ELECTRONIC RESEARCH ARCHIVE doi:10.3934 /era.2020034
Volume 28, Number 2, June 2020 pp. 651-669

KIRCHHOFF-TYPE DIFFERENTIAL INCLUSION PROBLEMS
INVOLVING THE FRACTIONAL LAPLACIAN AND
STRONG DAMPING

MINGQI XIANG

College of Science, Civil Aviation University of China
Tianjin 300300, China

BINLIN ZHANG*

College of Mathematics and System Science
Shandong University of Science and Technology
Qingdao 266590, China

DiE Hu

College of Science, Civil Aviation University of China
Tianjin 300300, China

ABSTRACT. The aim of this paper is to investigate the existence of weak solu-
tions for a Kirchhoff-type differential inclusion wave problem involving a discon-
tinuous set-valued term, the fractional p-Laplacian and linear strong damping
term. The existence of weak solutions is obtained by using a regularization
method combined with the Galerkin method.

1. Introduction. In this paper, we consider the following initial boundary value
problem

wg + M([u]? ) (=A)ju+ (=A)%u + p(a,t) = f, (2,t) € Qr,
e <I>(9c,t7ut), a.e. (z,t) € Qr,

u(z,t) =0, (z,t) € (RN \Q)x(0,T),

u(z,0) = ug(x), ue(z,0) =ui(z), =€,

(1)

where s,a € (0,1), 1 < p < N/s, Q@ C RY is a bounded domain with smooth
boundary 992, 0 < T < oo is a given constant and Q7 = Q x (0,T), M : Rf — R+
is a continuous function and & is a discontinuous and nonlinear set valued mapping
by filling in jumps of a function a(z,t,s) : Qr x R = R, [u]s, is the Gagliardo
seminorm defined by

(o = < / /R ) 'u(ffi y&%fﬂp drdy) z
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Here (—A); is the fractional p-Laplace operator which, up to a normalization con-
stant, is defined as

—-A SSO =2 lim d eR
( )p (x) € : ot R \Bs(z) "r y|N+ps y7 ! ’

along functions ¢ € C§°(RY). Henceforward B.(z) denotes the ball of RV centered
at © € RY and radius e > 0. In particular, if p = 2 the fractional p-Laplacian

(—=A);5 reduces to the fractional Laplacian (—A)°.
Furthermore, we assume a and ® satisfy the following assumptions.

(H1) For each £ € R, a is a continuous function with respect to (x,t) € Qr and
for each (z,t) € Qr, a € LS. (R). Moreover, there exist positive constants
agp, a1, as such that

aolé|! — a1 < a(w,t,€)¢, la(z,t,€)| < ax(|€]?”" +1), for each (z,t,€) € Qr x R,

where ¢ € (1,p%) and pf = Np/(N — sp).
(H2) The set valued function ® : Q7 x R — 2® is obtained by filling in jumps of the
function @ in (H1) by means of the functions a_,a.,a,a: R — R as follows

a(z,t,§) = if_a(w,tn), @(e,t,§)= sup alztn), a@t€)= lim a(z,t¢),
[n—¢€[<e In—¢|<e e—0t
a(z,t,6) = lim @(z,1,€), (z,¢¢) = lale,¢,),a(z,t,8)].

(H3) ug € WP(Q) \Wg*(Q), us € L*(2), f € L7 (Qr), where ¢/ = ——.

q—
Throughout the paper, without explicit mention, we assume that M : [0,00) — R
is continuous and verifies

(My) there exists mg > 0 such that M (1) > mg for all 7 > 0.

A typical example of M is given by M(t) = mg + mqt for t > 0, where mgy >
0,m1 > 0. When M is of this type, problem (1) is said to be degenerate if a = 0,
while it is called non—degenerate if a > 0. As for some recent existence results
on Kirchhoff-type problems, we refer the interested readers to [5, 11]. Recently,
the fractional Kirchhoff problems have received more and more attention. Some
new existence results for fractional Kirchhoff problems were given, for example, in
[18, 19, 20, 24, 25, 26, 27, 34].

In recent years, fractional Laplacian operator and related equations have an
increasingly wide utilization in many important fields, as explained by Caffarelli in
[4], Laskin in [15] and Vézquez in [36]. In [8], a stationary Kirchhoff variational
equation was first proposed by Fiscella and Valdinoci as a model to study the
nonlocal aspect of the tension arising from nonlocal measurements of the fractional
length of the string. Indeed, the stationary problem of (1) is a fractional version
of a model, the so-called stationary Kirchhoff equation, which was introduced by
Kirchhoff in [12] as a model to study elastic string vibrations. The literature on
elliptic type problems involving fractional Laplacian and its variant is rich and very
vast, see for example [8, 25, 26, 27, 35] and the references cited there.

Recently, the fractional hyperbolic problems with continuous nonlinearities have
been studied by many researchers. For example, Pan, Pucci and Zhang [29] studied
the initial-boundary value problem of degenerate Kirchhoff-type

wy + [u]?OV(=A)u = [u[P"lu in Q x RT, (2)
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where Q C RY is a bounded domian with Lipshcitz boundary, § € [1,2%/2), p €
(20 —1,2% — 1) and [u], is the Gagliardo seminorm of « defined by

], = ( / /R ) Iu<o|c;t> ;&Syz,:n? dxdy)”?

