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LONG-TIME BEHAVIOR OF A CLASS OF VISCOELASTIC
PLATE EQUATIONS

YANG LIU*

ABSTRACT. This paper is concerned with the initial-boundary value problem
for a class of viscoelastic plate equations on an arbitrary dimensional bounded
domain. Under certain assumptions on the memory kernel and the source term,
the global well-posedness of solutions and the existence of global attractors are
obtained.

1. INTRODUCTION

In this paper, we study the following initial-boundary value problem for nonlinear
viscoelastic plate equations
t

(1) ugy + A% — / g(t — T)A%u(r)dr — Auy = f(u) + h(z), 2€Q, t >0,

(2) u(x,t)zuo(x,t), ut(x,O)zul(x), era tSOa
(3) u(z,t) = Au(z,t) =0, €I, t R,

where €2 is a bounded domain of R with a smooth boundary 52, the memory
kernel g and the external forces f, h will be specified later.

Problem 1-3 can be used to describe the vibrations of viscoelastic materials pos-
sessing a capacity of storage and dissipation of mechanical energy, see [17] for
the details. And wu(x,t) represents the displacement at time ¢ of a particle hav-
ing position x in a given reference configuration with the prescribed past history
ug : 2 x (=00, 0] = R. In view of the main results of [5], we see that the viscoelastic
term (namely the memory term) produces the effect of strong dissipation, which
prevails the effect of weak damping term on the decay of solutions in time.

There have been many works on the long-time behavior of viscoelastic plate
equations, we refer the readers to [1, 2, 4, 6, 18, 20, 21, 25] and the references
therein. As for viscoelastic plate equations with past history, Pata [23] studied

U + cAu — / g(T)Au(t — 7)d7 + pur =0, t >0,
0
u(t) = up(t), ut(0) =uy, t <0,

Received by the editors December, 2019.

2010 Mathematics Subject Classification. Primary: 35A01, 35A02, 35B30, 35B41, 35L35; Sec-
ondary: 74D99.

Key words and phrases. Viscoelastic plate equations, global well-posedness, absorbing sets,
global attractors, past history approach.

The author is supported by the Fundamental Research Funds for the Central Universities
(Grant No. 31920190090).

* Corresponding author: Yang Liu.

(©2020 American Institute of Mathematical Sciences

311


http://dx.doi.org/10.3934/era.2020018

312 YANG LIU

where A is a self-adjoint and strictly positive linear operator, o and u are positive
constants. Based on certain assumptions on g, he analyzed the exponential stability
of the related semigroup. Guesmia and Messaoudi [13] investigated

ug + Au — / g(T)Au(t —7)dr =0, t>0,
0

u(—t) = uo(t), uw(0) =uy, t>0.
Under some assumptions on A and g, they established a general decay result which
depends on the behavior of g. Jorge Silva and Ma [15] considered
t

gy + Ay — / g(t — 7)Au(r)dr

— 00

— div(|Vul|P72Vu) — Aug + f(u) = h(z), ©€Q, t>0,
U(J},t) = U0($,t), ’U,t(l',t) = atUO(xat)v T e Q7 t <0,

u(z,t) = Au(z,t) =0, x €09, teR,

where h € L%(Q), and € is a bounded domain of RY (N > 1) with a smooth
boundary 9f2. Under some assumptions on f and g, they obtained the global well-
posedness and regularity of weak solutions. Moreover, they proved the exponential
decay of energy. Recently, Conti and Geredeli [9] studied

t

up + aA%u — / g(t — T)A*u(r) dr + fi(ue) + folu) = h(z), =€ Q, t >0,

— 00

u(z,0) = up(x), u(z,0) =ui(x), z €,
u(x, —t) = ¢o(x,t), €, t>0,
u(z,t) = Ou(z,1) =0, z€09Q, t>0,
on
where h € L%(), Q is a bounded domain of R? with a smooth boundary 9€2. Under
some assumptions on f1, fo and g, they obtained the existence and regularity of
global attractors.

In the works mentioned above, authors introduced a variable which reflects the
relative displacement history so that the corresponding problem could be turned
into an autonomous system. This scheme is so-called the past history approach [12]
which suggests to consider some past history variables as additional components of
the phase space corresponding to the equation under study.

In the present paper, in order to study the long-time behaviour of solutions of
problem 1-3, we employ the past history approach and the operator technique so
that Eq. 1 can be transformed into an abstract system in the history phase space.
And thus the operator technique combined with the energy estimates becomes a
crucial tool for the proof of the existence of global attractors.

