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ABSTRACT. The asymptotic behaviour of an autonomous neural field lattice
system with delays is investigated. It is based on the Amari model, but with
the Heaviside function in the interaction term replaced by a sigmoidal function.
First, the lattice system is reformulated as an infinite dimensional ordinary de-
lay differential equation on weighted sequence state space Z% under some appro-
priate assumptions. Then the global existence and uniqueness of its solution
and its formulation as a semi-dynamical system on a suitable function space
are established. Finally, the asymptotic behaviour of solution of the system is
investigated, in particular, the existence of a global attractor is obtained.

1. Introduction. Neural field models are often represented as evolution equations
generated as continuum limits of computational models of neural fields theory. They
are tissue level models that describe the spatio-temporal evolution of coarse grained
variables such as synaptic or firing rate activity in populations of neurons. See
Coombes et al. [4] and the literature therein. A particularly influential model is
that proposed by S. Amari in [1] (see also Chapter 3 of Coombes et al. [4] by
Amari):

Owu(t,x) = —u(t,z) + /Q K(x —y)H (u(t,y) — 0) dy, x € QCR,

where 6 > 0 is a given threshold and H : R — R is the Heaviside function.

The continuum neural models may lose their validity in capturing detailed dy-
namics at discrete sites when the discrete structures of neural systems become
dominant. Lattice models, e.g., [2, 6, 9, 10], can used to describe dynamics at each
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site of the neural field. Han & Kloeden [7] introduced and investigated the following
lattice version of the Amari model:
d .
%ui(t) = filui(t)) + Z kiyH (ui(t) — 0) + gi(t), i€z
jezd
Delays are often included in neural field models to account for the transmission

time of signals between neurons. In addition, to facilitate the analysis, the Heaviside
function can be replaced by a simplifying sigmoidal function such as

1
as(z):m, reR 0<e< .
In this paper we consider the autonomous neural field lattice system with delays
d .
Lonlt) = Flu(®) + 3 kiyouleglt =)~ 0) +gi, L€ T (1)
jez

Throughout this paper we assume that the delays 73 > 0 are uniformly bounded,
i.e., satisfy

Assumption 1. There exists a constant h € (0,00) that 0 < 7, < h for all i € Z.
and that the interconnection matrix (ki ;); jeza satisfies

Assumption 2. k;i; > 0 for all i,j € Z% and there exists a constant k > 0 such

that y ki; < K for each i€ 7.
jezd
The main goal of this paper is to investigate asymptotic behaviour of solutions
to the neural lattice system with delays (1), in particular, the attractor for the
semidynamical system generated by its solutions. The initial conditions for such
delay systems have the form

ui(s) = ¥i(s), Vse[-h,0],iez (2)

for appropriate functions ;.

2. Preliminaries. We follow Han & Kloeden [7] and consider a weighted space of
bi-infinite real valued sequences with vectorial indices i = (iy, - ,iq) € Z9,

In particular, given a positive sequence of weights (p;);czae, we consider the sep-
arable Hilbert space

éi = {u = (Ui)ieza : Z piul < oo}

i€zd

with the inner product

(u,v) = Z piuiv; for u = (ui)ieza, v = (vi)ieze € 6;21

iezd
hally == | > peu?.
iezd

We assume that the p; satisfy the following assumption.

and norm

Assumption 3. p; > 0 for alli € Z¢ and ps = 5. pi < 0.
iezd
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The appropriate function space for the solutions of the lattice system with delays
(1) is the Banach space C([—h,0],£2) of continuous functions by v : [=h,0] — (3
with the norm

Vleq-none = masc, V()

For a solution u(t) = (ui(t))ieze € €3 of (1) we denote by u; the segment of the
solution in C([—h,0],£2) defined by u,(s) = u(t 4 s) for each s € [~h,0]. The
corresponding initial condition (2) must then satisfy (¢i(-))icze € C([—h,0],£2).

2.1. The reaction term. For any u = (u)icza € 6[2,, we define the operator f by

f() = (filw))ieza-

To ensure that the f(u) take values in Ei for every u € €2p and has necessary dissipa-
tive properties, we make the following standing assumptions on the f; throughout
the rest of the paper.