Under some appropriate conditions, the authors obtained the global existence, vac-
uum isolating and blow up of solutions for (2) by using the Galerkin method com-
bined with the potential wells theory. Moreover, the authors also investigated the
global existence of solutions under the critical initial conditions. Furthermore, Pan
et al. in [28] considered the following degenerate Kirchhoff equation with nonlinear
damping term

wge + [W]207D (= A) u + ue]*Pug +u = u Pu in Q x R, (3)

2 < a <26 <b < 2% Under some natural assumptions, the authors obtained the
global existence, vacuum isolating, asymptotic behavior and blow up of solutions
for (3) by combining the Galerkin method with potential wells theory. In [20], Lin
et al. studied the initial-boundary value problem of Kirchhoff wave equation

ug + [u)?C"V(=A)*u = f(u) in Q x RY,

The authors established some sufficient conditions on initial data such that the
solutions blow up in finite time for arbitrary positive initial energy by using an
modified concavity method. Moreover, when f(u) = |u|P~2u, the authors obtained
the upper and lower bounds for blow up time. Concerning the related diffusion
problems, for instance, we refer to [30, 31, 33, 39] for more results and methods.

It is worth mentioning that problem (1) can be regard as a fractional version of
the initial-boundary value problem of the following equation

Upt — M(||Vu||1£p(RN))div(|Vu|p_2Vu) —Auy+m=f, (z1)€Qr,
S <I>(x7t,ut), a.e. (z,t) € Qr,

u(z,t) =0, (x,t) €92 x(0,T),

u(z,0) = up(x), u(x,0) =ui(x), =€ .

(4)

In [32], Park and Kim studied the existence of solutions for problem (4) without
the Kirchhoff function M. The research on differential inclusions is an interesting
topic in recent years. These problems arise mainly from physics and optimization,
especially continuum mechanics, where non-monotone, multi-valued constitutive
laws lead to a class of differential inclusions (variational inequalities). For a brief
account of works on such variational inequalities we refer to [21] for the details. For
the analysis of nonlinear second order or fourth order or six order hyperbolic partial
differential equations with damping, we refer to the seminal work of Lions and
Strauss [22], see also [9, 16, 17, 40, 41] for more recent results. In recent years, partial
differential equations of hyperbolic type with variable exponent growth conditions
were studied by Antontsev [1], see also Autuori and Pucci [2, 3] for Kirchhoff systems
with p(z)-growth.

However, to the best of our knowledge, there are no papers that deal with the
global existence and blow-up results for problems like (1). Inspired by above pa-
pers, we study the existence of global solutions that vanish at infinity or solutions
that blow up in finite time for problem (1) involving the fractional p-Laplacian and
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discontinuous nonlinearity. Since our problem is nonlocal and the diffusion coeffi-
cient M([u]f ) is a function, our discussion is more elaborate than the papers in
the literature.

The rest of this paper is organized as follows. In section 2, we will give some
necessary definitions and properties of fractional Sobolev spaces. In section 3, we
obtain the existence of weak solutions for problem (1.1) by Galerkin’s approximation
method. In section 4, we give an example to illustrate our result.

2. Preliminaries. To study the existence of solutions for equation (1), let us first
recall some results related to the fractional Sobolev space W;*(£2). For convenience,
we shortly denote by | - [|2 the norm of L?(Q). Let @ C RY be a bounded domain,
1 < p < oo and set

WP (Q) ={ue LP(Q) ulsp < 00, u=0ae. in RV \ Q},

where the Gagliardo seminorm [ul ;, is defined as

(y)|P 1/p
s,p = (//RN |m_y|N+sp dxdy) .

Equipped with the norm

l[ull = [u]s p,

WP (Q) is a uniformly convex Banach space, and hence reflexive. The fractional
critical exponent is defined by

N .
= N_’;p if sp < N;
s 00 if sp > N.

Moreover, the fractional Sobolev embedding states that WP (Q2) < L9(Q) is con-
tinuous if sp < IV and 1 < ¢ < p%. For more detailed account on the properties of
WyP(82), we refer to [7].

Definition 2.1. Let Q C RY be a bounded domain with smooth boundary. We
define

T) = {’LL S Lq(QT) u e LP(O,T; Wos’p(ﬂ))}7

with the norm

u(y. )P w
uly,
||u||W<QT>—||u||Lq<QT>+(/ // |x_y‘N+pg d:rdydt) |

Remark 1. Following the standard proof of Sobolev spaces, we can prove that
W(Qr) is a reflexive Banach space if 1 < p, ¢ < oco.

In the following, we give a useful result which will be used to get the existence
of solutions for problem (1).