This paper is organized as follows. In Section 2 some notations and assumptions
on f and g are displayed. Moreover, 1-3 is transformed into a generalized problem,
and the main results of this paper are stated. In Section 3 the global well-posedness
of regular solutions is obtained. And the global well-posedness of weak solutions
is established by the density arguments [6]. In Section 4 the existence of global
attractors is derived by means of the existence of an absorbing set and the semigroup
decomposition [14, 16, 26].




LONG-TIME BEHAVIOR OF A CLASS OF VISCOELASTIC PLATE EQUATIONS 313

2. PRELIMINARIES AND MAIN RESULTS

2.1. Notations and assumptions. Throughout the paper, in order to simplify
the notations, we denote

e llp =1 Moy, -1 =1+ llr2@)-

(-,+) denotes either the L?-inner product or a duality pairing between a space and its
dual space. Moreover, || stands for the Lebesgue measure of 2, C;, i =1,2,3,---
denote some different positive constants, and €;, ¢ = 1,2, 3 represent the positive
constants for inequalities

Jull < &1[[Vull, [lull < Cf|Aull, [[Vu]| < 5[|Aul.

As in [3, 10, 27], we give the following assumptions on f in order to state the
main results of this paper.
(A1): f(0) =0, and there exists a constant b > 0 such that

|f(u) = f(0)] < b(ulP~> + [0 ~*)|u — o], Vu,vER,

where A
2<p<ooif N<4,2<p< N4 N s
N -4

Moreover,
4) lim sup (1;) <0,
and
(5) lim sup uf(u) *;)F(’LL) <0,
where 0 < o < 1 and

F(u) = fls)ds

0

In addition, as in [7, 19, 22], we assume that g satisfies the following conditions.
(Ag): g € CHRT)NLYRT), g(t) >0, ¢'(t) <0, t €[0,00), and

(6) /@:zl—/oog(t)dt>0.
0

2.2. Reformulation of the problem. Asin [2, 3,8, 10, 27], we define the operator
A:D(A) C L?(Q) — L*(Q)
Au = A%u, Yu € D(A),
where the dense domain
D(A) = {u € HYQ)N HY(Q)|Au € H*(Q) N H}(Q)}.
It is easy to verify that A is self-adjoint and strictly positive. Thus A7 is also self-
adjoint and strictly positive for any v > 0. Denote Vy, := D(AY) and V_, := V..

Then, for any v € R, V, and L, - are Hilbert spaces equipped with inner products
and norms
ol x ol
(’LL, w)Vy = (A4uv A4w)’ HUHVW = ||A4UH’

o0

(0, 0)g.y = / g wr), w)y, dr, o, = / o(r)lo() 2, dr,
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where

Ly :=L2(RTV,) = {u ‘Rt >V,

| e, ar < oo} .
Thus

Vs := H3(Q) = {u € H*(Q) N Hy(Q)|Au € Hj(Q)},

Vo := H*(Q) N HY(Q), Vi := HY(Q), Vo := L*(Q).

In this way, problem 1-3 can be seen as

t
(7) Ut +Au—/ g(t — T)Au(r)dr + A%u, = f(u) + h, t>0,

—o0
u(t) = uo(t), w(0) =wug, t<0.

Now we are in a position to define the auxiliary function

V(1) =u(t) —ult —7), 7>0,t>0.

Thus the viscoelastic dissipation in 7 can be rewritten as

- /t ot — ) Au(r) dr = /OOO o(r) Au(t — 7) dr

=—(1-k)Au +/ g(T)Avt (7)dr.
0
Therefore, problem 1-3 is transformed into the following system

utt + kAU —|—/ g(T)Avt (7)dr + Ay, = f(u)+h, t>0,
0

(8)
vi(7) = ue(8) — vl (1), 7>0,1t>0,
with
u(0) = ug, us(0) = uy,
©) {v%) — w(r),
where

ug = UO(O),

vo (1) = up(0) — up(—7), 7> 0.

