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ZHI-WEI SUN

Department of Mathematics, Nanjing University
Nanjing 210093, China

ABSTRACT. Via symbolic computation we deduce 97 new type series for powers
of 7 related to Ramanujan-type series. Here are three typical examples:

i P(k)(2H) (3 (SR _ 18 x 5574033 /10005
= (k+ 1)(2k — 1)(6k — 1)(—640320)3k 57
with
P(k) =637379600041024803108k2 + 657229991696087780968%
+ 19850391655004126179,
i (3k+1)16F 72 -8
3 - b
K= (2k +1)2k3 (3F) 2
and - .
3n+1 n\ 2 25
—_— Ty(1,25)T) 1 (1,25) = —,
> ooy 2 () Tu(.25)T0i(1.25) = 2
n=0 k=0

where the generalized central trinomial coefficient Tk (b, c) denotes the coeffi-
cient of ¥ in the expansion of (22 4 bx + ¢)*. We also formulate a general
characterization of rational Ramanujan-type series for 1/m via congruences,
and pose 117 new conjectural series for powers of 7 via looking for correspond-
ing congruences. For example, we conjecture that

o0

39480k + 7321 67955

> 7+Tk(14, 1)Ty (11, —11)% = 7\[.

= (—29700)* T
Eighteen of the new series in this paper involve some imaginary quadratic fields
with class number 8.

1. Introduction and our main results. The classical rational Ramanujan-type
series for =1 (cf. [1, 2, 8, 27] and a nice introduction by S. Cooper [10, Chapter
14]) have the form

a(k) = , (*)

mk T

ibk—i—c \d

k=0
where b, ¢, m are integers with bm # 0, d is a positive squarefree number, A is a
nonzero rational number, and a(k) is one of the products

2k\* (2k\? /3k\  [2K\7 [(4K\ (2K (3K [6k
E) 7 \k k) \k 2k)7 \ k k 3k)
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In 1997 Van Hamme [47] conjectured that such a series () has a p-adic analogue

of the form
p—1

bk +c €qd
> ——ak)=cp () (mod p?),
il p
where p is any odd prime with p { dm and A € Zp, 1 € {£1} and ¢4 = —1 if
d > 1. (As usual, Z, denotes the ring of all p-adic integers, and (5) stands for
the Legendre symbol.) W. Zudilin [53] followed Van Hamme’s idea to provide more
concrete examples. Sun [33] realized that many Ramanujan-type congruences are
related to Bernoulli numbers or Euler numbers. In 2016 the author [44] thought

that all classical Ramanujan-type congruences have their extensions like
Spt e+ 9 - pSiek (3’
2n) 3 b
(pn)* ()

where p is an odd prime, and n € ZT = {1,2,3,...}. See Sun [45, Conjectures
21-24] for more such examples and further refinements involving Bernoulli or Euler
numbers.

During the period 2002-2010, some new Ramanujan-type series of the form (x)
with a(k) not a product of three nontrivial parts were found (cf. [3, 4, 9, 29]). For
example, H. H. Chan, S. H. Chan and Z. Liu [3] proved that

oo

on+1 8
Dn = )
2 o D= e

where D,, denotes the Domb number >, _, (2)2(2:) (2(77::)); Zudilin [53] conjec-
tured its p-adic analogue:

p—1
5k +1 )
Z &%Dk =p (g) (mod p*) for any prime p > 3.

The author [45, Conjecture 77] conjectured further that

1 k41 5k 41
(pn)3(kz_0 64 D’“_(g)pz 647 D’“>EZP

for each odd prime p and positive integer n.

Let b,c € Z. For each n € N ={0,1,2,...}, we denote the coefficient of 2™ in the
expansion of (22 + bx + ¢)" by T, (b, c), and call it a generalized central trinomial
coefficient. In view of the multinomial theorm, we have

L n 25\ ok k L n\ (n—Fk\ . ok i
To(b,c)= > op ) e )02 = > L PR L
0

k= k=0
Note also that
To(b,c) =1, Ti(b,c)=0b,
and
(n+DTp1(b,c) = (2n + 1)bT(b,¢) — n(b* — 4¢) Ty 1 (b, c)
for all n € Z*. Clearly, T,,(2,1) = (*") for all n € N. Those T}, := T},(1,1) with
n € N are the usual central trinomial coefficients, and they play important roles in

enumerative combinatorics. We view T, (b, ¢) as a natural generalization of central
binomial and central trinomial coefficients.
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For n € N the Legendre polynomial of degree n is defined by

ro=2 () (7))

It is well-known that if b,c € Z and b — 4c # 0 then

b
T,(b,c) = (/b2 —4c)"P, | — for all n € N.
0) = (V= a0y P ()

Via the Laplace-Heine asymptotic formula for Legendre polynomials, for any posi-
tive real numbers b and ¢ we have

(b+2y/e) /2
23/c/nm

(cf. [40]). For any real numbers b and ¢ < 0, S. Wagner [48] confirmed the author’s

conjecture that
lim /|7, (b,c)| = V% — 4e.
n—oo

In 2011, the author posed over 60 conjectural series for 1/m of the following new
types with a, b, ¢, d, m integers and mbed(b? — 4c) nonzero (cf. Sun [34, 40]).

Type T. 5270, ZHE (%) Ty (b, c).

Type II. Zk 0 a:rrlfk (Qk) (3k)Tk(b c).

Type IIL. > po, 2bde(] )(%)Tk(b c).

Type IV. Y 7o, a;(,fk( ) Tor (b, c).

Type V. Y ;2 ok (2kk) (%) Tk (b c).

Type VI. Y oo 2T (b, ),

Type VII. ZZO 0 “:;L‘,fk( ) k(b,c)?,

In general, the corresponding p-adic congruences of these seven-type series involve

linear combinations of two Legendre symbols. The author’s conjectural series of
types I-V and VII were studied in [6, 49, 54]. The author’s three conjectural series of

type VI and two series of type VII remain open. For example, the author conjectured
that

T, (b, c) ~ as n — 400

i 3990k + 1147

432
T, (62,952)% = == (942 + 19514
Casgy [(62,95%)" = 50 V2 +195V14)

k=0
as well as its p-adic analogue

p—1
3990k + 1147 sg D ( (-2) (-14)) )
—————T11(62,957)° = — (4230 | — | + 17563 [ — mod p?),

where p is any prime greater than 3.
In 1905, J. W. L. Glaisher [15] proved that

i (4k— 1) (% 8

(2k — 1)3256F 72’
k=0

This actually follows from the following finite identity observed by the author [38]:

(k-1 Byt (2
k; 2k — 1)4256F = —(8n® +4n + 1)1 shgn  forallneN.
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Motivated by Glaisher’s identity and Ramanujan-type series for 1/7, we obtain the

following theorem.
Theorem 1.1. We have the following identities:
2k 3
k(4k-1)(5)" 1
(2k —1)2(—-64) 7’

k-1 2
< (2k — 1)3(=64)F 7’

Mg I8

> (12k% - 1)(3 £ 2
(2k — 1)2256+ T

”M
I

K6k —1)(25)°
kz:% (2k —1)3256F — 27’

(@8k2 — 4k —1)(?’  3y2
(2k — 1)2(—512)k T’

(302 + 3k — 2)(%%)°  27v2
(2k — 1)3(—512)F

Mz T2 TV
Il
oo
3

(2882 -4k - (3 3
(2k — 1)24096* p

=
i

0

i (4262 — 36— 1)(2)° 27
0

4 (2k — 1)34096F 8’
i (34K2 — 3k — 1)(2%)° (3% _ 10
(2k — 1)(3k — 1)(—192)k V3’
< a2 —11k—1CH () 1253
kzzo k+1)(2k — 1)k — 1)(—=192)F — 97 °

4R+ k- 1O V3
I;J (2k — 1)(3k — 1)216* B
V3

>0 (90K + Tk + 1) (% ) &) 9
Z(k—H )(2k — 1)(3k — 1)216F 27

=0

= (34K — 3k — 1 o 2V3
Z; TGN

2k — 1)(3k — 1)(—12)3% T
< (17k +5) (%) (%) 9V3
= (k+1)(2k — 1)(3k — 1)(-12)% 7~

>, (111K% — Tk — 4(2)() 45
Z (2k —1)(3k — 1)1458F  —  4x’

k=0

(1.2)

(1.3)

(1.4)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)
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. (1524k2 + 899k + 263) (2F)° (%) 3375
(k+1)(2k — 1)(3k — 1)1458% 47’

Z (522K — 55k — 13)(3)* (%) 5415

k=0

£ (2k—1)(3k —1)(—8640)F 5w
. (1836k2 + 2725k + 541) (°F) (3’“) 2187f
,;) (k+1)(2k — 1)(3k — 1)(—8640)* 51

(2k —1)(3k —1)153 27’

k=0

) (B 59895\f

(%

(—
> (529k2 — 45k — 16) (3F 55v/3
Z( igk eh

i

1

Z (77571k? + 68545k + 16366)
)

P (k+1)(2k — 1)(3k — 1)153k 27
Z (574k2 — 73k — 11) (2%)* (¥ "o 20\/§
2k — 1)(3k — 1)(—48)%* T
i (8118K2 + 9443k + 1241) (%) (¥ "o 2250{
S (k+1)(2k — 1)(3k — 1)(—48)%* I
o0 k\2 3k
3 (978k% — 131k —17) () (%) _  990v7
£ (2k — 1)(3k — 1)(—326592)F 497
i (592212k2 + 6713872 + 77219) (%) (*F) _ 4492125V7
 (k+1)(2k — 1)(3k — 1)(—326592)* 497 7
Z (116234k2 — 17695k — 1461) (3)" (%) 06503
P (2k — 1)(3k — 1)(—300)3k B T’
> (223664832k2 + 242140765k + 18468097) (2F)” (3%
* - )G () = 33497325£,
(k + 1)(2k — 1)(3k — 1)(—300)3k ™

k=0

i (12262 4+ 3k —5)(3)°(2) 21
(2k —1)(4k —1)648% 2’

k=0
(19032 + 114k +41) (39 () 343

(k+1)(2k —1)(4k — 1)648% — 27’

40k2 — 2k — 1) (%) (2 1
Z( )G) Gr)

— (2k — 1)(4k — 1)(—1024)* oo

o 8k2 — ok — )(2’?) (69 16
D (k+1)(2k — 1)(4k — 1)(-?024)'c b
i (176k% — 6k — 5) (%) (;“,j) VB

(2k — 1)(4k — 1)48%k s

k=0

k:O

k=0

1277

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)
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0 (208k2 + 66k + 23) (%) (24 _ 128

_ 1.32
£ (k+1)(2k — 1)(4k — 1)48%* ~ /37’ 2
- 2k\ 2 4k
Z (6722k2 — 411k — 152) (5) (o) _ 14:V7 (1.33)
(2k — 1)(4k — 1)(—632)F T
S (281591k2 — 757041k — 231992) (2%)* () _ _274625ﬁ (1.34)
2 (bt D)2k - D(Ak — 1) (6328 T
o 2k\ 2 4k
3 (560k* — 42k — 11) (5) " (31) _ _MQ (1.35)
R Dk - D12t -
i (112k2 + 114k + 23) (2) (%) _ 2562 (1.36)
2 (kT 1)(2k — D(ak - DIz~ Br '
S s DA s
4 (2]{;71)(4]{1*1)(*3X212)k - \/§7T7 .
. (680k2 + 1482k + 337) (%) (1) _BA88VE g
k:O k—l—l 2]{:—1)(4k—1)( 3 x 212)k 91 .
IS 4k
Z (1144K2 — 102k — 19)(3)°(3) 60 (1.39)
2@k k(2080 |
i (3224k% + 4026k + 637) (%) (35) _ 2000 (1.40)
2k 1)k~ D@k~ )(-2080F ~ 7 |
~ 2\ 2 4k
S (7408k% — T54k —103) (%) " (5) _ 5603 (1.41)
(2k — 1)(4k — 1)28% 3w
k=0
- 2k\ 2 4k
S (3641424k2 + 4114526k +493937) () (1) _ o003 (140
2 kT D2k - 1)k - D28t .
=, (A744K? — 534k — 55) (%) (3%) _ 1932V/5
2 @h oD@ - -2y asr 0 )
- 4k
Z (18446264k2 + 20356230k +1901071) (3) " (31) _ 667724960 (1.44)
(k + 1)(2k — 1)(4k — 1)(—2143%5)F 257
k=0
(4135121 — 50826k — 3377) (%) (35) _ 12180 (1.45)
;0 (k- D@k - D-20nh T
- 4k
Z (1424799848k? + 1533506502k + 108685699) (* ) (30) _ 341446000 (1.46)
= (k + 1) 2k — 1) (4 — 1)(—210217)F T
~ 2k\ 2 (4k
> (T1812k2 — 7746k — 887) (%) (o) _ o, V1L (1.47)
(2 — 1)(4k — 1)15842k T

k=0
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< (50678512k2 + 56405238k + 5793581) (2F)” (4~ 1
Z( + + Z)Ifk) (21) _5488000£ (1.48)
— (k+1)(2k — 1)(4k — 1)1584
> (7329808k2 — 969294k — 54073) (2* ? (4%
) ) — 190120¥2, (1.49)
(2k — 1) (4k — 1)3964F 7

B
I
o

(2140459883152k2 + 2259867244398k + 119407598201) (%) (44
(k + 1)(2k — 1)(4k — 1)3964%

K

- (1.50)
= 44 x 18203§,
> (164k2 — 2 (3 (%) 75
kz;) (2/@—1)(6]47 )203k =T o (1.51)
=\ (20964 + 206k +93) () () (51) _ 686
kz=o (k+1)(2k — 1)(6k k1)203k Yo (1.52)
@208 — 5k = 3) () () (3) _ 1
kzo (2k —1)(6k — )k o15)k g (1.53)
=, (836k2 — 1048k —309) (3F) (3F) (55)  686v/2
kzzo (k+1) 2k—1)(614371]§(f§15)i]C =TT (1.54)
(504k% — 11k — 8) () () () _ _ 9V15
kzzo (2k — 1)(6k — 1)(— 15]:) ST (1.55)
o~ (189K% — 11k = 8) () () (5) __ 243VT5
kz::()(knLl)(Qk—l)(ka )(k 15)% — 351 (1.56)
= (516K — 19k — )N G (5 11V15
kzo (2k —1)(6k — )(2k><303) T T o (1.57)
o~ (32878 + 1922k + 491) () (1) () _ 3993v15 158
= (k4 1)(2k —1)(6k — 1)(2 x 303) —  10m ' (1.58)
(684k° — 40k —7)(5) () (1) _ _ 9v/6
kzzo (2k —1)(6k — )f 9%k 1 (1.59)
- (2052k2 + 2536k +379) (3F) (%) (51) 4866
kz=o (k+1)(2k —1)(6k — )k( 963k 1 (1.60)
(2556k2 — 131k — 29) (%) (1) (55)  63v/33
kzo (2k — 1)(6k )k63’€ = T T (1.61)
o= (2030857 + 212248k + 35083) (1) () () _ ssaaovas o
P (k+1)(2k — 1)(6k — 1)663* 7 — )
o~ (5812k% — 408k — 49) () (%) (50) _ 253v/30
Z 2k — 1)(6k — 1)(— 3X1603)2k =T T on (1.63)

k=0
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i (3471628k2 + 3900088k + 418289) (%) (3¥) (3¥)  323885541/30

(k+1)(2k — 1)(6k — 1)(—3 x 1603)* - 1357
k=0
k k k
Z (35604k> — 2936k — 233) (") () (G0) _ 189 V1D
— (2k — 1)(6k — 1)(—960)3* T
Z (13983084k2 + 15093304k + 1109737) (1) (%) (5%)  4500846v/15
—~ (k+1)(2k — 1)(6k — 1)(—960)3* - 5m ’

i (157752k% — 11243k — 1304) () (1) (55) ~ 513v/255
(2k — 1)(6k — 1)2553k o

k=0

i 28240947k2 + 31448587k + 3267736) (3°) (°F) (55)  45001899+/255

p +1)(2k — 1)(6k — 1)2553k - 707
00 2k\ (3k\ (6k
3 (2187684k2 — 200056k — 11293) (%) () (3) _ 1053330 \/330
— (2k — 1)(6k — 1)(—5280)3* ™
i (101740699836 + 107483900696k + 5743181813) (°F) (3F) (5F)
~ (k 4 1)(2k — 1)(6k — 1)(—5280)3k
~4966100118+/330
N T ’
o 2k\ (3k\ (6k
Z (16444841148k* — 1709536232k — 53241371) (77) () (51)
— (2k — 1)(6k — 1)(—640320)3*
V1
— 1672209 Y2005
™
and
i Pk)CHCHEY) _ 18 x 557403% /10005
— (k + 1)(2k — 1)(6k — 1)(—640320)%* 5 ’
where

P(k) :=637379600041024803108k* + 657229991696087780968k
+ 19850391655004126179.

Recall that the Catalan numbers are given by

" 2n 2n
= — 2 = — € N).
= n+1 ( n ) (n + 1) (n )
For k € N it is easy to see that
S if k=0
2k —1 )20, ifk>0.

