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Abstract. The aim of this paper is to investigate the existence of weak solu-
tions for a Kirchhoff-type differential inclusion wave problem involving a discon-

tinuous set-valued term, the fractional p-Laplacian and linear strong damping

term. The existence of weak solutions is obtained by using a regularization
method combined with the Galerkin method.

1. Introduction. In this paper, we consider the following initial boundary value
problem

utt +M([u]ps,p)(−∆)spu+ (−∆)αut + µ(x, t) = f, (x, t) ∈ QT ,
µ ∈ Φ

(
x, t, ut

)
, a.e. (x, t) ∈ QT ,

u(x, t) = 0, (x, t) ∈ (RN \ Ω)× (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1)

where s, α ∈ (0, 1), 1 < p < N/s, Ω ⊂ RN is a bounded domain with smooth
boundary ∂Ω, 0 < T <∞ is a given constant and QT = Ω× (0, T ), M : R+

0 → R+

is a continuous function and Φ is a discontinuous and nonlinear set valued mapping
by filling in jumps of a function a(x, t, s) : QT × R → R, [u]s,p is the Gagliardo
seminorm defined by

[u]s,p =

(∫∫
R2N

|u(x, t)− u(y, t)|p

|x− y|N+ps
dxdy

)1/p

.
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Here (−∆)sp is the fractional p-Laplace operator which, up to a normalization con-
stant, is defined as

(−∆)spϕ(x) = 2 lim
ε→0+

∫
RN\Bε(x)

|ϕ(x)− ϕ(y)|p−2(ϕ(x)− ϕ(y))

|x− y|N+ps
dy, x ∈ RN ,

along functions ϕ ∈ C∞0 (RN ). Henceforward Bε(x) denotes the ball of RN centered
at x ∈ RN and radius ε > 0. In particular, if p = 2 the fractional p-Laplacian
(−∆)sp reduces to the fractional Laplacian (−∆)s.

Furthermore, we assume a and Φ satisfy the following assumptions.

(H1) For each ξ ∈ R, a is a continuous function with respect to (x, t) ∈ QT and
for each (x, t) ∈ QT , a ∈ L∞loc(R). Moreover, there exist positive constants
a0, a1, a2 such that

a0|ξ|q − a1 ≤ a(x, t, ξ)ξ, |a(x, t, ξ)| ≤ a2(|ξ|q−1 + 1), for each (x, t, ξ) ∈ QT × R,

where q ∈ (1, p∗s) and p∗s = Np/(N − sp).
(H2) The set valued function Φ : QT ×R→ 2R is obtained by filling in jumps of the

function a in (H1) by means of the functions aε, aε, a, a : R→ R as follows

aε(x, t, ξ) = inf
|η−ξ|≤ε

a(x, t, η), aε(x, t, ξ) = sup
|η−ξ|≤ε

a(x, t, η), a(x, t, ξ) = lim
ε→0+

aε(x, t, ξ),

a(x, t, ξ) = lim
ε→0+

aε(x, t, ξ), Φ(x, t, ξ) = [a(x, t, ξ), a(x, t, ξ)].

(H3) u0 ∈W s,p(Ω)
⋂
Wα,2

0 (Ω), u1 ∈ L2(Ω), f ∈ Lq′(QT ), where q′ =
q

q − 1
.

Throughout the paper, without explicit mention, we assume that M : [0,∞)→ R+

is continuous and verifies

(M1) there exists m0 > 0 such that M(τ) ≥ m0 for all τ ≥ 0.

A typical example of M is given by M(t) = m0 + m1 t for t ≥ 0, where m0 >
0,m1 ≥ 0. When M is of this type, problem (1) is said to be degenerate if a = 0,
while it is called non–degenerate if a > 0. As for some recent existence results
on Kirchhoff-type problems, we refer the interested readers to [5, 11]. Recently,
the fractional Kirchhoff problems have received more and more attention. Some
new existence results for fractional Kirchhoff problems were given, for example, in
[18, 19, 20, 24, 25, 26, 27, 34].

In recent years, fractional Laplacian operator and related equations have an
increasingly wide utilization in many important fields, as explained by Caffarelli in
[4], Laskin in [15] and Vázquez in [36]. In [8], a stationary Kirchhoff variational
equation was first proposed by Fiscella and Valdinoci as a model to study the
nonlocal aspect of the tension arising from nonlocal measurements of the fractional
length of the string. Indeed, the stationary problem of (1) is a fractional version
of a model, the so-called stationary Kirchhoff equation, which was introduced by
Kirchhoff in [12] as a model to study elastic string vibrations. The literature on
elliptic type problems involving fractional Laplacian and its variant is rich and very
vast, see for example [8, 25, 26, 27, 35] and the references cited there.

Recently, the fractional hyperbolic problems with continuous nonlinearities have
been studied by many researchers. For example, Pan, Pucci and Zhang [29] studied
the initial-boundary value problem of degenerate Kirchhoff-type

utt + [u]2(θ−1)
s (−∆)su = |u|p−1u in Ω× R+, (2)
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where Ω ⊂ RN is a bounded domian with Lipshcitz boundary, θ ∈ [1, 2∗s/2), p ∈
(2θ − 1, 2∗s − 1) and [u]s is the Gagliardo seminorm of u defined by

[u]s =

(∫∫
R2N

|u(x, t)− u(y, t)|2

|x− y|N+2s
dxdy

)1/2

.

Under some appropriate conditions, the authors obtained the global existence, vac-
uum isolating and blow up of solutions for (2) by using the Galerkin method com-
bined with the potential wells theory. Moreover, the authors also investigated the
global existence of solutions under the critical initial conditions. Furthermore, Pan
et al. in [28] considered the following degenerate Kirchhoff equation with nonlinear
damping term

utt + [u]2(θ−1)
s (−∆)su+ |ut|a−2ut + u = |u|b−2u in Ω× R+, (3)

2 < a < 2θ < b < 2∗s. Under some natural assumptions, the authors obtained the
global existence, vacuum isolating, asymptotic behavior and blow up of solutions
for (3) by combining the Galerkin method with potential wells theory. In [20], Lin
et al. studied the initial-boundary value problem of Kirchhoff wave equation

utt + [u]2(θ−1)
s (−∆)su = f(u) in Ω× R+.

The authors established some sufficient conditions on initial data such that the
solutions blow up in finite time for arbitrary positive initial energy by using an
modified concavity method. Moreover, when f(u) = |u|p−2u, the authors obtained
the upper and lower bounds for blow up time. Concerning the related diffusion
problems, for instance, we refer to [30, 31, 33, 39] for more results and methods.

It is worth mentioning that problem (1) can be regard as a fractional version of
the initial-boundary value problem of the following equation

utt −M(‖∇u‖p
Lp(RN )

)div(|∇u|p−2∇u)−∆ut + π = f, (x, t) ∈ QT ,
π ∈ Φ

(
x, t, ut

)
, a.e. (x, t) ∈ QT ,

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.

(4)

In [32], Park and Kim studied the existence of solutions for problem (4) without
the Kirchhoff function M . The research on differential inclusions is an interesting
topic in recent years. These problems arise mainly from physics and optimization,
especially continuum mechanics, where non-monotone, multi-valued constitutive
laws lead to a class of differential inclusions (variational inequalities). For a brief
account of works on such variational inequalities we refer to [21] for the details. For
the analysis of nonlinear second order or fourth order or six order hyperbolic partial
differential equations with damping, we refer to the seminal work of Lions and
Strauss [22], see also [9, 16, 17, 40, 41] for more recent results. In recent years, partial
differential equations of hyperbolic type with variable exponent growth conditions
were studied by Antontsev [1], see also Autuori and Pucci [2, 3] for Kirchhoff systems
with p(x)-growth.

