy + 286 [[ullfsq) + 2ve™ ulEaq)
1

8C
< oo lalY = E e )
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Thus integrating with respect to time variable, it yields

t
M lull3, + vAs / & u(r) 3 dr
T

_
v—ni~l

0 t
< e (luelli +Cr [ Nlo(r)lEdr) + e lg(r)|[3 dr
h

8Cy [*
2L [ (e yar (3)

and by the Gronwall Lemma, we can derive the estimate in our theorem.
Using the energy estimate of (1) again, we can check that

d .
@IIUH%{ + 2v|ully + 2allullF + 28lullts ) + 2vulltao)

1 8
< gl +vluly + 2afullz + —1f ¢ w)llz (34)

Integrating from s to ¢, using the estimate of u in H, we can derive the desired

result. O
Based on Lemma 3.5, we can present the pullback dissipation based on the fol-

lowing universes for the tempered dynamics.

Definition 3.6. (Universe). (1) We will denote by D}/ the class of all families of

nonempty subsets D = {D(t) : t € R} € P(My) such that

lim (e sup [(& Q)3 ) =0 (35)
H—w( (€,0)eD(r) H>

(2) DY denotes the class of families D ={D(t) =D :teR} with D a fixed
nonempty bounded subset in M.
Remark 2. The universes D%H and D%H satisfy include closed property.

Proposition 4. (The D%H and DyH pullback absorbing sets in My ) For given
J:RxCy — H and g € LE (R; V') satisfying (Hy),(Hy), (H1) and (Hy) holds.

loc

Then, the family Dy = {Dy(t) : t € R} C My is defined by
Do(t) = Bu(0, pu(t)) x (EL%, (0, prz, (1)) N Bey (0, pey (t)))

is the pullback ’Dg/[H -absorbing set for the process U(t,T) on My and Bo € ’Dg/[H,
where the balls is defined as centered in the point zero and measured by the radius

o= L (t—h) gt
) = 1+ [ el
1 8C
2 _ = 2 oLV f 2
@) = o[t el + 2l

g T2 —nevy  8Csh
n L2(t=htiV") | af 2

t)|.
. A0
Moreover, the pullback Dlj\f“ -absorbing set can be defined as the same technique.

Proof. Using the estimates in Lemma 3.5, choosing any D € D,J]MH (t), there exists
a pullback time 7(D,t) <t — h such that

L (th) gt
lult, 75 ur, @) I3 < ph (1) =1+ 7_1/ e lg(r)|13dr (36)

— 00
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holds for any 7 < T(B,t) and (ur, @) € D(1). Moreover, in particular, it yields

that [lul|3,, < p3(t). By the similar technique and estimate in Lemma 3.5, we

derive that [u¢||3. < p3, (t). Combining the above estimate and the definition of
\4 \%4

universe, we conclude that ﬁo € Dé”H . The proof has been finished. O

e Pullback asymptotic compactness

Theorem 3.7. Assume that f : R x Cy — H and g € L% (R; H) satisfying

(Hy),(Hy), (H1) and (Hp) holds. Then, the processes U(t,T) : My — My gener-
ated by the solution of problem (1) is ’D%H -pullback asymptotically compact.

Proof. Step 1. Weak convergence of the sequence {u"(t,x)} in the interval [t — h, t]
for arbitrary ¢ > 7 and weak convergence of {u"(¢)} in H.

For arbitrary fixed ¢ > 7, consider a family D e D) et {7,} C (—o0,t] with
Tn, — —o0 and {(u™, ¢™)} with (u™,¢") € D(1,) be two sequences for all n, then
we denote {(u", u)} € D as a sequence with u"(-) = u(;7,, u™, ¢").