Assumption 4. The functions fi : R — R are continuously differential with
weighted equi-locally bounded derivatives, i.e., there exists a non-decreasing func-
tion L(-) € C(RT,RT) such that

sup max |f/(s)| < L(pir), Vre Rt ie 2z
iezd s€[—r,r]

Assumption 5. f,(0) =0 for all i € Z%;

Assumption 6. There exist constants o > 0 and f; with B = (Bi)icze € Zi such
that

sfi(s) < —als|* + 6%, VscR, VieZ
It was shown in [7] that Assumption 4 implies that f; is locally Lipschitz with

fi(x) = fiw)| < Lps(J2 + [y]) |« —yl, VieZ’ 2,y eR.
Since
pilul < Vs ( Y o) = sl
iezd
it follows
|filwi) = filv))| < Lpi(Jui] + [0i])) - lus —oi] < L(y/ps(llullp + [[vIlp)) - [ui — vi

for every u = (ui)icze and v = (vi)ijeza. The following lemma from [7] states the
Lipschitz and dissipative properties of the operator f.

Lemma 2.1. Assume that Assumptions 4—6 hold. Then [ : E?, — Zf, is locally
Lipschitz and satisfies the dissipativity condition

(f(w),u) < —alulZ + 813,
2.2. The interaction term. For any v € C([—h,0],£2) we define the operator K-
by K7 (v) = (K+i(Vv))ieza by
KT,i(V) = Z ki,jO'E(’Uj(*Tj) — 0), Vi e ze.
jezd

Lemma 2.2. The operator K. maps C([—h,0],£2) to (2.
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Proof. The function o, takes values in the unit interval [0,1], so

Kri()| <> ki <k, VieZdvec(-h0],2).

jezd

Then
K- (V)15 = D pilEri(v)]P < w2px < oo
iezd
O
Remark 1. The function o, is differentiable with a uniformly bounded derivative
d 1
%ag(x) < B for all z € R.

Hence it is globally Lipschitz with the Lipschitz constant L, = %

2.3. The forcing term. Finally, we suppose that the constant forcing term g :=
(9i)ieza satisfies the following assumption.

Assumption 7. g € Ei.

3. Existence and uniqueness of solutions. The lattice differential equation (1)
can be rewritten as an infinitely dimensional ordinary differential equation on Ei,

D(t) = Grlt) = fw) + Ko () +g, )

where G, (t,w) := (G- i(t,u))icza.
In this section we study the existence and uniqueness of solutions of the dif-

ferential equation (3). To this end, we will need the following auxiliary Lemma
3.1.

Let Z% ={i = (i1,42," - ,iq) € Z%: i1}, |i2], -, |ia) < N} and define
KN(v):= Y kijoc(vj(-7) —0), ieZ’.
JELY

Lemma 3.1. The mapping v — Ki\fi(v) is continuous from C([—h,0],£2) to R for
every i € Z4.
Proof. Let v* — v% in C([—h,0],£2). Since Assumption 1: 0 < 73 < h for each

j € Z%, we see that (v"(—7))jeza — (v°(—T;))jeza in £2. Thus for every e > 0 there
exist an M (e) > 0 such that
Yo plof(=n) = (=m)P <€, Vn = Me).
jezd
Considering only the j € Z4, appearing in the sum defining K i\fi, we obtain
o (=13) — o) (=) < e/\/pN, V> M(e),j € Zg,
where py = minjEZdN pj-

The mapping x — o.(x — ) is continuous for all € R. Since there are a finite
number of terms in the sum in the definition of K i\,]‘u it follows from the elementary
inequality

|(a1 +b1) — (a2 + b2)| < |ar — az| + [b1 — ba, ai,az, by, by € R

that the mapping v — K i\fi (v) is continuous. O
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3.1. Existence of solutions.

Theorem 3.2. Suppose that Assumptions 1-7 hold. Then for each r > 0 there
exists a(r) > 0 such that for every ¥ € C([—h,O],@%) satisfying H’l,[)||c([_h70]7gf2)) <r,
the lattice delay equation (3) has at least one solution defined on [0, a(r)]. Moreover,
the solution u(-) € C'([0,a], £2).