(
Definition 2.1. (u(t),u(t),v?) is called a weak solution of problem 8, 9 if u €
C([0,T); Vo), ur € C([0,T]; Vo), vt € C([0,T); Ly,2), u(0) = up in Vo, us(0) = uy in
Vo, v0 = v in L2, and

¢ ¢
(ut,wl)—&—/{/ (A5u7A5w1)dT+/ (v*,w1)g,2ds
0 . 0
—&—(A%u,A%wl) = / (f(w) + hywy)dr + (ug,w1) + (ATug, ATwy),
0

t
(V' wa)g2 = (u,w2)g2 — (uo, wa)g2 — / (v7,w2)g,2ds + (vo,w2)g 2.
0

for any wy € Vo, we € L4 2 and a.e. t € (0,T].
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Thus, in order to deal with problem 1-3, we study the modified problem 8, 9. In
fact, for a solution (u,u,v?) of problem 8, 9, we have

(use, w1) + £(AZu, AZwy) + (v, w1) g0 + (ATug, ATwy) = (f(w) + hywy).

In view of [17, Chapter 2, Section 4], we see that g(t) := —G’(t), where G(t) is the
viscoelastic flexural rigidity. From

KAZy = (1 —|—/ G'(7) dT) Ay
0
=A7u+ (TILH;O G(r)— G(O)) Az,

it follows that

(uge, wr) + (A%u,A%wl) + ( lim G(r) — G(O)) (A%U,A%wl)

(10) . ) T—00
+ (V' w1)g2 + (Adug, ATwy) = (f(u) + h,wr).

Since

(Jm G(r) — G0) (Adu, ALw) + (0 wn)

= (Tlin;o G(r) fG(O)) (AZu, A3w;) + / g(T)(A%04(7), AZw;) dr
0

+/ g(T)(A2v' (1), AZwy) dr,

and

we deduce that

( lim G(r) — G(O)) (A2u, AZw) + (v, w1

T—r00

- ( lim G(r) —G(o)) (Abu, A3 ) —/Ot G'(T)(ARu(t), Adw;) dr

T—00

+ /Ot G'(T)(A2u(t — 1), AZwy) dr — /OO G'(T)(Azu(t), AZwy) dr
¢
+ /too G/ (T)(A%ug(t — 7), A2wy) dr
= /Ot G'(1)(AZu(t — 7), AZw,) dr + /too G'(7)(AZug(t — 1), A2y ) dr.
Substituting this into 10, we obtain
(utt,wl)+(Aéu,Aéw1)+/0tG'(T)(Aéu(tT),Aéwl)dT

+ /OO G/ (T) (A% ug(t — 1), AZw) dr + (ATuy, ATw) = (f(u) + h, we).
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Due to

/ G/(T)(A%’u,(t—T)7A%U)1)d7'—l—/OOGI(T)(A%uO(t—T),A%wl)d’r
0 ¢

:_/ g(t_T)(A%U(T),A%wl)dTa

we conclude that
¢
(utt,wl)—i—(A?u,A?wl)—/ g(t—T)(A2u( ), AZw;)dr

+ (Aduy, ATwy) = (f(u) + h,w),

which shows that (u,u;) is a solution of problem 1-3.

2.3. Statement of main results. The main results of this paper are stated as
follows.

Theorem 2.2. Let (A1) and (Ag) be fulfilled. Assume that h € Vy and (ug, u1,v0) €
Z = Vo x Vo x Lg2. Then problem 8, 9 admits a unique solution (u,us,v') €
C([0,00); Z) depending continuously on initial data.

Define the mapping S(t) : Z — Z by
S(t) (Uo, U, UO) = (U(t), ut(t)a Ut)'
Then it is easy to see from Theorem 2.2 that {S(t)};>0 is a C°-semigroup generated

by problem 8, 9.

Theorem 2.3. Let (A1) and (As) be fulfilled. And there exists a constant p > 0
such that ¢'(t) + pg(t) < 0 for all t € [0,00). Assume that h € Vo and (ug,u1,v9) €
Z. Then S(t) possesses a global attractor in Z.

3. PROOF OF THEOREM 2.2

Theorem 3.1. Let (A1) and (Az) be fulfilled. Assume that h € Vo, ug € Vs,
ur € Vi, vg € Ly3. Then problem 8, 9 admits a unique solution u € L*(0,00; V3),
uy € L*>(0,00; V1) N L2(0, 005 Vo), vt € L*°(0, 00; Ly3), which depends continuously
on nitial data.