Thus, for any a, b, c,m € Z with |m| > 64, we have

i (ak? + bk + c) (2,5)3 Z (ak? + bk + c)(QC’k )3

(2k — 1)3mk P

oo

Z +b(k+1)—|—c

k:

k=0

Cy.

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)
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For example, (1.2) has the equivalent form

N4k +3 4 16
-8 —, 1.2/
kZ:O(764)ka 3 T ( )

For any odd prime p, the congruence (1.4) of V.J.W. Guo and J.-C. Liu [19] has
the equivalent form

(p+1)/2 2k 3
(4k — 1)( k ) —1 3 4
— = — E, 3—2 d
(where Ey, F1,... are the Euler numbers), and we note that this is also equivalent
to the congruence
(p—1)/2
4k + 3 —1
S Sonct=s ) P (Bps—2)) (mod p*).
(—64) p
k=0
Recently, C. Wang [50] proved that for any prime p > 3 we have

(p+1)/2 3
pi 3k —1)(3)
(2k — 1)216+

-1
=p+ 2p3 <) (Ep—B - 3) (mOd p4)
k=0 p

and 5
pf (3k — 1) (%)

—1)216%
— (2k — 1)%16

(Actually, Wang stated his results only in the language of hypergeometric series.)

These two congruences extend a conjecture of Guo and M. J. Schlosser [21].
We are also able to prove some other variants of Ramanujan-type series such as

i (56K + 118k +61) ()" 192
(k+1)24096F &

=p—2p® (mod p?).

k=0
and

S (k+1)2(2k — 1)4096% 7

Now we state our second theorem.

i (420k2 + 992k +551)(%F)° 1728

Theorem 1.2. We have the identities

> 28k2 + 31k -
5 8k* + 3 +83:7r 87 (1.73)
= (2 +1)2k3 (%) 2
> 42k2 + 39k ’ -
5 TkES 988 (1.74)
=1 (2k + 1)3k3(%F) 2
> (8k2 + 5k + 1
Z (8K + 5k +1)(—8)* el (1.75)
=1 (2k+1 2k3(2k)
0 2
Z(30k + 33k + 7)(=8)" — 546G — 52, (1.76)
o @k’
') 1 k 2 _
Z Bk +1)16" _ -8 (1.77)

(2 + 1)2k3 (%)’ 2
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oo ek
3 U DDy g, (1.78)
o1 (2 +1)2k2(3)
o0 _ k
3 U DD 60 16, (1.79)
= (2K +1)3K3 (%)
2 _ k _ 2
Z (2k% — 11k — 3)8 _ 48 —5n? (1.80)
=2k + 1)k + DI (27 () 2
o (178k2 — 103k — 39)8* 112572 — 11096
Z o2 3y 36 ’ (1.81)
=2 (k —1)( 2k+1)(3k+1)k3( ) (%)
3 5k + 1)(=2 —6- 9K, (1.82)

e (2k+1)(3k+1 l<:2(2 ) &)
i (45k% + 5k — 2)(—27)k~ 12 _ 37—48K’ (1.83)
5 (k—1)(2k + 1)(3k + 1)E3 (2" (3F) 16

i (98k% — 21k — 8)81F
12k 1)(k + )R () (3)
i (1967k% — 183k — 104)81% 2000072 — 190269

= , (1.85)

=5 (k= 1)(2k + 1)(4k + 1)E3(2) (4) 120

k=

=216 — 2072, (1.84)

> 2 _ _ k 29
> (46K> +3k — 1)(-144)F 225

= (2 + 1) (4k+ Dk () () 2
i (343k2 + 18k — 16)(—144)F  9375K — 7048
=5 (k= 1)(2k + 1)(4k + 1)k (25 (49) 10 ’

, (1.86)

(1.87)

where i
— (—1)* — (%)
= Z g and K= Z -5 -

= (2k+1) — k

For k = j+1 € Z%, it is easy to see that

(k- 1)I~:(2:> = 2(2j +1)j <Qj>

Thus, for any a,b,c,m € Z with 0 < |m| < 64, we have

(aj?+bj+c)m? 8 = (a(k—1)2 +b(k — 1) + c)m”
; (2) +1)%5% (%)’ _Ekzﬁ (k — 1)3K3(2F)° '
For example, (1.77) has the following equivalent form
- (2k — 1)(3k —2)16%
2 ey

In contrast with the Domb numbers, we introduce a new kind of numbers

(1.77")

n

2
n
S, Z(k> TeTnr (n=0,1,2,...).

k=0



NEW SERIES FOR POWERS OF = AND RELATED CONGRUENCES 1283

The values of S,, (n =0,...,10) are
1, 2, 10, 68, 586, 5252, 49204, 475400, 4723786, 47937812, 494786260

respectively. We may extend the numbers S,, (n € N) further. For b,c € Z, we
define

n

Sn(b,c) = T (b,c)Th—k(b,c) (n=0,1,2,...).
<>I§<k>k<>k<>< )
Note that S,,(1,1) = S,, and S, (2,1)

Now we state our third theorem.

Theorem 1.3. We have

=D, for all n € N.

gw&(lv—ﬁ) = % (1.88)
éw&(lﬁ) = 6%@ (1.89)
284];)4;295;6(1, —20) = 24;/5, (1.90)
> s = 2 (Lo
i %&c(l, —56) = % (1.92)

k=0
gm&(l,lw) = 22%7 (1.93)
go %&(L —650) = 85(;:@, (1.94)
i WSM’ 1519) = 44“7)77‘/5, (1.95)
g’% 4166;&3:879 S (1, —2450) = %/57 (1.96)
;} WS (1,265%) = 16i§;75 (1.97)

Remark 1.1. The author found the 10 series in Theorem 1.3 in Nov. 2019.

‘We shall prove Theorems 1.1-1.3 in the next section. In Sections 3-10, we propose
117 new conjectural series for powers of 7 involving generalized central trinomial
coefficients. In particular, we will present in Section 3 four conjectural series for
1/7 of the following new type:

Type VIIL. > 3o “EET) (b, €)Th(bs, c:)?,
where a, b, by, ¢, c., d, m are integers with mbb,.cc,d(b? —4c) (b2 —4e, ) (b%c, —b2c) # 0.

Unlike Ramanujan-type series given by others, all our series for 1/7 of types I-
VIII have the general term involving a product of three generalized central trinomial
coeflicients.
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Motivated by the author’s effective way to find new series for 1/7 (cf. Sun [35])
and congruences and series in [45, Section 3|, we formulate the following general
characterization of rational Ramanujan-type series for 1/m via congruences.

Conjecture 1.1 (Criterion for Rational Ramanujan-type Series for 1/7). Suppose
that the series Z:o:o b’;:rkcak converges, where (ag)p>0 is an integer sequence and
b, c, m are integers with bem # 0. Suppose also that there are no a,x € Z with a,, =

a(2:) >oreo (2:)2(2(77::))56”_’“ for alln € N. Let r € {1,2,3} and let dy,...,d, €
Z* with \/d;/d; irrational for all distinct i,5 € {1,...,r}. Then

i bk + c S AV,

mk ap = . (198)
k=0
for some nonzero rational numbers \1, ..., A if and only if there are positive integers
d; (r < j <3) and rational numbers c1,ca,c3 with H;l ¢; # 0, such that for any
prime p > 3 with pt m[[;_, d; and ¢y, ca,c3 € Zy, we have

p—1

bk+c —_ - gid; d; 5
Z e ak:p<Zci< » )-i— Z ¢ (p)) (mod p©), (1.99)
k=0 i=1 r<j<3
where €; € {1}, e; = —1 if d; is not an integer square, and ca = c3 =0 if r = 1
and €1 = 1.

For a Ramanujan-type series of the form (1.98), we call r its rank. We believe
that there are some Ramanujan-type series of rank three but we have not yet found
such a series.

Conjecture 1.2. Let (an)n>0 be an integer sequence with no a,x € Z such that
2

Gp = a(%?) >oreo (%f) (2(;__kk))z”7k for alln € N, and let b,c,m,dy,ds,ds € Z

with bem # 0. Assume that im, o ¥/|an| =1 < |m|, and WZ;’;O bﬁ;’;Cak s an

algebraic number. Suppose that c1,ca,c3 € Q with ¢1 + co 4+ ¢3 = agpc, and

pi bli:k Car=p <Cl <(21> + ¢z (ij) +c3 (‘?)) (mod p?) (1.100)

k=0

for all primes p > 3 with p { didedsm and c1,ce,c3 € Zy. Then, for any prime
p >3 with ptm, ¢1,c2,c3 € Zy, and (%1) = (%2) = (%3) =0 € {£1}, we have

1 pn—1 bk + ¢ n—1 bk & ¢
(pn)? ( Z Tk —po Z R ak) €Z, foralneZt.
k=0 k=0

Joint with the author’s PhD student Chen Wang, we pose the following conjec-
ture.

Conjecture 1.3 (Chen Wang and Z.-W. Sun). Let (ar)r>0 be an integer sequence
with ag = 1. Let b,c,m,dy,ds,d3 € Z with bm # 0, and let c1,co,c3 be rational
numbers. If Ty oo, bfntcak is an algebraic number, and the congruence (1.100)
holds for all primes p > 3 with p t didadsm and c1, ¢z, c3 € Zy,, then we must have
c1+c2+c3=c.

Remark 1.2. The author [39, Conjecture 1.1(i)] conjectured that

p—1

Z(Sk +5)T =3p (193) (mod p?)

k=0




NEW SERIES FOR POWERS OF = AND RELATED CONGRUENCES 1285

for any prime p > 3, which was confirmed by Y.-P. Mu and Z.-W. Sun [26]. This is
not a counterexample to Conjecture 1.3 since > p- (8k + 5)T} diverges.

All the new series and related congruences in Sections 3-9 support Conjectures
1.1-1.3. We discover the conjectural series for 1/7 in Sections 3-9 based on the au-
thor’s previous Philosophy about Series for 1/7 stated in [35], the PSLQ algo-
rithm to discover integer relations (cf. [13]), and the following Duality Principle
based on the author’s experience and intuition.

Conjecture 1.4 (Duality Principle). Let (ax)r>0 be an integer sequence such that

d
ap = () Dkap_l_k (mod p) (1.101)
p
for any prime p 1+ 6dD and k € {0,...,p — 1}, where d and D are fized nonzero
integers. If ag,aq,... are not all zero and m is a nonzero integer such that
ibk‘-f—ca AVd1 + Aav/do + A3+/ds
k =
mk T

k=0
for some b,dy,ds,d3 € Z*, c € Z and A1, A2, A3 € Q, then m divides D, and

p—1 p—1
> % = <d> > (D(;ifn)k (mod p?) (1.102)

k=0 P/ =0
for any prime p > 3 with pt dD.
Remark 1.3. (i) For any prime p > 3 with p { dDm, the congruence (1.102) holds
modulo p by (1.101) and Fermat’s little theorem. We call ZZ;(I) ar/(2)k the dual
of the sum P71 ay /m*.
(ii) For any b, ¢ € Z and odd prime p t b — 4c, it is known (see, e.g., [39, Lemma
2.2]) that

b? — 4
Ti(b,c) = ( ) C) (b? — 4¢)*T,_1_x(b, ) (mod p) (1.103)
forall k=0,1,...,p— 1.
For a series Z:ozo a with ag, a1, ... real numbers, if limg_ 4o agy1/ap = 7 €

(—1,1) then we say that the series converge at a geometric rate with ratio r. Except
for (7.1), all other conjectural series in Sections 3-9 converge at geometric rates and
thus one can easily check them numerically via a computer.

In Section 10, we pose two curious conjectural series for 7 involving the central
trinomial coefficients.

2. Proofs of Theorems 1.1-1.3.
Lemma 2.1. Let m # 0 and n > 0 be integers. Then
(64 — m)k® — 32k — 16k + 8)(%)°  8(2n + 1) <2n>3

M=

pors (2k — 1)2mF mn n
" (64— m)k® — 96k2 + 48k — 8)(%)° 8 20\
];) (2k — 1)3mk : m”(n) ’ (22)
"L (108 — m)k® — 54k2 — 12k +6) (%) (%) 6(3n+1) (20 (3n
(2k — 1)(3k — 1)ym* H = mn <n> (n )’ (23)

k=0
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" (108 — m)k? — (54 +m)k? — 12k + 6) (%) (35)

P (k + 1)(2k — 1)(3k — 1)mh+ 2.4)

_ 8Bn+1) (2m)? (3n
Xn: ((256 — m)k?® — 128k2 — 16k + 8) (%) (24

P (2k — 1)(4k — 1)mF 25)

8(4n +1) (2n\ > [4n
-0 G
z”: ((256 — m)k® — (128 + m)k? — 16k + 8) (2%)* (45
(k+ 1)(2k — 1)(4k — 1)m*

_ 8(4n+1) (20 (4n

B (n+1)m"<n> <2n)
" (1728 — m)k® — 864k% — 48k + 24) (2F) (3F) (5h)
k; 2k —1)(6k — D)ym#

_ 24(6nn+ 1) (2n> (3n> (gn>
(1728 — m)k® — (864 + m)k> — 48k + 24) (%) (3%) (51

2 (k + 1)(2k — 1)(6k — 1)m* 28)

)

Remark 2.1. The eight identities in Lemma 2.1 can be easily proved by induction
on n. In light of Stirling’s formula, n! ~ v/27n(n/e)™ as n — +oo, we have

2n 4n 2n\ (3n) V327" (2.9)
n vorl o \n n 2nm '
2 4 64" 3 6 432"
V)~ () () ~ 2 (2.10)
n ) \2n V2nrm n n 2nm
Proof of Theorem 1.1. Just apply Lemma 2.1 and the 36 known rational Ramanujan-
type series listed in [16]. Let us illustrate the proofs by showing (1.1), (1.2), (1.71)

and (1.72) in details.
By (2.1) with m = —64, we have

Gk 12(—60)F P 64y

n

0o 3
(16K3 — 4k2 — 2k + 1) (*F) 241 <2n)3 .

Note that
16k — 4k — 2k + 1 = (4k + 1)(2k — 1)* + 2k(4k — 1)
and recall Bauer’s series
- (%) 2
4k +1 = —.
Dk +1) (—64)F 7«

k=0
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So, we get

S k(4k—l)(2k)3 S oo (2k)3 1
D G T i PO v

k=0 k=0
This proves (1.1). By (2.2) with m = —64, we have

(k- 1)@k -2+ 1) (2’

; (2k — 1)3(—64)k N (—%4)%
and hence
< (2k(2k — 1)k — 1) +4k— 1) ()
kzzo (2k — 1)3(—64)F = dim i

Combining this with (1.1) we immediately get (1.2).
In view of (2.7) with m = —6403203, we have
" (10939058860032072k° — 36k — 2k + 1) (3%) (%) (1)

z; (2k — 1)(6k — 1)(—640320)3*

=i (o) () (Gn)

>, (10939058860032072k — 36k2 — 2k + 1) (2%) (3F) (S

kZ:O (2k — 1)(6k — 1)(—640320)3F

In 1987, D. V. Chudnovsky and G. V. Chudnovsky [8] got the formula
i 545140134k + 13591409 (2k\ [ 3k (6k) 3 x 533602
P (—640320)3k kE)\k)\3k) 2710005

which enabled them to hold the world record for the calculation of = during 1989—
1994. Note that

10939058860032072k> — 36k> — 2k + 1
=1672209(2k — 1)(6k — 1)(545140134k + 13591409)
+ 426880(16444841148k2 — 1709536232k — 53241371)

and hence

>=O.

and hence
. 16444841148k — 1709536232k — 53241371) (%) (°F) (57)

; (2k — 1)(6k — 1)(—640320)3"

1672209 _ 3 x 533602 V10005
—~ x = —1672209 :
426880 "~ 271/10005 m
This proves (1.71).
By (2.8) with m = —6403203, we have
z": (10939058860032072k% + 10939058860031964k% — 2k + 1) (%) (3F) (5F)
(k+1)(2k — 1)(6k — 1)(—640320)3*

k=0
T (nt 1)6(71343320)371 (27? > <3: ) <§Z)
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and hence
3 (10939058860032072k% + 10939058860031964%2 — 2k + 1) (3F) (°F) (3¢
—~ (k+1)(2k — 1)(6k — 1)(—640320)3*

Note that

2802461 (10939058860032072k> + 10939058860031964k2 — 2k + 1)

):O.

=1864188626454(k + 1)(16444841148%2 — 1709536232k — 53241371) + 5P (k).