However, to the best of our knowledge, there are no papers that deal with the
global existence and blow-up results for problems like (1). Inspired by above pa-
pers, we study the existence of global solutions that vanish at infinity or solutions
that blow up in finite time for problem (1) involving the fractional p-Laplacian and
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discontinuous nonlinearity. Since our problem is nonlocal and the diffusion coeffi-
cient M([u]ps,p) is a function, our discussion is more elaborate than the papers in
the literature.

The rest of this paper is organized as follows. In section 2, we will give some
necessary definitions and properties of fractional Sobolev spaces. In section 3, we
obtain the existence of weak solutions for problem (1.1) by Galerkin’s approximation
method. In section 4, we give an example to illustrate our result.

2. Preliminaries. To study the existence of solutions for equation (1), let us first
recall some results related to the fractional Sobolev space W s,p

0 (Ω). For convenience,
we shortly denote by ‖ · ‖2 the norm of L2(Ω). Let Ω ⊂ RN be a bounded domain,
1 < p <∞ and set

W s,p
0 (Ω) = {u ∈ Lp(Ω) : [u]s,p <∞, u = 0 a.e. in RN \ Ω},

where the Gagliardo seminorm [u]s,p is defined as

[u]s,p =

(∫∫
RN

|u(x)− u(y)|p

|x− y|N+sp
dxdy

)1/p

.

Equipped with the norm

‖u‖ = [u]s,p,

W s,p
0 (Ω) is a uniformly convex Banach space, and hence reflexive. The fractional

critical exponent is defined by

p∗s =

{
Np
N−sp if sp < N ;

∞ if sp ≥ N.

Moreover, the fractional Sobolev embedding states that W s,p
0 (Ω) ↪→ Lq(Ω) is con-

tinuous if sp < N and 1 ≤ q < p∗s. For more detailed account on the properties of
W s,p

0 (Ω), we refer to [7].

Definition 2.1. Let Ω ⊂ RN be a bounded domain with smooth boundary. We
define

W (QT ) =
{
u ∈ Lq(QT ) : u ∈ Lp(0, T ;W s,p

0 (Ω))
}
,

with the norm

‖u‖W (QT ) = ‖u‖Lq(QT ) +

(∫ T

0

∫∫
R2N

|u(x, t)− u(y, t)|p

|x− y|N+ps
dxdydt

)1/p

.

Remark 1. Following the standard proof of Sobolev spaces, we can prove that
W (QT ) is a reflexive Banach space if 1 < p, q <∞.

In the following, we give a useful result which will be used to get the existence
of solutions for problem (1).

Proposition 1. Let Ω be a bounded domain in RN and let {ωi}∞i=1 be an orthogonal
basis in L2(Ω). Then for any ε > 0, there exists a constant Nε > 0 such that

‖u‖L2(Ω) ≤

(
Nε∑
i=1

(∫
Ω

uωidx

)2
) 1

2

+ ε‖u‖W s,p
0 (Ω)

for all u ∈W s,p
0 (Ω) where 2N/(N + 2s) ≤ p < N/s.
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Proof. Following the idea of [13], we first show that for any δ > 0 and ε > 0 there
exists positive integer number Nε,δ such that

‖u‖2 ≤ (1 + δ)

Nε,δ∑
i=1

∫
Ω

u(x)ωi(x)dx

1/2

+ ε[u]s,p. (5)

Arguing by contradiction, we assume that there exists an ε0 > 0 and a sequence
{un}∞n=1 ⊂W

s,p
0 (Ω) such that

‖un‖2 > (1 + δ)

(
n∑
i=1

(∫
Ω

un(x)ωi(x)dx

)2
)1/2

+ ε0[un]s,p,

for any n. Let vn = un/‖un‖2. Then

1 = ‖vn‖2 > (1 + δ)

(
n∑
i=1

(∫
Ω

vn(x)ωi(x)dx

)2
)1/2

+ ε0[vn]s,p, (6)

which means that

[vn]s,p ≤
1

ε0
for any n = 1, 2, · · · .

Since 2N/(N+2s) ≤ p < N/s and the embedding of W s,p
0 (Ω) into L2(Ω) is compact,

there exists a subsequence {vnk}∞k=1 such that {vnk}∞k=1 strongly converges to some
function v in L2(Ω). Hence ‖v‖2 = ‖vn‖2 = 1. Since {ωi}∞i=1 is an orthogonal basis
of L2(Ω), we also have

Pnkvnk :=

nk∑
i=1

(∫
Ω

vnk(x)ωi(x)dx

)
ωi

converges strongly to v. Indeed, we have

‖v − Pnkvnk‖2 = ‖Pnk(v − vnk) + v − Pnkv‖2 ≤ ‖v − vnk‖2 + ‖v − Pnkv‖2 → 0

as k → ∞. Using (6) and letting k → ∞, we deduce 1 ≥ 1 + δ, which is absurd.
Thus, (5) holds true.

By (5), we obtain

‖u‖2 ≤

Nε,δ∑
i=1

∫
Ω

u(x)ωi(x)dx

1/2

+ δ

Nε,δ∑
i=1

∫
Ω

u(x)ωi(x)dx

1/2

+ ε[u]s,p

≤

Nε,δ∑
i=1

∫
Ω

u(x)ωi(x)dx

1/2

+ δ‖u‖2 + ε[u]s,p

≤

Nε,δ∑
i=1

∫
Ω

u(x)ωi(x)dx

1/2

+ (Cδ + ε)[u]s,p,

where C > 0 is the embedding constant of W s,p
0 (Ω) into L2(Ω). Therefore, the

proof is complete.
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3. Existence of weak solutions. In this section, we prove the main result of this
paper.

Definition 3.1. A pair of functions u, µ : QT → R is called a weak solution of
(1.1), if 

u ∈W (QT )
⋂
L∞(0, T ;W s,p

0 (Ω))
⋂
C(0, T ;Wα,2

0 (Ω)),

ut ∈ L∞(0, T ;L2(Ω))
⋂
L2(0, T ;Wα,2

0 (Ω))
⋂
Lq(QT ),

f ∈ Lq′(QT ), µ ∈ Φ(x, t, ut) a.e. (x, t) ∈ QT ,

and ∫
Ω

ut(x, T )ϕ(x, T )dx−
∫
QT

utϕtdxdt+

∫ T

0

M([u]ps,p)〈u, ϕ〉s,pdt

+

∫ T

0

〈ut, ϕ〉α,2dt+

∫
QT

µϕdxdt =

∫
QT

fϕdxdt+

∫
Ω

u1ϕ(x, 0)dx

hold for all ϕ ∈ C1(0, T ;C∞0 (Ω)). Here 〈u, ϕ〉s,p and 〈ut, ϕ〉α,2 are defined as

〈u, ϕ〉s,p :=

∫∫
R2N

|u(x, t)− u(y, t)|p−2(u(x, t)− u(y, t))

|x− y|N+ps
(ϕ(x, t)− ϕ(y, t))dxdy

and

〈ut, ϕ〉α,2 =

∫∫
R2N

(ut(x, t)− ut(y, t))(ϕ(x, t)− ϕ(y, t))

|x− y|N+2α
dxdy.

We need a regularization of a defined by

an(x, t, ξ) = n

∫ ∞
−∞

a(x, t, ξ − τ)ρ(nτ)dτ,

where ρ ∈ C∞0 (−1, 1), ρ ≥ 0 and
∫ 1

−1
ρ(τ)dτ = 1.

