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ABSTRACT. In this paper we consider a free boundary problem with nonlocal
diffusion describing information diffusion in online social networks. This model
can be viewed as a nonlocal version of the free boundary problem studied by
Ren et al. (Spreading-vanishing dichotomy in information diffusion in online
social networks with intervention, Discrete Contin. Dyn. Syst. Ser. B, 24
(2019) 1843-1865). We first show that this problem has a unique solution for
all t > 0, and then we show that its longtime behaviour is determined by a
spreading-vanishing dichotomy. We also obtain sharp criteria for spreading
and vanishing, and show that the spreading always happen if the diffusion rate
of any one of the information is small, which is very different from the local
diffusion model.

1. Introduction. Popular social networks play an essential role in our daily lives.
In recent years, many rumors are spreading on social networks such that our lives
are seriously affected. In order to control rumor propagation in social networks, we
should understand the process of information propagation. Hence, some mathemat-
ical models were proposed to characterize and predict the process of information
propagation in online social networks, such as, [26, 27, 17]. In [17], Wang et al.
proposed the following diffusive logistic model:

up = duge +r(H)u(l —u/K), t>1, 1<z <L,
u(l,z) = up(x), I<z<L,
ug(t,1) =0, uy(t, L) =0, t>1,

where r, K and d represent the intrinsic growth rate, the carrying capacity, and
the diffusion rate, respectively. [ and L stand for the upper and lower bounds of
the distances between the source s and other social networks users.

In above system, [ and L are fixed boundary and so information only spreads in
this fixed area. But in reality, the spreading area of information is changing with
time. This can be addressed by considering this over the varying domain. In 2013,
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Lei et al. [7] introduced the free boundary to study single information diffusion in
online social networks,

up = dugy +r()u(l —u/K), t>0, 0<z <h(t),
ugy(¢,0) =0, u(t,h(t)) =0, t>0,

W(t) = —pug(t, h(t)), t>0,

h(0) = ho, u(0,2) = ug(x), 0 <z < hyg.

They presented some sharp criteria for information spreading and vanishing. Fur-
thermore, if the information spreading happens, they gave the asymptotic spreading
speed which is determined by a corresponding elliptic equation.

The deduction of free boundary condition in (1) can be found in [2]. In 2010, this
condition was introduced by Du and Lin [5] to describe the spreading of the invasive
species, and a spreading-vanishing dichotomy was first established. After the work
of [5] for a logistic type local diffusion model, free boundary approaches to local
diffusion problems similar to problem (1) have been studied by many researchers
recently. Among the many further extensions, we only mention the extension to
certain Lotka-Volterra two-species systems [20, 21, 22, 23] and the references therein.

The works of [17] and [7] all discussed the spreading of the single information.
However, in many practical situations, considering multiple information diffusion
process in online social networks is more realistic. In 2013, Peng et al. [14] studied
information diffusion initiated from multiple sources in online social networks by
numerical simulation. But there are many challenging problems in modeling and
analysing multiple information diffusion process. In particular, a simple case was
considered by Ren et al. [15]. They assumed that there are three pieces of informa-
tion A, B and C sent from different sources to compete for influence on online users,
where the official information C is viewed as an intervention from the media or gov-
ernment to control the spread of the ordinary information A and B. For simplicity,
they further assumed that A and B has no influence on C, A and B compete for
influence on each other. Following the approach of [7], they proposed the following
model

(1)

uy = diuge +ular — biu — civ — ryw), t>0, 0<x<hl(t),

vy = dovUgy + V(a2 — bav — cou — row), t>0, 0<z<h(t),

wy = d3Wgy +w(az — baw), t>0, 0<x<h(t),

Uz (£,0) = v, (¢,0) = w,(¢,0) = 0, t >0, @)
u(t, h(t)) =v(t, h(t)) = w(t, h(t)) =0, t>0,

W (t)=—plp1us(t, h(t)) + p2va(t, h(t)) + wa(t, h(t))], >0,

h(0) = ho,

u(0,2) = uo(x), v(0,z) = vo(z), w(0,z) = wo(x), 0 <z < hg,

where u(t, z),v(t, x), w(t, x) represent the density of influenced users of information
A B, C at time ¢ and location z respectively, h(t) is the spreading front of the
news, d; (i = 1,2,3) is the diffusion rates, a; (i = 1,2,3) is the intrinsic growth
rates, 1/b; (i = 1,2,3) is the carrying capacities, ¢; (i = 1,2) and r; (i = 1,2) are
the intervention rates, p stands for the expanding capacity of information. In [15],
they first gave the long time behavior of the information: all information spread;
one ordinary information and official information spread, while the other ordinary
information vanishes; two pieces of ordinary information vanish and official informa-
tion spreads. And then they established the criteria for spreading and vanishing.
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Furthermore, they provided some estimates of asymptotic spreading speed when
spreading happens. Finally, by some numerical simulations, they illustrated the
results and all cases of the asymptotic behavior of the solution.

Note that in (2), the dispersal of the information is assumed to follow the rules
of random diffusion, which is not realistic in general. This kind of dispersal may be
better described by a nonlocal diffusion operator of the form

d/]R J(x — y)u(t,y)dy — du(t, ),

which can capture short-range as well as long-range factors in the dispersal by
choosing the kernel function J properly [1, 10, 11, 12, 13, 16, 24, 25].