Proof. Step 1. First, we claim that G (¢,u;) is well defined and bounded.
It is easy to see that G (t,us) is well defined since f(u), K,(u;) and g are all
well defined. As for the boundedness, we denote that

|Gri(ue)] < |filui(®)] + [Kri(a)| + |gil- (4)

Since f; is locally Lipschitz and satisfies f;(0) = 0 by Assumption 4-5, we see that

[filui(t))] < Lpilui(®)]) - [ui(@)] < L(V/psllu(®)l]p) - fus(?)]-
Then we obtain
1
(D pilfiw@®)?)* < Lpslu®],) [a@®)] - (5)
iezd
For the second term with delay, we have |K;i(u;)] < k by Assumption 2, which
gives
1
(Z pil K-i(u)?)? < \/psk, (6)
iezd

where we have used Assumption 3.

Finally, for the last term g, Assumption 7 gives

lell, < oo (7)

Using (5), (6) and (7) in (4) we conclude that G is well defined and bounded.

Step 2. Next, we claim that the maps G- : C([—h, 0},62) — R are continuous for
all i € Z4.

We consider {u}},en C C([—h,0],£2) and u) € C([—h,0],(2) such that u} —uf
in C([—h,0],£2). Then

|Gri(u) = Gra(u))] < |fi(uf’ (1) = filud (0)] + [Kri(u) = Kri(up)]. (8)

By the local Lipschitz continuity of fi,

[fiuf (1) = filwd ()] < L/ (07 O, + [1af O),)) - [uf* (8) =l (@), (9)

which shows that this term converges to zero.
Next for the second term on the right-hand side

|Kri(uy) — Kri ut )= Zktjaa (t—7)—0)— Zk\JUE (t—m)—10)

jeZ jeZ

= kijloe(u]'(t = 7) —0) — 0 (u(t —7) — 6)|

jezd
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< Z kijloe(u t_Tl) 0) _UE(UjO(t_Ti) —0)|

€Ty
+ D kuloe(u(t —7) = 0) — oc(uf(t — 7;) — 0)] (10)
JEZINLY,
<L, Z ki7j|u;1(t—Tj)—U?(t—Tj)‘—f—z Z ki,j.
i€z, i€ez\zg,

On one hand, since Y ki; < &, for every € > 0, there exists a Nq(g) such that
jezs

> kij < 4e when N > Ni(e): we assume that the N in (10) is such an N. On
i€ZINZg,
the other hand, Y7 FKi;luj'(t —75) — u)(t — 7)| < e when n > M(e) by Lemma 3.1

€L,

for all N. Thus K ; is continuous.

Using (9) and (10) in (8), we complete the proof of the claim.

Having the two steps above, by Theorem 10 in Caraballo et al. [3], for each r > 0
there exists a(r) > 0 such that if ¢ € C([—h,0],¢2) and l%llc(—n01,e2) < 7, then

the problem (3) has at least one solution defined on [0, a(r)].
Step 3. Finally, we claim the following inequality holds:

Z pilGri(w)|? < C(Vps|lu)]l,) max Z piui (t+ s) + bk ),

[i[>K ||>K

where bx — 07 as K — 0o, and C(+) > 0 is a continuous non-decreasing function.
The proof is as follows.

Z piIGT,i(ut)\2

li|>K
<3 plfw@)P+3 D ol Y kio(ut—7) =) +3 > pilgil?
li|>K i>K  jezd li|>K
<3 Z piL? (piui(8) ) [ui()|* + 3 Z pi-K:+3 Z pilgil?
[iI>K lil>K li|>K
BLA(Vpslla®)l,) Y plw®F +3 D pi-w?+3 Y pilgil?
>k S S%
C(vpslut), )( max > pud(t +S)+bx>
K

By Corollary 13 in [3], we also conclude that the solution u(-) € C*([0,a],£3). O

3.2. A prior estimate of solutions. Here we will establish some estimates of the
solutions, which imply that the solutions are bounded uniformly with respect to
bounded sets of initial conditions and all positive values of time.

