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NORMALIZED SOLUTIONS FOR CHOQUARD EQUATIONS
WITH GENERAL NONLINEARITIES

SHUAI YUAN, SITONG CHEN* AND XIANHUA TANG

ABSTRACT. In this paper, we prove the existence of positive solutions with
prescribed L2-norm to the following Choquard equation:

—Au—du= Iy * Fu)f(u), z¢eR3,

where A € R,a € (0,3) and I, : R3 — R is the Riesz potential. Under the
weaker conditions, by using a minimax procedure and some new analytical
techniques, we show that for any ¢ > 0, the above equation possesses at least
a couple of weak solution (#c, Ac) € Sc X R~ such that ||ac|2 = c.

1. INTRODUCTION

This paper is dedicated to deal with the existence of normalized solutions to the
generalized Choquard equation as follows:

(1.1) —Au—u= (I, * F(u)f(u), =x€R?

where A € R, a € (0,3), I, : R® — R is the Riesz potential. Problem (1.1) is a
nonlocal one due to the existence of the nonlocal nonlinearity. When A € R is a
fixed and assigned a parameter or even with an additional external, the existence
of (1.1) has been studied during the last decade.

For example, when A = —1, a = 2 and F(u) = u?, (1.1) comes back to the
description of the quantum theory of a polaron at rest by Pekar [22] and the mod-
eling of an electron trapped in its own hole (in the work of Choquard in 1976), in a
certain approximation to Hartree-Fock theory of one-component plasma [17]. The
equation is also known as the Schrodinger-Newton equation, which was proposed
by Penrose [23] in 1996 as a model of self-gravitating matter. Under this condition,
the existence of nontrivial solutions was investigated by various variational methods
by Lieb and Menzala [17, 19] and also by ordinary differential equations methods
[11, 21, 27]. There are also many papers investigating the Choquard equation under
the general pure nonlinearity condition,

(1.2) —Au+u= (I, [uP)|uf?u, xRV,

where N > 3 and a € (0,N), We can refer to [5, 15, 17, 20]. In [20], Moroz

and Van Schaftingen obtained that problem (1.2) has a nontrivial solution when
N4+a N+a
N <P< {3
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Nowadays, since physicist are more and more interested in the normalized solu-
tions, like [1, 2, 3, 13, 14, 30], mathematical researchers are committed to investigate
the solutions with prescribed L?-norm, that is, solutions which satisfy ||ul|3 = ¢ > 0
for a priori given constant. Such prescribed L2-norm solutions of (1.2) can be
obtained by looking for critical points of the following functional

(1.3) In(u) = 1/ |Vu|*dz — 1/ (Io * F(u))F(u)dx
2 ]RN 2 RN

on the constraint

(1.4) S = {u € H'RY) : ||lu|2 = c} ,

where F(u) = [} f(t)dt. In this sense, the parameter A € R cannot be fixed
but regarded as a Lagrange multiplier, and each critical point u. € S, of In|s:,
corresponds a Lagrange multiplier A, € R such that (u., Ac) solves (weakly) (1.2).
In particular, if u, € S. is a minimizer of problem

1.5 = inf I

(1.5 o(0)i= inf, Intu),

then there exists A. € R such that Iy (u.) = Acuc, hence, (uc, A.) is a solution of
(1.2).

In [12], Jeanjean proved the existence of normalized solutions of the following
Schrédinger equation

(1.6) — Au— f(u) = \u in RY,
where N > 1, f : R — R satisfies the following cases:

(f1) f € C(R,R) and f is odd,;
(f2) 9 o, 8 € R with %;4 < a < B < 2% such that

aG(s) < g(s)s < BG(s),
where G(s) = [; g(t)dt and 2* = 225 if N > 3 and 2* = +oo if N = 1,2;

N—-2

(f3) let G(s) = g(s)s — 2G(s). Then G’ exists and
~ 2N +4 -
G'(s)s > + G(s).