By using the similar energy estimate in Theorem 3.4 and technique in Proposition
4, there exists a pullback time T(ﬁ,t) <t —3h —1, such that the sequence {u"}
with 7 < 7(D, t) is bounded in L(t — 3h — 1,t; H) N L2(t — 2h — 1,£; V) N L3(t —
2h — 1,1 1L3(2)) N LA(t — 2h — 1,¢;L4(2)). From the equation, we can check that

H(un)lHL?‘(tfhfl,t;V’) < V||U"||L2(t7h71,t;\/) + a)‘l_lnun“L"’(tfhfl,t;V)

+B)|u" || Lat—n—1,6040)) + Ory oY lu™ | L2 —h—1,6:v)
C
FCall f(t,uf )| L2 (t—h—1,:1) + ;||g”L2(t—h—1,t;V/)~ (37)

From the hypotheses (Hy), f(t,u}') is bounded in L?(t — h — 1,¢; H), which implies
{(u™)"} is bounded in L?(t—h—1,t; V'). Hence, by the Aubin-Lions Lemma and the
diagonal procedure, there exists a subsequence (relabeled also as {u"}) such that
u™(t) — u(t) strongly in L?(t — h — 1,¢; H). Combining the uniform boundedness
of sequence above, it yields that

u™ = u weakly * in L>(t —3h —1,t; H),

u™ — u weakly in L2(t —2h — 1,t; V),

(u™) — o' weakly in L2(t —h —1,; V'),

Um — u(t) weakly in L3(t — 2h — 1,£;1L3(Q)), (38)
Um — u(t) weakly in L*(t — 2h — 1, L4(Q)),

u™ — u stongly in L2(t —h —1,t; H),

u™(s) = u(s) stongly in H, a.e. s € (t —h —1,¢).

By Theorem 3.4, from the hypothesis on f, it follows that
f(,u™) — f(-,u.) weakly in L*(t —h —1,t; H). (39)

Thus, from (38) and (39), we can conclude that u € C([t — h — 1,t]; H) is a weak
solution for problem (1) with the initial data of u(-,x) at the initial time ¢t — h — 1
denoted as us_p_1.

From the uniform bounded estimate of 4™ by Proposition 1 in L>®(t—h—1,¢;V)
and (u™)’ is uniform bounded in L?(t — h — 1,¢; V'), using the Aubin-Lions-Simon
Lemma (see [12] ), we can derive that

u™ — u strongly in C([t — h — 1,t]; H). (40)
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Therefore, we can conclude that
u™(sp) = u(s) weakly in H (41)
for any {s,} C [t —h—1,t], s, = s € [t — h — 1,t], which implies

tim i [ (50) 11 > ()] (42)

Step 2. The strong convergence of corresponding sequences via energy equation
method: u"(s,) — u(s) strongly in C([t — h,t]; H).
The asymptotic compactness of sequence u™ in H will be presented in sequel,
ie.,
[lu"(sr) — u(s)||g — 0 as n — 400, (43)
which is equivalent to prove (42) combining with
limsup [[u"(sn)llg < [[u(s)a (44)

n—oo

for a sequence {s,} C [t — h,t] and s, — s as n — +o00, which will be proved next.
Using the energy estimate to all ©™ and u, we obtain that forallt—h—1 < 51 <
EP) S t7

S2 S2 S2
™ (s2) 1% + v / ()13 dr + 28 / ™ ()2 gyl + 27 / () 4
S1 S1

S1

202 [ 8 [
< =2 [Ciaitar+ 2 [T laoar (45)

S2 S1

and

S2 S2 S2
JuCso) B+ [ () par+26 [l +2y [ )y
s1 s1 S1

202 ED) 8 S2
< =L [ hliar+ 3 [l ar (46)

S92 S1

Then, we define the functionals J,,(s) and J(s) defined for s € [t — h — 1,¢] as
following

S

ais) = = [ - [ (g e @

—h—1

and
S

a0 = Gl [ e [ G @)

—h-1 t—h—1
Combining the convergence in (38), observing that J,,(s) and J(s) are continuous
and non-increasing in [t — h — 1,¢], we derive that

/ (g(r),u" (r))dr — 2 / (g(r), u(r))dr (49)
t—h—1 t—h-1

and
t t
[ geaarear s [ (Gruaena (60
t—h—1 t—h—1
as n — +oo, which implies that

Jn(s) = J(s) aese (t—h—1,t), (51)
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i.e., for V e > 0, there exists a ny € N, for all n > ng and s € [t — h — 1,¢], such
that
€
[ Tn(sk) = J(si)] < 5 (52)
Since J(s) is continuous and J,,(s) is uniformly continuous with respect to time s,
then for any € > 0, there exists 7, € N such that for the sequence {s;} C [t—h—1,1]
with s — s for all n > ng,