Proposition 1. Let Q be a bounded domain in RN and let {w;}52, be an orthogonal
basis in L*(Q). Then for any € > 0, there exists a constant N. > 0 such that

Ne

1
2\ 2
[ullL2) < (Z (/Q uwid:c> ) + ellullws»(a)

i=1
for all uw € W5 (Q) where 2N/(N + 2s) <p < N/s.
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Proof. Following the idea of [13], we first show that for any § > 0 and ¢ > 0 there
exists positive integer number NV, s such that

1/2

Nc s
Il < -+ | 3 / w(@)wr(@)dz |+ elulay (5)

Arguing by contradiction, we assume that there exists an ¢y > 0 and a sequence
{un}22, € WyP(€) such that

lunlla > (14 4) (Z ( / w(x)m(x)dxf) " + eoftunls.

i=1
for any n. Let v, = up/||unll2. Then

n

o\ 1/2
1= HUTLHQ > (1 + 6) <Z (/Q 'Un(x)wl(x)dx> > + 50[”71]3,;07 (6)

=1

which means that

1
[vn}s,p < — for any n = 172’ .
€o

Since 2N/(N +2s) < p < N/s and the embedding of WP (Q) into L?(f) is compact,
there exists a subsequence {vy,, }3; such that {v,, }3°, strongly converges to some
function v in L?(Q). Hence ||v]|2 = ||vn|l2 = 1. Since {w;}3°; is an orthogonal basis
of L?(€2), we also have

Py, vn, = i < /Q U (a:)wi(x)dx> w;

i=1
converges strongly to v. Indeed, we have
[v = Pryonllz = [ Pay (v = vny) + 0 = Poyvllz < flo = vy ll2 + [[0 = Pryoflz = 0

as k — oo. Using (6) and letting & — oo, we deduce 1 > 1 + 4, which is absurd.
Thus, (5) holds true.
By (5), we obtain

1/2 1/2

Nes Nc s
ull2 < ;/Qu(:z:)wi(x)d:r 4+ ;/ﬂu(z)wi(x)dx + eulsp

1/2

N¢ s
> / w@wi@)dz |+ Sllulla + eluls p

IN

1/2

< 2 /Q w(@wi(z)dz |+ (C5+2)[ulsy,

where C' > 0 is the embedding constant of W;"?(Q) into L?*(Q2). Therefore, the
proof is complete. O
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3. Existence of weak solutions. In this section, we prove the main result of this
paper.

Definition 3.1. A pair of functions u,p : Q7 — R is called a weak solution of

(1.1), if

u € W(Qr) N L=(0,T; W5P(2)) N C(0,T; W (),
u € L=(0,T; L3(Q)) N L2(0,T; W *(Q)) N LY(Qr),
fe Lq/(QT), u € O(x,t,u) ae. (z,t) € Qr,

and

/Q iy, T)p(, T dar — / vy ppdadt + /O UM, s )it

T
+/ <Ut’§0>a,2dt+/ ppdzdt =
0 T QT

hold for all ¢ € C1(0,T; C°(9)). Here (u, )5, and (ug, @)a 2 are defined as
u(z,t) — uly, t)|P~ 2 z,t) —u(y,t
(U, @)s.p = //RQN w OF_{ule,t) — uly )>(sa(w,t)—<ﬁ(y,t))dxdy

|z —y|NHes

fcpdxdt—i—/ ur(x, 0)dx
Q

and

frhaa = [ =GO o) g,

|z —y|V+2e

We need a regularization of a defined by

anfet) =n [ alat.g = rpnryar,
where p € C§5°(-1,1), p >0 and f_ll p(T)dr = 1.

Lemma 3.2. The function a, is continuous and satisfies the following inequalities

an(a,, )6 = S21€]7 -

and
|an(z,t,€)] < 2%as(|€[77" + 1),
for each (x,t,§) € Qr x R, where Co = % + a1 + az + ag(%)q_l.

Proof. Since for each (z,t) € Qr, a € LS (R), it’s easy to show that a,, € C(Qr xR)
for each n € N. From assumption (H2) and Young’s inequality, for each (z,t,s) €
Q1 x R, we have

an(z,t,6)¢ = n/oo a(x,t,& — 1)ép(nT)dr

—0o0

= /11 a (x,t,§ - Z) Ep(T)dr

- 1 g—
)dT—ag/ ’f—z 1p(7')d7'—a1—a2

Zao/
1
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1 g 2 q—1
> % ‘5 _I p(T)dT — as <(12> —a; — as
2 J4 n ao
ap T4 2a0 a1
E‘f—* —a2 | — —air — a
ag

where 79 € [—1,1]. From the inequality

1 <2 (je= 2 +[2])

we obtain
an(z,1,8)¢ = *|€|q Co, (7)
where Cp = % + a1 + ag + az(222)971. Similarly, by (H2), we get
R B L L ST
Thus, the proof is finished. O
cH ()

We choose a sequence {w;}32, C C§°(Q) such that C5°(Q) C UpZ, Vi
and {w;}52, is a complete orthonormal basis in L*(2), where V,, = span{w, wa,
., Wn }, see [10, 24].

———C'(&
Since C§°(Q) c Uo—, Vo ( ), we have the following lemma.
Lemma 3.3. For the function ug € WP(Q)\W"*(Q), there exists a sequence
{in} with b, € V,, such that ¥, — ug in WP(Q) N\ W(Q) as n — oo.