Lemma 3.2. The function an is continuous and satisfies the following inequalities

an(x, t, ξ)ξ ≥ a0

2q
|ξ|q − C0

and

|an(x, t, ξ)| ≤ 2qa2(|ξ|q−1 + 1),

for each (x, t, ξ) ∈ QT × R, where C0 = a0
2 + a1 + a2 + a2( 2a2

a0
)q−1.

Proof. Since for each (x, t) ∈ QT , a ∈ L∞loc(R), it’s easy to show that an ∈ C(QT×R)
for each n ∈ N. From assumption (H2) and Young’s inequality, for each (x, t, s) ∈
QT × R, we have

an(x, t, ξ)ξ = n

∫ ∞
−∞

a(x, t, ξ − τ)ξρ(nτ)dτ

=

∫ 1

−1

a
(
x, t, ξ − τ

n

)
ξρ(τ)dτ

≥ a0

∫ 1

−1

∣∣∣ξ − τ

n

∣∣∣q ρ(τ)dτ − a2

∫ 1

−1

∣∣∣ξ − τ

n

∣∣∣q−1

ρ(τ)dτ − a1 − a2
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≥ a0

2

∫ 1

−1

∣∣∣ξ − τ

n

∣∣∣q ρ(τ)dτ − a2

(
2a2

a0

)q−1

− a1 − a2

=
a0

2

∣∣∣ξ − τ

n

∣∣∣q − a2

(
2a2

a0

)q−1

− a1 − a2

where τ0 ∈ [−1, 1]. From the inequality∣∣ξ∣∣q ≤ 2q−1
(∣∣∣ξ − τ

n

∣∣∣q +
∣∣∣τ0
n

∣∣∣q) ,
we obtain

an(x, t, ξ)ξ ≥ a0

2q
|ξ|q − C0, (7)

where C0 = a0
2 + a1 + a2 + a2( 2a2

a0
)q−1. Similarly, by (H2), we get

|an(x, t, ξ)| ≤ a2

∫ 1

−1

∣∣∣ξ − τ

n

∣∣∣q−1

ρ(τ)dτ + a2 ≤ 2qa2

(
|ξ|q−1 + 1

)
. (8)

Thus, the proof is finished.

We choose a sequence {ωj}∞j=1 ⊂ C∞0 (Ω) such that C∞0 (Ω) ⊂
⋃∞
n=1 Vn

C1(Ω̄)

and {ωj}∞j=1 is a complete orthonormal basis in L2(Ω), where Vn = span{ω1, ω2,
. . . , ωn}, see [10, 24].

Since C∞0 (Ω) ⊂
⋃∞
n=1 Vn

C1(Ω̄)
, we have the following lemma.

Lemma 3.3. For the function u0 ∈ W s,p(Ω)
⋂
Wα,2

0 (Ω), there exists a sequence

{ψn} with ψn ∈ Vn such that ψn → u0 in W s,p(Ω)
⋂
Wα,2

0 (Ω) as n→∞.

Proof. For u0 ∈ W s,p(Ω)
⋂
Wα,2

0 (Ω), there exists a sequence {vn} in C∞0 (Ω) such

that vn → u0 in W s,p(Ω)
⋂
Wα,2

0 (Ω). Since {vn}∞n=1 ⊂ C∞0 (Ω) ⊂
∞⋃
m=1

Vm

C1(Ω)

, we

can find a sequence {vkn} ⊂
∞⋃
m=1

Vm such that for each n ∈ N, there holds vkn → un

in C1(Ω) as k → ∞. For 1
2n , there exists kn ≥ 1 such that ‖vknn − un‖C1(Ω) ≤

1
2n .

Thus

‖vknn − u0‖W s,p(Ω)
⋂
Wα,2

0 (Ω) ≤ C‖v
kn
n − vn‖C1(Ω) + ‖vn − u0‖W s,p(Ω)

⋂
Wα,2

0 (Ω).

That is vknn → u0 in W s,p(Ω)
⋂
Wα,2

0 (Ω) as n → ∞. Denote un = vknn . Since

un ∈
∞⋃
m=1

Vm, there exists Vmnsuch that un ∈ Vmn , without lost of generality,

we assume that Vm1
⊂ Vm2

as m1 ≤ m2. We suppose that m1 > 1 and define
ψn as follows: ψn(x) = 0, n = 1, · · ·,m1 − 1; ψn = u1, n = m1, · · ·,m2 − 1;
ψn = u2, n = m2, · · ·,m3 − 1; · · ·, then we obtain the sequence {ψn} and ψn → u0

in W s,p(Ω)
⋂
Wα,2

0 (Ω) as n→∞.

The existence of weak solutions for problem (1.1) is proved by Galerkin’s ap-
proximation method. We shall find the sequence of approximate solutions with the
form

un(x, t) =

n∑
j=1

(ηn(t))jωj(x).
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The unknown functions (ηn(t))j are determined by an ordinary differential system
as follows: {

η′′(t) + Pn(t, η(t), η′(t)) = Fn(t),

η(0) = U0n, η
′(0) = U1n,

(9)

where (U0n)i =
∫

Ω
ψnωidx, (U1n)i =

∫
Ω
φnωidx, (Fn)i =

∫
Ω
fnωidx, ψn ∈ Vn, φn ∈

Vn, fn ∈ C∞0 (QT ), and ψn → u0 strongly in W s,p(Ω)
⋂
Wα,2

0 (Ω), φn → u1 strongly

in L2(Ω), fn → f strongly in Lq
′(x,t)(QT ). Here the vector-valued function Pn(t, µ,

ν) : [0, T ]× Rn × Rn → Rn is defined as:(
Pn(t, µ, ν)

)
i

= M
([ n∑

j=1

µjωj
]p
s,p

)
〈
n∑
j=1

µjωj , ωi〉s,p + 〈
n∑
j=1

νjωj , ωi〉α,2 +

∫
Ω

an
(
x, t,

n∑
j=1

νjωj
)
ωidx,

i = 1, · · ·, n,

where µ = (µ1, · · ·, µn) and ν = (ν1, · · ·, νn).
Let η′(t) = X(t), Y (t) =

(
η(t), X(t)

)
and Hn(t, Y ) =

(
X,Fn−Pn(t, η,X)

)
. Then

the problem (9) is transformed into the following problem{
Y ′(t) = Hn(t, Y (t)),

Y (0) = (U0n, U1n).
(10)

The inequality (7) implies

Pn(t, η,X)X =Pn(t, η, η′)η′

=M([un]ps,p)〈un,
∂un
∂t
〉s,p + 〈∂un

∂t
,
∂un
∂t
〉α,2 +

∫
Ω

an
(
x, t,

∂un
∂t

)∂un
∂t

dx

≥1

p

d

dt
[un]ps,p + [

∂un
∂t

]2α,2 +
a0

2q

∫
Ω

|∂un
∂t
|qdx− C0.

From (10) and Young’s inequality, we obtain

Y ′Y +
1

p

d

dt
M̃([un]ps,p) + [

∂un
∂t

]2α,2 +
a0

2q

∫
Ω

|∂un
∂t
|qdx

≤|X||η(t)|+ |Fn(t)||X|+ C0

≤1

2
|X|2 +

1

2
|η(t)|2 +

1

2
|X|2 +

1

2
|Fn(t)|2 + C0

≤|Y |2 +
1

2
|Fn(t)|2 + C0,

where M̃([un]ps,p) =
∫ [un]ps,p

0
M(τ)dτ . Denote En(t) = 1

2 |Y |
2 + 1

pM̃([un]ps,p). Then,

E′n(t) ≤ 2En(t) +
1

2
|Fn(t)|2 + C0.