Proposition 1. Suppose that Assumptions 1-7 hold. Then every solution u(-) of
(3) with ug = 1 € C([—h,0],£2) verifies

||ut||g([7h,o],eg) < Rle_at\\¢||c2:([7h,o],eg) + Ra, (11)

where R; > 0, j = 1,2, are constants depending on the parameters of the problem.
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Pmof We multiply the ith component of (1) by piui(t) and sum over i to obtain

9 dt||uH2 Z piui fi(ui) + Z (plul Z kijoe(ui(t — 1) —9)> + Z pivigi- (12)

iezd A iezd
By Assumption 6 and p; > 0 we have
pifi(ui(t))ui(t) < —apiui (t) + pify,
SO
> pifilw(®)uwi(t) < —alu@)} + 1813

i€zl
Since function o. takes values in the unit interval, using Young’s inequality we

obtain
pii Z kijoo(ui(t — ) — 9)’ < |piti Z ki ;
jezd jezd
« 1 2
< ZPiU? + api(‘z k‘i,j)
jezZ

< @ o l K2
S 4[)1 i aPt ,

)

o 1
S | Y- ko (st = 1) = 0)] < T2 + ~psr.
iezd jez
The last term on the right hand of (12) satisfies

«a 1
> pgilt) < 7 D7 pad () +— > pig?

iezd iezd iezd
o 1
Zliu(t)lli + aHglli

In summary, collecting the inequalities above, we obtain

IN

1
5 S aIZ < —ollu() 2 + 1812 + = (oss® +18l2):
Integrating both sides of this differential 1nequahty yields
[l < Ba) e + 2 (1813 + ~ (pos® + g]2) )01 — ). (13)
Let 0 € [—h,0]. Replacing ¢t by t 4+ 6 in (13) and using
la(t+ 0, = 1P+ 0, < llleq-roez),  t+0<0,

we obtain
I+ 0)12 < 1267+ + 2 (1813 + = (pon? + 1g]2)) (1 — e=C+)
Finally, using that 6 € [—h, 0] and neglecting the negative terms yields
o3 noezy < e e D nary + = (1813 + = (s +1l)
= Rie™[PlE (nop.ez) + Re,

(14)

where

Ry = e, = 2(1812 + (s +118l2)).
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3.3. Uniqueness of solutions. Having the existence of the solution of problem
(3), moreover, we now establish the uniqueness of the solution with the additional

assumption that
kZ . - .
vl < K for each i € VA

Assumption 8. There exists a constant & > 0 such Y
jez?

Lemma 3.3. Suppose that Assumptions 1-8 hold. Then the solution u of problem

(3) is unique.

Proof. Assumption 8 implies that the operator K, : C([—h, O],E%) — Ki is Lipschitz.
In fact,

3 st = Kt
<§jﬂm) 3 by (oxtutt =) =0) = oxtot =) = )|
SZ pi(]%Zdei,j\oe<uj<t—Tj> ~0)~oe(us(t — ) - 0)])
< Z p (L S Kuglut = m) = (e - 7))

ki ; 2
<Y ms( 3 JE VAl =) - vt - )
iczd jeza V1P

<psRLZ|u; — Vt”?j([—h,O],é%)'
Hence, suppose that we have two different solutions u, v of problem (3) with the
same initial condition u(s) = v(s) = ¥(s), Vs € [-h, 0].
Set w = u — v, we obtain that
1d
2dt
<L(vps(lully + IVl DIWIE + 1wl CrpsiLa [Welle-n,0.e2)
SL(Q\/PE(Rl||¢||3([—h,0],eg) + Ro)) W2 + ([l v/ CrpsiLo | Welle—n.op.e2)

SC”WtH(%([—h,O},(Zg);
where C' = max {L(z¢pg(31||¢||g([7h10]7£g) + Ry)), \/clpgﬁﬂ;Lg}.
Integrating from 0 to t then gives
t
Iw(®)l < QC/O HWTHg([_h,o],eg)dT + [[w(0)]2.