Recently, Cao et al. [3] proposed a nonlocal version of the logistic model of [5],
and successfully extended many basic results of [5] to the nonlocal model. Motivated
by the work [3], some related models with nonlocal diffusion and free boundaries
have been considered in several recent works (see, for example, [6, 8, 9, 18, 19]).
In this paper, following the approach of [3], we propose and examine a nonlocal
version of (2), which has the form

h(t)
—d, / Jy( - yult, y)dy — dru
g(t)

+u(ay — byu — v —rw), t>0, gt) <z < h(t),
h(t)
=ds / Ja(z — y)v(t,y)dy — dov
g(t)
+o(ag — bov — cou — row), t>0, g(t) <z < h(t),

R(t)
wy = ds /( : J3(x — y)w(t,y)dy — dsw
g(t

+w(asz — bzw), t>0, g(t) <z <h(t), )
u(t,z) =v(t,z) = w(t,z) =0, tZO,x:g(t)orh(t),(
R(t)  rg(t)
:—,u/ / [p1J1(x — y)u(t, z)
+poJa(z — y)v(t,z) + Js(z — y)w(t, x)|dydz, t >0,

h(t)
/ / (@ — y)ult, o)
g(t)

+p2Ja(x — (t x) + J3(x — y)w(t, z)|dydz, >0,
—9(0) = h(0 )—h07
u(0, z) = up(z),v(0,z) = vo(x), w(0,z) = wo(z), —ho <z < ho,
where d; (i = 1,2,3), a; (i = 1,2,3), b; (i = 1,2,3), & (i = 1,2), r; (i = 1,2),
pi (i =1,2), uand hg are given positive constants. The initial functions ug(z), vo(z)
and wo(z) belong to
%(ho) = {UO S C([*ho,ho]) : UO(:l:ho) =0, up >0in (7h0,h0)},

where [—hg, ho] represents the initial range of the information. Assumed that u, v, w
are identically 0 for z € R\[g(¢), h(t)], and the kernel function J; : R — R (i =
1,2,3) is continuous and nonnegative, and have the properties

(J) J(0) >0, / J(x)dx =1, J is symmetric, sup J < oo.
R R

The main results of this paper are the following theorems:
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Theorem 1.1 (Global existence and uniqueness). Suppose that J;(i = 1,2,3) sat-
isfies (J). Then for any given hg > 0 and uo(x),vo(x), wo(z) belonging to Z (ho),
problem (3) admits a unique solution (u(t,z),v(t,z),w(t,x),g(t), h(t)) defined for
allt > 0.

Theorem 1.2 (Spreading-vanishing dichotomy). Let the conditions of Theorem 1.1
hold and (u,v,w, g, h) be the unique solution of (3). Assume further that Jy(z) > 0,
Jo(z) > 0 in R, then one of the following alternatives must happen:
(i) Spreading: tl_i)m [A(t) — g(t)] = 0.
(oo}
(ii) Vanishing: tlim (g(t), h(t)) = (goos hoo) is a finite interval,
—00
lim max w(t,z) =0, lim max v(t,x)=0
=00 (1) <w<h(t) =00 g(t) <z <h(t)
and
lim max w(t,z)=0.
t=00 g(t) <z <h(t)
Theorem 1.3 (Spreading-vanishing criteria). Assume that J; (i = 1,2,3) satisfies
(J), and Ji(x) > 0, Ja(z) > 0 in R. Then the dichotomy in Theorem 1.2 can be
determined as follows:
(i) If ay > dy or as > dy or ag > ds, then necessarily hoo — goo = 00.
(i) If a; < d; fori=1,2,3, then

(@) If hoo — goo < 00, then hoo — goo < li.

(b) If ho > 1./2, then hoo — goo = 0.

(¢) If ho < l./2, then there exist two positive numbers p* > p. > 0 such that
hoo — Joo < 00 when 0 < pu < g and p = p*, and hoo — goo = 00 when
p>pt

where 1, is given by (13).

Theorem 1.4 (Asymptotic limit). Let (u,v,w, g, h) be the unique solution of (3)
and suppose lim [h(t) — g(t)] = o0o. The following conclusions hold:

(i) If a1 > 01‘22 +r1‘;3 and az > co 3t +T2b , then
tliglo(u(t,x), v(t,x), w(t,x))

_ (52(@153 —ria3) — ci1(azbs —raaz) —ca(aibs — riaz) + bi(axbs — raaz) a3>
bg(blbg — 0162) ’ bg(blbg — 0162) ’ bg

locally uniformly for x € R.

(ii) IfalJrg—; CQb +r2b><clb +r1b3 anda2>CQb Jrrgb , then

ba —
lim (u(t, z),v(t, x), w(t,z)) = (0, w7 a3 locally uniformly for x € R.
t—00 babs bs

(i) If a1 > cl%j—krl‘g—; and az—&—% (61b —|—7‘1b3> <02%—|—7’2‘g—§, then

abs —mas o a3
bibs b

(iv) Ifa; <1 b3 and az < o3, then

75lim (u(t,z),v(t,x),w(t,x)) = ( ) locally uniformly for x € R.
—00

t—o0

lim (u(t, z),v(t, z), w(t,x)) = (0, 0, ZS> locally uniformly for x € R.
3



THE MODEL IN ONLINE SOCIAL NETWORKS 1147

Remark 1. Note that for the corresponding local diffusion model in [15], no matter
how small the diffusion coefficient d; is, vanishing can always happen if hg and p are
both sufficiently small. However, for (3), Theorem 1.3 indicates that when d; < ay
or do < ay or d3 < ag, spreading always happens no mater how small hy and u are.
This is different from the local diffusion model in [15].