Therefore, with the help of (1.71) we get

i P(k) (7)) () ()
(k+1)(2k — 1)(6k — 1)(—640320)3F

1864188626454 +/10005 +/10005
- % (—1672209) =18 x 557403% ~———.
5 m 5T
This proves (1.72).
The identities (1.3)—(1.70) can be proved similarly.
Lemma 2.2. Let m and n > 0 be integers. Then
2": mF((m — 64)k3 — 32k? + 16k + 8) mntt
3 = s
o1 (2k + 1)2k3 (%F) (2n +1)2(%")
z": mk((m — 64)k> — 96k — 48k —8)  m"T! B
= (2 +1)33 (%) @n+1)3(m°
z": mF((m — 108)k3 — 54k? + 12k 4+ 6) mntt m
n 2 n a ’
S @Bk D)) @t DB+ D))

> m*((m — 108)k® — (54 + m)k? + 12k + 6)
Gte (k= 1)(2k+1)(3k + DR (2R (3)
mn+1 m2

@+ )En+1) (207 () 144

n

z”: m*((m — 256)k> — 128k> + 16k + 8)
p 2

= @R+ DR ()
anrl

@n+1)(dn+ 1) ()7 (@)

2n

Z mF((m — 256)k® — (128 + m)k? + 16k + 8)

e (= 1)K+ 1)k + 1)E3 (2 (4

mn+1 m2

n(2n+ 1)(4n +1)(27)° (i) 360°

Remark 2.2. This can be easily proved by induction on n.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Proof of Theorem 1.2. We just apply Lemma 2.2 and use the known identities:

> 21k — 8 2 & (4k —1)(—64)F
ST S
kzlkg(k-) k=1 kg(k)

i (3k —1)(=8)* _ o i (3k —1)16F 2

~ k3(2kk)3 = k3 (2k)5 B 2’
>, (15k — 4)(=27)k1 =, (5k —1)(—144 45
Z ( 213(2 Sk) =K 2k ks - 73K’
k=1 k?’( ) (k) k=1 ks( ) (Qk)
k k 2 . k
Z(Hkgk 3)64% 82 Z (10k — 38 % 2(3514:% 28)11 _on?
k=1 kg(k) (k) k= 1k3 k) k=1 kB(k) (Qk)

Here, the first identity was found and proved by D. Zeilberger [52] in 1993. The
second, third and fourth identities were obtained by J. Guillera [17] in 2008. The
fifth identity on K was conjectured by Sun [33] and later confirmed by K. Hessami
Pilehrood and T. Hessami Pilehrood [22] in 2012. The last four identities were also
conjectured by Sun [33], and they were later proved in the paper [18, Theorem 3|
by Guillera and M. Rogers.

Let us illustrate our proofs by proving (1.77)-(1.79) and (1.82)-(1.83) in details.

In view of (2.11) with m = 16, we have

z”: 16%(—48k3 — 32k? + 16k +8) 167+
st (2k +1)2k3 (%) (2n+1)2(°")°

for all n € Z™, and hence

— 16

o~ 16%(6k3 + 4k% — 2k — 1) —~2 x 16"
= (2k+1)263 (%) notee \ (20 +1)2 (%)
Notice that
2(6k3 +4k? — 2k — 1) = (2k + 1)*(3k — 1) — (3k + 1).

So we have
= k+1)16" = (3k —1)16* 2
,Z (3k + )6k3:2X27Z%:471
=1 (2k +1)2k3 (%) - K% 2

and hence (1.77) holds.
By (2.11) with m = —64, we have

z”: (—64)%(—128k3 — 32k + 16k +8)  (—64)"+! "
= (2k -+ 1728 ()’ (2n+17(%)’
for all n € ZT, and hence
N (—64)F (16K5 + 4k — 2k — 1 64
Z(6)(6k+k E=1) gy o 86T

= ke nEee (90 4 1)2 ()
Since 16k3 + 4k? — 2k — 1 = (4k — 1)(2k + 1)? — 2k(4k + 1) and

i (4k — 1)(—64)F _ _16c,

k=1 k? (Qkk)g
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we see that
oo

166 -2y LEEDEEYT

=2k +1)%k2 ()
and hence (1.78) holds. In light of (2.12) with m = —64, we have

i (—64)%(—128k3 — 96k — 48k —8)  (—64)"*+?

— = 3 +64
k=t (2% + 1)k () (@n+1)3(7)
for all n € Z*, and hence
o (—64)F (16K + 12k% + 6k + 1) 8(—64)"

=8+ lim — 2 =8

—~ (2k +1)3k3 (%) e (20 4+ 1)3 (%)

Since 16k3 + 12k% + 6k + 1 = 2k(2k + 1)(4k + 1) + (4k + 1), with the aid of (1.78)
we obtain

0 (4k +1)(—64)" 8 92(4—8C) = 16C — 16
;(2“1)%3(1’“)3 ( ! |

This proves (1.79).
By (2.13) with m = —27, we have

o0

(45k3 + 18k% — 4k — 2)(—27)F
k=1 (2k+1)(3k + 1)k3 (%) (kk)

=9

As
2(45k3 + 18k? — 4k — 2) = (15k — 4)(2k + 1)(3k + 1) — 3k(5k + 1)

and
o0

(15k — 4)(—27)k

= CON (Y
we see that (1.82) follows. By (2.14) with m = —27, we have

i

L, Z F(5K® +OK% —dk —2)  (=27)°
k—1) 2k+ 1)(3k + 1)k3 (2% (3) 144
and hence
o~ (—27)F (45K + 9k? — 4k —2) 27
k; (k —1)(2k + 1) (3K + DE3 () () 16
As

453 4+ 9k* — 4k — 2 = 9(k — 1)k(5k + 1) + (45k 4 5k — 2),
with the aid of (1.82) we get

i (—27)k (45K 4 5k — 2)

=2 ( )(2k +1)(3k + 1)k? (zk)Z(Skk)

27 6(—27) 27

=16~ (6 IK - =0 ) 15 (48K —37)

and hence (1.83) follows.
Other identities in Theorem 1.2 can be proved similarly. O
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For integers n > k > 0, we define

k . .
1 n < n > (21) (Q(k - z))
Snk = T ; . . B (2.17)
" ) ; <2z> 2(k—1)) \ i k—i
For n € N we set
n—1
tni= Y (k - 1)(1)’%”’<sn+k,k. (2.18)
0<k<n
Lemma 2.3. For any n € N, we have
— (1 k n—k
> <k> (=)™ spinp = fa (2.19)
k=0
and
(2n+ Dtpg1 +8ntp = 2n+ 1) fry1 — 4n+ 1) fr, (2.20)
n n 3
where f, denotes the Franel number Y, (k) .
Proof. For n,i, k € N with ¢« < k, we set
_ n\ (=1)k4n=* /n + k\ (2i n+k 2(k —1)
Fonit) = () M | ).
k (") 2i i ) \2(k —1) k—i
By the telescoping method for double summation [7], for
‘ , ? + 21n + 16 , (n +2)? .
k):=F k)+ —————F 1,i,k) — —0——=F 2.,k
F(n,i, k) (n,i,k) + 8(n+1)2 (n+1,4,k) 8(n—+ 1) (n+2,i,k)

with 0 < i < k, we find that
]:(naivk) = (Gl(nvi + 1; k) - Gl(nviak)) + (GQ(n’ia k + 1) - GQ(naiak))a

where
i2(—k +i—1)(=1)kTn=kn12(n + k)p(n, i, k)

Gl b k) = G i — k- 2)(n + k2= 201 — k& 200k — i + 1)1)?
and
Goln i k) = 2(k —i)(=1)k4""*n12(n + k)!q(n, i, k)
T 2n43)(n—k+2)n+k—2i+1D)(n—k+2i+2)6NEk— )2’

with (—=1)!, (=2)!,... regarded as 400, and p(n,i, k) and ¢q(n, i, k) given by
—10n* 4 (i — 10k — 68)n3 + (—24i% + (32k + 31)i + 2k* — 67k — 172)n>
+ (3603 + (—68k — 124)i% + (39k* + 149k + 104)i + 2k> — 8k? — 145k — 192)n
+60i% + (—114k — 140)i* 4 (66k* + 160k + 92)i + 3k> — 19k% — 102k — 80
and

10(i — k)n* + (=204 + (46k + 47)i — 6k* — 47k)n®

+(72k + 156)i%n + (—72k* — 60k — 10)i*n + (18k3 + 4k 4 165k + 85)in
223 — 5k% — 85k)n + (120k + 60)i® + (—120k? + 68k — 4)i?
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respectively. Therefore

n+2 k

> Fnik)
k=0 i=0
n+2 n+2
= Z(Gl (’I’L, k + 17 k) - G1(7’l, 07 k)) + Z(GQ(TL, Z.7 n+ 3) - GQ(”v iv Z))
k=0 i=0
n+2 n+2

=> (0-0)+> (0-0)=0,
k=0 =0

and hence

satisfies the recurrence relation
8(n + 1)%u(n) + (Tn* + 21n + 16)u(n + 1) — (n + 2)%u(n + 2) = 0.

As pointed out by J. Franel [14], the Franel numbers satisfy the same recurrence.
Note also that u(0) = fo = 1 and u(1l) = f; = 2. So we always have u(n) = f,.
This proves (2.19).

The identity (2.20) can be proved similarly. In fact, if we use v(n) denote the
left-hand side or the right-hand side of (2.20), then we have the recurrence

8(n +1)(n + 2)(18n® + 117n? + 249n + 172)v(n)
+ (126n° + 1197n* + 4452n® + 8131n? + 73500 + 2656)v(n + 1)
=(n+3)2(18n% + 63n* + 69n + 22)v(n + 2).

In view of the above, we have completed the proof of Lemma 2.3. O

Lemma 2.4. For any c € Z and n € N, we have

[n/2]
n—=k\ (2(n—k)\ . n ok
n(4,c) = 4n nok- 2.21
Suld, 0 Z(k)(n_k) (2.21)
Proof. For each k =0,...,n, we have
Lk/2] , L(n—k)/2] .
k 21 o n—=~k\ [(2j o
T.(4 Tn, 4 — 4k 27 1 4n k 2]C]
Tl = 2 (o) (1) 2 ("))
[n/2] , .
- Z cr4n_2r Z (k) (n ) k) <27/> (2]> .
~ S \2i 27 i j
ifj=r

Ifi,j € Nand i+ j = r < n/2, then
(1) () () -GG 2 (2 ()
160 | i) R G [¢9] 6
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with the aid of the Chu-Vandermonde identity. Therefore

n/2]
Su(dc) =Y cran2k <2n %) (Z) Sk

n
k=0

[n/2]
_ Z ok gn—2k 2n —2k\ (n—k s
n—k k ’

k=0

This proves (2.21). O

Lemma 2.5. For k€ N and | € ZT, we have

Sk < (2 + 1)4% (k ;L l). (2.22)

Proof. Let n =k + 1. Then

()= 2 (2)(5) = ()0

iti=k iti=k
n\ [n 2n
< 447 = k4 1)4F
<3 ()0) X o= (Gr)ern
s+t=2k iti=k

and

n -1 .

() :(21) _Tr 26tk +1
) () = 2+t
25+ k)
<
(2k + 1) H %
o<j<li
k+1-1
—(2k+1)< 11 )

Hence

) l k+1 k+1

< k < k )
Sppik < (K +1)4 (2k+1)k+l< : ) < (2k+1)4 l( ) >

This proves (2.22). O

To prove Theorem 1.3, we need an auxiliary theorem.

Theorem 2.6. Let a and b be real numbers. For any integer m with |m| > 94, we

have
> Sn y > 2n n
> (an+b) (in m) _ mim > " (2a(m+4)n —8a+b(m + 16)) (%)nf . (2.23)
n=0 n=0

Proof. Let N € N. In view of (2.21),
N N [n/2]

Sp(4,—m) 1 b n_ok (20— 2K\ (n—k
Z mn _nzzom” ];)( m)™4 n—=k k Sk

n=0
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and similarly
N

21\ N-lI

n=0 l
l -1
)+ ()
l -1 -
() e
N—-1
l -1
D () ()
N/2<I<N k=0

where we consider (fl) as 0.
If [ is an integer in the interval (N/2, N], then by Lemma 2.5 we have

N—1 I

Z <k)(1)k4lk51+k,k

k=0

l

AV AV k+1

§Z (k‘>4l ksl_,_k,k § Z (k>4l k(Qk + ].)4kl< I )

k=0 k=0

l
N (1+k

< l _ l
<120+ 1)4") <k> < L ) 121 +1)4' Py(3),

k=0

where P;(z) is the Legendre polynomial of degree I. Thus

‘ Z (Tzll)]f(]i)(—l)kﬁll_kswm

N/2<I<N k=0

< D, @+ <1§>1PZ(3)§ > I+ 1)R(3) <1§>l

N/2<I<N I>N/2

B R (e

and
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l
< ) 22+ <ij> P(3)

N/2<I<N

16\
<2 Y PRI+ 1)R(3) () .
I>N/2 m

Recall that
(3 + 2\/§)l+1/2

2v2V/1m

As |m| > 94, we have |m| > 16(3 + 2v/2) ~ 93.255 and hence

212 21+ 1)P,(3) CS)

=0

P(3) =T,(3,2) ~ as | — +o0.

converges. Thus

l
_ 16\ ) 16
Jlim > U2+ 1)P(3) (m) =0= lim_ S 2l+1)H(3)(m>

I>N/2 I>N/2

and hence by the above we have

oo oo 2\ !
R D (AISIRE

and

i nSn(:L;l—m) = i l:;lz) ZZ: ((,i) + (,i:i)) (—1)*4" sy

n=0 =0 k=0

Therefore, with the aid of (2.19), we obtain

254 m_i

n=0

'Il

(2.24)

and

> W =2 %(fn +tn). (2.25)

n=0 n=0
In view of (2.25) and (2.20),

(m+16)i%[m)

n=0 m
i (n (fn+1tn +16§: 2n) (fn+tn)

f: (TL—|—1 (n+1)(f"+1 +tn+1)+16n( )(fn"’t )

mn

3

fQZ Qn + 1 (fn+1 + tn+1) + 8n(fn +in ))
n=0
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oo (2n
=92 Z % C@en+1)frot1 +4(n—1)fn)
n=0

o; (n + 1)(2n+2

:22 n+1)f”+1 SZ (n—1 2n)f

n=0
[eS) 2n 2n
22 e Z 22 ((m + 4y — 4y
Combining this with (2.24), we immediately obtain the desired (2.23). O

Proof of Theorem 1.3. Let a,b,m € Z with |m| > 6. Since

n ks n 2k n—2k k
AT, (1,m) = Y op ) | 3 AT EA6M) =T, (4, 16m)

k=0

for any n € N, we have 4"S,,(1,m) = S, (4,16m) for all n € N. Thus, in light of
Theorem 2.6,

= Sn(lam)
Z(an—i—b)in
o (—4m)
Z Sn 4, 16m)
( 6m)n
-1 i(2a(4 —16m)n — 8a + (16 — 16m)b)w
16 — 16m (—16m)»
1 [ee) (Qn)fn
2= T) nZ:O(a(élm n +a+ 2b(m ))(716m)n
Therefore
. 7k+3 5 o= 5k + 1
T :52 96+ ( )f"’
k=0 k=0
12k+5 9k +2 [2k
o 12k45 =33 g ( )fk,
= (- 28) —112)k
> 84k;+29 6k +1
T Sk(1, —20) =27
kzzo 80% Z 320F < )f’“’
> 3k+1 1 99k + 17 [ 2k
1,2
/;(—100) Sk(1,25) = 16Z (—400)F (k)fk’
> 228k + 67 90k + 13
;}W k(1,=56) 52 896+ ( >f’“’
>, 399k + 101 15 855k + 109
kzzo (—676)k Sel(1,169) = 16Z (—2704)k ( )f’“’

>, 2604k + 563

102k + 11 (2
Sk(1,—650) =51
£ 2600% Z 10400% ( )f’“
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>, 39468k + 7817 585k 4 58 (2k
> 5k(1,1519) 1352243%)( > .

(—6076)k k
k=0
>\ 41667k + 7879 297 561k + 53
T G(1,-2450) == ) =
£ 9800% (1, )= kZ:O 39200 ( )f’“’

o~ 74613k + 10711 o 23 o= 207621k + 14903 [ 2k
—— o 5k(1,265
kz_:o —5302)k (1,265%) =35 Z (—10602)F < k )fk

It is known (cf. [5, 4]) that

5k+1(k>fk 2 9k+2 <2k>fk ﬁ

k
96 ( 112)k
6k +1(2k 99k + 17 (2k 50
320k < o= Z(—400) (k:)fkﬂ’
=0 k=0
90k+ 13 (2K 16\f Z 855k +109 (2k) . _ 338
k:o 8968 \ k)T — (—=2704)F \k)7F T a0
Z 102k + 11 f 50\F Z 585k + 58 (2k fio 98v/31
10400% B < (—24304)F \ &k 7" T 3w

k=0

i561k+53 2k\ ., 1225V6 Z2076211<:+14903 2k fom 140450
£~ 392006 \ k)7 T 181 (—10602)F k)P T 3r

So we get the identities (1.88)-(1.97) finally.

O

3. New series involving T,(b,c) for 1/m related to types I-VIII. Now we
pose a conjecture related to the series (I1)-(I4) of Sun [34, 40].