[T(si) = J ()] < 5, (53)
Choosing ny, = max{ng, it }, then for all n > ny, it yields that
[Tn(sn) = J(8)] < |Jnlsn) = J(sn)| + | (sn) = J(s)| <& (54)
Therefore, for any {s,} C [t — h — 1,t], we have
limﬁsup In(sn) < J(s), (55)
which implies o
i s o (50) 11 < (s) (56)

we conclude the strong convergence u™(s,) — u(s) in C([t — h,t]; H).
Step 3. The strong convergence: u™(s,) — u(s) strongly in L2(t — h,t; V).

Combining the energy estimates in (45) and (46), noting the energy functionals
Jn(+) and J(-), using the convergence in (38), we can deduce the norm convergence

[u™ ()l L2 t—ntivy = llulS) |2 -n.ev)- (57)
Hence jointing with the weak convergence in (38), we can derive that u™(s,) — u(s)
strongly in L2(t — h,t; V).
Step 4. The D,];JH -pullback asymptotic compactness.

By using the results from Steps 2 to 4 and noting the definition of universe, we
can conclude that the processes is D,QWH -pullback asymptotic compact in My, which
means the proof has been finished. O

Remark 3. Using the similar technique, we can derive the processes U(t,7) :
My — My generated by the solution of problem (1) is Dy’f -pullback asymptotic
compact.

Theorem 3.8. Assume that f : R x Cy — H and g € L% (R; H) satisfying

(Hy),(Hy), (H1) and (Hp) holds. Then, the process U(t,T) : My — My generated
by the solution of problem (1) possess the minimal pullback attractors A my (t) and
n

Ay (t) in My, which satisfy the following relation
F
‘ADfH (t) C ‘ADf,MH (t) (58)

Proof. From Proposition 3, we observe that the process U(t,7) is continuous in
My. The D?;IH and DéV[H pullback absorbing sets are established by Proposition
4. By Theorems 3.7 and Remark 3 give the D%H and DI{Y[H pullback asymptotic
compactness of the processes. Using the existence theory of pullback attractors in
[3] or [4], we can conclude our desired results.

Based on the universes defined in Definition 3.6, the relation between ADfH (t)

A,Di,VIH (t) holds easily.
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3.5. Main result: The sufficient condition of asymptotic stability of tra-
jectories inside pullback attractors of (1) with f(¢,u).

Definition 3.9. The pullback attractors is asymptotically stable if the trajectories
inside attractor reduces to a single orbit as 7 — —oo.

2
Theorem 3.10. Assume that 2v\; — % > 0, the external forces g € L2 (R; H)
and f(t,u¢) satisfy the hypothesis (Hy), (Hy) and (Hy), the initial data (¢,u,) €
My and (Ho) holds. Then the trajectories inside pullback attractors Ay (t) is
asymptotically stable if !

G(t) < K07
where G*(t) = % is a generalized Grashof number for the fluid flow, and
L2 92— L3 1 1/2
- ' a il
Ko = {x @A + )/ [4C,0 (= s I}

(03

here C\q| > 0 is a constant which depends on the volume of 2.

Proof. Let u(t) and v(t) be two weak solutions of problem (3) with delay f(t,us)
which subject to initial data

u(T+0)loc(-no0 = ¢(0), ult=r =u; (59)
and
o(T+0)loci—n0) = (6), Vli=r = @r (60)
respectively. Denoting
(u,ur) =U(t,7)(ur, ) and (v,v) =U(t, 7)(Ur, @) (61)

as two trajectories inside the pullback attractors, letting w = u(t) — v(t) and w; =
u; — vy, then it is easy to check that w satisfies the following problem

%’j + vAw + P(aw + B(Julu = |v|v) + y(|u|*u — |U|21})>

= P(f(tue) = f(t,ve)),
wlan = 0, (62)
w(t=7)=ur — Uy,

w(r +0) = ¢(0) — 6(0), 0 € [~h,0).