The rest of this paper is organised as follows. In Section 2 we prove Theorem
1.1, namely, problem (3) has a unique solution defined for all ¢ > 0. The long-time
dynamical behaviour of (3) is investigated in Section 3, where Theorems 1.2, 1.3 and
1.4 are proved. Finally, we conclude this paper with a brief discussion in Section 4.

2. Global existence and uniqueness. For convenience, we first introduce some
notations. For given T > 0, define

Hyp :={h € C'([0,T]) : h(0) = ho, h(t) is strictly increasing}

Gr = {g e o([0,T)) : —g € HT},

Dp = D" = {(t,x) e R®:0 <t < T, g(t) <z < h(t)}.

The proof of Theorem 1.1. The existence and uniqueness of solution to the problem
(3) can be done in a similar fashion as in [3, 6]. We only list the main steps in the
proof.

Noting that Js satisfies (J), f3(w) := w(ag — bsw) satisfies (f1) and (£2) in [3],
and wo(z) belongs to 2 (hg) for any hg > 0. For any given T > 0 and (g,h) €
Gt x Hr, it follows from [3, Lemma 2.3] that the following problem

h(t)

wy = dg/ J3(z — y)w(t,y)dy — dsw + w(ag — bsw), 0<t<T,g(t)<z<h(t),
g(t)

w(t, g(t)) = w(t, h(t)) = 0, 0<t<T,

w(0,z) = wo(x), —ho <z < hy
admits a unique solution w(t,x), and
0 < w(t,z) < max{||wol|co, as/bs} =: As in Drp.
For such w(t, ), it is easy to check that f1(¢,z,u,v) = u(a; —bju—crv+riw(t, z))

and fao(t,x,u,v) := v(ag — bav — cou + row(t, z)) satisty (f), (f1) and (£2) in [6].
For (g, h) given above, it follows from [6, Lemma 2.3] that the following problem

h(t)
uy = dy / Ji(z — y)u(t,y)dy — diu

g(t)
+u(ar — biu — v —rmw(t,x)), 0<t<T, g(t) <z <h(t),

h(t)

v=da [ e y)olt)dy - dav
g(t)

+ov(ag — bav — cou — row(t, x)), 0<t<T, g(t) <z <h(t),

u(t,z) =v(t,z) =0, 0<t<T, z=g(t) or h(t),
u(O,x) = UO(I'), U(O7x) = UO(I)’ —ho <x < hy

has a unique solution (u,v) and

O<u< max{||u0||oo,a1/b1} =: Ay in Dy,

O<v< maX{H’UQHOO,CLQ/bQ} =: Ay in Dr.
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For (u,v,w, g, h) above, we define (§,h) for t € [0,T] by

h(r) prg(T)
5(t) = —ho — / / | e = wpudra) + (o = uotro)
. +J5(z — y)w(r, z)|dydxdr,
- t T +oo
R(t) == ho + / /g@ /h i)+ e~ y)etrx)
+J5(z — y)w(T, z)|dydxdr.

Since J; (i = 1,2, 3) satisfies (J), there exist constants €y € (0, ho/4) and dy such
that

Jl(x) 2 50 if |1’| S €0, 1= 172,3.
Let
L := (bi + c2)A1 + (c1 + b2)As + (11 + 12 + b3) A3,
then
fi(u,v,w) = u(ag — byu — cyv — rqw) > —(by Ay + c1 As + 11 Az)u > —Lu,
fa(u,v,w) = v(ag — bav — cou — row) > —(bo Ag + ca Ay + roAs)v > — Lo,
f3(w) = w(ag — bsw) > —bgAzw > — Lw.
Using this we can follow the corresponding arguments of [6] to show that, for some

sufficiently small Ty = Ty(p, A1, Aa, As, ho, €0, p1,p2,J) > 0 and any T € (0, Tp],

Tt — 3t B . h(ty) — h(t
sup g(t2) — g(t1) < G, of (t2) — h(t1) .
0<ti<to<T  l2— U 0<t1<t2<T  to — 1t

h(t) — §(t) < 2ho + %’ for ¢ € [0, 7],

where
1 ho+<2
5o = ZeO(goluef(lerngrdz,JrL)To/ [p1uo(z) + pavo(x) + wo(z)]dz,
—ho
1 di+dotds+L)T o
o0 = 1605()#67( 1+dz+ds+L) 0/ . [p1uo(z) + pavo(z) + wo(x)]dz.
Let

ta) — g(t ~
Yroi= {(g, h) € Gr x Hr : sup M < —o0y,
0<t1<ta<T ta — 11

e Bt —h(t)

€0
2 —g(t) < 2ho + - f 7]}
0<t1 <t2<T to — 11 =90, h(t) g(t) < 2ho + 4 orte [Oa ] ,

and define the mapping
F(g.h) = (g,h).
Then the above analysis indicates that
]:(ZT) C Yy forT € (O,To]

Next, we will show that F is a contraction mapping on ¥ for sufficiently small
T € (0,Tp]. For any given (g;, h;) € &7 (i = 1,2), denote