Conjecture 3.1. We have the following identities:

>N 50k 4+ 1 (2K [ 2k 8
— Ti(1,16) = — n’
];)(—256)’f<k)<k+1> k(1,16) = 57 )
i (100k2 — 4k — 7) (%) *T0 (1, 16) 24 )
— (2k — 1)2(—256)* T
o 30k +23 (2k\ [ 2k 20 ,
Z —1024)F (k)(k+1)Tk(34’1)?nr’ (12

2 (36k2 — 12k + 1) () Ti (34, 1) 6
Z (2k —1)2(—1024)F T r

110k + 103 (2K 2k 304
—_— T,(194,1) = —
> ( )<k+1> ML D =

(127)

)

(13)

4096%  \ k
k=0
Z (2082 + 28k — 11) () Ty (194, H_ 6 (13"
P (2k — 1)24096+ T’
i238k+263 2k\ [ 2k Ty(62.1) 112v/3 (1)
40968 \k J\k+1)7F50 T Ty

k=0
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(2k — 1)24096F R

k=0

> 6k + 1 /2k\> 2
S— _— = -_— I
k§:0 R <k> Ti(8,—2) 7T\/8+6\/§, (15)

i 2+ 3 (2K (2 \ o o 6V +6v2— 162 (15')
229565 \ k) \k+1) 70 77T 3m 7
oo 2 4
> (4R 426 - 1)(3) T8, -2) 392 (15")
(2k — 1)2256* o Am

k=0
Remark 3.1. For each k € N, we have
2k 2k
1+ X =AM+ A =(k+ A —(kE+ X
(T4 Xo = A1)k + Xo)Cr = (k + O)<k> (k + 1)<k+1>

since (Zkk) = (k+1)C) and (szl) = kC). Thus, for example, [40, (I1)] and (I1")
together imply that

= 26k +5 (2k 16
—_ Ti(1,16) = —

2 (—256)* (k)ck k(1,16) = =,

k=0

and (I5) and (I5') imply that

> 2t (o -n =2 (Vsrova-ava).

For the conjectural identities in Conjecture 3.1, we have conjectures for the cor-
responding p-adic congruences. For example, in contrast with (I2'), we conjecture
that for any prime p > 3 we have the congruences

Bt (2) (s =3 (1 (2) 0(5) ) o

s(3)(3)

Concerning (I5) and (I5”), we conjecture that

and
p—1

2k+1 [(2k
k=0

WS

n—1 2
1 2k
e Y (6k+1 Ty (8, —2)256" 1% ¢ Z*
oln/2]+1p, (21 k:O(G * )<k> (8, ~2)256 ©

and

ezZ"

1 f (1= 2k — 4k2) (**) *T0(8, -2)
2n—2
(n71 ) P (2k — 1)2256F
for each n = 2,3, ..., and that for any prime p = 1 (mod 4) with p = 22 +4y? (z,y €
Z) we have

= (Zkk)QTk(& -2) _ {(—1)-“/2(4;102 —2p) (mod p?) if p=1 (mod 8),

256k (=1)@v=1/28zy (mod p?)  if p=5 (mod 8),

k=0



NEW SERIES FOR POWERS OF = AND RELATED CONGRUENCES

and
P 4h2 42k — 1) () T (8, —2
(2 2k - DE T 2)
Pt (2k — 1)2256F N '
By [40, Theorem 5.1], we have
p—1 (2k)2T 8. _9
k k( ) ) _ 2

k=0

1299

for any prime p = 3 (mod 4). The identities (I5), (I5’) and (I5”) were formulated

by the author on Dec. 9, 2019.

Next we pose a conjecture related to the series (II1)-(II7) and (I110)-(II12) of

Sun [34, 40].

Conjecture 3.2. We have the following identities:
3k+4/( 2k \ [(3k 63v/3
Zﬁ( )( )Tk(18,6>= v,
P 9728 \k+1)\ k 407

o0

Z 91k+107( 2k ><3k)Tk(10,1) _ 275\/3’

 10% k+1)\ k 187
> 195k + 83 / 2k 3k 9423+/3
N T, (198.1) =
kzzo 183k <k+1>(k> b(198,1) = =50~
>, 483k — 419 [ 2k 3k 6550/3
= =7 T 1) =
]; 303k <k+1)<k> k(970,1) T
> 666k 4+ 757 [ 2k 3k 3475v/3
—_ = T 29) =
kzzo 303k <k+1><k) #(730,729) ir
>, 842 4491 2 1251
Z8 757316425 07( k )(3k;)Tk(10271): 5 37%67
p 102 k+1)\ k 20
> 2231k 422 2k k 11
05998223 4;]?60 503( ><3 )Tk(198,1) _ 53350 \/3’
~ 198 k+1)\ k 207
99 + 1/ 2k \ [3k ~16(289v/15 — 645v/3)
kZ:O 243F (k+ 1) (k)T’“(%’mg) B 157 ’
> 4 1/ 2 4 — 1571
Z 5k + k( k )(3k>Tk(70,3645): 345/3 57%‘57
£ (=5400)* \k +1) \ k 67
2252k —1 [ 2k \ (3K 25(1212v/3 — 859/6)
S T} (40, 1458) =
£~ (~13500)" (k + 1) <k) k(40,1458) 247 ’
9k +2 [2k\ (3K 715
= Ty (15, —5) = —=
];)(—675)k<k)<k) k15, =8) = =
> 4 1/ 2 19v/1
Z 5k +3 k 3k To(15,—5) = - 9\/’5’
£ (—675)F \k+1/) \ k 8

3 e (1) (¥ )mos =52

k=0

(111)

(112)

(113)

(1147)

(115

(116")

(17

(I110")

(11117

(1112')

(1113)

(1113%)

(1114)
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Remark 3.2. We also have conjectures on related congruences.

ZHI-WEI SUN

oo

12k + 2 2k k 45v/3
Z 312k + 263 3 T:.(18,-3) = — \f_
Pt (—1944)k \k+1/\ k 27

concerning (IT14), for any prime p > 3 we conjecture that
1

=

and that

p—1 (Qk) (3k)Tk(18, 73)
> (111944)k

k=0

s (o) (X) s 9= ((5) 41) (moasd

(1114

For example,

422 = 2p (mod p?) i (1) = () = (B) =1 & p=a®+2ly

2p — 227 (mod p?) if (1) = (§) = 1, (§) =1 & 2p=2® + 2137,
= (1227 = 2p (mod p*) if (51) = (5) =1, (§) =1 & p=32>+Ty?

2p — 622 (mod p?) if (_?1) =1, (8) =(5) = -1 & 2p = 3% + Ty,

0 (mod p?) if (’Tm) =1,

where z and y are integers. The identities (I1113), (I1113'), (I114) and (1114’) were
found by the author on Dec. 11, 2019.

The following conjecture is related to the series (I111)-(I1110) and (ITT12) of Sun
[34, 40].

Conjecture 3.3. We have the following identities:

i M( 2k ) <4k>Tk(52,1) LS

2k ?
66 k+1)\2k 127
Z 4k +3 [ 2k 4k Tk(110,1)=—@,
= (—962) \k +1) \2k 3
. 8k+9/ 2k 4k 154+/21
ZQ( )( )Tk(%,l): vaL
= 11220 \k+ 1) \2k 1357
>, 3568k + 4027 [ 2k 4k 8691/66
o Ty (257,256) = ———
2 2642 <k: + 1) <2k> k(257,256) = =5

k=0
[eS)

3 144k +1 ( 2k \ [4k T\ (7, 4096) — 7(1745v/42 — 778+/210)
(—1682)F \k + 1) \2k) """ B 1207

Z 3496k + 3709 ( 2k ) <4k> To(322.1) = 182\ﬁ7

k=0

3362 k+1)\2k P
.2 22 2 4k 1113v/210
E 86]“;]69( k >( )Tk(144271)=,
336 kE+1)\2k 207
>, 8426k 2k 4k 703114
5o MR (2 (5 ) metsos ) = T
912 k+1)\2k 207
>, 1608k + 79 [ 2k 4k 67849+/399
—_— - T.(12098,1) = —— %
2 9122 (k + 1) <2k> +(12098,1) 1057

k=0

)

(I111")

(I112")

(1113")

(IT14')

(I115%)

(I116")

(I17")

(1118")

(I119")
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1v/434
)Tk(10402, 1) = %, (II110")

i 134328722k + 134635283 ( 2k ) <4k

2k
P 10416 k+1/)\2k

and

> 39600310408k + 39624469807 [ 2k 4k
392162k k+1)\2k

1334161817

™

>Tk(39202, 1)
(11112")

The following conjecture is related to the series (IV1)-(IV21) of Sun [34, 40].

Conjecture 3.4. We have the following identities:

i (356K + 288k + 7) (%) Tou(7,1) 304 (V1)
S (k)R- D (-4 T B
oo 2
S (1726 + 141k — 1) (37) To(62,1) 80 (Iv2')
& (v Dk (480 o
i (782k% + 771k + 19 (%f)szk 322,1) 90 (IV3)
24T (k+ 1)(2k — 1)(-57602)F w
i (34K° + 45k +5) (%) "Tor (10,1) _ 203 (Iv4')
2T (kT 1)(2k - 1)96%F 3w’
i (106k2 + 193k + 27) (2*) "Tx (38, 1) _10v6 (IV5')
2T (k1) (2k - 1)240% R
0 (214166k2 + 221463k + 7227) () Tar (198, D) 9240v6 (Ive')
2 (k + 1)(2k — 1)392002F T
i (112k2 + 126k + 9) (% ) T2x(18,1) _ 6V1 (IVT")
2T (kT 1)(2k — 1)320%F ™
i (926K + 995k + 55) (%) "o (30,1) 60V (IV8))
2 (k1) (2k — 18967 T
i (1136k2 +2962k+503)( 5) T, (110, 1) _90VT (IVY)
e 1) (2k — 1)24% a
. (548K + 8414k + 901) (3) o (322,1) _ 204v7 (IV10)
= (h+ 1)(2k — 1)4s™ ™
Z (170K + 193k + 1) (3) T54(198,1) _ 6vTd (V1)
= (k + 1)(2k — 1)2800%F ™
> (104386k> + 108613k + 4097) (%) T (102, 1) _2040v/39 (IV12')
2 +1)(2k — 1)10400% T
Z (7880k2 + 8217k + 259) () T2 (1208,1) _ 144V% (IV13)
(k + 1)(2k — 1)46800% I

k=0
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(6152k% + 45391k + 9989) (Qkk)QTgk(1298, 1)  663V3

NE

= 14’
p (k4 1)(2k — 1)56162F T ( )
>, (147178k? + 2018049k + 471431 Ty, (4898, 1 1
+ + )(3) Tar( ) _ —374()@, (IV15')
~ (k 4 1)(2k — 1)204002* T
>, (1979224k% + 5771627k + 991993 Tor(5778,1 10
Z )() T ) _ 73372 Y10, (IV16')
P (k4 1)(2k — 1)288802k m
>, (233656k2 + 239993k + 5827) (%) Ty (5778, 1 19
Z ) )2k 2k ) _ —4080\/;, IV17)
—~ (k4 1)(2k — 1)439280 T
i (5890798Kk2 + 32372979k + 6727511) (¥ ) Ty, (54758,1) 600704\/9*5
—~ (k +1)(2k — 1)2433602% B 97’
(IV18)
2 (148K2 + 272k + 43) (%) * T (10, - 6
p (k4 1)(2k — 1)4608k T
> (3332k2 + 17056k + 3599) (2F) *Toy (238, —14 2
3 ( + +3599) () T ( ) _ Y2 (IV20')
P (k+1)(2k — 1)1161216* w
>, (11511872k2 + 10794676k + 72929) (% ) T5,(9918,-19) 390354ﬁ
~ (k +1)(2k — 1)(—16629048064)* N T
(IV21’)

For the five open conjectural series (VI1), (VI2), (VI3), (VII2) and (VII7) of Sun
[34, 40], we make the following conjecture on related supercongruences.

Conjecture 3.5. Let p be an odd prime and let n € Z7. If (%) =1, then

pn—1 n—1

66k + 17 sy (=2 L6k 417 -
> (21133)F T5,(10,11%) —p( D )Z (21133)k T5(10,11%)
k=0 k=0

divided by (pn)? is a p-adic integer. If p # 5, then

pn—1 n—1
126k + 31 o3 -5 126k + 31 -
y o T(22,217) —p() > Th(22,21%)
— 3k _ 3k
b= (780 b= (780)

divided by (pn)? is a p-adic integer. If (%) =1 but p # 3, then
pn—1 n—1
3990k + 1147 o3 -2 3990k + 1147 o3
———————T%(62,95°)° — p | — —————T%(62,95
2 g HO29) -y (5) 2~ omgr (0295

divided by (pn)? is a p-adic integer. If p= %1 (mod 8) but p # 7, then
pn—1 n—1
24k + 5 (2k 9 P 24k +5 (2k 5
SrTo Ti(4,9)% — (7> SrTo Ti(4,
k; 982k <k> k(4.9 =p (3) > g <k:> k(4,9)

k=0
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divided by (pn)? is a p-adic integer. If (776) =1 but p #7,31, then

pn—1
2800512k + 435257 (2k )
> R ( i >Tk(73, 576)

Z_: 2800512k + 435257 (2K
4342k k

k=0

)Tk(73, 576)*
k=

divided by (pn)? is a p-adic integer.
Now we pose four conjectural series for 1/7 of type VIIIL

Conjecture 3.6. We have

>~ 40k + 13 , 5515
—— T4, 1)T(1,-1)* = VIIT1
k=0
> 1435k + 113 1452V/5
S Mk 7 1m0, 102 = 1492Y0 (VIII2)
3240%
k=0
oo
840k 4 197 , 189V/15
— T (8, )T (5, —5)% = VIII3
z:% (—2430)* k(8 1)Tk(5, 5) or ( )
. 39480k 21
ZMT (14, 1) Ty (11, —-11)2 = 6795[ (VIII4)

_ k
£ (=29700)

Remark 3.3. The author found the identity (VIII1) on Nov. 3,2019. The identities
(VIII2), (VIII3) and (VIII4) were formulated on Nov. 4, 2019.

Below we present some conjectures on congruences related to Conjecture 3.6.

Conjecture 3.7. (i) For eachn € Z", we have

n—1

1

- > (40k + 13)(—1)*50" 1 F T (4, 1) Tk (1, —1)% € ZT, (3.1)
k=0

and this number is odd if and only if n is a power of two (i.e., n € {2%: a € N}).
(ii) Let p # 2,5 be a prime. Then

p—1
40k+13 (L DT (L 1) =

k:o (12 +5 (;) +22 (‘;5» (mod p®). (3.2)

If(%) = (_?5) =1, then

[SSE RS

<Z4Ok+13 (41T (L, -1)° Z40/f+13 T, —1))ezp
k= k=

(3.3)
for alln € Z+
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(iii) Let p # 2,5 be a prime. Then

L T (4, 1)Th(1, —1)2
Z (_50)k

k=0
422 — 2p (mod p?) if p=1,9 (mod 20) & p = 22 + 5y? (z,y € Z), (3.4)
=< 222 — 2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y? (v,y € Z),
0 (mod p?) if (_75) =-1

Remark 3.4. The imaginary quadratic field Q(1/—5) has class number two.

Conjecture 3.8. (i) For any n € Z", we have

n—1

- Z (40k + 27)(—6)""1F T3, (4, 1)Tr(1, —1)% € Z, (3.5)
k 0

and the number is odd if and only if n is a power of two.
(ii) Let p > 3 be a prime. Then

1

St <3 (o () () )

(3.6)
If () =(57) =1, then
1 (P 40k + 27 240k + 27 )
)2 ( kzzo (_g) Ti(4,1) Ty (1, — —pkz_o(_g—)ka(éL, DTx(1,-1) ) €z,
(3.7)

for alln € Z+.
(iii) Let p > 5 be a prime. Then

P\ ox T3 (4, 1) T3 (1, —1)?
(5) =~

k=0

422 —2p (mod p?) if p=1,9 (mod 20) & p = x2 + 5y? (z,y € Z), (3.8)
=< 2p— 222 (mod p?) if p=3,7 (mod 20) & 2p = 22 + 59? (z,y € Z),
0 (mod p?) if (775) =-1.

Remark 3.5. This conjecture can be viewed as the dual of Conjecture 3.7. Note

that the series Y.~ (40k6'§37Tk(4, 1)Tk(1,—1)? diverges.

Conjecture 3.9. (i) For each n € Z", we have

n—1

1
—oT > (1435k + 113)3240" ' F T (7, 1) T3 (10, 10)* € ZT. (3.9)
=0

(ii) Let p > 3 be a prime. Then

© 3240

-5 5
== (2420 (p) + 105 (p) - 1508) (mod p?).

p—1
Z M35k 113 oy 1)
k= (3.10)
p
9
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If p=1,9 (mod 20), then

pn—1 n—1
1435k + 113 ) 1435k 4 113 )
————T(7,1)T%(10,10)" — ————T(7,1)T%(10,10 3.11

divided by (pn)? is a p-adic integer for each n € Z*.
(ili) Let p > 5 be a prime. Then

”iTk?lTk (10, 10)2
< 3240F

422 — 2p (mod p?) ifp=1,4 (mod 15) & p = 2% + 15y? (z,y € Z),
=< 1222 — 2p (mod p?) if p=2,8 (mod 15) & p = 322 + 5y? (v,y € Z),
0 (mod p?) if (_715) =-1
(3.12)
Remark 3.6. The imaginary quadratic field Q(v/—15) has class number two.