Proof. For ug € W*P(Q2) \W?(Q), there exists a sequence {v,} in C§°(Q) such
SRCHY 1)
that v, — ug in W5P(Q) N\ W*(€). Since {v,}22, € C(Q) € U Vi , we

m=1

e}
can find a sequence {vF} C |J Vj, such that for each n € N, there holds v¥ — w,

m 1
in C1(Q) as k — oo. For there exists k, > 1 such that |jvf» — Unllor@) < o

Thus

2n )

kn kn
g™ — U’O”W&P(Q) NWE2(Q) < Cllvg™ = Un”ol(ﬁ) + [lvn — “0||Ws,p(g)nwgv2(g)~
That is vk — ug in WP(Q)O\W*(Q) as n — oco. Denote u, = vk, Since

oo

tun, € |J Vi, there exists V;, such that u, € V,,,, without lost of generality,
m=1

we assume that V;,,, C V,,, as m; < mgy. We suppose that m; > 1 and define

¥, as follows: ¥p(z) =0, n =1,---m3 —1; ¥, = u,n = mq, - ,mo — 1;
Y = ug,n = mg,---,m3 — 1;- - then we obtain the sequence {¢,,} and 1, — ug
in WP(Q) N\ W2(Q) as n — oo. O

The existence of weak solutions for problem (1.1) is proved by Galerkin’s ap-
proximation method. We shall find the sequence of approximate solutions with the

form
n
E ))jwj (@

Jj=1
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The unknown functions (7,,(t)), are determined by an ordinary differential system
as follows:

(9)
77(0) = UOna 77/(0) = U1n7

where (UOn % fQ wnwzdx (Uln 7 fQ ¢nwzdx n)z = fQ fnwidx7 wn € Vna¢n €

Vi, frn € C§°(Qr), and 1, — ug strongly in W*P(Q) Wg"Q(Q), ¢n — uq strongly

in L2(Q2), f, — f strongly in Lq/(Lt)(QT). Here the vector-valued function P, (¢, u,

v) :[0,T] x R" x R® — R" is defined as:

(P”(t’lu’ V))z

{W@HJ%@Mﬂm%D=FMm

:M([Zﬂjwj]zp)<zﬂjw],wz SP ZVJWJ7W’L 02+/an(m7t7zijj)widxa
j=1 j=1 j=1
1= 1a y 1y

where p = (1, ) and v = (vy, - - -, V).
Let n/(t) = X(t),Y(t) = (n(t), X(t)) and H,(t,Y) = (X, F,— P, (t,n, X)). Then
the problem (9) is transformed into the following problem

Y (0) = (Uon, Urn)-
The inequality (7) implies
P (t,n, X)X =Py (t,n, ")

ou, Oou,, Ouy, Oouy, | Ouy,
:M([un]g,p) (Un,

aﬂwﬂﬁ?éﬂw+4%@tm)md

1d Ju ou
el P Zm2 "dr — C,
> lunll, + (G + 5o [ 15 e = o
From (10) and Young’s inequality, we obtain
1d—~ CL() / Bun
Y'Y + == M([uy, Iz
b2 (funl2,) + (G ged

<IXIn()] + [P ()] X] +Co
<SIXP 4 2P + X1+ 2 Fa() + Co
<V + SIFu(0) + Co,
where M([un]g’p) = fo[u”]f"" M(7)dr. Denote E,(t) = 1|Y|? + %M([un]g’p). Then,
El(t) <2E,(t) + %\Fn(t)\z + Co.
This together with Gronwall’s inequality yields that
En(t) <Ep(0)e + ¢ /O CEL(Pedr + % (* — 1)

T
<E,(0)e*T + ezT/ |E, (t)|2dt + % (e’ —1)
0
:=C,(T), foreachte[0,T].
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Thus, [Y'(t) = Y(0)| < 2/2C,(T'). Denote

2./2C, (T
L,= max |H,.(t,Y)], Tnmin{T,"()},
(+,Y)e[0,T] ><B(Y(O) 2,/2C.(T) ) L,

where B(Y(0),2,/2C,(T)) is the ball of radius 2,/2C,,(T) with center at the point
Y (0) in R?™. From the definition of H(¢,Y), H(t,Y) is continuous with respect to
(t,Y). By Peano’s Theorem, we know that (10) admits a C? solution on [0, 7,],

on(tn
that is, (9) has a C? solution on [0,7,] denoted by nk(t). Let n(r,), 77;1' ) be

the initial value of problem (9), then we can repeat the above process and get a
C? solution n2(t) on [r,,27,]. Without lost of generality, we assume that T =
[%]Tn + (%)Tn,O < (%) < 1, where [%] is the integer part of %, (Tln) is the
decimal part of % We can divide [0, T] into [(i — 1)7y, iTp],% = 1, ..., L and [L7,, T
where L = [%], then there exist C2 solution ni(t) in [(i — )7y, iTn],i = 1,..., L and
nE+1(t) in [L7,,T]. Therefore, we get a solution 7, (t) € C?([0,T]) defined by

M (t), if t € [0, 7],
n2(t), if ¢ € (7, 27,
n(t) =< ...
nEk(t), if t € (L —1)7, L7y),

nEtL(t), if t € (L7, T).