(§i7Ei> = F(gi, hi).-
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Let
U(ta I) = ul(t7 l’) - u2(ta ‘T)7 V(t7 :17) = Ul(t7 17) - ’Ug(t, :17)7
W(t,z) = w1(t, ) — wa(t, x).
Then we can follow the approach of Step 2 in the proof of [3, Theorem 2.1] to show
1G1(t) — Ga(&)] + [P () — ha(t)]
< 6houpi T(|Ullc(o.myxr) + 6hopp2T |V | c(jo,71xr) + 6ho T |W |l o0, 11 xR)
+3Tu(prAr + p2As + As)[llg1 — g2llco.ry + 171 — h2lloo.rp]-

We can apply the same argument as the step 2 in the proof of [6, Theorem 2.1] to
obtain that there exist C; and T € (0,Tp) such that, for T < T,

max{||Ulloo,1xr)s [VIeqo.mxr} < Cilllgr — g2lleqo.ryy + 11 — hallcqo,m]-

Meanwhile, by using the same argument as the step 2 in the proof of [3, Theorem
2.1] to obtain that there exist Co and Ty € (0,77) such that, for T' < Ty,

IWllcqomxr)y < Calllgr — g2lleqo,ry) + 11 — hallcqo,m)]-
Then we have, for T' < T,
191(t) = Go(&)] + [ha () — ha(t)] < C5T[llg1 — g2lloqo.) + I1ha — halleqo.m):
where
Cs = 6houp1Cy + 6houpCy + 6houCy + 3u(p1 A1 + paAs + Ajz).

This shows that if we choose T such that

- 1
0 < T < min {Tg,ﬁ},

then, for T € (O,T]»

- - ~ ~ 1
191(t) — G2(t)] + [h1(t) — ha(t)| < §[||g1 = g2llcqo,m)) + I1h1 = halleqo,m)]

and so F is a contraction mapping on 7. Hence F has a unique fixed point (g, h)
in X7, which gives a nonnegative solution (u,v,w, g, h) of (3) for ¢t € (0,T]. Similar
to Steps 3 and 4 in the proof of [6, Theorem 2.1], we can show that this is the
unique solution of (3) and it can be extended uniquely to all ¢ > 0. O

3. Spreading and vanishing. Since u,v and w are positive in Dr, we have b/ (t) >
0 and ¢'(t) < 0 for ¢ > 0. Thus we can define

t—o0
Clearly we have either
(1) hoo — goo < 00, OF (ii) hoo — goo = 0.

We will call (i) the vanishing case, and call (ii) the spreading case. The main
purpose of this section is to determine when (i) or (ii) can occur, and to determine
the long-time profile of (u,v,w) if (i) or (ii) happens.
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3.1. Criteria for vanishing and spreading. Before analysing the vanishing phe-
nomenon, we first give some lemmas.

Lemma 3.1. Let the condition (J) hold for the kernel functions J; (i =1,2,3), and
B1, B2, B3 > 0 be constants. Suppose that g, h € C1([0,0)), g(0) < h(0), ¢'(t) <0,
R(t) > 0 and w;, wy € C(Do) N L®(Dys) for i = 1,2,3, where Doy = {t >
0, g(t) <z < h(t)}. If (wy,wa,ws,g,h) satisfies

3 h(t) poo
IHOEDD ﬁi/ / Ji(x — y)w; (¢, z)dydz, t>0,
i=1 g R(t)

y (1)
3 h(t) rg(t)
gt)=-> ﬁz/ / Ji(z — y)w;(t, z)dydx, t>0,
i=1 g(t) J—oo
and
Jim A(t) — lim g(t) < oo, (5)
then

lim ¢'(t) = tlim B (t) = 0.

t—o00

This lemma can be proven by using the same arguments in [6, Lemma 3.1]. Next
we recall another lemma which will be used later.

Lemma 3.2. ([6, Lemma 3.2]) Let J satisfy the condition (J) and J(x) > 0 in R.
Suppose that g,h € C*(]0,)), g(0) < h(0), ¢'(t) <0, k' (t) > 0, and (5) holds. If
(w, g, h) satisfies, for some positive constants 5 and M,

0<w<Min Do, w(t,g(t)) =w(t,h(t) =0, V=0,

h(t) poo
R (t) > B/ / J(xz — y)w(t,x)dydz, ¥Vt >0,
g(t) Jh(t)

and lim h'(t) =0, then

t— o0
h(t) 0o h(t)
lim w(t, x)dx =0, / / w(t, z)dxdt < oo.
=0 Jg(r) 0 Jgt)

We define the operator L& 4 5 : C(Q) — C(Q) by
(L8 + B)lela) = ds [ itz =)o)y - dio(o) + Bla)ola),

where € is an open bounded interval in R, and 8 € C(Q). The generalized principal
eigenvalue of E?{ + f is given by

Ap(LE + B) = inf {)\ ER: (L% + B)[¢] < A in Q for some ¢ € C(Q), ¢ > 0} .
Then we will use the techniques in [6, Theorem 3.3] to give the vanishing result.