Taking inner product of (62) with w in H, using Poincaré’s inequality and Lemma
3.3, it follows

(P — o205 = 0) > y0llu — vl (63)
and
1d 2 2 2 4
5wl + vlwl? + allwld +vollwlis
< [Blubu = oo, w)| + (£t ) = F(E v, w)|
2 2 @ 2 L?f 2
< 8( [ WPluide+ [ Jullodz) + Gl + 52
Q Q 2 20
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L2
«
< Blullfs + olg)llwlF + 5\\11)”?{ + 27;”1‘%“%1
2 2 2 « 2 L?‘ 2
< CaB(lully + ol lwllE + 5 vl + 5 llwells- (64)

Using the Poincaré inequality and Lemma 3.1, noting that if
20A1 4+ a = 2C)q B([|ulli + [lv]l3) >0, (65)
then we can obtain

”lezﬁI < ef [2C10 B8(lull} +Ivl13) —(2v A +a)lds ||UT_UT||H+

L% rt :
+;f e~ Ji2vata=2Ci Bl +HIVIRIde |, |12, ds] . (66)
Denoting
E(t,1) = e~ J72vaita=20a B(lully+ vl ))ds (67)
and
L2
Ki(t,s) = — [ 2vai+a—2C1q 8(lull} +lvl13)]do (68)
Q@
and
© = sup E(t,s), r(K1,0 7sup/ Ki(t,s)d (69)
t>s>T t>T1
by virtue of Lemma 3.2, choosing x(K1,0) < H%’ then there exists M > 0 and
A > 0, such that we can obtain the estimate
lwellly < Mlur — @[ Fre™ 7, (70)

Substituting (70) into (64), using Lemma 3.1 again, we can conclude the following
estimate

w2, < lur — || % e 7 2rArrem 20 Bl +lvlE)ds

2 t
+&M|\u7 —aTII%{e—W—ﬂ/ e Ji 2vdata=2Cq B(lull} vl )]do g g
@ T

(71)

From (70) and (71), if we fixed u, and 4, and let 7 — —o0, then we can conclude
that the trajectories inside pullback attractors reduce to a point, which implies the
pullback attractors is asymptotically stable provided that

20A1 + a > 2C)q B(lull} + [0l ) <, (72)
where

(h)<i = (73)

T——00

Since u and v are the global weak solutions for problem (3), we will use some
delicate estimates to make (72) more explicit next. Multiplying (3) with « and
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integrating by parts over (2, we have

1d
Sa lullF + v A 2ull% + allullF + Bllullfs + Il
< allull + % £t un) 3 + gl
L2 1
< 2 4 12+ —lgll3. 74
< allullyy + 5l + 5 gl (74)

Using the Poincaré inequality and Lemma 3.1, then we can obtain

lallf < e MO fur |l +
2

L t 1 t
s [ s 1 1 [ eI gl (7

Denoting
E(t,7) = e~ M=) (76)
and
L2
K (t 8) f —2I/k1(t 8) (77)
e
and
| PN 2
p= ol (78)
letting
© = sup E(t,s), r(K1,0 7sup/ Ki(t,s)d (79)
t>s>T1 t>7
by virtue of Lemma 3.2, choosing x(K7,0) < H%’ then there exists M > 0 and
A > 0, such that we can obtain the estimate
L3

p R AL
el <AMWM—WTH~—33/€”““ﬂmm@
— T

. Q—i t
< Wil 5 = [glds (50)

Substituting (80) into (75), using Lemma 3.1 again, we can conclude the following
estimate

L2
ol < el (L2 1) [las. o)
« 1—
Integrating (74) from 7 to t, it follows
t t t
Jully +2v [ Julyds+26 [ Julitads + 2y [ ultods

1 2 2 L?C ! 2 1 ! 2
< [0l + el + 2 [ s+ 5 [ lalids 52)
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By the estimate of (80) and (81), we derive
2
‘ 1 L2a-4 gy g
[ Ve < [0 + i) + (G 52r +2) [ s 9

«
and
2

2
t 1 LQ,ﬂ 1 t
2 < - 2 2 f a - 2 ds.
memm>xﬂa¢m%+mmm}+(al u@+a)[nmmw (84)