Jeanjean deduced the existence of normalized solutions by dealing with the mini-
mization problem

1
inf / {Vu2 - F(u)] dez,
wEH ®N),[lull2=c Jpn | 2

and the author verified the existence of the mountain pass structure on the con-
straint defined by S.. Moreover, one of the highlights in the proof is that the
auxiliary functional I : H'(R") x R — R is introduced, defined by:

_ 2t

1
I(u,t) = % /RN |Vu|*dz — NT /RN G(e%u)dx.

By applying the new functional I, Jeanjean proved that for any fixed ¢ > 0, problem
(1.6) has a couple of weak solution (u., ) € H*(R™) x R~ such that ||uc||s = ¢
under the conditions (f1), (2) and (f3).

Bellazzini, Jeanjean and Luo [4] verified the existence of standing waves with
prescribed L2-norm for the following Schrédinger-Poisson equation:

(1.7) —Au+ (||t uP)u— |u?Pu=Au,  z€R?
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where ¢ € (4 ) and which different from [12] is that the function defined by

(1.8)  I(u)= R3|Vu| da + - /]R /]R Ju(z |x|“ / |u|9dz,

is no more bounded from below on the constraint:
(1.9) S, = {u S Hl(R3) : ||u||§ = c} .

To overcome this difficulty, they first investigated the mountain-pass structure of I
on the constraint S., and then they show the existence of special bounded Palais-
Smale sequence {u,} at the level v(c) which surrounds around the constraint set

(1.10) M, = {u €S :Ju) = %f(ut)h:l = o} ,

that is J(un) = o(1), where u'(x) = t3/2u(tz). In particular, M, used in [4] acts as
a natural restriction and vy(c¢) equals numerically to

1.11 f(c) = inf I(u).

(111) (o) = int, 1w

As far as we know, there seems to be only one paper [16] dealing with the
Choquard equation in the sense of prescribed L?-norm, Li and Ye considered the
Choquard equation (1.1) in the N—dimension space under the following conditions:

(F1’) f(s) =0 for s <0 and there exists r € (222 T2y guch that

F
f(sl =0 and lim (s) = 40o0;
Is|—=0 |s]"2s [s|=+o0 |S|"
(F2/) 111,n|s|~>+oo % = 0;

|s| N -2 ~
(F3') there exists #; > 1 such that 6, F(s) > F(ts) for s € R and t € [0,1], where
F(s) = f(s)s — M2 F(s);
(F4") f(s)f < N2 F(s) for all s > 0;
(F5') let F(s):= f(s)s — X2 F(s). F'(s) exists and
_ N 2 _
F'(s)s > #F(s);
(F6') there exists 0 < 3 < 1 and ¢, such that for all s € R and [¢] < to,
F(ts) < 0, (s).
In fact, the nonlinearity term in paper [16] needs the assumption f € C!'(R,R).
A natural question is whether the above result in [16] on the existence of normalized
solutions to (1.1) can be generalized to more general f € C(R,R). The purpose of
the present paper is to address this question. To this end, we introduce the following
assumptions:
(F1) f(s) =0 for s <0 and there exists 7 € (3¢*2 3 4 a) such that

F
1(s) =0, and lim (5) = +400;
Is|—=0 |s]"2s |s| =400 |8|"

(F2) limyg 5 400 g% = 0 and lim4 o % =0;

(F3) f(s)s < (3+a)F(s) for all s > 0;

(F4) there exists 6; > 1 such that 0, F(s) > F(ts) for s € R and t € [0, 1], where
F(s) = f(s)s — 222 F(s);
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(F5) [f(t)t — ?""TO‘F(t)]/|t|%t is nondecreasing on (—o0,0) and (0, +00).
In this paper, we define

(1.12) I(u) = % [ IVulas - %/R (L, + F(u)) F(u)da

and
d
M. = {u €S J(u) = %I(ut)h:l = 0} )
where the definition of S, is given by (1.9). Our main result is as follows:

Theorem 1.1. Assume that (F1)-(F5) hold. Then for any constant ¢ > 0, (1.1)

has a couple of solutions (T., Ac) € Se X R™ such that v, > 0 and

_ . . ¢
I(v.) = véﬁic[(v) = vlélgc 11138(1(1) ) > 0.