Lemma 3.3. Assume that J; (i = 1,2,3) satisfies (J), Ji(z) >0 (i = 1,2) in R.
Let (u,v,w, g,h) be the unique solution of (3). If hoo — goo < 00, then

lim max w(t,z)=lim max o(t,z)= lim max w(tz)=0, (6)
=00 g(t)<a<h(t) 1500 g(t)<<h(t) =00 g(t)<e<h(t)

moreover,

(goo,h

A (Ldf o ai) <0,i=1,2,3. (7)
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Proof. By the similar arguments in [3, Theorem 3.7], we can have
. _ ds <
tlggo g(t)rélza;(h(t)w(t’ z)=0and )\, (,C(gwhw) + a3> <0.
In the following, we only prove
. _ d
B By ) = 0 and Ay (‘Cdm,hm) * ‘”) =0. )
The conclusion for v can be obtained similarly, so we omit here.
By the same arguments in [6], we can have

tlgglo u(t,z) = tlgrolo v(t,x) = tlgrolo w(t,z) = 0 for almost every x € [g(0), h(0)]. (9)

Define

M(t) := t
®) ze[?&?ﬁ(m“( @)

and

X(t) :=A{z € (9(t),h(t)) : ult,z) = M(t)}.
Then X, (t) is a compact set for each t > 0. Therefore, there exist £ (1), &) € Xi(t)
such that

Ut (ta f(t)) = Iren)?“é) ut(ta .Z'), Ut (t? é(t)) = mgl)?(lt) ut(t’ x)

By the arguments in [6], the following claim holds

w4 0)= gim MOZMO gy,
M(t-0)= w — uy(t, £(1)).

If M(t) has a local maximum at t = g, then M’(tg) exists and M’(tg) = 0. More-
over, if M (t) is monotone nondecreasing for all large ¢ and tlim M(t) = o > 0, then
—00

M'(t —0) — 0 as t — oo; if M(t) is monotone nonincreasing for all large ¢ and
tlim M(t) =0 >0, then M'(t+0) — 0 as t — oo.
—>00

Now we are ready to show that tlim M (t) = 0. This can be done by the similar
—oo

argument in Theorem 3.3 of [6]. Arguing indirectly we assume that this claim does
not hold. Then
o* :=limsup M(t) € (0,00). (10)
t—o0
By the above stated properties of M (t), there exists a sequence ¢, > 0 increasing
to oo as n — oo, and &, € {{(t,),&(tn)} such that

nlggou(tmén) =0, nll_{r;out(tmﬁn) =0.

By passing to a subsequence of (t,,£,) if necessary, we may assume, without loss
of generality,

lim v(t,,&,) = p € [0,00).

n—0o0

By Lemma 3.1, we have tlim R'(t) = 0. It follows from this fact and Lemma 3.2

— 00
that
h(t)
lim u(t,y)dy = 0.

t—o0 g(t)
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Since sup Jy () < oo by (J), we have
z€R

h(t)
lim J1(z — y)u(t,y)dy = 0 uniformly for z € R.
t—oo a(t)
We now make use of the identity
h(t)
uy = dy / Ji(z —y)ult,y)dy — diu +u(ar — biu — cv — rw)
g(t)
with (¢,2) = (tn,&n). Letting n — oo, we obtain
0< —dio*+0%(a1 —bro" —c1p) < 0% (a1 — dy).

It follows that a; > di. We show next that this leads to a contradiction.
Indeed, by (9), there exists zo € (¢g(0), h(0)) such that

tliglo u(t, o) = tlgrolo v(t,zg) = tlggo w(t, zg) = 0.
Therefore we can find T > 0 large so that
—dy + a1 — bu(t, zo) — crv(t, o) — rw(t, xg) > (a1 —dy)/2 >0 for t > T.
It then follows from the equation satisfied by u that

ay —di

ug(t, xg) > u(t,xzg) for ¢t > T,

which implies u(t, xg) — o0 as t — o0, a contradiction to the boundedness of u. This

completes the proof of lim  max wu(t,z) = 0. Similarly, im  max (¢, z) =
t—00 g(t)<x<h(t) t—00 g(t)<z<h(t)
0.

In the following we prove the second conclusion of (8). Suppose on the contrary
that )\p(ﬁ‘(igl hoo) T a1) > 0. Then there exists small ¢; € (0, =2%-) such that

Y eitr

€
)\p(ﬁl(i;x-‘re,hoo—ﬁ) +a; — 5(01 + 7“1)) >0 foree (0,61).

Moreover, for such e, it follows from

hoo — goo < 00 and flirn v(t,z) = lim w(t,x) =0 for z € R

—00 t—o0

that there exists T, such that
g(t) < goo + €, h(t) > hoo — € for t > T,
and
v(t, ) <

, w(t,z) < - for t > T, and z € R.

| ™
N A

Then
hoo —€
uy > dy / Ji(x = y)ult,y)dy — diu
Joote€
€
+ulay — byu — 5(01 +7)], t>T., T € [goo + € hoo — €.

Let ¢(x) be the corresponding normalized eigenfunction of )\p(LZl;w veha o ta1—
5(c1 +171)), namely, |||l =1 and

hoo—€ €
d [ he =)o)y - didl) + (- §er+1)ola) = Aoo)

oo t€ 2
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Then, for any ¢ > 0,
hoo—€
d [ (e = 665y — dadola) + (@~ (er+71))0(a) = Ad(z) > 0.
Joo t€

If we choose ¢ small enough such that dp(x) < u(Te,z) for x € [goo + €, hoo — €,
then we can use [3, Lemma 3.3] and a simple comparison argument to obtain

u(t,z) > dp(x) > 0 for t > T, and = € [goo + €, Moo — €.

This is a contradiction to lim  max wu(t,z) = 0. Thus A, (Ldl oy T al) <
t—00 g(t) <z <h(t) (goo shoo)

0. O

Then Theorem 1.2 can be obtained by Lemma 3.3 directly.

Corollary 1. Suppose that Jy,Js and J3 satisfy the conditions in Lemma 5.3, and
(u,v,w, g,h) is the unique solution of (3). If ay > dy or az > do or ag > ds, then
necessarily hoo — goo = 00.