This together with Gronwall’s inequality yields that

En(t) ≤En(0)e2t + e2t

∫ t

0

|Fn(t)|2e−2τdτ +
C0

2

(
e2t − 1

)
≤En(0)e2T + e2T

∫ T

0

|Fn(t)|2dt+
C0

2

(
e2T − 1

)
:=Cn(T ), for each t ∈ [0, T ].
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Thus, |Y (t)− Y (0)| ≤ 2
√

2Cn(T ). Denote

Ln = max
(t,Y )∈[0,T ]×B

(
Y (0),2

√
2Cn(T )

) |Hn(t, Y )|, τn = min

{
T,

2
√

2Cn(T )

Ln

}
,

where B
(
Y (0), 2

√
2Cn(T )

)
is the ball of radius 2

√
2Cn(T ) with center at the point

Y (0) in R2n. From the definition of H(t, Y ), H(t, Y ) is continuous with respect to
(t, Y ). By Peano’s Theorem, we know that (10) admits a C1 solution on [0, τn],

that is, (9) has a C2 solution on [0, τn] denoted by η1
n(t). Let η(τn),

∂η(τn)

∂t
be

the initial value of problem (9), then we can repeat the above process and get a
C2 solution η2

n(t) on [τn, 2τn]. Without lost of generality, we assume that T =
[ Tτn ]τn + ( Tτn )τn, 0 < ( Tτn ) < 1, where [ Tτn ] is the integer part of T

τn
, ( Tτn ) is the

decimal part of T
τn

. We can divide [0, T ] into [(i−1)τn, iτn], i = 1, ..., L and [Lτn, T ]

where L = [ Tτn ], then there exist C2 solution ηin(t) in [(i− 1)τn, iτn], i = 1, ..., L and

ηL+1
n (t) in [Lτn, T ]. Therefore, we get a solution ηn(t) ∈ C2([0, T ]) defined by

ηn(t) =



η1
n(t), if t ∈ [0, τn],

η2
n(t), if t ∈ (τn, 2τn],

. . .

ηLn (t), if t ∈ ((L− 1)τn, Lτn],

ηL+1
n (t), if t ∈ (Lτn, T ].

Lemma 3.4. (A priori estimate) There exists C(T ) > 0 independent of n such that
the following estimates∫

Ω

∣∣∂un(x, t)

∂t

∣∣2dx+ [un(x, t)]ps,p + [un(x, t)]2α,2 ≤ C(T ), ∀t ∈ [0, T ],∫
QT

∣∣∂un
∂t

∣∣qdxdt+

∫ T

0

[un]ps,pdt+

∫ T

0

[
∂un
∂t

]2α,2dt ≤ C(T ),

hold.

Proof. By (9), for each 1 ≤ i ≤ n, we have∫
Ω

∂2un
∂t2

ωidx+M([un]ps,p)〈un, ωi〉s,p + 〈∂un
∂t

, ωi〉α,2

+

∫
Ω

an(x, t,
∂un
∂t

)ωidx =

∫
Ω

fnωidx. (11)

Multiplying (11) by d
dt (ηn(t))i, then summing up i from 1 to n, we obtain∫

Ω

∂2un
∂t2

∂un
∂t

dx+M([un]ps,p)〈un,
∂un
∂t
〉s,p + 〈∂un

∂t
,
∂un
∂t
〉α,2

+

∫
Ω

an(x, t,
∂un
∂t

)
∂un
∂t

dx =

∫
Ω

fn
∂un
∂t

dx.

The inequality (7), (11) and Young’s inequality imply

1

2

d

dt

∫
Ω

|∂un(x, t)

∂t
|2dx+

1

p

d

dt
M̃([un]ps,p) + [

∂un
∂t

]2α,2

+
a0

2q+1

∫
Ω

|∂un(x, t)

∂t
|qdx ≤

(
2q+1

a0

) 1

q−1
∫

Ω

|fn(x, t)|q
′
dx+ C0|Ω|. (12)
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Further,

d

dt

(
1

2

∫
Ω

∣∣∂un(x, t)

∂t

∣∣2dx+
1

p
M̃([un]ps,p)

)
≤
(

2q+1

a0

) 1
q−1
∫

Ω

|fn(x, t)|q
′
dx+ C0|Ω|.

Thus,

1

2

∫
Ω

∣∣∂un(x, t)

∂t

∣∣2dx+
1

p
M̃([un]ps,p)

≤
(

1

2

∫
Ω

∣∣∂un(x, 0)

∂t

∣∣2dx+
1

p
[un(x, 0)]ps,p

)(
2q+1

a0

) 1
q−1
∫ t

0

∫
Ω

|fn(x, t)|qdxdt

+ C0|Ω|T. (13)

Since un(x, 0) = ψn → u0 strongly in W s,p(Ω)
⋂
Wα,2

0 (Ω), ∂un(x,0)
∂t = φn → u1

strongly in L2(Ω) and fn → f strongly in Lq
′
(QT ), we deduce from (13) that

1

2

∫
Ω

∣∣∂un(x, t)

∂t

∣∣2dx+
1

p
M̃([un]ps,p) ≤ C(T ),

which together with assumption (M1) yields that

1

2

∫
Ω

∣∣∂un(x, t)

∂t

∣∣2dx+ [un]ps,p ≤ C(T ) for all t ∈ [0, T ].

Moreover, integrating (12) with respect to t over (0, T ), we have∫
QT

∣∣∂un
∂t

∣∣qdxdt+

∫ T

0

[
∂un
∂t

]2α,2dt ≤ C(T ).

Furthermore, for each t ∈ [0, T ], by Hölder’s inequality, we get

[un(x, t)]2α,2 =

∫∫
R2N

(∫ t
0
(∂un(x,τ)

∂τ − ∂un(y,τ)
∂τ )dτ + (∂un(x,0)

∂τ − ∂un(y,0)
∂τ )

)2

|x− y|N+2α
dxdy

≤2T

∫ T

0

[
∂un
∂t

]2α,2dt+ 2[un(x, 0)]2α,2.

Thus, we obtain that [un(x, t)]2α,2 ≤ C(T ) for each t ∈ [0, T ].

By Lemma 3.4, we have

Lemma 3.5. The estimate∥∥un∥∥W (QT )
+
∥∥an(x, t, ∂un

∂t

)∥∥
Lq′ (QT )

≤ C(T ),

holds uniformly with respect to n.

Proof. By (8), we have ∥∥an(x, t,
∂un
∂t

)
∥∥
Lq′(x,t)(QT )

≤ C(T ).

From the fractional Sobolev inequality, there holds

‖un‖Lq(Ω) ≤ C[un]ps,p ≤ C(T ).

Furthermore,
∫
QT
|un|qdxdt ≤ C(T ).
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Theorem 3.6. Under the conditions (H1)–(H3), problem (1.1) has a weak solution.

Proof. By Lemma 3.4 and Lemma 3.5, there exist a subsequence of {un}∞n=1 still
denoted by {un}∞n=1 and u, µ : QT → R such that

un ⇀ u weakly ∗ in L∞(0, T ;W s,p
0 (Ω))

⋂
L∞(0, T ;Wα,2

0 (Ω)),

un ⇀ u weakly in W (QT ),
∂un
∂t

⇀
∂u

∂t
weakly ∗ in L∞(0, T ;L2(Ω)),

∂un
∂t

⇀
∂u

∂t
weakly in Lq(QT ),

∂un
∂t

⇀
∂u

∂t
weakly in L2(0, T ;Wα,2

0 (Ω)),

an
(
x, t,

∂un
∂t

)
⇀ π weakly in Lq

′(x,t)(QT ).