Proof. Let {w;}32, be an orthogonal basis of V5 and an orthonormal basis of
Vo given by eigenfunctions of A. As in [11, 15], we select {e;}32, of the form
{lkwj}k] 1) where {l}z2, is an orthonormal basis of L2(RT) N Cg°(R*) and

w; = o ” . Then {e;}32, is an orthonormal basis of L 2.
SN
We construct the approximate solutions of problem 8, 9

(t) = Zéjn(t)wj, vl (1) = ZCjn(t)ej(T), n=12, -,

which satisfy
(tne, w;) + K(AZup, AZw;) + (vh,w;j)g2
(11) +(A%untaA%wj) = (f(un)awj)—’_(hij)v

(Ufmej)gg = (Unt7€j)g’2 — (U,'t,”_76j)g’2’ j = 172’ S n,
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with
un(O) = Zéjn(O)wj — up in ‘/3,
j=1
(12) Unt (0) = Z{;n(O)wj — uqp in V7,
j=1
’U,(,)L = ZCjn(O)ej — Vg in 59,3-
j=1

The approximate problem 11, 12 can be reduced to an ordinary differential system

in the variables ;,(t) and (j,(¢). In terms of standard theory for ODEs, there exists

a solution (un(t), un:(t),v:) on some interval [0,7,) with T, < 7. The following

estimates will allow us to extend the local solutions to [0, 7] with any T > 0.
Replacing w; in 11 with u,+ and e; in 115 with v}, summing for j and adding

the two results, we obtain

(13) () + [ At |[* = = (05, 00 )2,

nTt

where
1 2 Kpatoo 1o
(14) Bn(t) = S llunell” + S A2un " + Sllvnllg.2 = QF(un)dx—(h,un)-

Since lim v/, (7) = 0, we deduce from (As) that

7—0
1 [0 1 1 [ 1
Ohrttdoa =5 | 5= (et @) ar =5 [ dlabulr) P ar
>0.

Hence, by integrating 13 with respect to ¢ from 0 to t, we get
t
(15) B0+ [ |4tun|Par < E,(0)
0

It follows from 4 in (A;) that, for any 1 > 0, there exists a constant C,, > 0 such
that

[ P do < allual + G0
By virtue of Cauchy’s ineqlgllality with € > 0, we get

(hywn) <[ [luall

<c@|Akun | + [P
Consequently, taking sufficiently small 1 and e such that
Ch ::g—nQ%—e€§ >0,

we deduce from 14 that
(16)  Ealt) > gllunell® + CrllATunl? + St 2.0 — Collbl? +192).

Hence, from 15, 16 and 12, it follows that

t
(17) el + 1 AZ |12 + [on ][5 2 +/0 |AT wnr ||* dr < Cs.
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t

n?

Replacing w; in 11; with A%unt and e; in 115 with Azy
adding the two results, we obtain
1d 1 3 1
537 (ATt + rll A w2+ 0112 5) + 143w

=(f(un), AZtug) + (hy AZung) — (0,08 g5

summing for j and

Noting that
_(U;rva)gﬁi <0,
1
(f (). A ) <Call A2 77 4 [ AF

and

1 1,1

(hy AR ) <IBIP + 3 AZ |,

we conclude from 17 that

¢
1 3 1
(18) AT e ||* + [ AT wn]* + [lvp, |17 5 +/ IAZupr ||? dr < Cs.
0

Therefore, there exist u, v* and subsequences of {u,}, {v,}, still represented by

the same notations and we shall not repeat, such that, as n — oo,

(19) u, — u weakly star in L>°(0,T; V3),

(20) Upt — uy weakly star in L°°(0,T;V;) and weakly in L2(0,T;V5),
vl — v' weakly star in L>(0,T; L, 3),
for any 7' > 0. According to the Aubin-Lions lemma, we have
u, — uin L*(0,T; V3).
Moreover, from 18-20, it follows that
(21) un, — uw in C([0,T); Va).
We now claim that for any ¢ € [0, 7] and fixed j,

(22) / (f(tn), w5) dr — / (f(w),w;) dr,

as n — o0o.
Indeed, for any w € V5, we have

(F(un) = F(u),w) < b((Jun[P~2 + [ulP~2) un — ul,w).
If p > 2, then when N < 4,
(f(un) = Fw)s0) < b (lunllfy 5y + Nl ) ) lun = ullaliwl)
when N > 4,

—2 —2
(F(un) — flu),w) < b (uunu%w_z) T ||u||€w,,_2)) P oy I
3 3

Hence
(f (un) = F (), w) <Co (Jlunlty? + Jullf) lun = wllva lollve
(23) <Crllun = ullv; vz
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If p = 2, then it is clear that 23 remains valid. Therefore,