Conjecture 3.10. (i) For each n € Z*t, we have

n—1

> (1435k + 1322)50" 7R T(7, 1) T (10, 10)2 € 2+ (3.13)
k=0

(ii) Let p > 5 be a prime. Then

_3
201071

p—1
1435k + 1322
S (7 1T (10, 10)°

k=0 (3.14)

—§CM&<2>+9%<}?>4M)(mmp%.

If p=1,9 (mod 20), then

pn—1 n—1

1435k + 1322 1435k + 1322
S (T, ) T(10,10)2 — p 3 = 222 (7 1yT (10, 10)2
P 50 P 50

(3.15)
divided by (pn)? is a p-adic integer for each n € Z+.
(iii) Let p > 5 be a prime. Then

Eif T3, (7,1)T5 (10, 10)?
50F

422 — 2p (mod p?)  ifp=1,4 (mod 15) & p = 2% + 15y? (z,y € Z),
=1 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 52 (z,y € Z),
0 (mod p?) if (_715) =-1
(3.16)

Remark 3.7. This conjecture can be viewed as the dual of Conjecture 3.9. Note
that the series
ﬁ§i1435k4%1322

SOF Ty (7, 1)T3 (10, 10)?

k=0
diverges.
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Conjecture 3.11. (i) For each n € Z*, we have

n—1
1
— > (840K + 197)(—1)F2430" 1 F T, (8, 1)Tx (5, —5)° € Z7. (3.17)
k=0

(ii) Let p > 3 be a prime. Then

1

p
840k + 197 —15 15
0

=~
I

(3.18)
I (54 = () = 1, then
n—1
840k + 197
z:% (—2430)F

pn—1

840k 4197
D

2130 T:(8,1)Tx(5,—5)* (3.19)

Tk(87 1)Tk(57 _5)2 -
k=0

divided by (pn)? is an p-adic integer for any n € Z7F.
(iii) Let p > 7 be a prime. Then

B Th(8, 1)Th(5, —5)?
(

—2430)F
k=0

da® —2p (mod p?*)  if (51) = (§) = (§) = (§) =1, p =27 + 105",

202 —2p (mod p?) i (1) =(8) =1, (§) = (&) = —1, 2p = &® + 105y?,

1222 = 2p (mod p?) if (1) = () = (§) = (8) = =1, p = 322 + 3542,

622 —2p (mod p?) i (1) = (B) = -1, (§) = () =1, 2p = 3a® + 35¢%,
=192p 202 (mod p?) if (1) = (§) =1, (§) = (8) = —1, p = Ba? + 21y,

2p —102% (mod p?) if (51) =(§) =1, (§) = (§) = -1, 2p = bz’ + 21y,

28z% — 2p (mod p?) if (51) = (§) = -1, (§) = (§) =1, p="Ta" + 157,

1422 = 2p (mod p?) if () = (8) = =1, (§) = (§) = 1, 2p = Ta® + 15y%,

0 (mod p?) if (52) =1,

(3.20)
where x and y are integers.

Remark 3.8. Note that the imaginary quadratic field Q(1/—105) has class number
8.
Conjecture 3.12. (i) For each n € Zt, we have

n—1
1
- 2(3948% +7321)(—1)k29700" 1R T, (14, 1) T (11, —11)2 € ZT,  (3.21)
k=0
and this number is odd if and only if n is a power of two.
(ii) Let p > 5 be a prime. Then

”i 39480k + 7321
22 (—29700)F

=p (5738 <_p5> +170 (;) + 1513) (mod p?).

Ty (14, 1) T3 (11, —11)2
(3.22)
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If (2)=(52) =1, then

pn—1

39480k + 7321 9
E ————— T (14, )T (11, —11
(_29700)k k( ’ ) k( ) )
k=0
n—1
39480k + 7321 9
———— T (14, )T, (11, —11
> e T DT, 11

divided by (pn)? is a p-adic integer for each n € 7.
(iii) Let p > 5 be a prime with p # 11. Then

1307

(3.23)

T (14, 1) T3 (11, —11)?

Py (—29700)%
2% —2p (mod p*)  if (SH) = (§) = (§) = (fp) =1, p= 2> + 1657,
227 —2p (mod p?)  if (5H) = (§) = (§) = (f7) = —1, 2p = 2 + 165y,
1227 — 2p (mod p®) if (1) = (§) = —1, (§) = (f7) = 1, p = 32” + 55y,
627 —2p (mod p*)  if (51) = (5) =1, (§) = (§7) = —1, 2p = 327 + 557,

=4 2p— 202 (mod p?) if (S1) = (&) =1, (§) = () = -1, p="5a2 + 33y?,

2p — 1022 (mod p?) if (’71) = (&) =-1, (5) =(&) =1, 2p=>5a2*+33y?,
442% —2p (mod p?) if (51) = (§) = -1, (§) = (fp) =1, p= 112” + 1547,
222° — 2p (mod p*) if (51) =(§) =1, (§) = (1) = —1, 2p = 112° + 15y,
0 (mod p?) if (52) = 1,

where x and y are integers.

(3.24)

Remark 3.9. Note that the imaginary quadratic field Q(v/—165) has class number

8.

4. Congruences related to Theorem 1.3. Conjectures 4.1-4.14 below provide

congruences related to (1.88)—(1.97).

Conjecture 4.1. (i) For any n € Z™, we have
1 n—1
- > (T +3)Sk(1, —6)24" " F € ZT.
k=0

(ii) Let p > 3 be a prime. Then

p—
7k +3

1. _
24k Sk(a 6)

I
[N
N
ot
/N

|
ST
~——
_l_
N
hSRR=)
~——
N~
—
=
[S)
o,
=
(%]

1
k=0
If p=1 (mod 3), then
L (ST 0 ey (Z2) S g g ez
(pn)? P 24k OFAD b D 24k Pk\H P

for alln € Z+.

(4.3)
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(iii) For any prime p > 3, we have

5 Su(l,—6)
24k
k=0
_ ) (5)42® —2p) (mod p®) if p=1,3 (mod 8) & p=a” +2¢* (x,y € Z),
~ 10 (mod p?) if p=5,7 (mod 8).
(4.4)
Conjecture 4.2. (i) For any n € Z*, we have
n—1
1
- > 12k +5)Sk (1, 7)(—1)*28" R e 7T, (4.5)
k=0
and this number is odd if and only if n is a power of two.
(ii) Let p # 7 be an odd prime. Then
p—1
12k +5 p 9
1 = = d 4.
> RS = (%) (mod p2), (4:6)
and moreover
1 /1245 Py 212k + 5
Sk(1,7) —plz Sk(1,7 / 4.7
ol > o D -2 (3) X T St e an

for alln € Z*.
(iii) For any prime p # 2,7, we have

p—1

— Sk(1,7)
£ (=28)F
d2® —2p (mod p?) i (51 =(§) =(§) =1 & p=2a® +21y%
207 —2p (mod p?) if (SL) = (8) =1, (&) =1 & 2p =27 +21y?, (48)
=q2p—122% (mod p?) if (1) =(5) =—1, (§) =1 & p=32" + 7y’
2p— 622 (mod p?)  if (5H) =1, (§) =(5) = —1 & 2p = 32" + 7",
0 (mod p?) if (1) = —1,

where x and y are integers.

Conjecture 4.3. (i) For any n € Z", we have
n—1
1
=) (84K +29)Sk (1, —20)80" ' F € Z*, (4.9)
™ =0
and this number is odd if and only if n is a power of two.
(ii) Let p be an odd prime with p # 5. Then

pil SZLZT—ZQQSHL —20)=p <2 (2) +27 (?)) (mod p?). (4.10)

k=0
If p=1 (mod 3), then

1 /P 84k 429 PN 2 84k + 29
T 206, (1,-20) —p (2 T 26, (1, -2 7, (4.11
(pn)? ( kz::o sor k1, =20) p(5> kz::o sor k(L 0)> €% (A1)
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for alln € Z+.
(iii) For any prime p # 2,5, we have
Zl Sk(1,—20)
ok
—~ 80
& p =22 + 302,
—1 & p =222 4 1592, (4.12)
—1 & p = 32% + 1092,
—1 & p = 52% + 632,

wis
SN~—"
Il
—
SlS)
N~—
Il
—_

422 — 2p (mod p?)
822 — 2p (mod p?)
=1 2p — 1222 (mod p?)
2022 — 2p (mod p?) if
0 (mod p?)

I
—
~—

Il

== = =
Il
—~

~— — ~—
I
—
wls gk us
~—
I

~—
Il

(ISR RSIISASE N
— TN I Wi

1)
—
Il
|

o — — — ~—
I
T =
—~ o~~~

<
<|

where x and y are integers.

Conjecture 4.4. (i) For any n € Z™, we have

nl

= Z (3k +1)(—1)%100" 15, (1,25) € Z*. (4.13)

(ii) Let p # 5 be an odd prime. Then

1 (& 3k 41 1\ &= 3k+1
_ PN 6 (1,25 p<) ST g, 1,25)@2 414
(pn>2(,§ Croop o129 —p (7 ) 2 Tiggp 129 ) €2, (414

for alln € Z+.
(iii) For any prime p > 3 with p # 11, we have

”i Si(1,25)
_ k
k:O( 100)
42? —2p (mod p?)  if (51) = (B) = () = 1 & p=a? + 332,
22% - 2p (mod p?)  if (1) =1, (§) = (§) = —1 & 2p = 2® + 33y°,
=< 2p—122% (mod p?) if (&) =1, (_71) =(8)=—-1& p=32+11y?%
2p —62% (mod p?) if (§) =1, (_71) = (&) =-1& 2p =322 + 1137,
0 (mod p?) if (_733) =1,
(4.15)
where x and y are integers.
Conjecture 4.5. (i) For any n € Z", we have
n—1
1
- > (228K + 67)5,(1, —56)224" ' F € Z*, (4.16)
k=0

and this number is odd if and only if n is a power of two.
(ii) Let p be an odd prime with p # 7. Then

p—1
228k + 67 _ —7 14 2
;W&C(l, —56) = p (65 (p) +2 <p>) (mod p?). (4.17)

If p=1,3 (mod 8), then

1 /R 208k + 67 P\ 2 228k + 67
> 1,-56) —p (5 ) Y oo Sk(l,— 7, (4.1
(pn)? < 224k Sk(l, =56) p(?) £ 004 Sk(1, 56)) €Zp (4.18)
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for alln € Z+.
(iii) For any prime p # 2,7, we have

”f Si(L, —56)
224k

k=0
422 — 2p (mod p

) FE =@ =B =1&p=at i
8% — 2p (mod p?) if

(
(5) =1, (F)=(})=-1&p=27+21°, (419
=q2p—122% (mod p*) if () =1, (§) = (%) = —1 & p= 327 + 14¢°,
2p — 242 (mod p?) if (§) =1, (3)=(§) = -1 & p= 62>+ Ty,
0 (mod p?) if (52) =1,

where x and y are integers.

Conjecture 4.6. (i) For any n € Z*, we have

n—1
! > (399k + 101)(—1)*676" 175, (1,169) € Z*. (4.20)
n
k=0
ii) Let 13 be an o rime. en
(ii) Let p £ 13 b dd p Th
pn—1 n—1
399k 4 101 -1 399k 4101
——95,(1,169) —p | — —5k(1,1 4.21
X Ty 0109 -»(5) & e 0109 w21

divided by (pn)? is a p-adic integer for any n € Z+.
(iii) For any prime p > 3 with p # 19, we have

”z‘:l Sk(1,169)

(—676)k
k=0
2 2 p=1\ _ (P _ (P _ _ .2 2
4z —2p (mod p)  if () =(§) =({5) =1 & p=2"+5Ty%,
22— 2 (mod p?)  if (=) =1, (2) = (&) = —1 & 2p = 22 + 5747,
=q2p—122% (mod p?) if (§) =1, (5}) = (f5) = —1 & p= 32" +19°,
2p — 62% (mod p?)  if (&) =1, (_71) =(8) =—1& 2p =327 + 19,
0 (mod p?) if (557) = -1,
(4.22)
where x and y are integers.
Conjecture 4.7. (i) For any n € Z™, we have
1 n—1
- > (2604 + 563) Sk (1, —650)2600" ' F € Z*, (4.23)
k=0

and this number is odd if and only if n € {2*: a € N}.
(ii) Let p be an odd prime with p # 5,13. Then

p—1
2604k + 563 -39 26 9
_ 1, — = 11— 2( — d . 4.24
5600% Sk(1, —650) p<56 ( p > + (p)) (mod p?) ( )

(]

n—1

2604k + 563 26 2604k + 563

—— S1(1, —650) — — ——5,(1,—-650 4.25
> e Sk 50) p(p)z_j L g1 —650)  (4.25)
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divided by (pn)? is a p-adic integer for any n € Z*.
(iii) For any odd prime p # 5,13, we have

”i Sk(1, —650)

k
£ 2600

4% —2p (mod p*)  if (2) = (§) = (f5) =1 & p=a® + 787,

822 —2p (mod p?) if (2) =1, (8) = (&) = —1 & p=2a% + 392, (4.20)
=4 2p—122% (mod p?) if (&) =1, (%) =(8) =-1& p =32 +26y?,

2p — 242% (mod p?) if (§) =1, (%) = (&) =—-1 & p =062+ 13y?,

0 (mod p?) if (28) = -1,

where x and y are integers.

Conjecture 4.8. (i) For any n € Z", we have
n—1
- Z (39468k + 7817)(—1)*6076™ 1% S (1,1519) € Z 7, (4.27)
™ =0
and this number is odd if and only if n € {2*: a € N}.
(ii) Let p # 7,31 be an odd prime. Then

pn—1 n—1
39468k + 7817 —31 39468k + 7817
———55(1,1519) —p | — —— 55 (1,1519) (4.28

divided by (pn)? is a p-adic integer for any n € Z*.
(iii) For any prime p > 3 with p # 7,31, we have

”i Si(1,1519)

_ k
£ (~6076)

4z® —2p (mod p*) if (FH) = (§) = () =1 & p=2a? +93y*,
222 —2p (mod p?) i (&)= 17 (_71) =(E)=-1&2p=2a%+93y
=4 2p—122% (mod p?) if (§) = (_71) =(55)=—-1&p=32"+3ly
2p — 622 (mod p?) zf(_?l) = 1, (8) = (&) = -1 & 2p=3z" + 31y°,
0 (mod p?) if (*793) =1,
(4.29)
where x and y are integers.
Conjecture 4.9. (i) For any n € Z", we have
n—1
1
- Z(41667k 4 7879)9800" 17+ S, (1, —2450) € Z*. (4.30)
k=0

(i) Let p # 5,7 be an odd prime. Then

p—1
41667k -+ 7879 » —6 2 )
ST 8 (1 —o450) = 2 (15741 ( Z2) 417 ( 2 dp?). (4.31
kzzo 9800% (L ) 2( <p)+ (p»(m()p)( )

If p=1 (mod 3), then

pn—1 n—1

41667k + 7879 X 41667k + 7879
— 25, (1,—2450) R LT G(1, —2450) (4.32
kz:% 9800F (L, ( >kz_% 9800* (1, ) (432)
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divided by (pn)? is a p-adic integer for any n € Z*.
(iii) For any prime p > 7 with p # 17, we have

pi (1, —2450)
T o’00F
= 9800
da? —2p (mod p?)  if (2) = (§) = (fz) =1 & p=2? +102°,
822 — 2p (mod p?) if (&) =1, (2)=(4) =—1 & p =227 + 513>, (4.33)
=< 2p—122% (mod p?) if (§) =1, (%) = (&) =—-1 & p=3z* + 3432,
2p — 2422 (mod p?) if (%) =1, (5) =(&)=—-1& p=62>+17y°,
0 (mod p?) if (2) = —1,
where © and y are integers.
Conjecture 4.10. (i) For any n € Z*, we have
n—1
1
- > (74613 + 10711)(—1)¥530°* 1R 5, (1,265%) € Z7. (4.34)
k=0

(ii) Let p # 5,53 be an odd prime. Then

pn—1 n—1

74613k + 10711 o -1 74613k + 10711 o

—S 1,265%) — — ————— 5%(1,265 4.35

S (1,209 p( ); et 51,20 (439

divided by (pn)? is a p-adic integer for any n € Z+.
(iii) For any prime p > 5 with p # 59, we have

”i Si(1,2652)
247 (~5302)F

422 — 2p (mod p?)  if =22 + 17792,

§=(%)=1&p

(
202 —2p (mod p?) if (5H) =1, (§) = (&) = —1 & 2p=a® + 177y,
=4 2p— 1222 (mod p?) if (&)= 17 (55) = (§) = =1 & p= 32> + 5997,
2p — 62% (mod p?)  if (§) = (_71) = (&) = —1 & 2p = 32% 4+ 5997,
0 (mod p?) if (_;77) = -1,
(4.36)

where x and y are integers.