First, we prove that there exists a subsequence of {un}∞n=1 (still denoted by
{un}∞n=1) such that ∂un

∂t →
∂u
∂t strongly in L2(QT ) and un → u strongly in Lq(QT ).

Since (η′n(t))j =
∫

Ω
∂un
∂t ωjdx, by Lemma 3.4, (η′n(t))j is uniformly bounded on

[0, T ]. For all 0 ≤ t1 < t2 ≤ T , integrating (11) with respect to t from t1 to t2, we
have∫

Ω

∂un(x, t1)

∂t
ωjdx−

∫
Ω

∂un(x, t2)

∂t
ωjdx+

∫ t2

t1

(
〈un, ωj〉s,p + 〈∂un(x, t1)

∂t
, ωj〉α,2

)
dt

+

∫ t2

t1

∫
Ω

an(x, t,
∂un
∂t

)ωjdxdt =

∫ t2

t1

∫
Ω

fnωjdxdt.

Hölder’s inequality, Lemmas 3.4–3.5 yield

|(η′n(t1))j − (η′n(t2))j |

≤
(∫ t2

t1

[un]p−1
s,p [ωj ]s,pdt+

∫ t2

t1

[un]α,2[ωj ]α,2dt

+ ‖an(x, t,
∂un
∂t

)‖Lq′ (QT )‖ωj‖Lq(Qt2t1 )
+ ‖fn‖Lq′ (QT )‖ωj‖Lq(Qt2t1 )

)
≤C(T )

((∫ t2

t1

[ωj ]
p
s,pdt

)1/p

+

(∫ t2

t1

[ωj ]
p
α,2dt

)1/2

+ ‖ωj‖Lq(x,t)(Qt2t1 )

)
≤C(j, T ) max

{
|t1 − t2|

1
p , |t1 − t2|

1
2 , |t1 − t2|

1
q

}
,

where Qt2t1 = Ω × (t1, t2). Thus, the sequence {(η′n(t))j}∞n=1 is uniformly bounded
and equi-continuous for fixed j. By Ascoli-Arzela Theorem, for j = 1, there exists
a subsequence of {n} denoted by {n1,k} such that {(η′n1,k

(t))1} converges uniformly

on [0, T ] to some continuous function ζ1(t); for j = 2, there exists a subsequence
of {n1,k} denoted by {n2,k} such that {(η′n2,k

(t))2} converges uniformly on [0, T ] to

ζ2(t);generally, for j, there exists a subsequence of {nj−1,k} denoted by {nj,k} such
that {(η′nj,k(t))j} converges uniformly on [0, T ] to ζj(t);. . .. The diagonal procedure

imply that there exists a sequence of {(η′nk,k(t))j}∞k=1 still denoted by {(η′n(t))j}∞n=1

such that {(η′n(t))j} converges uniformly on [0, T ] to ζj(t) for each j = 1, 2, · · ·.
For r ≤ n with r ∈ N, by Lemma 3.4, we have

r∑
j=1

|(η′n(t))j |2 ≤
∫

Ω

|∂un
∂t
|2dx ≤ C(T ), for each t ∈ [0, T ].
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Letting n→∞, we get
r∑
j=1

|ζj(t)|2 ≤ C(T ), for each t ∈ [0, T ].

Letting r →∞, we obtain
∞∑
j=1

|ζj(t)|2 ≤ C(T ), for each t ∈ [0, T ].

Denote u(x, t) =
∞∑
j=1

ζj(t)ωj(x), then sup
0≤t≤T

‖u(x, t)‖L2(Ω) ≤ C(T ) and for each

j ∈ N, there holds

lim
n→∞

∫
Ω

∂un
∂t

ωjdx =

∫
Ω

uωjdx. (14)

uniformly on [0, T ]. For each ε1 > 0 and φ ∈ L2(Ω), by the completeness of {ωj},

there exists a m0 > 0 such that ‖φ−
m0∑
i=1

(
∫

Ω
φωidx)ωi‖L2(Ω) ≤ ε1. Thus,∣∣∣∣∫

Ω

(
∂un
∂t
− ū
)
φdx

∣∣∣∣ ≤ ∥∥∥∥∂un∂t − ū
∥∥∥∥
L2(Ω)

∥∥∥∥∥φ−
m0∑
i=1

(∫
Ω

φωidx

)
ωi

∥∥∥∥∥
L2(Ω)

+

∣∣∣∣∣
∫

Ω

(
∂u

∂t
− ū
) m0∑
i=1

(∫
Ω

φωidx

)
ωidx

∣∣∣∣∣
≤ C(T )ε1 +

∣∣∣∣∣
∫

Ω

(
∂un
∂t
− ū
) m0∑
i=1

(∫
Ω

φωidx

)
ωidx

∣∣∣∣∣ . (15)

For the ε1 > 0, by (14), there exists a nε1 > 0 such that∣∣∣∣∫
Ω

(
∂un
∂t
− ū
)
ωidx

∣∣∣∣ ≤ ε1

m0
, for n > nε1 and i = 1, . . . ,m0.

From (15) and Hölder’s inequality, we have∣∣∣∣∫
Ω

(
∂un
∂t
− ū
)
φdx

∣∣∣∣ ≤ ∥∥∥∥∂un∂t − ū
∥∥∥∥
L2(Ω)

∥∥∥∥∥φ−
m0∑
i=1

(∫
Ω

φωidx

)
ωi

∥∥∥∥∥
L2(Ω)

+

∣∣∣∣∣
∫

Ω

(
∂u

∂t
− ū
) m0∑
i=1

(∫
Ω

φωidx

)
ωidx

∣∣∣∣∣
≤ C(T )ε1 +

m0∑
i=1

∣∣∣∣∫
Ω

φωidx

∣∣∣∣ ∣∣∣∣∫
Ω

(
∂un
∂t
− ū
)
ωidx

∣∣∣∣
≤
(
C(T ) + ‖φ‖L2(Ω)

)
ε1, for n > nε1 . (16)

It follows from (16) that

∂un
∂t

⇀ u weakly in L2(Ω). (17)

uniformly on [0, T ] as n → ∞. For each ϕ ∈ C∞0 (QT ), by Lebesgue’s Dominated
Convergence Theorem, we obtain

lim
n→∞

∫
QT

(
∂un
∂t
− u
)
ϕdxdt = 0.
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By integration by parts, we get∫
QT

∂un
∂t

ϕdxdt = −
∫
QT

un
∂ϕ

∂t
dxdt.

Letting n→∞, we have∫
QT

uϕdxdt = −
∫
QT

u
∂ϕ

∂t
dxdt, for ϕ ∈ C∞0 (QT ).

Thus, we obtain that u =
∂u

∂t
. Moreover, for each j ∈ N, Lemma 3.3 and Lebesgue’s

dominated convergence theorem yield

lim
n→∞

∫ T

0

(∫
Ω

(
∂un
∂t
− ∂u

∂t

)
ωjdx

)2

dt = 0.

Thus, for ε > 0, by Proposition 1, there exists a positive number Nε independent
of n such that∥∥∥∥∂un∂t − ∂u

∂t

∥∥∥∥
L2(QT )

≤2

Nε∑
i=1

∫ T

0

(∫
Ω

(
∂un
∂t
− ∂u

∂t

)
ωidx

)2
dt+ 2ε2

∫ T

0

[
∂un
∂t
− ∂u

∂t

]2

α,2

dt.