Proof. Arguing indirectly we assume that ho — goo < 00 and a; > d; for some

i € {1,2,3}. Thanks to [3, Proposition 3.4],

Ap (5‘(1;00,;1&) + ai) > 0.

This is a contradiction to Lemma 3.3. O

Hence, Theorem 1.3 (i) has been proved.
We next consider the case that

a; < d; fori=1,2,3. (11)

In this case, it follows from [3, Proposition 3.4] that there exists I; (i = 1,2, 3) such
that

{Ap(cﬁg’li) +a;) =0, ifl =1, 12)
(L= L)Ap(LG ) +ai) >0, it L =1 € (0, +00)\{L;}.
Define

L. = min{ly,ls,13}. (13)
It is easily seen that conclusions (a) and (b) of Theorem 1.3 follow directly from

the definition of l,, (12) and Lemma 3.3. In the following, we prove Theorem 1.3
(¢c) by several lemmas.

Lemma 3.4. Under the assumptions of Theorem 1.3, if hg < l./2, then there exists
a positive number g such that hoo — goo < 00 for any p € (0, po].

We need some comparison results to prove this lemma. The proof of the following
Lemma 3.5 can be carried out by the same arguments in the proof of [3, Theorem
3.1]. Since the adaptation is rather straightforward, we omit the details here.
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Lemma 3.5. For T € (0,+o0), suppose that g,h € C([0,T)), u,v € C’(Dg’h). If
(w,v,w,q,h) satisfies
R(t)

o 2 dl Jl(x - y)ﬂ(ta y)dy - dlﬂ + ﬂ(al - blﬂ)a t> 07 g(t) <z < E(t)v

o

I~

t

>
o—

t) .
Ut > d2/ J?(m - y)ﬁ(tay)dy - d2@ +6(a’2 - b2i)a t> O? §<t) <z < h(t)a

gl

g(t)
h(t)
t = ds/ J3(z — y)w(t, y)dy — dsw +w(az — bsw), ¢ >0, g(t) <z < h(t),
g(t)
u(t,z) >0, o(t

h(t)  g(t)

ﬂws—u()/’[mhm—mwum
qg(t —00

+pada(x — y)o(t, x) + J3(x — y)w(t, z)|dydx, t>0,

R(t)
>u | / (@ — gyt o)
g(t)

+pada(z — ) (t,z) + J3(x — y)w(t, z)]|dydz, t>0,
g(0) < —hg, h(0) > h,
(0, z) > ug(x), (0,2) > vo(x), wW(0,z) > wo(zx), —ho < < hy.

,x) >0, w(t,z) >0, t >0, z=7g(t) orh(t),

then the unique solution (u,v,w,g,h) of (3) satisfies
u(t,z) <u(t,z), v(t,z) <v(t,x), w(t,z) <wt, ),
g(t) >g(t), h(t) < h(t) for0 <t <T, g(t) <z < h(t).

The proof of Lemma 3.4. Since 2hg < l., we have A ( ho ho) T a;) < 0 (i
1,2,3). There exists some small € > 0 such that h* := hg (1 + ¢) satisfies

Ay = AL, ey +ai) <0

Let ¢; (i = 1,2,3) be the positive normalized eigenfunction corresponding to A;fw
namely, ||¢;]lcc =1 and

*

d; . Ji(z = y)¢i(y)dy — didi(x) + aii = Nyoi, @ € [=h*, h*]. (14)

Choose positive constants K; (i = 1,2, 3) large enough such that
K1¢1(x) = uo(), Kaga(x) = vo(x) and Ks¢s(z) > wo(z) for z € [—ho, hol.
Define

h(t)=ho [L+¢e(1—e )], g(t) = —h(t), t >0,
zi(t,x) = Kie™%i(w), >0, x € [g(1), h(1)], i =1,2,3,

where § > 0 will be determined later. Clearly hg < h(t) < h*.
For t > 0 and z € (g(t), h(t)),

h(t)
2z — d; Ji(x —y)zi(t,y)dy + diz; — zi(a; — biz;)
g(t)
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h(t)

> Ki676t< —6¢i(x) —d; /( : Ji(x —y)pi(y)dy + didi — aifi)i)
a(t

> Kie " (=6 = X)) i) >0, i =1,2,3,
if we can choose § small enough such that

§ <min{-A}, =AZ, =2}
Moreover, h (t) = hoede™% and

()
/ / 11 (x — y)z1(t, ) + paJa(z — y)2a(t, x) + J3(x — y)23(t, )] dydx
g(t) Jh(t)

< 2u(p1 K1 + p2 Kz + K3)e *'h*.

If
h055

2(p1 K1 + p2 Ko + K3)h*

/’LS = Mo,

then we have

n(t)
/ / (o1 T2 (=) (1, 2)+paTa (2 —y) 2ot )+ T ()2 (£, 7)) dyde.
h(t)

Similarly, we can derive

t) gt
7O <-n | [ inda)ata toada(o-y)salt o)+ Az -yt o)ldyds
g(t) J—oo
We may now apply Lemma 3.5 to obtain
u(t, ) < z21(t,z), v(t,z) < 22(t, 2), w(t,z) < z3(t, o),
g(t) > g(t), h(t) < ( ) for t > 0 and = € [g(t), h(t)].
It follows that hm ( (t)—g(t)) < ( (t) —g(t)) <2h* < oc. O

Lemma 3.6. Under the assumptions of Theorem 1.3, if hg < 1. /2, then there exists
a positive number p° such that hey — goo = 00 for any p > u°.