Let 6 € [—h,0]. Replacing t by t+6 in the inequality above and using ||w(t+6)||, = 0
when t + 6 < 0. We obtain

w2

t+0
Iw(t+0)]5 < 20/0 1w 2 ((—n.0p.e2)d7 + W (O)][-

Then take the supremum on 6,

t
Hwt”g([fh,o],l;i) < 20/0 HWTH%([fh,O},Z?])dT'F lw (0)]2.
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By Gronwall’s inequality, we have
w3 ) < 2082w (0)]2 + [w(0) 2 (15)
Since w(0) = 0, we obtain that w = 0. O
The proof of the next corollary follows easily using (15).
Corollary 1. The map (t,%) — u; is continuous.

Proposition 1 implies that every local solution of (1) can be extended globally,
which, with the uniqueness of the solution, will allow us to define a semigroup in
terms of the solution mapping and to conclude that it has a bounded absorbing set.

4. Asymptotic behaviour. When Assumptions 1-8 hold, Theorem 3.2 and
Lemma 3.3 ensure the local existence and uniqueness of solutions of the delayed
lattice system (3), while Proposition 1 shows that the solutions are, in fact, globally
defined.

We can thus define a semigroup of operators S : R* xC([—h, 0], £2) — C([—h, 0], £3)
by

S(t’ ’l/)) = Wy,

where u; is the unique solution to (3) with ugp = t. The semigroup map § is
continuous in its variables by Corollary 1.

It also follows from inequality (11) that the semigroup has a bounded absorbing
set.

Corollary 2. The bounded set defined by
By i= {4 € C([=h, 0L, &) : [¥llc-no.3) < Ro }
with Ry := +/1 4+ Ra, is absorbing for the semigroup S.

Our aim is to study the asymptotic behaviour of solution of problem (1). In
particular, we will show the existence of a global attractor. For this we will apply
the following well-known results about the existence of global attractors, see [8] and

[5).

Theorem 4.1. Let © — S(t,x) be continuous for any t > 0. Assume that S
is asymptotically compact and possesses a bounded absorbing set By. Then there
exists a global compact attractor A, which is the minimal closed set attracting any
bounded set. If, moreover, the space X is connected and the map t — S(t,x) is
continuous for any x € X, then the set A is connected.

4.1. Tail estimate. To show the asymptotic compactness of the semigroup, we
need to estimate the tails of solutions of (3), i.e., their higher dimensional compo-
nents, see [2].

Lemma 4.2. Suppose that Assumptions 1-8 hold and let B be a bounded set of
C([=h,0],£2). Then, for any e > 0 there exist T(e, B) and M (e, B) such that
max Z pilui(t +3s)* <e, t>T,

€[=h,0
s€l ]|i\>2M(a,B)

for any initial condition ¢ € B and the corresponding solution u(-) of (3) with ug

= 9.
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Proof. Define a smooth function ¢ satisfying

=0, 0<s<1,
£(s)<e€l0,1], 1<s<2,
=1, §> 2.

Let M be a fixed (and large) integer to be specified later, and set

wlt) = Ear(lihun(t) with Eni(i) =¢(1), izt

where | - | denotes the Euclidean norm. We multiply the ith component of (1) by
pivi, then summing over i € Z%, and since u(-) € C*([0, 0], £2), we have

dui(t)
th Z Pth 1'| |U1 ZplfM |1 Ul( ) dt
iezZe iezd
= Z plfM |1 Ut( )ft Ul + Z PlgM 1'| ul( )gi (16)
iezd iezd
+ Z PlEM ‘ | Ul Z kl]O—E uj ) 0)
iezd jezd

First, by Assumption 6,
pi&ar ([1)ui () fi(ui) < —apiéar([i))uf (t) + piéar([iD5E. (17)
Then, since function o, takes values in the unit interval, using Young’s inequality,
piéar([iDua(t) Y kijoe(us(t —75) — 9)’ < |pi&nr ([i)ui(t)]
jezd
2 (1)
«a 9 K .
< S o (0) + S pigar ().