From a discussion similar to that of (17), there is a ñ(ε) > 0 such that∥∥∥∥∂un∂t − ∂u

∂t

∥∥∥∥
L2(QT )

≤ Cε2, for n > ñ(ε).

Thus, ∂un
∂t →

∂u
∂t strongly in L2(QT ). Further, there exists a subsequence of {un}

still denoted by {un} such that ∂un
∂t →

∂u
∂t a.e. on QT .

As un ∈ L∞(0, T ;Wα,2
0 (Ω)) and ∂un

∂t ∈ L2(QT ), by the Lions-Aubin Lemma
(see Lions [21]), there exists a subsequence of {un} still labelled by {un} such that
un → u strongly in L2(QT ) and a.e. on QT . Since 1 ≤ q < p∗s := Np/(N − sp) , by
Lemma 3.4 we have

‖un‖Lp∗s (Ω) ≤ C‖u‖W s,p(Ω) ≤ C(T ).

Furthermore,
∫ T

0

∫
Ω
|un|p

∗
sdxdt ≤ C(T ). For each measurable subset U ⊂ QT with

|U | ≤ 1, Hölder’s inequality yields∫
U

|un|qdxdt ≤2‖|un|‖
L
p∗s
q (QT )

‖1‖
L

p∗s
p∗s−q (U)

≤C(T )‖1‖
L

p∗s
p∗s−q (U)

≤C(T )|U |
p∗s−q
p∗s .

Thus, the sequence {|un|q}∞n=1 is equi-integrable on L1(QT ). Vitali Theorem implies
that limn→∞

∫
QT
|un − u|qdxdt = 0, that is to say, un → u strongly in Lq(QT ).

For each u ∈ Lp(0, T ;W s,p
0 (Ω)), we define a linear functional L : Lp(0, T ;W s,p

0

(Ω))→ R as:

〈L(u), v〉 =

∫ T

0

M([u]ps,p)〈u, v〉ps,pdt



664 MINGQI XIANG, BINLIN ZHANG AND DIE HU

for all v ∈ Lp(0, T ;W s,p
0 (Ω)). By Hölder’s inequality, we have

|〈L(u), v〉| ≤ C

(∫ T

0

[u]ps,pdt

)(p−1)/p(∫ T

0

[v]ps,pdt

)1/p

.

This means that L(u) is a bounded linear functional on Lp(0, T ;W s,p
0 (Ω)). Thus,

‖L(un)‖ ≤ C,
where C > 0 independent of n. Further, up to a subsequence we assume that there
exists χ ∈ (Lp(0, T ;W s,p

0 (Ω)))∗ such that

L(un) ⇀ χ weakly ∗ in (Lp(0, T ;W s,p
0 (Ω)))∗.

Here (Lp(0, T ;W s,p
0 (Ω)))∗ denotes the dual space of Lp(0, T ;W s,p

0 (Ω)). Then,

lim
n→∞

〈L(un), v〉 = 〈χ, v〉

for all v ∈ Lp(0, T ;W s,p
0 (Ω)). From (11), for ϕ ∈ C1(0, T, Vk) (k ≤ n), we have∫

Ω

∂un(x, τ)

∂t
ϕ(x, τ)dx−

∫
Ω

∂un(x, 0)

∂t
ϕ(x, 0)dx−

∫
Qτ0

∂un
∂t

∂ϕ

∂t
dxdt

+

∫ τ

0

(
M([un]ps,p)〈un, ϕ〉s,p + 〈∂un

∂t
, ϕ〉α,2

)
dt+

∫
Qτ0

an(x, t,
∂un
∂t

)ϕdxdt

=

∫
Qτ0

fnϕdxdt, (18)

where 0 < τ ≤ T . Letting n→∞ in (18), we obtain∫
Ω

∂u(x, τ)

∂t
ϕ(x, τ)dx−

∫
Ω

u1ϕ(x, 0)dx−
∫
Qτ0

∂u

∂t

∂ϕ

∂t
dxdt+ 〈χ, ϕ〉+

∫ τ

0

〈∂u
∂t
, ϕ〉α,2dt

+

∫
Qτ0

µ(x, t)ϕdxdt =

∫
Qτ0

fϕdxdt, (19)

where ϕ ∈ C1(0, T ;Vk) (k ∈ N). Since C∞0 (Ω) ⊂
⋃∞
n=1 Vn

C1(Ω)
, for each ϕ ∈

C∞0 (Ω), there exists a sequence {ϕnk}∞k=1 with ϕnk ∈ Vnk such that ϕnk → ϕ in

C1(Ω). Taking ϕnk in (19) and letting k →∞, we get∫
Ω

∂u(x, τ)

∂t
ϕdx−

∫
Ω

u1ϕdx−
∫
Qτ0

∂u

∂t

∂ϕ

∂t
dxdt+ 〈χ, ϕ〉+

∫ τ

0

〈∂u
∂t
, ϕ〉α,2dt

=

∫
Qτ0

fϕdxdt, for ϕ ∈ C∞0 (Ω). (20)

Letting τ → 0, then we have

lim
τ→0

∫
Ω

∂u(x, τ)

∂t
ϕdx =

∫
Ω

u1ϕdx, for ϕ ∈ C∞0 (Ω).

Similarly, for t0 ∈ [0, T ], there holds

lim
τ→t0

∫
Ω

∂u(x, τ)

∂t
ϕdx =

∫
Ω

∂u(x, t0)

∂t
ϕdx, for ϕ ∈ C∞0 (Ω).

Furthermore, we obtain that ∂u(x,0)
∂t = u1(x) for x ∈ Ω.

Since u ∈ L∞(0, T ;Wα,2
0 (Ω)) and ∂u

∂t ∈ L
2(0, T ;Wα,2

0 (Ω)), we can assume that

u ∈ C(0, T ;Wα,2
0 (Ω)) (see Lions [21]). By Lemma 3.4 and the embedding Wα,2

0 (Ω)
↪→ L2(Ω) is continuous, we deduce that

∫
Ω
u2
n(x, T )dx ≤ C(T ). Thus, there exist a
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subsequence of {un} still denoted by {un} and a function û such that un(x, T ) ⇀
û weakly in L2(Ω). For each ϕ ∈ C∞0 (Ω) and η ∈ C1([0, T ]), we have∫

QT

∂un
∂t

ϕηdxdt =

∫
Ω

un(x, T )ϕη(T )− un(x, 0)ϕη(0)dx−
∫
QT

unϕη
′(t)dxdt.

Letting n→∞, we get∫
QT

∂u

∂t
ϕηdxdt =

∫
Ω

ûϕη(T )− u0ϕη(0)dx−
∫
QT

uϕη′(t)dxdt.

Integration by parts yields∫
Ω

(u(x, T )− û)ϕη(T )dx =

∫
Ω

(u(x, 0)− u0)ϕη(0)dx.