/0 (F(un) — f(u), ;) dr

Thus assertion 22 follows from 21.
For fixed j,

t
< Gy / ltn — ullvy dr.
0

1

(W €5)g2 = — / d () (A¥t (7), Abey(r)) dr — / () (AR (7), ABeyo(r)) dr.
Hence

nli—{r;o(v'fwa ej)Q;Q = (’Uf” ej)g,2~

Consequently, for fixed j, integrating 11 with respect to ¢ and taking n — oo, we
get
t ) t
(ug,wj) -‘rﬁ/ (AEU,A§LUj)dT+/ (v*,wj)g,2ds
0 0
t
—&—(A%U,A%wj) = / (f(u) + h,w;) dr + (u1,w;) + (Aiuo,Aiwj),
0

t
(v €5)g2 = (u,€5)g2 — (u0,€5)g.2 — / (v7,€5)g,2ds + (vo, €5)g,2-
0

Moreover, it is easy to see from 12 that u(0) = ug in V3, us(0) = u; in Vi, v° = vy
in £, 3. Therefore, (u,u;,v") is a solution of problem 8, 9.

Next we prove continuous dependence of (u(t), u:(t),v") on (ug,u1,vo). Suppose
that (u,u,v') and (@, u, ") are two regular solutions of problem 8, 9 with initial
data (ug,uy,vg) and (&g, @y, Vo), respectively. Set & = 4 — u and 9* = v —v?. Then

U + KA+ /000 g(T)Avt (1) dr +A%at = f(a) — f(u),

St~ ot
U = U — U7,

(24)

’11(0) = Ug = Uy — Ug, ﬂt(O) =U; = Uy — Uy,
’EO(T) = Vg = Vg — Vg-
By the arguments similar to [7, Lemma 4.9], we obtain
1d ~ 12 12 ~t112 1.2
— A2 ) A1
) 5 (18P + sl ATl + 912 + A%
:(f(’l]) - f(u)vat) - (63—7ﬁt)972'
By the arguments similar to the proof of 23, we have
(f (@) = f(u), ar) <Col| Az al[|| ATl
<2 atalP + Cocl Aba ]

Note that —(0L,0"),42 < 0. Hence, by taking e = —, we deduce from 25 that

Co
1d
2dt

As a consequence, by Gronwall’s inequality, we obtain

~ 1 ~
25 < Cuo (1> + | 4|2 + 170ll2,) -

5 B 5 C? 1
) + wllAZa|? + [[64)2,,) < 22|l Azl
4

(26)  flal® + Az a)? + |t
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In particular, by taking (ug,u1,v0) = (o, U1, 7o), it is obvious that (u,us,v?) is
the unique solution of problem 8, 9. O

Proof of Theorem 2.2. For ug € Va, ui € Vo, vg € Lg 2, there exist {ugm} C Vi,
{u1m} C Vi, {vom} C Ly3 such that

Ugm — Uo i Vo, Uty — up in Vo, vom — v in Lg .

According to Theorem 3.1, for any m € NT, problem 8, 9 admits a unique regular
solution (wy,, ume, vt,) satisfying

Ut + KAU, + / g(T)Avfn(T) dr + A%umt
0

= f(um) +h, te(0,00),
v'i:nt(T) = umt(t) - 0%7(7)7 T E (Ov OO), te (Ov OO),

’U?n(T) om (7).

Hence u,, € C([0,T]; V2), um: € C([0,T]; Vo). Moreover, according to [24, Theorem
3.2], we have vf, € C([0,T); Ly,2).

Set Ym = Um, — Um, and z, = v}, — vl . Then, by the arguments similar to
the proof of 26, we get

{um(o) = UOm,, umt(o) = Ulm,
=

1 1
27) [lymell? + 142y |* + lzmllg.2 < Cralllyme (O + A2y (0)[17 + |20 (0)17.2)-

By 27 and the arguments similar to the proof of 17, we have

(28) U, — uw in C([0, T]; Vo),
(29) Umt — uz in C([0,T); Vo),
(30) v, — o' in C([0,T; Ly 2).