And using Young’s inequality again,

Y péu(iDgiui(t) = Y piéar(fihgiui(t)

iezd li[=M
o o 1 , (19)
<33 pulihdw+ 5 Y ng
iezd [i|>M
Inserting the estimations (17), (18) and (19) into (16), then
2 at Z pién([i)ui(t) < — 70‘ Z piénr([i))ui (t) + Z piéar([i]) ﬁz
iezd iezd iezd (20)
+7ZPISM || +7 Z Plgl
iezd li|>M

We now estimate each term on the right hand side of the above inequality. Note

that
D oeéu(iDsE = Y pém(iNBE < Y pi
iezd [i|>M [i|>M
Since B = (Bi)icza € L%, then for every & > 0 there exists ;(g) > 0 such that
1
> plu(iNBE < D pifl < & when M > Ii(e). (21)

iezd [i|>M
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Similarly, since ps = Y. pi < oo, then for every € > 0, there exists I5(g) > 0 such
iezd
that

ooéu(i) =Y pém(li) < D pi < —e when M > I(e). (22)
iczd [i|>M [i|>M
In addition, since g = (gi)icze € Zi by Assumption 7, for every € > 0 there exists
I5(e) > 0 such that
Z pigi < —e Vt € R, when M > I3(e). (23)
li|>M

Finally, for any ¢ > 0, choosing I(¢) := max{[1(g), I2(¢), I3(¢)}, inserting the esti-
mations (21) (22) and (23) into (20) results in

ZplﬁM iDud(t) < —a Y piéar(iud(t) + e, VM > I(e).

1EZ‘1 iezd
It follows immediately from Gronwall’s lemma that
€
y<e =
S penr(liuz(6) < e S piéar (i (0) + =
iezd iezd
In a similar way as in Proposition 1 we have
maX 2(t e“he
o Z piém([iui (t +s) < € ma}z{O] Z piéar([i]) 1/)1( )+
iezd iezd
Thus, there exist T'(¢, B) and M (e, B) such that
ma | (t 2<eift>T.
se[—}ifO] Z pilui(t +s)[" <eif t >
[i|>2M

O

4.2. Existence of the global attractor. In order to apply Theorem 4.1, we need
to prove that S generated by the delay lattice system (3) is asymptotically compact.

Lemma 4.3. Suppose that Assumptions 1-8 hold. Then the semigroup S is asymp-
totically compact.
Proof. We consider £" := u = S(tn,%"), where ¥" € B, a bounded set in
C([=h,0],£2). From (14) there is a C > 0 such that

lug (s)|| < C, Vs € [~h,0],¥n € N.
For fixed s € [—h,0] we can find a subsequence (which we still denote by u™) such
that

u"(t, +s) = ¢(s) in €§.

In fact, the weak convergence here is strong, which follows from Lemma 4.2. Indeed,

there exists Ny > 0, when n > Nj, we have ¢, > T (where T is the constant in
Lemma 4.2). Moreover, for any p > 0 there exist K»(p) and Na(u) such that

dYoopilultat )P <p D0 plGE)NE<n Y pilul(te ) = Gls)P < u

[i[>K> [i[>K> [i| <Ko
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if n > max{Ny, Na(u)}. Hence
™ (tn +5) = IR < D0 piluf(ta+9) = Gs)P+ D piluf (tn +5) = G(s)I°

[i|<K2 [i[>K>
<D pilulta+s) =GP +2 D pilul (e + )
[i|<K> [i|>K2
+2 ) pil¢(s)P?
[i|>K>
<dt.

Thus, {u”(t, + )} is precompact in £3 for any s € [~h,0]. Since G is a bounded
map, Proposition 1 and the integral representation of solutions imply that

t
[u™(t, +s) —u"(t, +t)||, < / |G (i  )pdr S K(t—s)if —h<s<t<O0.

Then, the Ascoli-Arzela theorem implies that £€" is relatively compact in C([—h, 0],
2). O
o

Remark 2. If Assumption 8 guarranteeing uniqueness of solutions does not hold,
then the lattice model (1) generates a set-valued semi-dynamical system, which can

be

1
(2

3

[4
5
6
[7
8
[9

10

shown to have a global attractor using essentially the same Lemmas as above.
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