Combining (72), (73) with (84), we conclude that

2 L3
(Il + loll<e < 2( 52 — o+ D)ol <o (35)
and hence the asymptotic stability holds provided Cjchat
L7 2- % 1 9
Cle (7 iy + ) olfnle < 2hs +a. (86)

[e3

2 1/2
If we define the generalized Grashof number as G(t) = %) , then a suffi-
cient condition for the asymptotic stability of trajectories inside pullback attractors
can be conclude as
2
¥

Gay<ﬂmm1+@/PcQW%A(i§f_§+1ﬂ}”2:Km (87)

2
f (0%

which completes the proof for our first result. O

Remark 4. Theorem 3.10 is a further research for the existence of pullback attrac-
tor in [6].

4. Application: The asymptotic stability of trajectories inside pullback
attractors for (1) with sub-linear operator f(t,u:) = F(u(t — p(t))).

4.1. Assumptions. We first state some hypothesis on the external forces and sub-
linear operator.

(Hg) The function f(¢,u:) = F(u(t — p(t))) satisfies the following assumptions.
(He) — (a) The function p € C'([0,4+00); [0, h]), and there exists a constant p*
satisfying
d
y£‘§w<1,wzo.
(H¢) — (b) The external force f(-,y) : [r,+o0) x H — H is measurable for

all y € H and f(-,0) = 0. In addition, there exist functions a,b : [1,4+00) —
[0,4+00), with a € L{ (R) and b € L} (R) for all T > 7 and 1 < ¢ < +o0 with

loc loc
¢
limsup/ b(s)ds = bg € (0, +00), such that
T——00 Jr
IF@)IE < a)llyll +b(t), Vt=71y€ H. (88)
(H¢) — (c) There exist k € L*°(7,T), L(R) > 0 and R > 0, such that
1F(w) = F(0) i < L(R)K? ()][u— 0], u,v € H. (89)

holds for ||ul|z < R, ||v||# < R and t € [r,T].
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(Hg) The function g(-,-) € L} (R, H), which satisfies that there exists a m > 0,
such that

t
/ ™ lg(s, ) |%ds < 00, VtE R, (90)
(Ho) When a € L} (R), it holds
v ||a||L;1 (R)
- — ——ec 0. 91
2 1o (91)

4.2. Well-posedness and pullback attractors of (1) with f(t,u;) = F(u(t —
p(t))). In this part, the well-posedness and pullback attractors for problem (1) with
sub-linear operator will be stated for our discussion in sequel.

e Well-posedness
Assume that the initial date u, € H and ¢ € CyNL29 (—h,0; H) with %—i— % =1
and recall that (1) with sub-linear operator has the following abstract form:
u(t) + f: P(vAu + au + Blulu + v|u|?u)ds
=u(r) + f: P(F(u(s —p(s)) + g(s,a:))d:s7
wlaq = 0, (92)
u(t=1) = ur,
u(r +1t) = o(t), t € [-h,0],
which possesses a global mild solution as the following theorem.

Theorem 4.1. Assume that the external forces g(t) and f(t,u;) = F(u(t — p(t)))
satisfy the hypothesis (Hg) and (Hg), the initial data u, € H and ¢ € Cy N

L?}f and (Hg) are also true. Then there exists a unique global mild solution u =
u(-, 7 ur, @) € L®(1 — h,T; H) N L2(r, T; V) N LA(7, T; L4(Q)) of problem (1) for
special case of f(t,us) = F(t — p(t)), such that it satisfies (92) in distributed sense
and the following energy equality

t t
Ju®l -+ 20 [ (o) s+ 20 [ fulo)ds
t T t T
+w/umwmw+m/ummmw

— sl 42 [ [(Flals - ple))u(s)) + 2ol ), uls)) | ds. (93

Moreover, we can define a continuous process {U(t,7)|t > 7,7 € R} as U(t, 1) :
(CaNL¥)Yx H = Cy x H, ice., U(t,7) (¢, ur) = (us, u).

Proof. Using the Galerkin method and compact argument as in Section 3.3, we can
easily derive the result. O
e The pullback dynamics

After obtaining the existence of the global well-posedness, we establish the exis-
tence of the pullback attractors to (1) with sub-linear operator.