Lemma 3.4. (A priori estimate) There exists C(T) > 0 independent of n such that
the following estimates

/ |3un U0 2t (]2, + [ )20 < O(T), V€ 0,71,

dun, T T ou,
/ | U {qd dt-l—/ [un]’;’pdt—k/o [%]iﬂth(T),

hold.
Proof. By (9), for each 1 < i < n, we have
82un 8un
|| e M ) i+ (G )
—|—/ an(z,t, Oun Jwidz = / frwidx. (11)
Q ot
Multiplying (11) by % (1,(t));, then summing up i from 1 to n, we obtain
0%u,, Ou, ouy, ou,, Ou,
“on M “n “on “n
o Ot? 0Ot d + M([unl ) {un, ot Jow +{ ot ot Ja2

+/a(xtau"au" /faunx
Qn 7at n

The inequality (7), (11) and Young’s inequality imply

au (z,t) 1d—~ ou
n - p Z7n2
th/ | +pdtM([un]s,p) +[ ot ]a,2

8un (x,t) 201
%H/| Qd<<a) [ d coigl. a2




660 MINGQI XIANG, BINLIN ZHANG AND DIE HU

Further,
aun (z,t) 1~
G (5 [ 12 P+ S a (e, )
2q+1 q71 ,
(%) /|fn<x,t>|wx+co|9|.
ao Q
Thus,

/|8unmt|d +1M([un} )

< (5 [ 12 Pt a0, ) (QZ) [ [tz

+ ColQIT. (13)

Since up(z,0) = 1, — uo strongly in W*2(Q) \W3(Q), W = ¢p — W

strongly in L?(Q) and f,, — f strongly in Lq/(QT) we deduce from (13) that
3 |12 Pa R (unlz,) < O,
which together with assumption (M) ylelds that
/ |8un z,1) | dx + [un]b, < C(T) for all t € [0,T].

Moreover, integrating (12) with respect to t over (0,7T), we have

/ |‘9“”| do dt+/ mpz e < o(T),
o o

Furthermore, for each t € [0, T], by Holder’s inequality, we get

Bun(x, T) Bun(y,r) )dT + (Bun(JL ,0) Buna(y,()

2
fO orT or )))
unxtQQ—// ~ dxdy
R2N |z — y| N2

ng/ L2t 1 2 (2, 0)]2
L e :

Thus, we obtain that [u,(z,t)]2 , < C(T) for each t € [0,T]. O

By Lemma 3.4, we have

Lemma 3.5. The estimate

Oun
HU”HW(QT) + Han(m,t, W)HLq’(QT) <),

holds uniformly with respect to n.

Proof. By (8), we have

0
Han(%t, un HLq ! (x,t)

(@ SO

From the fractional Sobolev inequahty, there holds
[tnllLo(e) < Clun]?, < C(T).
Furthermore, [, |up|?dzdt < C(T). O
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Theorem 3.6. Under the conditions (H1)—(H3), problem (1.1) has a weak solution.

Proof. By Lemma 3.4 and Lemma 3.5, there exist a subsequence of {u,}22; still
denoted by {u,}22; and u, p: Q7 — R such that

Uy — U weakly  in L>°(0, T; WP (Q)) () L (0, T; W (Q)),
Up — U weakly in W(Qr),
th” - ;: weakly # in L°(0, T; L2(Q2)),
u” N gﬁj weakly in L9(Qr),
%Lt” N é;: weakly in L2(0,T; W§’2(Q))’
an (x t, ”) — 71  weakly in Lq/(“;’t)(QT)

First, we prove that there exists a subsequence of {u,}22; (still denoted by
{un} ) such that 6“" — ‘9“ strongly in L?(Q7) and u, — u strongly in L(Qr).
Since (n/,( fQ anwjdas by Lemma 3.4, (n,,(t)); is uniformly bounded on

[0,T]. For all 0 § t; < to < T, integrating (11) with respect to t from ¢; to tg, we
have

t2
[ el [ Stelete) ey [ (twmhen + Ot )0 )

/ /an z,t, — wjdrdt = / frnwjdxdt.
3 n Jo

Holder’s inequality, Lemmas 3.4-3.5 yield

| (t1))5 — (mn(£2));5]
S(/tQ[Un]zs),pl[wj]s,pdt—F/Z[Un]a72[wj]a,2dt

t1
5‘un

Hllan(z,t, =) @nllwill Lagrzy + 1 fall e @ lleosll g tz))

ta 1/p to 1/2
<e( ([ [wj]z:,pdt) ([ tadt) 4l
1 1

SC(J}T)maX{ltl —to]7, |t — ta] 3, |ta —t2|é},

where Q) = Q x (t1,t2). Thus, the sequence {(1/,(t));}52, is uniformly bounded
and equi-continuous for fixed j. By Ascoli-Arzela Theorem, for j = 1, there exists
a subsequence of {n} denoted by {n1x} such that {(n;,, , (¥))1} converges uniformly
on [0,7] to some continuous function ¢;(t); for j = 2, there exists a subsequence
of {n} denoted by {nz } such that {(n],,  (t))2} converges uniformly on [0, T] to
Ca(t);generally, for j, there exists a subsequence of {n;_1 4} denoted by {n;x} such
that {(ny,, , (£));} converges uniformly on [0, 7] to (;(¢);. ... The diagonal procedure
imply that there exists a sequence of {(n;,, , ());}2Z; still denoted by {(n7,(¢));}n4
such that {(n;,(t));} converges uniformly on [0,7] to (;(t) for each j =1,2,---.
For r < n with r € N, by Lemma 3.4, we have