Proof. Consider the following problem

h(t)

w, = d3/ J3(z — y)w(t,y)dy — dsw + w(az — bsw), t>0, g(t) <z <h(t),
g(t)
w(t,g(t)) = w(t,h(t)) =0, t>0,
= ht) g(t)
gt)=—p J3(z — y)w(t, v)dydz, t>0,
B (t) J—oo
Qg(t) +o0

h(t) = u/ / J3(z — y)w(t, x)dydz, t>0,

g(t) Jh(t)
—(0) = h(0) = ho,
w(0,2) = wo(z), —ho < < hg.

By [3, Theorem 3.1], we have
w(t,z) > w(t, x), g(t) < g(t), h(t) = h(t), for t >0, 2 € (g(t), h(t)).
It follows from [3, Theorem 3.13] that there exists some u" such that lim [h(t) —

t—o00

g(t)] = oo for any pu > 10, and 50 hog — goo = 00. 0
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Then Theorem 1.3 (c) can follow from Lemmas 3.4 and 3.6 by argument in [23,
Theorem 5.2]. Next we give the details below for completeness.

The proof of Theorem 1.3 (c¢). Define ¥* := {u > 0 : hoo — goo < l+}. By Lemma
3.4, we have (0,p9] C ¥*. It follows from Lemma 3.6 that ¥* N [u% 00) = 0.
Therefore, u* := sup X* € [ug, u°]. By this definition and Theorem 1.3 (a), we find
that heo — goo = 00 When p > u*.

We claim that p* € ¥*. Otherwise ho — goo = o0 for u = p*. Hence, we can
find T > 0 such that hA(T) — g(T) > l.. To stress the dependence of the solution
(u,v,w,g,h) of (3) on p, we write (w,, v, Wy, gy, hy) instead of (u,v,w, g, h). So
we have h,« (T') — g, (T') > ... By the continuous dependence of (w,, v, Wy, gu, hy)
on p, we can find € > 0 small so that h,(T) — g, (T) > L. for p € [u* —e,p* +¢l.
It follows that for all such u,

Jim 7 (8) = g (1)) > [ (T) — 9 (T)] > L.

This implies that [u* — e, p* + ] N X* = 0, and sup 2* < p* — ¢, contradicting to
the definition of p*. This proves our claim.

Define 3, := {v > 0 : v > pg such that hoo — goo < I for all 0 < p < v}, then
tse = sup X, < p* and (0, ps) C X,. Similarly to the above, we can prove that
sy € 2. The proof is completed. O

3.2. Long-time behaviour in the case of spreading. Finally, we will examine
the long-time behaviour of the solution to (3) when hy — goo = 00. Before proving
Theorem 1.4, we first give the following lemma:

Lemma 3.7. hyo = 400 if and only if goo = —00.

Proof. This follows the idea in the proof of [3, Lemma 3.8]. For example, if g, =
—00 but hy < 400, then we may argue as in the proof of [3, Theorem 3.7] to obtain
K (t) > & > 0 for all large ¢, which yields a contradiction. O

The proof of Theorem 1.4. By [3, Theorem 3.9], we have

lim w(t,z) = % =: C locally uniformly for z € R. (15)

t—o0 3
(i) We will prove it by the following steps.
Step 1. Let ¢(t) be the solution of

q'(t) = qlar —biq), t>0,

q(0) = Sup tg ().

Then tli}rn q(t) = a1/by. By the comparison principle ([3, Lemma 2.2]), we have
u(t,z) < q(t) for ¢ > 0 and = € [g(¢), h(t)]. In view of u(t,xz) = 0 for ¢ > 0 and
x € R\(g(t), h(t)), we have u(t,x) < q(t) for ¢ > 0 and = € R. Hence,

limsup u(t, z) < % =: A; locally uniformly in R. (16)

t—o00 1

Step 2. By (15) and (16), we have

lim sup[cau(t, ¥) + row(t, x)] < ca Ay + r2C locally uniformly in R.

t—o0
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By the condition ay > cQ‘;—ll + rg‘;—;, we have

It follows from above two facts, and [6, Lemma 3.14] that
as — CQA:[ - TQC

liminfv(¢, z) >

min b =: B, locally uniformly in R. (17)

Step 3. By (15) and (17), we have
limsup[e1v(t, ) + riw(t, x)] > 1By + 1 C locally uniformly in R.
t—o0
The condition a; > cl‘;—; + 7"1%;’ implies
Ay — o ,
G2~ @1 Ty —7"102&1—61%—7’1%>0.

b2 b2 bS
These two facts and [6, Lemma 3.14] allow us to derive

al—clﬁl—rlC:al—cl

— B, — _
u = ab, —nc =: Ay locally uniformly in R. (18)

limsup u(t, ) <
t—o00 bl

Step 4. By (15) and (18), we have
lim supleau(t, ¥) + row(t, 2)] < caAg + r2C locally uniformly in R.
t—o0

Furthermore, the condition as > cz‘g—; + Tg‘b‘—;” implies

ap —c1B; —rC a
! 1=1 L _TQCZGQ_CQJ_TQi > 0.
by by b3

a9 —CQAQ —7’20: as — C2

Similar to the above,

1itm infv(t,z) > (az — cgAg — 12C) /by =: B, locally uniformly in R.
—00

Step 5. Repeating the above procedure, we can find two sequences A; and B, such
that -
limsupu(t,z) < A;, liminfu(t,z) > B; locally uniformly in R,

t—00 t—o0

and

Ai+1 = (a1 - ClBi - T1C)/bl, ﬁi = (a2 - CQ/L' - 7’20)/52, 1=1,2,---.