Conjecture 4.11. For any odd prime p,

p—1 S
Z (,:)k

k=0

42? — 2p (mod p?)
=< 4zy (mod p?)

if12|p—1&p=22+y? (z,y € Z & 3} ),
f12]p-5&p=a®+y® (x,ycZ & 3|z —y),

0 (mod p?) if p=3 (mod 4).
(4.37)
Also, for any prime p =1 (mod 4) we have
p—1
S (4.38)

Z(Sk +5) (_I)k = 4p (mod p?).
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Conjecture 4.12. (i) For any n € Z*, we have

n—1
1
- > 4k +3)4" 1S (1,-1) € 2,

and this number is odd if and only if n is a power of two.
(ii) For any odd prime p and positive integer n, we have

1 pet 4k + 3 Ak 43

)2 ( > — (1, =) -y — Sk (L, _1)> €7,
k=0 k=0

(iii) Let p be an odd prime. Then

p—1

Sk(la _1)
> T
k=0

42 —2p (mod p?) if p=1,9 (mod 20) & p = 22 + 5y? (z,y € Z),

222 — 2p (mod p?) if p=3,7 (mod 20) & 2p = 22 + 5y? (x,y € Z),

0 (mod p?) if (7?5) =—1.
Conjecture 4.13. (i) For any n € Z*, we have

n—1

% > (33K 4 25)S)(1,—6)(—6)" "' F € Z,
k=0

and this number is odd if and only if n is a power of two.
(ii) Let p > 3 be a prime. Then

pf S?Ek;)k%&(l, —6)=p (35 - 10 (2)) (mod p?).

k=0
If p=+1 (mod 12), then

1

1 /P22 33k 4 25 ¢ e 33k: + 25
—p , —6)) €Z
O S ERUEDY :

for allmn € Z+.
(iii) For any prime p > 3, we have

P
P (mod p?) if p=2 (mod 3).

Conjecture 4.14. (i) For any n € Z*, we have

Z (18k +13)S5(2,9)8" 17k,
k=0

(i) Let p be an odd prime. Then

pf B 2.9)=p (1 +12 (g)) (mod p?).

|k
k=0

RS, —6 (=1)(422 — 2p) (mod p?) if p=2® + 342 (z,y € Z),
2 "o = o

1313

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
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If p=1 (mod 3), then

1 (RS 18k + 13 2 18k + 13
= k=0
for alln € Z+.
(iii) For any prime p > 3, we have
p—1 p—1
Sk(1,-2) Sk
=T
k=0
42? — 2p (mod p?) if p=1,7 (mod 24) & p = 22 + 63> (4.49)
= 822 —2p (mod p?) if p=5,11 (mod 24) & p = 222 + 392,
0 (mod p?) if (50) = -1,

where x and y are integers.
Conjecture 4.15. Let p be an odd prime with p # 5. Then

=l g (3.1) 42% — 2p (mod p?) if p=1,9 (mod 20) & p = 22 + 5y?,
Z k9 1) 222 — 2p (mod p2) if p=3,7 (mod 20) & 9 = 22 + 592,

4k
k=0 0 (mod p?) if p=11,13,17,19 (mod 20),
(4.50)
where x and y are integers. If (_75) =1, then
p—1
40k + 29
Z Tsk(& 1) = 18p (mod p?).

k=0
Remark 4.1. We also have some similar conjectures involving

R Sk(5,4) %2 S(4,—5) % Su(7,6
z e S

=0
p—1

Sk(14,9) 22 55,(19,9)

k0 E k
P 32 P 72 = 36

modulo p?, where p is a prime greater than 3.
Motivated by Theorem 2.6, we pose the following general conjecture.

Conjecture 4.16. For any odd prime p and integer m £ 0 (mod p), we have

- = e (mod p?). (4.51)
k=0 k=0
and
m 416 5= kSu(4,—m) k= 2t) s m
O '“(mk ) _ > ((m+ 1)k —4) (frfk b= (p) (mod p?). (4.52)
k=0 k=0

Remark 4.2. We have checked this conjecture via Mathematica. In view of the
proof of Theorem 2.6, both (4.51) and (4.52) hold modulo p.
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5. Series for 1/m involving T, (b,¢) and Z, =3, _ (}) (2}5) (2(5__,?)). The num-
bers

Ty = é‘) <Z> <2:) (2(:_:)> (n=0,1,2,...)

were first introduced by D. Zagier in his paper [51] the preprint of which was released
in 2002. Thus we name such numbers as Zagier numbers. As pointed out by the
author [41, Remark 4.3], for any n € N the number 2" Z,, coincides with the so-called
CLF (Catalan-Larcombe-French) number

e S G0 -

k=1 k=0 k

Let p be an odd prime. For any £ =0,...,p — 1, we have
-1
PL = <p> 128k77p,1,k (mod p)

by F. Jarvis and H.A. Verrill [24, Corollary 2.2], and hence

P -1 _1- —1
T = 27’; = (p) 647 (2P~ 1"F 7, p) = (p) 327, 1 1 (mod p).
Combining this with Remark 1.3(ii), we see that
p—1 2\ P—1 k
Zi. Ty (b, ¢ 4c—b
Z b ’I”I]iLEC ) ( > Z ( )> Zp—l—kTp—l—k’(b7 C)
k=0 =0

(mod p)

_ (4c—b2> . ZuTi(b, )
p (32(b2 — 4c)/m)k

i

for any b, c,m € Z with p{ (b? — 4c)m.
J. Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the Zagier numbers:

N 24— VB (4-v6\" _6
§(15k+42\/e§)zkpk< G ) ( 10\/?,)) f;(7+3\/6).

Via our congruence approach (including Conjecture 1.4), we find 24 rational series
for 1/m involving T, (b,c) and the Zagier numbers. Theorem 1 of [49] might be
helpful to solve some of them.

Conjecture 5.1. We have the following identities for 1/m.

5k 41 8(2+v5)
Z i Telk=———— (5.1)
k=1
> 20k +5 ., 6\f
Z ~55a)" k(1,16) 2 = — (5.2)
k:O
2 3k+1
Te(1,-2)Z, = =
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=k 8
T.(14,1) 7, = — 5.4
1;019% K14,1) 2 = 37, (5:4)
o0
30k + 11 12
> (&0 Te(14,1) 2k = —, (5.5)
k=0
> 15k + 1 6410
> g0 TE(22 12 = ——, (5.6)
k=0
= Tk +2 2v/21
T3, (26,1) 2, = , 5.7
];J (—672)k k( ) ) k 3 ( )
> 21k + 2 18
Z?; Ti5or [RGB 1) Zk = (5:8)
o0
30k — 7 160
> Tr(62,1) 2 = — (5.9)
k b 9
£~ 640
. 195k + 34 80
k=0
. 195k + 22 2713
> ~Toggc T(106,1)Z = =——, (5.11)
k=0
>\ 42k + 17 33
T (142,1)Z), = ——, 5.12
;) (Ciadoyr H (M2 D2 = o (5:12)
> 2k —1 56
= T.(194,1) 7, = — 5.13
kZ:O 1792k k( ) ) k 37_(_7 ( )
> 1785k + 254 672
k=0
>, 210k + 23 15v/34
> T (202,1) 2, = : (5.15)
k
£~ 40800 T
> 210k — 1 288
T T(254,1)Z), = —, (5.16)
k
£~ 4608 T
= 21k —5 105
T (502,12 = ——, 5.17
kzzo 5600% Lk )2k Vo (5.17)
> 7410k + 1849 2992
k=0
> 1326k + 101 2014
e T (1442,1) 7, = ——— 5.19
22 BTI60F k(1442,1) Z) Ve (5.19)
>, 78k — 131 2600
> —orggr k(2498 1)Z = —, (5.20)
> 62985k + 11363 7659v/10
> Wn(mm, k= ———, (5.21)

k=0
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>, 358530k + 33883 176280
T:.(6082,1)2;, = 5.22
kz:;) 486720F £(6082, 1) Z; T (5-22)
o0
510k — 1523, _ 33320
T T (9602, 1 5.23
Z 78400* Ti( )2 T (5.23)
k=0
>, 570k — 457 1590+/13
e T (10402, 1)2), = —— Y2 5.24
,;) 036008 Lk 1) 2 T (5-24)

Below we present some conjectures on congruences related to (5.1), (5.2), (5.4)

and (5.9).

Conjecture 5.2. (i) For any n € Z™, we have

n—1

> (5k + )T Zg32" . (5.25)
k=0

(ii) Let p be an odd prime with p # 5. Then

S ((3)(3)) s

n

k=0
If p= 41 (mod 5), then
1 (PR sk 1\ KBk +1
(pn)2 ( Z 37Tka -p (p) Z 32kaZk) € Zy (5.27)
k=0 k=0

for alln € Z%.
(ili) For any prime p > 5, we have

1)
p /)= 32k

422 — 2p (mod p?)  ifp=1,4 (mod 15) & p = 22 + 152 (z,y € Z),
=14 1222 — 2p (mod p?) if p=2,8 (mod 15) & p = 322 + 52 (v,y € Z),

0 (mod p?) if (5°) = —1.
(5.28)
Conjecture 5.3. (i) For any n € Z™, we have
- Z F(21k + 5)T1(1,16)2,252" 1% e 7+, (5.29)

(i) Let p > 3 be a prime with p # 7. Then

s (o) () o o

If(z) =1, then

n—1

1 (P 21k +5 20k 45,
w(1,1 .
)2 ( kZ:O C350)F Ti(1,16) Z), — p< ) ;; o)k 6)Zk> €7, (5.31)

for alln € Z+.
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(iii) For any prime p > 3 with p # 7, we have

T (1,16) 2,

YO
P (—252)
_ 422 —2p (mod p?) ifp=1,2,4 (mod 7) & p =22+ Ty? (z,y € Z),
~ 10 (mod p?) if p=3,5,6 (mod 7).

Conjecture 5.4. (i) For any n € Z", we have

n—1
> kT(14,1)Z, 192",
k=0

(ii) Let p > 3 be a prime. Then

If p=1,3 (mod 8), then

! pnz_:l i Te(14,1)Z; — -1 f k Tp(14,1) ) € Z
2 pd 192k k b k p p 192k k I 4

(pn)

for alln € Z+.
(iii) For any prime p > 3, we have

3 Smm,nzk
p 192F
k=0
_ 42 —2p (mod p?) ifp=1,3 (mod 8) & p = 22 + 2? (z,y € Z),
~ 10 (mod p?) if p=5,7 (mod 8).

Conjecture 5.5. (i) For any n € Z*, we have

Z (30k — 7)T3(62,1) Z,640"1F
k=

(ii) Let p be an odd prime with p # 5. Then

ST 112 (2(2) <0 (1)) (o ),

If(_TK’) =1, then

1 /P 30k —7 1\ 30k -7
T4(62.1)Zs —p [ — 2 L 62.1)2, ) € Z
2 ( ];) 640F k(6 ) ) k p( p ) Z 640k k(6 ) ) k> € 'p

(pn)

for alln € Z+.

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)
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(iii) For any prime p > 5, we have

~1 ]’Z‘:l T1(62,1) Zk
640F

p k=0

42?2 = 2p (mod p?) if (2) = (§) = (§) =1 & p =2 + 30y?,

8z% — 2p (mod p?)  if (%) =1, (§) =(5) = -1 & p=2z* + 1532, (5.40)
=< 2p—122% (mod p?) if (§) =1, (%) = (&) =—1& p =3z +10y°,

202% — 2p (mod p?) if (§) =1, (3) = (§) = -1 & p= 52> + 6>,

0 (mod p?) if (%) = -1,

where x and y are integers.

6. Series for 1/7 involving Tj(b,c¢) and the Franel numbers. Sun [36, 37]
obtained some supercongruences involving the Franel numbers f, = >, _, (2)3 (n€
N). M. Rogers and A. Straub [30] confirmed the 520-series for 1/7 involving Franel
polynomials conjectured by Sun [34].

Let p be an odd prime. By [24, Lemma 2.6], we have f;, = (—=8)* f,—1_x (mod p)
for each k =0,...,p — 1. Combining this with Remark 1.3(ii), we see that

(b2 - 4C> = (_8(172_40))k fo—1-kTp—1-k(b, )

m
p k=0

—1
= fiTi(b,c)
0 mk

k=

(]

(b2 - 4c) 1 AT o)
P (8(4c —b%)/m

(]

" (mod p)

k=0

for any b,c,m € Z with p1{ (b* — 4¢c)m.
Wan and Zudilin [49] deduced the following irrational series for 1/7 involving the

Legendre polynomials and the Franel numbers:

k
1+v3)\ (2—-V3\  27+11V3
V6 2V/6 V2m

Via our congruence approach (including Conjecture 1.4), we find 12 rational series

for 1/7 involving T,,(b,c¢) and the Franel numbers; Theorem 1 of [49] might be
helpful to solve some of them.

i(lSk +7—2V3) fr. Py (

k=0

Conjecture 6.1. We have

go %fﬂk(& —2) = 43—‘7/?, (6.1)
i wfkﬂ(& -2) = %ﬁ, (6.2)
k=0
;i %ﬁfﬂ-(& 1) = %{g (6.3)

i %fﬂk(ﬂ, 1) = 48:’f, (6.4)

k=0
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165k + 46
Z Wfka(lg4 1) =

> 42k L2k +5 5

990k + 31
Z i M

k
P 11200

i 585k + 172
~ (~13552)

90k + 11
Z ToTRear feTe(2114,1) =
0

i 94185k + 17014

_ k
£ (~105984)

>, 5355k + 1381

k=0

210k + 23

k=0

fxTr(898,1) =

T (1454, 1) =

FiTi(2302,1) =

112¢/5
3r

374+/2
157

680+/7
71— 9

1107
7T b)

92/15
T’

85201/23
’]T b

968ﬁ
71_ b

2912\/ 231

C 2971

We now present a conjecture on congruence related to (6.3).

Conjecture 6.2. (i) For any n € Z™, we have

n—1

1
- > (105k + 17)480" K £,T5(8,1) € ZT.

k=0
(ii) Let p > 5 be a prime. Then

k=0
If(?) =1, then
n—1

480F 480%

2
(pn) k=0 k=0

for alln € Z+.
(iii) For any prime p > 5, we have

frTw(8,1)
(= )z

1 /P22 105k + 17 105k + 17
( S s ) —p Y et T

p—1
105k + 17 -5
> —mor kS 1) = g (161 (p) — 8) (mod p?).

fka(87 1)) € ZP

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

422 — 2p (mod p?)  ifp=1,4 (mod 15) & p = 22 + 1592 (z,y € Z),
=1 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 5> (v,y € Z),

0 (mod p?) if (’Tw) =—1.

(6.16)

Remark 6.1. This conjecture was formulated by the author on Oct. 25, 2019.
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Conjecture 6.3. For any n € Z1, we have
1 n—1
(=1)" 17k (105k + 88) £ Tk (8,1) € Z7. (6.17)

in
k=0

(ii) Let p be an odd prime. Then

= 8 -3 15

> (—1)F(105k + 88) £ Ti(8,1) = 3 <23 () +10 ()) (mod p?). (6.18)
p P

k=0

If(%) =1, then

pi (—1)F (105K + 88) fi Tk (8, 1) — p (g) Ti(—1)k(105k +88)fiTh(8,1)  (6.19)
k=0 k=0

divided by (pn)? is a p-adic integer for any n € Z+.
(iii) Let p > 5 be a prime. Then

p—1

Z F feTh(8,1)

422 — 2p (mod p?)  ifp=1,4 (mod 15) & p = 2% + 15y? (z,y € Z),
=1 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 52 (z,y € Z),

0 (mod p?) if (_715) =—1.
(6.20)
Remark 6.2. This conjecture is the dual of Conjecture 6.2.
The following conjecture is related to the identity (6.8).
Conjecture 6.4. (i) For any n € Z™, we have
2i i F(585k 4 172)13552" 1% £, T, (1454, 1) € Z7T. (6.21)
k=0

(ii) Let p > 2 be a prime with p # 7,11. Then

p—1
85k 172 7 273
L 7. (1454,1) = » (1580 <p> 4312 < : >) (mod p?).

(—13552)%
k=0
. (6.22)
If(’T‘”) =1, then
pn—1 n—1
585k + 172 p 585k + 172
S T T (1454,1) — p (= S T T (1454, 1 6.23
kZ:O (—13552)* JiTi(1454, 1) p<7)k§ (—13552)* STl ) (623

divided by (pn)? is a p-adic integer for any n € Z+.
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(iii) Let p > 3 be a prime with p # 7,11,13. Then

Z £.T1(1454,1)

— 13552

4a? —2p (mod p?) if (51) = (§) = (§) = (§) =1, p = a? + 273y,

227 —2p (mod p?)  if (51) =(5) =1, (§) = (f3) = —1, 2p = 2° + 273y,

2p —122% (mod p?) if (5H) = (5) = —1, (§) = (f3) = 1, p = 32" + 91y,

2p —62? (mod p?)  if (51) =(§) = (§) = (f3) = -1, 2p =32 + 91y,
=q282% —2p (mod p?) if (51) = ({5) = -1, (§) = (§) =1, p="Ta" +39y°

14a? = 2p (mod p?) if (51) = (§) = =1, (8) = () =1, 2p = Ta? + 30y

522% — 2p (mod p?) if (51) =(§) =1, (§) = (3) = —1, p = 132” + 21y,

262° — 2p (mod p*) if (5H) = (f5) =1, (§) = (§) = —1, 2p = 132° + 21y,

0 (mod p?) if (F28) = -1,

(6.24)

where x and y are integers.