Choosing η(T ) = 1, η(0) = 0 or η(T ) = 0, η(0) = 1, we obtain that û = u(x, T ) and
u(x, 0) = u0(x) for x ∈ Ω. Similarly, we can prove that un(x, T ) ⇀ u(x, T ) weakly

in Wα,2
0 (Ω) and

[u(x, T )]2α,2 ≤ lim inf
n→∞

[un(x, T )]2α,2. (21)

Further, by the compactness of embedding Wα,2
0 (Ω) to L2(Ω), we get un(x, T ) →

u(x, T ) strongly in L2(Ω). Taking ϕ = uk in (19), then letting k →∞, we obtain∫
Ω

∂u(x, T )

∂t
u(x, T )− u1u0dx−

∫
QT

|∂u
∂t
|2dxdt+ 〈χ, u〉+

∫ T

0

〈∂u
∂t
, u〉α,2dt

+

∫
QT

µudxdt =

∫
QT

fudxdt. (22)

Finally, we prove that π ∈ Φ(x, t, ∂u∂t ) a.e. on QT and un → u strongly in

Lp(0, T ;W s,p
0 (Ω)). Since ∂un

∂t →
∂u
∂t a.e. on QT , for each δ > 0, by Lusin’s theorem

and Egoroff’s theorem, we can choose a subset Eδ ⊂ QT such that meas(Eδ)< δ,
∂u
∂t ∈ L

∞(QT \Eδ) and ∂un
∂t →

∂u
∂t uniformly on QT \Eδ. Then, for each 0 < ε < 1,

there exists a K > 0 such that∣∣∣∣∂un(x, t)

∂t
− ∂u(x, t)

∂t

∣∣∣∣ < ε

2
, for all n > K and (x, t) ∈ QT \ Eδ.

If |∂un(x,t)
∂t − τ | < 1

n , then we have |∂u(x,t)
∂t − τ | < ε, for all n > max{K, 2

ε} and
(x, t) ∈ QT \ Eδ. From the definition of an, there holds

an

(
x, t,

∂un(x, t)

∂t

)
= n

∫ ∞
−∞

a
(
x, t,

∂un(x, t)

∂t
− τ
)
ρ(nτ)dτ

= n

∫ ∞
−∞

a(x, t, τ)ρ
(
n(
∂un(x, t)

∂t
− τ)

)
dτ.

Thus, |∂un(x,t)
∂t − τ | < 1

n , for each (x, t) ∈ QT \ Eδ. Furthermore,

aε(x, t,
∂u

∂t
) ≤ an(x, t,

∂un
∂t

) ≤ aε(x, t,
∂u

∂t
),

for all n > max{K, 2
ε} and (x, t) ∈ QT \ Eδ. Let ϕ ∈ L∞(QT ) with ϕ ≥ 0. Then,∫

QT \Eδ
aε(x, t,

∂u

∂t
)ϕdxdt ≤

∫
QT \Eδ

an(x, t,
∂un
∂t

)ϕdxdt ≤
∫
QT \Eδ

aε(x, t,
∂u

∂t
)ϕdxdt.
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Letting n→∞ and using the weak convergence of an(x, t, ∂un∂t ), we get∫
QT \Eδ

aε(x, t,
∂u

∂t
)ϕdxdt ≤

∫
QT \Eδ

µϕdxdt ≤
∫
QT \Eδ

aε(x, t,
∂u

∂t
)ϕdxdt.

By (H1), the definition of aε and aε, we have

|aε(x, t, ξ)| ≤ a2

(
|ξ|q−1 + 1

)
and

|aε(x, t, ξ)| ≤ a2

(
|ξ|q−1 + 1

)
,

for each x, t, ξ ∈ QT × R. Thus, aε(x, t,
∂un
∂t ) and aε(x, t,

∂un
∂t ) are bounded on

QT \ Eδ. By a = lim
ε→0

aε(x, t,
∂u
∂t ), a = lim

ε→0
aε(x, t,

∂u
∂t ) and Lebesgue’s dominated

convergence theorem, we obtain∫
QT \Eδ

a(x, t,
∂u

∂t
)ϕdxdt ≤

∫
QT \Eδ

µ(x, t)ϕdxdt ≤
∫
QT \Eδ

a(x, t,
∂u

∂t
)ϕdxdt. (23)

It’s easy to check that a and a still satisfy the same conditions imposed on a in
(H2). Thus, a(x, t, ∂u∂t ) and a(x, t, ∂u∂t ) belong to the space Lq

′
(QT ). Letting δ → 0

in (23), we have∫
QT

a(x, t,
∂u

∂t
)ϕdxdt ≤

∫
QT

µ(x, t)ϕdxdt ≤
∫
QT

a(x, t,
∂u

∂t
)ϕdxdt. (24)

Without loss of generality, we assume that
∣∣{(x, t) ∈ QT : π(x, t) < a(x, t, ∂u∂t )}

∣∣ > 0.
Taking

ϕ =

{
1, µ(x, t) < a(x, t, ∂u∂t ),

0, µ(x, t) ≥ a(x, t, ∂u∂t ),

in the first inequality of (24), we have

0 <

∫
QT

(a(x, t,
∂u

∂t
)− µ(x, t))+dxdt ≤ 0,

where (a(x, t, ∂u∂t ) − µ(x, t))+ = max{a(x, t, ∂u∂t ) − µ(x, t), 0}. Thus, from the con-

tradiction above, a(x, t, ∂u∂t ) ≤ µ(x, t) a.e. on QT . Similarly, we can deduce that

µ(x, t) ≤ a(x, t, ∂u∂t ) a.e. on QT .
Multiplying (11) by (ηn(t))j and summing up j from 1 to n, and integrating with

respect to t from 0 to T , we have∫ T

0

∫
Ω

∂2un
∂t2

undxdt+

∫ T

0

M([un]ps,p)[un]ps,pdt+

∫ T

0

〈∂un
∂t

, un〉α,2dt

+

∫ T

0

∫
Ω

an
(
x, t,

∂un
∂t

)
undxdt =

∫ T

0

∫
Ω

fn(x, t)undxdt.

Thus,

0 ≤
∫ T

0

M([un]ps,p) (〈un, un − u〉s,p − 〈u, un − u〉s,p) dt

=

∫ T

0

∫
Ω

(fnun − an(x, t,
∂un
∂t

)un)dxdt−
∫ T

0

〈∂un
∂t

, un〉α,2dt−
∫

Ω

∂un(x.T )

∂t
un(x, T )dx
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+

∫
Ω

∂un(x, 0)

∂t
un(x, 0)dx+

∫ T

0

∫
Ω

|∂un
∂t
|2dxdt

−
∫ T

0

M([un]ps,p)〈un, u〉s,pdt+

∫ T

0

M([un]ps,p)〈u, un − u〉s,pdt.

By (21), (22), the weak convergence of ∂un(x,T )
∂t ⇀ ∂u(x,T )

∂t in L2(Ω) and the strong

convergence of un(x, T )→ u(x, T ) in L2(Ω), we get

lim sup
n→∞

∫ T

0

M([un]ps,p) (〈un, un − u〉s,p − 〈u, un − u〉s,p) dt

≤
∫ T

0

∫
Ω

(fu− µu)dxdt− 1

2
[u(x, T )]2α,2 +

1

2
[u(x, 0)]2α,2 −

∫
Ω

∂u(x, T )

∂t
u(x, T )dx

+

∫
Ω

u1u0dx+

∫ T

0

∫
Ω

|∂u
∂t
|2dxdt− 〈χ, u〉 = 0.

This together with (M1) implies that

lim
n→∞

∫ T

0

(〈un, un − u〉s,p − 〈u, un − u〉s,p) dt = 0.

Similar to the discussion as in [37, 26], we get un → u strongly in Lp(0, T ;W s,p
0

(Ω)) and 〈χ, u〉 = M([u]ps,p)[u]ps,p. It follows from (19) that the theorem is proved.

Remark 2. Obviously, if the function a : QT × R→ R is continuous with respect
to (x, t, s) ∈ QT × R, then µ(x, t) = a(x, t, ∂u∂t ).