Let
(1177‘10 Cl(angQC) L C1C2

by bibs T by
Thenp>0byalfcl‘;—jfr1‘g—§>0,O<q<1bya1>cl’g—j anda2>02‘g—i. By

direct calculation,

Ai—l-l:p‘i’qulh Z:1,2,

From Ay < A; and the above iteration formula, we immediately obtain
0< A1 <Ay, i=1,2,---,

from which it easily follows that

bQ(Cllbg - Tlas) - Cl(a2b3 - T2CL3)

hm AZ = 7
i—00 bg(b1b2 — 0102)
lim B, = —ca(a1bs — riag) + b1 (azbs — 7"20,3).

i—00 bg(blbg — 0162)
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Thus we have

. bz(a1b3 - 7“1613) - Cl(a2b3 - 7‘2@3)
limsupu(t,xz) <
t%oop ( ) b3(b1bz - 6102)

locally uniformly in R.

liminf v(t, z) > —ca(abs — 118s) + b (azbs — raas)
t—ro0 b3(b1ba — cic2)
Similarly, we can show

locally uniformly in R.

bg(albg — 7’1(13) — Cl(a2b3 — 7’2&3)
bz (bibg — c1c2)

. —ca(a1bs — r1a3) + bi(asbs — raaz)
limsupv(t,z) <
t—>oop ( ) b3(b1b2 *0102)
Thus, (i) is proved.
(ii) By Steps 1 and 2 in (i), we also have

litm inf u(t, z) > locally uniformly in R.
— 00

locally uniformly in R.

e A —
liminfo(t, z) > 2 c2A1 =120
t—o00 b2

It follows from this fact and (15) that

=: B, locally uniformly in R.

limsup[civ(t, ) + rw(t,x)] > c1.B; + r1C locally uniformly in R.

t—o00
The condition a; + Z—; (02% + 7y ‘g—g) < cl‘g—; + rl‘g—g’ implies

ag — 62A1 — ’I"QC

a—caB; —rmC=a; — Clb— —rC
2
Cc1 a1 a3> as as
= —(ca— —)—c——-—r— <0.
a1 + by (02 by + 7o by C1 by 1 by =

These two facts and [6, Lemma 3.14] allow us to derive

lim sup u(¢, ) < 0 locally uniformly in R.

t—o0
Since
litm inf u(t,xz) > 0 locally uniformly in R,
— 00

we have

lim wu(t,z) = 0 locally uniformly in R.
t—o0

It follows from this, (15) and [6, Lemma 3.14] that

asbs — raa asbs — rea
228 2T o liminf (¢, z) < limsupwv(t, z) < A

locally uniformly in R,
babs t—o0 t—o0 babs Y Y

and so b
. _ G203 —T2a3
tli)rélov(t,w) o b2b3
We have proved (ii).
(iii) This conclusion can be proved by the same arguments in (ii).

(iv) By (15), we have

locally uniformly in R.

lim sup[eyv(t, ) + rw(t, )] > r1C locally uniformly in R.

t—o0

The condition a1 < 7”1‘;—;' implies

as
al—rlC:al —ry— SO
b3
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These two facts and [6, Lemma 3.14] allow us to derive

limsup u(t, z) < 0 locally uniformly in R,
t—o0

and so

tlim u(t, ) = 0 locally uniformly in R.
—00

Similarly, we have

tlim v(t,x) = 0 locally uniformly in R.
00

Then (iv) has been proved. O

4. Discussion. In this paper, we study a free boundary problem with nonlocal
diffusion describing information diffusion in online social networks. This system
consists of three equations representing three pieces of information propagating via
the internet and competing for influence among users. We obtain the criteria for
information spreading and vanishing. If the diffusion rate of any piece of information
is small, i.e., di < ay or do < ag or d3 < as, information will always spread.
But when the diffusion rates of three pieces of information are all large, i.e., d; >
a; (i = 1,2,3), whether information spread or vanish depends on the initial data.
If the initial spreading area [—hg, ho] is within the critical size, i.e., hg < 1*/2,
information spread or vanish depending on the size of the expanding capacity u,
namely, vanishing happens with small expanding capability and spreading happens
with large expanding capability. Regardless of the expanding capability, spreading
always occurs if the initial spreading area is beyond the critical size. We find that
the result of the nonlocal diffusion model (3) is different from the local diffusion
model in [15].

When spreading happens, the longtime behavior of the solution is obtained in
Theorem 1.4, which is similar to the result of local diffusion model studied in [15].
According to Theorem 1.4, we can choose suitable official information to control
rumor propagation in social networks, namely, we can change the value of as and
b3 by choosing suitable official information.

For local diffusion model (2), the result in [15] showed the spreading has a finite
speed when spreading happens. However, what will happen for the nonlocal diffu-
sion model (3)? Very recently, Du, Li and Zhou [4] investigated the spreading speed
of the nonlocal model in [3] and proved that the spreading may or may not have
a finite speed, depending on whether a certain condition is satisfied by the kernel
function J in the nonlocal diffusion term. This contrasts sharply to the local model
of [5], where the spreading has finite speed whenever spreading happens. Since (3)
consists of three equations, we expect a more complex result for (3), which will be
considered in a future work.
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