Remark 6.3. Note that the imaginary quadratic field Q(v/—273) has class number
8.

The following conjecture is related to the identity (6.10).

Conjecture 6.5. (i) For any n € Z™, we have

|
—

n
(—1)%(94185k 4 17014)105984" =% £, T,.(2302,1) € Z*. (6.25)
0

1
2n

»
Il

(ii) Let p > 3 be a prime with p # 23. Then

1

= 94185k + 17014

(—105984)*

-2
(22659 + 249565 (pg» (mod p?).

£ Tr(2302,1)
(6.26)

sl 11

If (35) = 1, then

P2l 94185k + 17014 94185k + 17014
J21oor + 17014 —p Z J31ook T 17014

(—105984)F fiT(2302,1) ~105984)F feTx(2302,1) (6.27)

k=0

divided by (pn)? is a p-adic integer for any n € Z+.
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(iii) Let p > 3 be a prime with p # 23. Then

pi f(ka(2302, 1)

£ (~105984)F

4z® —2p (mod p®) if (FH) = (§) = (§) = (F) =1, p=2”+ 34597,

227 —2p (mod p?)  if (51) =(g5) =1, (§) = (§) = =1, 2p = 2 + 345y,

120 — 2p (mod p?) if (F1) = (§) = —1, (§) = (&) =1, p= 32" + 115°,

622 — 2p (mod p?) if (_71) = (g) = -1, (g) = (%) =1, 2p =322 + 11592,
=1{2p—202% (mod p?) if (1) =(8) =1, (§) = (&) = —1, p =52 + 69>,

2p — 102 (mod p?) if (FH) =(§) =1, (8) = () = -1, 2p = 52% + 69y?,

2p — 6022 (mod p*) i (5H) = (§) = (§) = (35) = —1, p = 152° + 23y,

2p — 3022 (mod p?) Zf(% =(3)=-1, 5 =% =1 2p= 1522 4 23y2,

0 (mod p?) if (2345) = 1,

where x and y are integers.

(6.28)

Remark 6.4. Note that the imaginary quadratic field Q(v/—345) has class number

8.
The following conjecture is related to the identity (6.12).

Conjecture 6.6. (i) For any n € Z*, we have

n—1

1
- > (210K + 23)475904" 1K £ T3, (16898,1) € ZT.

k=0
(ii) Let p be an odd prime with p # 11,13. Then

P71 910k + 23

p —231 66 )
= (40621 [ =) — 11020 ( — d p?).
128 ( ( P ) (p)> (mod 77)

pn—1

210k + 23
Z itahd il

Tao0ar JET(16898,1)

n—1
66 210k 423
— — ———— 1% (16898, 1
P(p)I;J 175004F TeTi( 1)

divided by (pn)? is a p-adic integer for any n € Z+.

(6.29)

(6.30)

(6.31)
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iii) Let p > 3 be a prime with p # 7,11,13. Then
1

”Z feT5 (16898, 1)
— A75904F

122 —2p (mod 1) if (2) = (§) = (8) = (§) = 1 & p — a® + 462y,
82% —2p (mod p?)  if (3)=(4) =1, (§) = (ff) = —1 & p=227 + 2317,
2p — 1222 (mod p?) if(%) =(&)=-1, () =(&)=1 & p=32"+154y°,
2 — 242 (mod 1) if (2) = (B) = () = (§) = —1 & p= 62 + 7742,
= 282% — 2p (mod p?) zf(%) =(5) =1 (&) =(H)=—-1&p="72 466y,
4422 — 2p (mod p?) zf(%) =(8)=-1, (&) =(&)=1 & p=112% + 42y,
5622 — 2p (mod p?) zf(%) = (&) =1, (§) = (&) = -1 & p= 1427 4 33y?,
2p — 8422 (mod p?) zf(%) =(H)=-1, (5) =(8) =1 & p=212% 22y,
0 (mod p?) if (52) = —1,

(6.32)

where © and y are integers.

Remark 6.5. Note that the imaginary quadratic field Q(1/—462) has class number
8.

The identities (6.5), (6.6), (6.7), (6.9), (6.11) are related to the quadratic fields
Q(v-165), Q(v-210), Q(v-210), Q(v-330), Q(v-357)

(with class number 8) respectively. We also have conjectures on related congruences
similar to Conjectures 6.4, 6.5 and 6.6.

7. Series for 1/m involving T,,(b,c) and g, = > _, (Z)Q(Qkk). For n € N let

=2 () (1)

It is known that g, = > _, (3) fx for all n € N. See [43, 20, 26] for some congruences
on polynomials related to these numbers.
Let p > 3 be a prime. For any £k =0,...,p — 1, we have

-3
gk = (p) 9% gp—1-1 (mod p)
by [24, Lemma 2.7(ii)]. Combining this with Remark 1.3(ii), we see that

g”ﬁf”) <3(b2p - 4c>> T (9(me4) >’“gp_1_kTp_1_k o

k=0
3(4c— %)\ o~ grTh(b,c) .
(™ ),§<9<b24c)/m>k( 1)

for any b,c,m € Z with p{ (b® — 4c)m.
Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the sequence (gy)n>o:

o k
2(22k+73\/§)gkpk< 14\/3?:15> ( 2‘/933> = %(9+4\/§).
k=0
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Using our congruence approach (including Conjecture 1.4), we find 12 rational series
for 1/ involving T, (b, ¢) and g,; Theorem 1 of [49] might be helpful to solve some

of them.

Conjecture 7.1. We have the following identities.

8k+3 93
a1
;ﬂ sy =8 =
o0
4k +1 33
T5(31,-32) = —
kZ:O (—1089)F 7* k( )= Ton”
Tk —1 30v3
ngka(5271)= pant
k=0
>, 20k + 3 63v/3
gwngk(65764)_87ﬂ_a
> 280k + 93 204/33
Z gsoyr e Te(IT8 1) = ==,
k=0
176k + 15 25v/42
— g T1(502,1
12600k7 9k k( ) T )

>

13068*
k=0
>, 12880k + 1353 44103
ngTk(2l587 1) = 5
k=0
i 299k + 59 Ty(2252.1) 735v/115
(—101430)F 9+ * T 6ar
385k + 118 2415+/17
e T (4048, 1
Z (“amp0)k e (4048, 1) = —2r—,
385k — 114 15939+/3
T,.(10582,1) = ———*<
z:: “T1a0gaF O T(10582,1) 167
. 16016k + 1273 141753
giT(17498,1) = ——* -
kzzo stogo0r O Tk(17498,1) o

Now we present a conjecture on congruences related to (7.6).

Conjecture 7.2. (i) For any n € Z*, we have

Z (176k + 15)12600" 1% ¢, T3, (502, 1) € Z+,
k=

and this number is odd 2f and only if n € {2*: a € N}.
(ii) Let p > 7 be a prime. Then

1
3n

k=0

p—1
176k + 15 —42 21 )
ST 0 T (502, 1 p(26 ()11 ()> mod p?).
> 12600% Tk ) p p ( )

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)
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If p=1,3 (mod 8), then

pn—1

n—1
3 176k + 15 21 176k + 15
ngTk(5027 1) - D < ) > Z ngTk(502, 1) (715)
k=0 k=0

divided by (pn)? is a p-adic integer for any n € Z+.
(iii) Let p > 7 be a prime. Then

pz‘i grT3(502,1)
T12600F

2% —2p (mod p*)  if () =(§) = (§) = (§) =1 & p=2® + 21097,
2p —8z° (mod p?)  if ()= (5) =1, (§) = (§) = -1 & p= 22" + 105",
2p —122% (mod p?) i (F2)=(§) =1, (§) =(§) = —1 & p= 32" + 7047,
2p —202° (mod p?) if (37) = (§) = (§) = (§) = —1 & p= 5z’ + 4247,

=1 2422 — 2p (mod p?) zf(%) =(8)=1, (§) = (%) =—-1 & p=62* + 357,
28z% — 2p (mod p?) if (52) =(8) = —1, (§) = (§) =1 & p = 72> + 3047,
4022 — 2p (mod p?) if (_72) =(8)=-1, (§) = (&) =1 & p=102% + 2197,
562% —2p (mod p?) if (52) = (§) = ~1, (§) = (§) =1 & p = 14a® + 1597,
0 (mod p?) if (5312) = -1,

(7.16)
where x and y are integers.

Remark 7.1. Note that the imaginary quadratic field Q(v/—210) has class number
8.

The following conjecture is related to the identity (7.8).

Conjecture 7.3. (i) For any n € Z*, we have

n—1

— 5 (12880k + 1353)105840™ 1 * ¢, T), (2158, 1) € ZT, 7.17
n
k=0

and this number is odd if and only if n € {2%: a € N}.
(ii) Let p > 7 be a prime. Then

p—1

12880k + 1353
Z ~lopgaor TR(2158.1)
"= (7.18)
-3 5
=2 (3419 () — 713 ()) (mod p).
P p
If (§) = (%), then
pn—1 n—1
12880k 4 1353 P 12880k + 1353
9xT(2158,1) = p (5 g Tr(2158,1) (7.1
2} —ossaor R TR(21581) P(S)Z Tosgaor I Tk(2158,1) (7.19)

divided by (pn)? is a p-adic integer for any n € Z+.
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(iii) Let p > 11 be a prime. Then

p—1

1327

, p =322+ 110y2,
p = 522 + 66y2,

p = 622 + 5592,

= (&)= -1, p=112% + 302,

p = 1522 + 2232,

> it
da? = 2p (mod p?)  if (51) = (§) = (§) = (f1) = 1, p = 27 + 330°,
2p —8a? (mod p?)  if (5H) =(§) = (§) = (f{) = =1, p = 22° + 165y,
2p =127 (mod p?) if (51) = (H) =1, () =(§) =1
2p —202% (mod p*) i (5H) =(5)=-1, (§) =({1) =1,
=4 242® = 2p (mod p*) if (51) =({p) =1L (§) =(§) =1,
4027 —2p (mod p?) if (51) = (§) =1, (§) = (fp) = —1, p= 102" + 33y°,
442% —2p (mod p?) if (SH) = (8) =1, (§)
6022 — 2p (mod p?) if (51) = (8) =1, (§) = (&) =1,
0 (mod p?) if (=229) = —1,

where x and y are integers.

(7.20)

Remark 7.2. Note that the imaginary quadratic field Q(v/—330) has class number

8.
Now we pose a conjecture related to the identity (7.10).

Conjecture 7.4. (i) For any n € Z™, we have

1=
> > (—1)¥(385k + 118)53550™ ' * g, Ty (4048, 1) € Z.
k=0

(ii) Let p > 7 be a prime with p # 17. Then

|
_

p

385k + 118

(29279 <;7) + 8481 (;)) (mod p?).

~ I

3

DO
jan}

If(%) = (%)7 then

1 /P2 385k 4+ 118 7
— (> T (4048, 1 !
(pn>2<k=0 (—53sp0yr ok TH(A048: 1) = (p>

IIMI

\ 385k + 118
< (~53550)

is a p-adic integer for any n € Z%.
(iii) Let p > 7 be a prime with p # 17. Then

(7.21)

(7.22)

= ngk (4048 1))

(7.23)
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pi 91T (4048, 1
—53550)F

4% = 2p (mod p?) if (31) = (8) = (&) = ({

2p— 222 (mod p?) i (1) =(§) =—1, ()= (%) =1,

120 — 2p (mod p?) if () = (§) = (8) = (&)

2p — 622 (mod p?) i (SH=(5) =1, (5)=({)=-1
={ 2827 —2p (mod p?) if (51 =(H)=-1, (5)=(&) =1,

2p — Ma? (mod p?) i (51)=(8) =1, (§) = () =1,

2p — 6827 (mod p?) if (1) = () =1, (§) = (8) = -1,

342° = 2p (mod p?) if (1) =(8)=-1, () =(f) =1

0 (mod p?) if (=3°1) = -1,

where © and y are integers.

Ly =1, p=a?+357y?,

2p = x2 + 35742,

=—1, p =322+ 1192,

p =Tz + 51y?,

2p = Tz? + 51y2,

p = 1722 + 21y,

2p = 1722 + 2142,

(7.24)

Remark 7.3. Note that the imaginary quadratic field Q(v/—357) has class number

8.
Now we pose a conjecture related to the identity (7.12).

Conjecture 7.5. (i) For any n € Z", we have

n—1

1
— ) (16016 + 1273)510300" ¥ g, T, (17498, 1) € Z7,

n
k=0

and this number is odd if and only if n € {2%:
(ii) Let p > 7 be a prime. Then

a € N}

21 16016k + 1273

510300%

ngk(174987 1)

e
Il

0

Eg (6527 (j) — 2708 (f)) (mod p?).

If(’TM) =1, then

”’f 16016k + 1273
510300F
k=0

()%

divided by (pn)? is a p-adic integer for each n € Z*.

ngk(17498, 1)

16016k + 1273
510300*

M ]

ngk(17498, 1)

~
Il

0

(7.25)

(7.26)

(7.27)
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(iii) Let p > 11 be a prime. Then

”Zl 91T (17498, 1)
" 510300F

122 = 2p (mod p?) i (2) = (B) = (2) = (£) = 1 & p = a2 + 462¢2,
2 —82% (mod p*) i () = (B) = L, (B) = (&) = —1 & p= 22 + 23157,
1222 — 2p (mod p?) if (%) =) =-1, (§) = (&) =1& p =32 + 154y,
2p —24a® (mod p?) if ()= (§)=(5) =({f) = -1 &p=62"+TTy
=q282% —2p (mod p*) if (2)=(§) =1, (§) = (§f) = —1 & p = Tz* + 66y°,
4422 — 2p (mod p?) zf(%) =8)=-1, %) =FH)=1&p= 1122 + 4292,
2p — 5622 (mod p?) if (%) =(H) =1, (§) =(8) = -1 & p=142% 433y,
84x% — 2p (mod p?) if (12—)) =(H)=-1 (5)=(8) =1 & p=212* + 22,
0 (mod p?) if (552) = —1,

(7.28)
where x and y are integers.

Remark 7.4. Note that the imaginary quadratic field Q(v/—462) has class number
8. We believe that 462 is the largest positive squarefree number d for which the
imaginary quadratic field Q(v/—d) can be used to construct a Ramanujan-type series
for 1/m.

The identities (7.5), (7.7), (7.9), (7.11) are related to the imaginary quadratic
fields Q(v/—165), Q(v/—210), Q(v/—345), Q(v/—330) (with class number 8) respec-
tively. We also have conjectures on related congruences similar to Conjectures 7.2,
7.3, 7.4 and 7.5.

To conclude this section, we confirm an open series for 1/7 conjectured by the
author (cf. [34, (3.28)] and [35, Conjecture 7.9]) in 2011.

Theorem 7.1. We have

. 16n+5 /2n 189
n(—20) = ——, 2
2; 3241 <n>g( 0)= 25+ (7.29)
where
n 2
n 2k\ 4
- § 0 ()

k=0

Proof. The Franel numbers of order 4 are given by fi) = Yoro (2)4 (n € N). Note

that . o o )
9 < (; (Z) ) = (?) < ((1+1)*)? =16".

By [11, (8.1)], for || < 1/16 and a,b € Z, we have

SCREE Q) ()

n=0

:O+2@§;(mﬂuﬂwu;fmliam@—x)+0j#%¢

(7.30)
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" < ) (2n - 2k:) &
X
1 1L 9,\2n
(14 22) P k

7

~0 T2 =<)( ) o @4a) ),

putting a = 16, b =5 and x = —1/20 in (7.30) we obtain

. 16n+5 (2n 378 341 )
> 182n <n>g( 20) = 1252( oy I

n=0

Since

Mﬁ MS

As

(20" T 2n

by Cooper [9], we finally get
= 16n+5 [2n 378 5 189
n(—20 = =
ZB 1827 (n )g (=20) = 335 * 2= ~ 25r

This concludes the proof of (7.29). O

8. Series and congruences involving 7,,(b,c) and 8, = > ,_, (2)2(”‘£k) Re-
call that the numbers

Bn :ki:_()(?;)?("zk) (n=0,1,2,...)

are a kind of Apéry numbers. Let p be an odd prime. For any £k = 0,1,...,p — 1,
we have

B = (1) Bp—1- (mod p)
by [24, Lemma 2.7(i)]. Combining this with Remark 1.3(ii), we see that

p—1 p—1 L
BiTy (b, C) _ b2 — 4c M )
];O mk < P ) kz:% ( m ) Bp—1-kTp—1-k(b, c)
_ (P =4\ BT(b,0) -
_< P );((4C—b2)/m)k (mod p)

for any b, c,m € Z with p{ (b — 4¢)m.
Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the numbers 3,,:

o0k 410 svimen, (VLI ) (W) 1vE i1
k=0

45 NoX

Using our congruence approach (including Conjecture 1.4), we find one rational se-
ries for 1 /7 involving T),(b, ¢) and the Apéry numbers j,, (see (8.1) below); Theorem
1 of [49] might be helpful to solve it.
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Conjecture 8.1. (i) We have

= 145k 4+ 9 285
> —sogr A Tr(52,1) = = (8.1)
k=0

Also, for any n € Z™ we have

1 n—1
— ) (145k +9)900" ' F BTy (52, 1) € Z*. (8.2)
k=0

(ii) Let p > 5 be a prime. Then

[S1R 1S

p—1 .
> %ﬁkmm, 1) = <133 (pl) - 88) (mod p?). (8.3)
k=0

If p=1 (mod 4), then

1 /P 145k 49 145k +9
W( > —sogr ATk (52,1) - > —sogr Tk (52, 1)> €Z, (84)
k=0 k=0

for alln € Z+.
(iii) Let p > 5 be a prime. Then

< BeT(52,1)
( ) Z 900F
4z% — 2p (mod p?) ifp=1,4 (mod 15) & p = 2% + 15y? (x,y € Z), (8.5)
=1 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 592 (v,y € Z),
0 (mod p?) if (_715) =-1

Remark 8.1. This conjecture was formulated by the author on Oct. 27, 2019.