Thus (u,us,v?) is a global weak solution of problem 8, 9.
Suppose that (u,us,v') and (@, v') are two solutions of problem 8, 9 with
initial data (ug,u1,v0), (4o, U1, Do), respectively. Then there exist

(uOmaulmaUOm) € V3 X ‘/1 X Eg,37 (a0m7ﬂ1m760m) € ‘/3 X Vl X Eg,?n

such that
(31) (Wom s Uims Vom) — (U0, u1,v0) in Vo x Vo X Lg 9,
(32) (Qom, Uim, Tom) = (To, U1, To) in Vo x Vo x Lg 2.

t

¢ —w!t . Then, on account of 26, we obtain

2
|g,2) .

Therefore, in terms of 28-32, the conclusions of Theorem 2.2 are derived immedi-
ately. O

~ _ = ~t _ =
Set Uy = Uy, — U, and 9y, = U

~ 1 ~
[t l|* + 1| A= G |12 + (|7,

~ 1 ~
2.2 < Cro (I l? + 14350 + o
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4. PROOF OF THEOREM 2.3

In this section, for the sake of convenience, we denote
18 () (uo, ur, v0) 1% = [l + lluell3y, + 110"[17 -

Lemma 4.1. Under the conditions of Theorem 2.3, S(t) possesses an absorbing
set in Z.

Proof. Let U = uy +€u, t € [0,00), where ¢ is a positive constant to be determined
later. Then 8; becomes

(33) U+ ASU — eU — eAu + e2u + kAu + / g(T)Av' (1) dT = f(u) + h.
0

Note that

(05092 2 03 2

Multiplying 33 by U in Vp and 83 by v* in £, 2, integrating over Q2 and adding the
two results, we obtain

(34) E1(t) + E2(t) < 0,

where

1 1 1
Bi(t) =5 (UII2 + Rl AZu)® + [W')12 5 + lull® — el ATul®

_9 /Q F(u)dx — 2(h, U)>,
and

1 1 1
Bs(t) =||ATU|? = e|U|? = | ATull? + €||ul|* + enl| AZul*

+e /oo g(7)(A3v!(7), AZu(t)) dT — e(f(u), u) — e(h, u) + g||vt||§)2.
0

Hence
Ii2— 1
By(1) - zobr (1) = "C D abul? - 22 (1- &) Jatu)?
4
3(1_ 8@ 2 .
+< (1= 3) lul +3 A
where

A= 1402 =< (14 3) U1,

1

P o0 1 1 %3
Ao = B+ [ a(r)abe!(r), Abue) dr = St

M= (o[ Fdo - ().

Ay = —=(1 = 0)(h,u).
Applying Cauchy’s inequality with €; > 0, we get

p 1 € oe
Bo 2 B2 = et = mllAbul = =01, = 10
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It follows from 5 that, for any 7 > 0, there exists a constant C,, > 0 such that
A3 >—¢ (ﬂ”“”z + Cn|Q|)
> — en@l| A ul]® — eCylQl.
Moreover,
1 0
Mz S0 - (14 2) U2,
12 VIt - (14 5) 10
and
1
Az =21 - o) (aglatulP + ol )
462
Consequently, by taking sufficiently small €1, n and €5 such that

k(2 —
Ci3 = % —e1(l1—k) —n@% —62(1—Q)€% >0,

we deduce that

Eg(t)fngl()>5013HA2u||2 52(1 )|A4u\|2

4deo
Choosing
< min{ 2043 2 261p }
(2—0)€2" (24 0)€2" 1+ 2¢10
we obtain
(35) Es(t) — coBi(t) > —Cua(||h]* + |€2)
and
(36) RllAZul* —cl|A*ul® > Cis|| Az ul*.
Since

U112 > Nuel® = €2l
we conclude from 36 and the arguments similar to the proof of 16 that
31 Eu(t) > Cuo (luel + A2l + o' 3) — Cur(lA]P + 2.
It follows from 34 and 35 that
E1(t) +coBi(t) < Cua([[p]? +192)),
which yields

e C
Bi(t) < E1(0)e™"¢" + 14(||h|\2+|9\)
This, together with 37, gives
E1(0) Cr4 + €0C17
S(t)(uo, ur,v0)||% < ——e e + == ="L(||h]|* +|9).
I (6)u, wr,wo)} < 5 SR + 1)

C14 +€0C17

h||2 +1€2)).
S () + 12

Hence S(t) possesses an absorbing set with the radius R > \/
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Proof of Theorem 2.5. We decompose u = @ + @ and v* = 9% + ¥ satisfying