Theorem 4.2. (The pullback attractors in H) Assume that (Hg) and (Hg) hold,
the initial data ur € H and ¢ € Cyg N Li}l and (ﬁ()) are also true. then the process
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U(t,T) associated to problem (1) with f(t,u:) = F(u(t — p(t))) has two families of
pullback attractors Acy xm(t) similar as in Theorem 3.7.

Proof. Using the similar technique as in Section3.3, we can obtain the existence of
pullback attractors, here we skip the details. O

4.3. The asymptotic stability of trajectories inside pullback attractors of
(1) with special case f(t,u;) = F(u(t — p(t))).

Theorem 4.3. We assume that the external forces g(t) and f(t,ur) = F(u(t—p(t)))
satisfy the hypothesis (Hg) and (Hg), the initial data (¢,u,) € (Cu QL?) x H and
(Ho) holds true.

Then the trajectories inside pullback attractors Ac,, is asymptotically stable if

G(t) < Ko, (94)
where G*(t) = %ﬁz‘g‘ is defined as the generalized Grashof number for the fluid
. 1 ¢
flow, (lglfl<e = tim —— [ llg(s)frds and

. 1 ) 1/2
Ko ={@A+a) /[0y + @]} >0,
here C|q| > 0 is a constant dependent on the volume of Q.

Proof. Step 1. The inequality for asymptotic stability of trajectories.
Let u(t) and v(¢) be two solutions of problem (92) with initial data

w0+ 7)loci—n,0) = A(O)loci—n05 vlt=r = ur (95)
and

V(0 +T)loci-no) = ¢O)locr-no)s Vli=r = @ (96)
respectively, then u, v can be represented by

(w,u) = (U(t, T)ur, U, 7)), (0,00) = (U(t, 1), U(t, 7)) (97)

If we denote w = u(t) — v(t) and w(t — p(t)) = u(t — p(t)) — v(t — p(t)), then it is
easy to check that w satisfies the following problem
%” + vAw + P(aw + B(|lulu — |v|v) + y(|uPu — |v|2v))

= P(F(ult - o) — F(o(t = p(0))),
(98)
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Multiplying (98) with w and integrating by parts in €, using the Poincaré and
Young inequalities, from (63) we obtain that

1d
sl + vl + allwl +ollwls
< IB(lulu — folo,w)| + | (F(ult = o)) = F(u(t = p(t))), )]
@
< ClaBlully + lul¥) lwll + 5 llwli
1
+— | F(u(t = p(1)) = F(v(t = p(0)
@
< ClayBlully + lulP) lwll + 5 llwlz
L?(R)k(t
Ry oy (99)
Using the Poincaré inequality and Lemma 3.1, noting that if
A1+ a = 2Cq B(|[ullf + [l0]l}) > 0, (100)

then we can obtain
||w||?{ < eJ2 2010 B(llully +IvlIT) —(2v A1 +a)]ds |:Hu7' _ @T”?{ +

t
+L2(R)If<c(t)lmo/ o~ JL12vA1+a—2C 0 B(lull} +]v]3))do

«
Xt = p(t)|I3ds] (101)
Denoting
E(t,7) = e~ J72raita=20a B(lully+vlf))ds (102)
and
2
Ki(t.s) = L*(R)||k(t)]| Lo o= JL120A1+a—2Cq Bl +v]3)]do (103)
«
and
t
© = sup E(t,s), r(K1,0) :sup/ K (t,s)ds, (104)
t>s>7 t>1 Jr

by virtue of Lemma 3.2, choosing x(K1,0) < then there exists M > 0 and

1
X 16’
A > 0, such that we can obtain the estimate

lw(t —pO)F < Mlluy — | Fre 7. (105)
Substituting (105) into (99), using Lemma 3.1 again, we can conclude the following
estimate
w3 < Jur — i ||2pe Jr oA ta=2C0 Bl +lvli)]ds
L*(R)||k(t) || 5
SPEIROl g e
a
t
« / o [t 2vMta—2Ci Bl +HvI3)]do g (106)

From the result in last section, we can find that the pullback attractors is asymp-
totically stable as 7 — —oo provided that

21 +a > 2Bl + )3 < (107)
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Step 2. Some energy estimate for (1) with sub-linear operator.