Z|77n /|8un |2de < C(T), for each t € [0, T].
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Letting n — oo, we get
”
Z I¢;(t)|* < C(T), for each t € [0,T).
j=1
Letting r — 0o, we obtain

Z I¢;(t)|* < C(T), for each t € [0,T).
j=1

&)

Denote u(z,t) = > (j(t)w;(z), then sup |u(z, )12 < C(T) and for each
j=1 0<t<T

7 € N, there holds

nlLrI;o/S)aaz?ledm:‘/gzuwjdx. (14)

uniformly on [0,77]. For each &1 > 0 and ¢ € L?(2), by the completeness of {w,},
there exists a mg > 0 such that ||¢ — ZO (Jo dwidx)w;||L2(0) < 1. Thus,
i=1

/(%;"—E)qﬁdx <‘a;;"—a d)—i(/d)widm)wi
Q L2(Q) i=1 /& L2(Q)
+ / (8u — u) % (/ ¢wid:1c> w;dx
o \ 0t — \Jao
<C(T)er + / <8un - ﬂ) i </ d)widz) widx|. (15)
o\ Ot — \Ja
For the ;1 > 0, by (14), there exists a n., > 0 such that
/Q (%?L—u)widx < ;—10, forn >n. andi=1,...,me.
From (15) and Holder’s inequality, we have
/(?—)qﬁdm S‘au"—u (b—i():(/qbwidx)wi
Q 13 ot L2(Q) i=1 WO L2(Q)
+ / <8u — ﬂ) % (/ (bwid:c) w;dx
o\ 0t — \Ua
< C(T)er + i / ow;dx / (561:1 - ﬂ) w;dz
i=117Q Q@
< (C(T) + |9l L2()) €1, for n > n.,. (16)
It follows from (16) that
8(;;" 7 weakly in L2(Q). (17)

uniformly on [0,7] as n — co. For each ¢ € C§°(Qr), by Lebesgue’s Dominated
Convergence Theorem, we obtain

lim <8un — u> pdzxdt = 0.
Q
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By integration by parts, we get

Ouy, (24

Letting n — oo, we have

0
/ updrdt = —/ C'dedt for p € C5°(Qr).
” ot
. _ Ou .
Thus, we obtain that ©w = e Moreover, for each j € N, Lemma 3.3 and Lebesgue’s

dominated convergence theorem yield

T 2
ou, Ou
1'],]] = .
nboo 0 (/Q ( 8t 8t) dex) dt 0

Thus, for € > 0, by Proposition 1, there exists a positive number N. independent
of n such that

Oun _ Ou
ot ot

L2(QT)

N. T 2
ou ou ou ou
<23 n 962 GUpn _ OU .
- i=1/0 (/§z<at at>%dx) attze /0 [875 at]azdt

From a discussion similar to that of (17), there is a 72(¢) > 0 such that
ou, 0 ~
‘ T 20 < Ce?, for n > n(e).

Qr)

Thus, 8“" —“ strongly in L? (QT) Further, there exists a subsequence of {u,}

still denoted by {un} such that 8“" — ‘2;; a.e. on Qr.

As u, € L=(0,T; W2()) and 65‘; € L?(Qr), by the Lions-Aubin Lemma
(see Lions [21]), there exists a subsequence of {u,} still labelled by {u,} such that
un — u strongly in L2(Qr) and a.e. on Q7. Since 1 < g < p* := Np/(N — sp) , by

Lemma 3.4 we have

ot ot

[unl| oz () < Cllullwer@) < C(T).

Furthermore, fOT Jo
|U| < 1, Holder’s inequality yields

(T'). For each measurable subset U C Qr with

/ funPdzdt <2lfunl| vz 1]
U L1 (Qr)

LPs=9(U)
<Ol s
LPs—9(U)

c(T)|U| 7T .

Thus, the sequence {|u,|9}52 ; is equi-integrable on L' (Q7). Vitali Theorem implies
that lim,, e fQT |y, — u|?dadt = 0, that is to say, u, — u strongly in L4(Qr).

For each u € LP(0,T;W;"(2)), we define a linear functional £ : LP(0,T; W3*
Q) = R as:

0= [ Mtz )z
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for all v € LP(0,T; WP (2)). By Holder’s inequality, we have

T (p=1)/p T 1/p
|<£(u),v>|§0< /0 [u}gpdt) ( /0 [v}gpdt) .