4. An example. We consider the following problem
utt + (m0 +m1[u]ps,p)(−∆)spu+ (−∆)αut + µ = f, (x, t) ∈ QT ,
µ ∈ Φ

(
x, t, ut

)
, a.e. (x, t) ∈ QT ,

u(x, t) = 0, (x, t) ∈ (RN \ Ω)× (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(25)

where m0,m1 > 0 and the set valued function Φ is obtained by filling in jumps of
the function a defined by

a(x, t, ξ) =

{
|ξ|q−2ξ + ξ ln ξ, |ξ| ≤ 1,

|ξ|q−2ξ + e−|ξ|ξ, |ξ| > 1,

After a simple calculation, we have

a(x, t, ξ) =


|ξ|q−2ξ + ξ ln ξ, |ξ| < 1,

1, ξ = 1,

−1− e−1, ξ = −1,

|ξ|q−2ξ + e−|ξ|ξ, |ξ| > 1,

and

a(x, t, ξ) =


|ξ|q−2ξ + ξ ln ξ, |ξ| < 1,

1 + e−1, ξ = 1,

−1, ξ = −1,

|ξ|q−2ξ + e−|ξ|ξ, |ξ| > 1.
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Then Φ(x, t, ut) = [a(x, t, ut), a(x, t, ut)] a.e. on QT . Suppose that (H1) and (H4)
are satisfied and let q be defined as in (H3). Then by Theorem 3.6, there exists a
weak solution for problem (25).
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problems, Bull. Math. Sci., (2020).

[32] J. Y. Park, H. M. Kim and S. H. Park, On weak solutions for hyperbolic differential inclusion

with discontinuous nonlinearities, Nonlinear Anal., 55 (2003), 103–113.
[33] P. Pucci, M. Q. Xiang and B. L. Zhang, A diffusion problem of Kirchhoff type involving the

nonlocal fractional p-Laplacian, Discrete Contin. Dyn. Syst., 37 (2017), 4035–4051.

[34] P. Pucci, M. Q. Xiang and B. L. Zhang, Existence and multiplicity of entire solutions for
fractional p-Kirchhoff equations, Adv. Nonlinear Anal., 5 (2016), 27–55.

[35] G. Singh, Nonlocal perturbations of the fractional Choquard equation, Adv. Nonlinear Anal.,

8 (2019), 694–706.
[36] J. L. Vázquez, Nonlinear diffusion with fractional Laplacian operators, Nonlinear Partial

Differential Equations, Abel Symp., Springer, Heidelberg, 7 (2012), 271–298.
[37] J. Clments, Existence theorems for a quasilinear evolution equation, SIAM J. Appl. Math.,

26 (1974), 745–752.

[38] M. Q. Xiang, B. L. Zhang and D. Yang, Multiplicity results for variable-order fractional
Laplacian equations with variable growth, Nonlinear Anal., 178 (2019), 190–204.

[39] R. Z. Xu and J. Su, Global existence and finite time blow-up for a class of semilinear pseudo-
parabolic equations, J. Funct. Anal., 264 (2013), 2732–2763.

[40] R. Z. Xu, X. C. Wang, Y. B. Yang and S. H. Chen, Global solutions and finite time blow-up

for fourth order nonlinear damped wave equation, J. Math. Phys., 59 (2018), 061503, 27 pp.

[41] R. Z. Xu, M. Y. Zhang, S. H. Chen, Y. B. Yang and J. H. Shen, The initial-boundary value
problems for a class of six order nonlinear wave equation, Discrete Contin. Dyn. Syst., 37

(2017), 5631–5649.

Received December 2019; revised March 2020.

E-mail address: xiangmingqi hit@163.com

E-mail address: zhangbinlin2012@163.com

E-mail address: 970640972@qq.com

http://www.ams.org/mathscinet-getitem?mr=MR0259693&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR199519&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1689282&return=pdf
http://dx.doi.org/10.1016/S0362-546X(97)00714-1
http://dx.doi.org/10.1016/S0362-546X(97)00714-1
http://www.ams.org/mathscinet-getitem?mr=MR3816754&return=pdf
http://dx.doi.org/10.1088/1361-6544/aaba35
http://dx.doi.org/10.1088/1361-6544/aaba35
http://www.ams.org/mathscinet-getitem?mr=MR3445279&return=pdf
http://dx.doi.org/10.1017/CBO9781316282397
http://dx.doi.org/10.1017/CBO9781316282397
http://www.ams.org/mathscinet-getitem?mr=MR3961733&return=pdf
http://dx.doi.org/10.1142/s0219199718500049
http://dx.doi.org/10.1142/s0219199718500049
http://www.ams.org/mathscinet-getitem?mr=MR3917341&return=pdf
http://dx.doi.org/10.1007/s00526-019-1499-y
http://dx.doi.org/10.1007/s00526-019-1499-y
http://www.ams.org/mathscinet-getitem?mr=MR3997239&return=pdf
http://dx.doi.org/10.1007/s00028-019-00489-6
http://dx.doi.org/10.1007/s00028-019-00489-6
http://www.ams.org/mathscinet-getitem?mr=MR3820409&return=pdf
http://dx.doi.org/10.1007/s00028-017-0406-2
http://dx.doi.org/10.1007/s00028-017-0406-2
http://www.ams.org/mathscinet-getitem?mr=MR3648372&return=pdf
http://dx.doi.org/10.1016/j.nonrwa.2017.02.004
http://dx.doi.org/10.1016/j.nonrwa.2017.02.004
http://dx.doi.org/10.1142/S1664360720500046
http://dx.doi.org/10.1142/S1664360720500046
http://www.ams.org/mathscinet-getitem?mr=MR2001634&return=pdf
http://dx.doi.org/10.1016/S0362-546X(03)00216-5
http://dx.doi.org/10.1016/S0362-546X(03)00216-5
http://www.ams.org/mathscinet-getitem?mr=MR3639450&return=pdf
http://dx.doi.org/10.3934/dcds.2017171
http://dx.doi.org/10.3934/dcds.2017171
http://www.ams.org/mathscinet-getitem?mr=MR3456737&return=pdf
http://dx.doi.org/10.1515/anona-2015-0102
http://dx.doi.org/10.1515/anona-2015-0102
http://www.ams.org/mathscinet-getitem?mr=MR3918399&return=pdf
http://dx.doi.org/10.1515/anona-2017-0126
http://www.ams.org/mathscinet-getitem?mr=MR3289370&return=pdf
http://dx.doi.org/10.1007/978-3-642-25361-4_15
http://www.ams.org/mathscinet-getitem?mr=MR372426&return=pdf
http://dx.doi.org/10.1137/0126066
http://www.ams.org/mathscinet-getitem?mr=MR3886611&return=pdf
http://dx.doi.org/10.1016/j.na.2018.07.016
http://dx.doi.org/10.1016/j.na.2018.07.016
http://www.ams.org/mathscinet-getitem?mr=MR3045640&return=pdf
http://dx.doi.org/10.1016/j.jfa.2013.03.010
http://dx.doi.org/10.1016/j.jfa.2013.03.010
http://www.ams.org/mathscinet-getitem?mr=MR3809990&return=pdf
http://dx.doi.org/10.1063/1.5006728
http://dx.doi.org/10.1063/1.5006728
http://www.ams.org/mathscinet-getitem?mr=MR3681953&return=pdf
http://dx.doi.org/10.3934/dcds.2017244
http://dx.doi.org/10.3934/dcds.2017244
mailto:xiangmingqi_hit@163.com
mailto:zhangbinlin2012@163.com
mailto:970640972@qq.com

	1. Introduction
	2. Preliminaries
	3. Existence of weak solutions
	4. An example
	Acknowledgments
	REFERENCES