Multiplying (3) with » in H, and then integrating by parts over €2, we have

1d
5 gl + V| AY2ul3 + allullf + Bllullgs +ulls
1
< allully + 5 [t utt = pe) 1% + gl (108)
Moreover, let 8 = s — p(s), then it yields
df = (1 —p'(s))ds, a(t) — a(t) € LP(1,T), (109)

which means @ € LY(7 — h,7) and

[ 15 Gsuts = ol

< [ alo)luts — ple)) s + [ os)ds

T

t—p(t) t
<! / a(s)u(s) |3 ds + / b(s)ds

1—p*

—p(7)
1 0 ~ ) t~ ) t
S ( [ sl | a<s>||u<s>||Hds> + [ bispas
1 ~ t~ t
< (IO Wl + [ e ds) + [ ooas, (a0)

Integrating (108) with time variable from 7 to ¢, we conclude that

t t t
Jully +20 [ Nullds +26 [ ulteds + 2y [ Jullds

||&||Lq(7'—h T) 9 5 1 ‘/t~ 9
- N 7 t - - d
< TGN + s+ s [ )l s

+1/t|| %d +1/tb( )d (111)
A gllgds o) s)ds,

then we can achieve that

1@l s (r—n,r s
lu@®lz < [ﬁ”‘ﬁ(t)”ifgﬂwllﬂe Xo (8:7)

I 1 [t
+*/ IIQII?HG’X”“’S)der—/ b(s)e X=(t5)ds,  (112)
a J, a .,

where the new variable index x, (-, ) is introduced as

1 t
Xol(t,s) = (2vA — 0o t—s—i*/drdr, 113
which satisfies the relations
Xo(0,1) — X0 (0,8) = —xo (2, 5) (114)
and
Xo (0,7) < X0 (0,2) + (21//\1 - 5) h, if 20\ +a—6>0 (115)

for r € [t — h,t].
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Moreover, using the variable index introduced above, we can conclude that

t
2w [ futo)lfar

”a”L'I T—h,T)
W”‘ﬁ( )||qu + [lur %

w2 [ lolis+ & [ oisyas

b | D o 2 4] [ )t
ol =) L a(t—pr) [PWag el

L s)||%ds [ a(s)ds oz oy tas s
oz /. D >\|Hd/T i+ e g aie

Step 3. The sufficient condition for asymptotic stability of trajectories inside pull-
back attractors.

Combining (107) with (116), we conclude that
2C B(llully + Il )<t

2010/ 1 " 2
([ @)ool <
2Ol s+ S (a0 |l (17)
and hence the asymptotic stability holds provided that
L Jol121-
(= * 1Ol )l <o + 5 OO )<t + 3 2 (el <
v(2v + )
e (118)

1/2
If we define the generalized Grashof number as G(t) = (%) , neglecting

the positive terms on the left-hand side of (118), then a sufficient condition for the
asymptotic stability of trajectories inside pullback attractors can be conclude as

e Hlal]} = R 9

which completes the proof for our first result. O

G(t) < {(2m1 +a) / [2c|m Br (

Remark 5. If we denote

¢
lim sup / b(r)dr = by € [0, +0) (120)
T——o0 U — T
and
¢
lim sup / a(r)dr = ap € [0, +00), (121)
T—oc0 UL—=T J;

such that there exists some o > 0, the following assumption

v(2vhi +a) _ by ||bllLrr7)Go
vevhta) b blleemdo 122
2C)8 a  a?(l-p7) 1
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holds. Then more precise sufficient condition for the asymptotic stability of pullback
attractors is

v(2vAita) by ”b“Ll(.r,T)do 12
2Cq|8 o a2(1—p*)
G(t) < [ ‘ } (123)
VM (g + la)llzr)

which has smaller upper boundedness than (119).

5. Further research. The structure and stability of 3D BF equations with delay
are investigated in this paper. A future research in the pullback dynamics of (1) is to
study the geometric property of pullback attractors, such as the fractal dimension.
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