Uy + KAG+ A2 @y + / g(r)Ad* (r)dr = 0,
(38) St e st 0
t t T
@(0) = ug, 1:(0) = uy, 09(7) = vo(7),
1 (oo}
Uy + KAG + A2 0y + / g(T)Ad' (1) dr = ®,
0
17,(0 = 07 ﬂt(O) =Y VO(T) = 07
where
® = f(u) + h.
1
Let ¢ = A%, ot = A%, 0 <6 < T Then it follows from 39 that

Vi + KAY + A%wt + /°° g(T) At (T)dr = AP,
0

(pi = wt - 410]-‘;—7

$(0) =0, 9:(0) =0, ¥°(1) = 0.

Let ¥ = ¢/, + v, where ¢ is a positive constant to be determined later. Then 40
can be written in the form

(41) W+ AZW — eU — cAZ1p + 21 + kAY + / g(T)Apt(T)dr = A%®.
0

(40)

Multiplying 41 by ¥ in Vg and 402 by ¢! in £, 2, integrating over © and adding the
two results, we obtain

E3(t) + 2| ATU|* — 26| U||* — 26 | ATop|* + 2| |yh||? + 2er]| A2 ||
+2e('(7), %(t))g.2 = 2(A°®, W) — 2, ¢") .2,

where
Ey(t) = 0| + s[ A29]” — el| ATl + £ [1* + 1[5 2-
Hence
2
(42) By(t)+ > Ay — 222 AT + 26% || + 2en]| A2 0|2 < 2(A°D, ),
i=1
where
Ay = 2| AT — 2| 0|2,
and
Ay = 2e("(7), (1)) g2 + Pl |12 -
Note that
Moz AR+ (g - 2e) o
¢y
and

9 1
Ao 2 (p= 5 ) 6130 = 2ee(1 = w4392
Consequently, taking
< K(? — (71) ,
~ 2(1-k)

€
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with some constant 0 < o1 < 2, we deduce from 42 that
1 1 1
B4(0) + 1430 + (g = 26) 1P - 222 A0l 4 265
1

1 3
+orenf AT + (= ) 622 < 2470, W),

‘We further choose

< mi 1 2ep (01 —02)k K
€ < min -
(02 +2)€2" 1+ 20y’ 2¢3 T ez

with some constant 0 < o9 < o1. Thus

(43) Ey(t) + oucEs(t) + AV < 2(A°9, )

and

(44) E(t) 2 rll® + (s — e@3) A6 ]* + '] .

Applying Hélder’s inequality and Cauchy’s inequality to the right side of 43, we get
(45) B3(t) + 02eB3(t) < || @7,

For any w € V;_45, we have

(f (), w) <blllulP = _ax__|lwl]

NF2(1—49)

2N
N—2(1—40)
—1
<Cusllully, wllvi -

Since
[Pl ves—y < f(Wllvas_y + 1Bllvas_ys

we deduce from 45 that
E3 (t) < E3 (0)6702“ + 019.
Combining this with 403 and 44, we obtain
(46) 112, s + el + 18122105 < Coo. ¥ € [0,00).
Taking into account
u(t >t
,Dt(T) — u( )7 TZ1
a(t) —u(t—71), 0<7<t,
we get

0 >t
@:m:{’ i

w(t—71), 0<7<t

Let Y = | J#". Then Y is bounded in Ly 2145 N H}(RF,Vis) due to 46, where
>0
Hj (R, Vys) is a Hilbert space of Vjs-valued functions v on R* such that both v and
v, belong to L 45. Note that sup [[v(7)[|}, € L; (R1). Hence, in view of [24, Lemma
veY

5.5], we see that T is relatively compact in L 5. Since Voqas X Vis —— Vo x Vj, we

conclude from 46 that there exists a o = to(B) such that U Sa(t)B is relatively
t>to

compact. Thus the operators Sa(t) are uniformly compact for ¢ large. Furthermore,

as for problem 38, it is easy to check that

a1, + Ilell3y + 19°]]5 2 < Care™2%, ¥t € [0, 00).
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This means that S1(t) is a continuous mapping from Z into itself such that

sup  [1S1(t)(uo, u1,v0)|lz — O,
(uo,u1,v0)€EB

as t — oo. Therefore, by virtue of [26, Chapter I, Theorem 1.1] and Lemma 4.1,
the proof of Theorem 2.3 is complete. O
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