This means that £(u) is a bounded linear functional on L?(0,T; WP (€2)). Thus,
[1£(un)|| < C,

where C' > 0 independent of n. Further, up to a subsequence we assume that there
exists y € (LP(0,T; WP (Q)))* such that

L(un) — x weakly = in (LP(0,T; WP (2)))*.
Here (LP(0,T;W3?(2)))* denotes the dual space of L?(0,T; WP (€2)). Then,
nlL)H;o<[’(un)’ U> = <Xa U>
for all v € LP(0,T; Wy"P(2)). From (11), for ¢ € C*(0,T, V) (k < n), we have

Ouy(z,7) Oup(z,0) Ouy, O
/Q 5 o(z, 7)dr — /Q pr o(z,0)dx — o Ot —dxdt
T Oou,, Ouy,
+ M ([un]s p)<un»@>sﬁp+ <67»50>a,2 dt + an(,t, )gpdxdt
0 t 7' 8
= Intpdxdt, (18)
Q3
where 0 < 7 < T. Letting n — oo in (18), we obtain
8u(a:, Ou Op T 0u
/ )dm—/ﬂulcp(:cOd:r—/Taad dt—l—(x,go)-l—/U(at,tp)azdt
+/ w(x, t)pdzdt = / fedxdt, (19)
Q7 Q5

. . @)
where ¢ € C*(0,T;V;) (k € N). Since C°(Q2) € U,—; Va , for each ¢ €
C3° (), there exists a sequence {pp, }7°, with ¢,, € V,,, such that ¢,, — ¢ in
C1(Q). Taking ¢, in (19) and letting k — oo, we get

ou(z,T) Ou Oy T Ou
/Q TR /Qulsodx o; 01 atdwdt+<x,w>+/0 (G5 Plazdt

= fodxdt, for ¢ € C§°(Q). (20)
Q3
Letting 7 — 0, then we have
0
}13%)/9 %g@dm = /Qulgodx, for ¢ € C§° ().
Similarly, for ¢y € [0,T], there holds

_)t/auxT /6umt0)<pdx for ¢ € C5°(Q).

Furthermore, we obtain that au(w O — 4y (z) for z € Q.

Since u € L*>(0,T; Wy" 2(Q)) and 9u ¢ L*(0,T; W$2(52)), we can assume that
we C(0,T; WS2(€)) (see Lions [21]). By Lemma 3.4 and the embedding W¢"?(Q)
— L*(9) is continuous, we deduce that [, u2 (2, T)dz < C(T). Thus, there exist a
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subsequence of {u,} still denoted by {u,} and a function @ such that w,(z,T) —
u weakly in L?(Q). For each ¢ € C§°(Q2) and n € C'([0,T]), we have

/ a@t pndxdt = /un(x,T)gpn(T)fun(z,O)gm](O)dzf/ un o (t)dadt.
T Q

T

Letting n — oo, we get

/ %Wmdt: / tpn(T) — uown(0)dz — / wpn (t)dadt.
T Q

T
Integration by parts yields
| (wle. 1) = @en(Tyde = [ (ul,0) = wo)en(0)de
Choosing n(T) = 1,7(0) = 0 or n(T) = 0,7(0) = 1, we obtain that & = u(z,T) and
u(x,0) = ug(z) for z € Q. Similarly, we can prove that u,(z,T) — u(x T) weakly
in W2(€) and

[u(z,T))2 5 < liminflu,(z,T)]2 5 (21)

n—oo

Further, by the compactness of embedding Wg?(Q) to L(Q), we get w,(z,T) —
u(z, T) strongly in L?(£2). Taking ¢ = uy, in (19), then letting k — oo, we obtain

/ Mu(z,T) — uyuodr — /
Q@ Ot

—|—/ pudzdt = fudxdt. (22)
T Qr

ou

G U)q,2dt

ou 5 T
— |“dxdt + (x,u —|—/
G e+ e+ [

T

Finally, we prove that 7 € ®(z,t, %1;) a.e. on Qr and u, — wu strongly in
LP(0,T; WP(€)). Since du” — 8“ a.e. on Qr, for each § > 0, by Lusin’s theorem
and Egoroff’s theorem, we can choose a subset Fs C Qr such that meas(Ej)< ¢,
% € L>®(Qr \ Es) and 8“" — Su 5¢ uniformly on Qr \ Es. Then, for each 0 <& < 1,
there exists a K > 0 such that

‘aun(x,t) B ﬁu(x,t)‘

< E, for all n > K and (x,t) € Qr \ Es.

ot ot 2

If |8“"37(f’t) — 7| < L, then we have |8“g§t — 7| <&, for all n > max{K,2} and
(x,t) € Qr \ Es. From the definition of a,, there holds

an (x,t, W) = n/oo a(z,t, Oun(@,t) 7)p(nT)dr

ot e

= n/oc a(ar:,25,7');)(71(8un(mC .t —7))dr.