Conjecture 8.2. (i) For any n € Z™, we have

|
—

3 (—1)*(15k + 8) B T1(4, 1) € Z, (8.6)
0

1
2n

el
Il

and this number is odd if and only if n € {2%: a € ZT}.
(ii) Let p be a prime. Then

p—1

S (~1)F(I5k + 8)BTi(4, ~1) = %’ (27 (g) +5 (g)) (mod p?). (8.7)

k=0

[f(%) =1 (i.e., p=1,2,4,8 (mod 15)), then

> (DMt + 9T 1) —p (2) S (-DMUsk 4 9ATL22) (85)
k=0 k=0

divided by (pn)? is a p-adic integer for any n € Z+.
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(iii) For any prime p > 5, we have

p—1

> (=1)*BrT(4,-1)

k=0
42?2 — 2p (mod p?)  ifp=1,4 (mod 15) & p = 22 + 152 (z,y € Z), (8:9)
=< 1222 — 2p (mod p?) if p=2,8 (mod 15) & p = 322 + 592 (v,y € Z),
0 (mod p?) if (5°) =—1
Remark 8.2. This conjecture was formulated by the author on Nov. 13, 2019.

Conjecture 8.3. (i) For any n € Z*, we have

n—1
3 — —
7 DLk + D)(-2)" A2, 2) € 27, (8.10)
k=0

and this number is odd if and only if n is a power of two.
(ii) Let p > 3 be a prime. Then

2%k + 1 _p -1 od 07
307( o) BrTr(2,2) = 3 (1+2< >> (mod p?). (8.11)
If p=1 (mod 4), then

pn—1
(prll)2<z 2(/c+)15ka22 pz 2k+k15ka22)> Z, (8.12)
k=0

for alln € Z+.
(iii) For any odd prime p, we have

p—1
BrTk(2,2)
Z k(_kQ)k
k=0 (8.13)
_ 422 — 2p (mod p?) ifp=1 (mod 4) & p = 2% + 49 (x,y € Z),
~ |0 (mod p?) if p=3 (mod 4).

Remark 8.3. This conjecture was formulated by the author on Nov. 13, 2019.

Conjecture 8.4. (i) For any n € Z", we have

n—1

! Z (3k + 2)(—2)" "1 7F 8, T3,(20,2) € Z7, (8.14)

n2l(n+1)/2]

and this number is odd if and only fne{2%: a=0,2,3,4,...}.
(ii) Let p be any odd prime. Then

Z s 2/5ka 20,2) =2p (;) (mod p?). (8.15)
k=
If p= =1 (mod 8), then
pn—1 k k
(mll)z( > ?E JF),?Bka (20,2) Z 3 +k2ﬁka 20, 2)> Z, (8.16)
k=0

for alln € Z+.
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(iii) For any odd prime p, we have
-1
pz: BiTk(20,2)
—2)k
42?2 —2p (mod p?) ifp=1 (mod 4) & p = 2% + 4y? (x,y € Z),
0 (mod p?) if p=3 (mod 4).

Conjecture 8.5. (i) For any n € Z™, we have

n—1

% > (5k+3)4" FBL T (14, -1) € Z.
k=0

ii) Let p > 3 be a prime. Then
(ii) Let p P
p—1
5k + 3 -2 2
k=0

If p=1 (mod 4), then

(pn) p

k=0

for alln € Z+.
(iii) Let p # 2,5 be a prime. Then

pf AuTi(14, -1)
k=0
422 — 2p (mod p?) if (72
={8z% — 2p (mod p?) if (Z2) =
0 (mod p?) if (F20) = —1.

)=1& p=2a?+10y? (z,y € Z),

S oS ot

Conjecture 8.6. (i) For anyn € Z", we have
1 -
3 > (22K 4 15)(—4)" " TF B T3 (46,1) € Z7,

and this number is odd if and only if n is a power of two.
(i) Let p be an odd prime. Then

Z 22(]€7+)155ka(46 1) = (357 — 297 (f’)) (mod p?).
k=0

If(%) =1, then

1 /R 22k + 15 L 22k + 15
(n>2< > Wﬂka (46,1) Z G BT (46, 1)) Z,
p k=0 k=

for alln € Z+.

1 (R 5k +3 2\ 2 5k + 3
> ( > o BeTe(14,-1) = p <) 2 5ka(14,1)> €7Z,

) =—1& p=22%+5y° (z,y € Z),

1333

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)
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(iii) Let p > 3 be a prime. Then

pz_:l BT (46,1)

—4)k
(8.25)
_ Ja® = 2p (mod p?) if ({7) =1 & dp = 22 + 1132 (2,y € Z),
0 (mod p?) if () =
Conjecture 8.7. (i) For any n € Z", we have
1 n—1
=) (190K + 91)(—60)""'~*B,T}.(82,1) € Z7, (8.26)
™ =0
and this number is odd if and only if n is a power of two.
(ii) Let p > 5 be a prime. Then
= 190k +91 ~15
ooy T2 1) = ‘Z (111 +253 ()) (mod p?). (8.27)
k=0 p
If(’;‘r’) =1, then
1 (RS 190k + 91 190k +91
(pn)2< > Wﬁm (82,1) Z o B Tk(82, 1)) Z, (8.28)

k=0

for alln € Z+.
(iii) For any prime p > 7, we have

( )ZBka821

2% —2p (mod p?) if (2) = (B) =1 & 4p = 2? + 35y> (z,y € Z), (8.29)
=4 2p—52® (mod p?) if (&) =(8) =—1 & 4p =52>+Ty? (z,y € Z),
0 (mod p?) if (_735) = -1

9. Series and congruences involving w,, = Z,EZ/OM( 1)kgn—3k (3k> (?}f) (Zkk) and
T, (b, ¢). The numbers

S S A [ R

k=0

were first introduced by Zagier [51] during his study of Apéry-like integer sequences,
who noted the recurrence

(n+ 1) wpy1 = (9n(n + 1) + 3)w, — 27w, 1 (n=1,2,3,...).

Lemma 9.1. Let p > 3 be a prime. Then

-3
wy, = (p) 27]“11)1,,1,;C (mod p) forallk=0,...,p— 1.
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Proof. Note that

. :upi/sJ( —— <p3k )(3:) (2:)

k=0
p—1 (2k\ (3k
Ek:O (k2)7(kk) - (g) (mod p)

with the help of the known congruence Y2_} CH)Y(35) /27 = (2) (mod p?) conjec-
tured by F. Rodriguez-Villegas [28] and proved by E. Mortenson [25]. Similarly,

L(p—2) /3]
_ I 3k (2k
meam 2 0 () ()G
L(p—2) /3]

o kape2osk3k 1 p—1Y (3K (2k
. p—1\3k+1)\k )\ &

Il

—
—_
~—
o
w
hS]
[\v]

|

2n) (3n
=0Bn+1)3n+ 2)%

for all n € N. In particular,

p=l 2k (3k
kzzo(% +2) (k2)7(kk) = Gp _227),,(,3110 — l)pCp_1 (?z)__f) =0 (mod p).

So we have wy, = (_73)27kwp,1,k (mod p) for k = 0,1. (Note that wy = 1 and
wy = 3)
Now let k € {1,...,p — 2} and assume that

-3 _
w; = <p> 2P wp_1—; forallj=0,... k.
Then

(k + 1)?wyi1 = (9% (k + 1) + 3)wy, — 27k wy—y
=09(p—k)(p—k—1)+3) ( p3> 27wy, 1k — 27(p — k)* ( p3) 27% Y, 1k
= (;’) 27" x 27(p — k — 1)*w,_x_o (mod p)
and hence
Wil = <p$> 27" w1 (jq1y (mod p).

In view of the above, we have proved the desired result by induction. O
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For Lemma 9.1 one may also consult [31, Corollary 3.1]. Let p > 3 be a prime.
In view of Lemma 9.1 and Remark 1.3(ii), we have

Z‘i wka b o) _ (—3(b2 —~ 40)) pi (W)kwplkTplk(b’ )

k=0 p k=0
I TU TS A T N )
(55 e e

for any b, c,m € Z with p{ (b*> — 4¢)m.
Wan and Zudilin [49] obtained the following irrational series for 1/7 involving
the Legendre polynomials and the numbers w.,,:

> Vot (7vai—or\" 5y/T(TV2L +27)
kz_o(14k+7—\/ﬁ)wkpk< - )( 5 ) - " .

Using our congruence approach (including Conjecture 1.4), we find five rational
series for 1/ involving T),(b, ¢) and the numbers wy,; Theorem 1 of [49] might be
helpful to solve them.

Conjecture 9.1. We have

13k +3 30v2
ZO kaTk(14v -1) = 0 (9.1)
14k +5 27v/3
> Tog Tk (18,1) (9.2)
k=0
= 19k + 2 813
Z 156F wi T (44, —2) . (9.3)
k=0
> 91k + 32 45v/3
kZ:O e wiTi(52,1) = ——, (9.4)
>, 182k + 37 315v/3
> o wT(110,1) = : (9.5)
= 756 T

Below we present our conjectures on congruences related to the identities (9.2)
and (9.5).
Conjecture 9.2. (i) For any n € Z", we have
1 n—1
- > (14K 4 5)108" P Tk (18,1) € Z7, (9.6)
k=0
and this number is odd if and only if n € {2*: a € N}.
(ii) Let p > 3 be a prime. Then

i 1 (o(3) 7 (2) w0

If (B) =1 (ice., p=1,2,4 (mod 7)), then

1 (RS 14k +5 14k +5
2<Z g weTi(181) - (3)2 e Wi (18, 1)) Z, (9.8)

)
<)
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for alln € Z+.
(iii) For any prime p > 7, we have

(g) pz_:l wiTi(18,1)
3 108
k=0
22 =2 (mod p?) i (B) = (2)=1& dp =22+ 35y (x,ycZ), (99)
=4 527 —2p (mod p?) if () = (&) = —1 & 4p =52* + Ty? (z,y € Z),
2 —35
0 (mod p?) if (=°)=-1
Conjecture 9.3. (i) For any n € Z", we have
n—1
1
=) (182K + 37)756" ' Fw, T3, (110, 1) € Z7, (9.10)
k=0

and this number is odd if and only if n € {2*: a € N}.

(ii) Let p > 3 be a prime with p # 7. Then

p—1
182k + 37 P < (3) (21)) 5
——wiT3(110,1) =~ (265 | — ) — 117 | — mod p~). 9.11
> g wT(110,1) = £ . ) (mod ). (911)

k=0
If (B) =1 (ice., p=1,2,4 (mod 7)), then

1 (R 182k + 37 182k 4 37
(pn)2 ( kzzo 756k Wi k( ) (3> kzzo 756k Wi k:( s )> € Lp
(9.12)

foralln € Z%.
(iii) For any prime p > 3 with p # 7,13, we have

p—1
P wy, Ty, (110, 1)
(5) Z 756k

2y =1& 4p = 22 + 91y? (z,y € Z),

z? — 2p (mOd p2) if (g) = (13
=< 72% = 2p (mod p?) if (&) = (&) =—1 & 4p = Ta® + 13y? (x,y € Z),
0 (mod p?) if (7791) =—1.
(9.13)

Now we give one more conjecture in this section.
Conjecture 9.4. (i) For any integer n > 1, we have
n—1
1 n—1—k +
(ii) Let p > 3 be a prime. Then
p—1

2 Qk + 1wka 10,-2) = (g) + g(zp& -1 (5 (%) 3 <2)> (mod 7).
(9.15)

If p=1 (mod 4), then

1 /R ok 41 2% + 1
(pn)2<Z e wnTe(10,-2) = (3)2 54k w’“T’“(IO’Q)) €Zp (916)
k=0

k=0
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for alln € Z+.
(iii) For any prime p > 3, we have

E

B (9.17)
_ 42?2 — 2p (mod p?) ifd|p—1& p=2a?+4y? (z,y € Z),
~ |0 (mod p?) if p=3 (mod 4).
Remark 9.1. For primes p > 3 with p = 3 (mod 4), in general the congru-
ence (9.16) is not always valid for all n 6 Z*. This does not violate Conjecture

1.2 since limy_s 4 oo |wi Ty (10, —2)|*/F = x /102 — 4(—2) = 54. If the series

>orco 2;;‘,;1 wi Ty (10, —2) converges, its Value times w/\f should be a rational num-
ber.

10. Series for 7 involving 7T;, and related congruences. Let p be an odd prime
and let a,b,c,d, m € Z with m(b*> — 4¢) # 0 (mod p). Then

p—1 (p—1)/2 2
a+ dk 2k a+ dk 2k
p: ( ) Tk (b, c) = E e ( (k)) Ti(b,c)

k=1
(;n 1) /2 2
+ dk 2p
g (— (2(p_k))> T (b, ¢) (mod p)

k=1 p—k
with the aid of [33, Lemma 2.1]. Thus
p—1
a+dk
mk ( > Tk(b, C)
k=1

(p—1)/2
=4p?

a+dk  Tg(b,c)
k2mk (2(p—k))2
p—k

k=1

2 Z (a—i—d(p—k:) ><Tp,k(b,c)

_ 2 —k 2
/2<k<p p = k)rm? (Qkk)
k=1 rp2 _ 4¢ _
- 2;1 k2 (2H) ( p > (6 = 40)P " T 1 (b )
- X (a—dk)Ty_1(byc) [ m \7!
= ( ) kz 2 Qk) (b2 — 4c> (mod p)

in view of Remark 1.3(ii).
Let p > 3 be a prime. By the above, the author’s conjectural congruence (cf.
[35, Conjecture 1.3])

pi(um +4d)(—1)k (2:) 2Tk =p (20 +24 (g) (2 - 3P—1)) (mod p%)

k=0
implies that
L % (105K — 44)Tj,_y
3k 1

=11 (g) (mod p).

k=1
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Motivated by this, we pose the following curious conjecture.
Conjecture 10.1. We have the following identities:

> (105k —44)T_1 5
=1 K2(5) 8R! \/3
> - 29T, 212 —91]
Z (5k )k 1 V3w 9log3 (10.2)
= (kfl)k:Z(Qk) 3k—1 12

Remark 10.1. The two identities were conjectured by the author on Dec. 7, 2019.
One can easily check them numerically via Mathematica as the two series converge
fast.

Now we state our related conjectures on congruences.

Conjecture 10.2. For any prime p > 3, we have

p21§ 05k = 4)Thy _ (%) + 2 (1335 (g)) (mod p?) (10.3)

R 3e 3
and
p—1
2 5k 2 Tk 1 _ 71 B B 22 E ,
g k=2 (k — 1)k? 2’<f) gh—1 2 (3) 8 (7+ (3)> (mod p7). (10.4)

Conjecture 10.3. (i) We have

n—1
! Z(—l)n_l_k(5k +2) (2:) C.Ty, € Z*

n(W) =

for allm € Z7+, and also

p—1

> (~1)F(5k + 2) (2:> CuTy = 2p (1 - (g) (37 — 3)) (mod p?)

k=0
for each prime p > 3.
(ii) For any prime p =1 (mod 3) and n € Z*, we have

Yt (=D)R(5k +2) (F) OkTh — p =g (1) (5k +2) () Cu T
(pn)2 (3) (10.5)

= (%) 32; 3(C1)" T,y (mod p).

Remark 10.2. See also [45, Conjecture 67] for a similar conjecture.

Let p be an odd prime. We conjecture that

le s ( > Ti(3,—4)=p (1 +2 (_pl» (mod p?) (10.6)

k= 0

and
1

: 0 33k + 14 (2k> Ti(8,-2) =p (6 (pl) +8 <Z>> (mod p?). (10.7)
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Though (10.6) implies the congruence

(8k —3)Tp_1(3,—4) / 16\"" 3
Z k2(§k) ( 25) 4 (mod p),

and (10.7) with p > 3 imphes the congruence

—14)T, —2 2
Z 35k 7 18,23 7() (mod p),
k2 Qk 18’“*1 2 \p

we are unable to ﬁnd the exact values of the two converging series

i(Sk—3)Tk_1(3,—4) 16\ - Z (33k — 14) Tk 1(8,-2)
— k2(2kk)2 25 k2 2k 8’“*1 ’
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