e ot
Thus, |w -7 < %, for each (z,t) € Qr \ Es. Furthermore,

ou ouy, ou
Y < <a i
Qg(l’,t, 3t) = an(:c,t, 315 ) ( 7t7 at)a

for all n > max{K, 2} and (z,t) € Qr \ Es. Let ¢ € L>(Qr) with ¢ > 0. Then,

/ a_(x,t ,8 Yedzdt </ an(x,t, —— Oun "Nodxdt </ (x,t,a—)apdmdt
Qr\Es ot ot ot

Qr\Es Qr\Es
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Letting n — oo and using the weak convergence of a,(z, ¢, aa—t) we get

/ a.(z, ,a )cpdmdt</ ygpdmdtg/ a.(x, ,a Ypdxdt.
Qr\Es ot Qr\Es Qr\Es ot

By (H1), the definition of a, and @, we have

la. (@, £, €)] < az(jg]*7" + 1)
and

@ (2,t,6)] < az (€]~ +1),

for each z,t,§ € Qr x R. Thus, a.(z,t, agt") and a.(z,t, at”) are bounded on

Qr \ Es. By a = lima_(x,t, %), a = lim a.(x,t, ﬁ) and Lebesgue’s dominated
e—0 e—0

convergence theorem, we obtain

/ a(z,t, @)cpdmdt < / w(z, t)pdxdt < / a(x,t, 6—u)gaah:dt. (23)
Qr\Es ot Qr\Bs Qr\Bs ot

It’s easy to check that a and @ still satisfy the same conditions imposed on a in
(H2). Thus, a(z,t, %’t‘) and a(z,t, at) belong to the space L? (Qr). Letting § — 0
in (23), we have

/ g(z,t,%)gpdmdtﬁ/ u(:c,t)god:cdtg/ E(x,t,%)god:rdt. (24)

T T

Without loss of generality, we assume that |{(z,t) € Qr : m(z,t) < a(w,t, u) )} > 0.

Taking
. plz,t) < a(w,t, 34),
0, w(z,t)>alz,t,24),

in the first inequality of (24), we have

0< / (a(.t, %) — (s ) dadt < 0,

where (a(z,t, %) — p(z,t))" = max{a(z,t, %) — u(z,t),0}. Thus, from the con-

tradiction above, a(z,t, é)t) < p(x,t) a.e. on Qp. Similarly, we can deduce that

wlz,t) <a(zx,t, at) a.e. on Qr.
Multiplying (11) by (7,(t)); and summing up j from 1 to n, and integrating with
respect to ¢ from 0 to T, we have

T ou,
/ / unda:dt+/ M ([wn]f ) [unlt, dt—|—/0 <8t Un)a,2dt

/ / an undxdt / / fn(x, )uydadt.

0 </ M([unl? ) ((tny tn — s p — (1 n — 1)) dt

Oun T dun, Oun (x.T)
/ /fnun— an(x,t 5 )un)d;tdt—/o (W,un)a,zdt—/ﬂTun(x,T)dx

Thus,
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aun(:v,O Oun 2
+/Q En dx+/ /| |*dadt
T
—/ M([un]é’,p)<umu>s,pdt+/ M ([un]p)(us un — u)s pdt.
0 0

By (21), (22), the weak convergence of 2uleD) _ duw@.D) 4 12(()) and the strong
Y ot ot
convergence of u, (z,T) — u(z,T) in L?(£), we get

limsup/ M ([un,)? ) ((Unsun —w)s p — (U, un — u)s p) di

n— oo

/ / Fu— dxdt—f[ (. T)2 5 + 2[ (.02 5 /Qauggﬂu(xj)dx

/uluodx+/ /\—2dxdt—< u) = 0.

This together with (M7) implies that

T

nh_)n;o ; (U, Upy — WY s, p — (U Uy, — UYg ) dE = 0.

Similar to the discussion as in [37, 26], we get u, — u strongly in LP(0,T; Wy*
(Q)) and (x,u) = M([u]} ,)[u]? . It follows from (19) that the theorem is proved.
O

Remark 2. Obviously, if the function a : @7 x R — R is continuous with respect
to (z,t,8) € Qr x R, then p(z,t) = a(z,t, g’t‘)

4. An example. We consider the following problem

e+ (mo + i [ul2,) (—A)gu + (=) + = £, (2,1) € Qr,
1w E @(m,t,ut), a.e. (z,t) € Qr,

u(z,t) =0, (x,t)c (RV\Q)x(0,T),

u(z,0) = up(x), u(z,0) =ui(z), =€ Q,

(25)

where mg, my > 0 and the set valued function @ is obtained by filling in jumps of
the function a defined by

~ Jlgle2 e+ €ng, gl <1,
a(z,t,§) = {|€|q2§ + e~ lElg, &l > 1,

After a simple calculation, we have

g9+ €, €] <1,

_ 1, §=1,
Q(xataf) - —].—671, £: _1’
Elam2e+e7llg, gl > 1,

and

gl92e+ €, ¢ <1,

_ B 1+e 1, &E=1,
G:(J?,t,f) - _1’ é- _ _1,
|72 +emlfle, g > 1
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Then ®(z,t,u) = [a(x,t,us), a(x,t,ue)] a.e. on Qp. Suppose that (H1) and (H4)
are satisfied and let ¢ be defined as in (H3). Then by Theorem 3.6, there exists a
weak solution for problem (25).
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