Notice that, we proved the existence of normalized solution of problem (1.1)
under the assumptions (F1)-(F5). Compared to [16], case (F5) plays an important
role to overcome the difficulty caused by the absence of condition (F5'), that is, we
generalized the problem (1.1) concerning the prescribe L?-norm solutions to fit on
more general nonlinearity term. But also, the absence of (F5') in [16] causes new
difficulties. In the proof, we present a new and more general approach to overcome
this difficulty.

Now, we give our main idea for the proof of Theorem 1.1.

By (F1) and (F2), there exists some C' > 0 such that

(1.13) [E(s)| < C(Is]" + [sT9).
By Hardy-Littlewood-Sobolev inequality: Vf € LP(R3), g € LY(R3), if 0 < a < 3,
1<p,q<+oo,and%+%+3_To‘:2,then

[ e < f1ade < €Ul

we see that F(u) € LH%(R:i) for each u € H*(R?) and I € C'(H(R?),R).
Inspired by [16], (F4) implies that

942
(1.14) f(s)s — + aF(s) >0 for any s € R.
Then for any s > 0, % is nondecreasing in s > 0. By (F1), we conclude that:
s 6
(1.15) F(s) >0 for any s € R.

Then by (1.14), we see that f(s) > 0 for all s € R and F(s) is nondecreasing in
s eR.

As in [4, 12], I is no more bounded from below on S, by (F1), similarly we shall
seek for a critical point satisfying a minimax characterization, i.e., we try to prove,
I possesses a mountain pass geometry on the constrain S..

Definition 1.2. For given ¢ > 0, we say that I(u) possesses a mountain pass
geometry on S, if there exists p. > 0 such that

(1.16) v(e) = inf Jmax [ (9(7)) > maxmax{I(g(0)), (9(1))},

where I'. = {g € C([0,1],S.) : [|[Vg(0)||3 < pe, I(g9(1)) < 0}.
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Let us recall this, to obtain this conclusion, the authors in [4] constructed some
sequence of paths {g,} C I'. which have nice ‘shape’ properties, and by Taylor’s
formula which is relies on I € C*(H'(R3),R), the author deduced a localization
lemma concerning the specific (PS) sequence. Different from his work, in the present
paper we shall investigate the following auxiliary functional:

2

~ e t 1 3t 3t

I(v,t) = I(B(v,t)) = ?||Vv||§ EREE /R3(Ia x F(e2v))F(e2v)dx,
and also we shall know the fact that I possesses the same mountain pass structure
on S, x R as the functional I‘sc' Based on this fact, in Lemma 2.3, we find a
(PS)4(c) sequence {u,} with the additional property J(u,) — 0, and then prove
the convergence of {u,, }, this idea comes from [12] in which the classical Schrédinger
equation (1.6) was studied.

Since we have obtained the boundness of {u, }, next we using scaling tramsform
to verify the convergence of {u,}. Because the nonlocal term and the gradient
term in I scale differently, we overcome this difficulty by verifying whether ~(c)
is nonincreasing. As in [8], we first prove that ~y(c) is nonincreasing and then
combining with the fact v(c) = m(c) which is verified in Lemma 2.10, then we can
prove the convergence of {u,,}.

In [4] the fact I may be not C? prevents us using the Implicit Function Theorem
which influence above approach, then there needs new techniques and more subtle
analyses to apply to more general f & C'. To deduce the convergence of (PS)+(e)
sequence {uy}, we shall establish a new key inequality with the help of (F5), see
Lemma 2.4, which is also inspired by [6, 7, 9, 10, 24, 26, 28]. In particular, we
present a new and more general approach to recover the compactness of minimizing
sequence.

Throughout the paper we use the following notations:

e H'(R?) denotes the usual Sobolev space equipped with the inner product and
norm

(u,v) :/ (Vu - Vo +uv)dz, |ul = (u,u)/?, ¥V u,v e HY(R?);
R3

e L5(R3) (1 < s < oo0) denotes the Lebesgue space with the norm |julls =
s 1/s
(IR3 |ul d:c) ;
e for any u € H'(R3), ut(x) := t3/2u(tx);
for any x € R® and r > 0, B,(7) :={y e R3 : |y — x| < r};

[ )
o S =infyepiams) oy [|Vull3/[lulg;
o (C,(C,C5, - denote positive constants possibly different in different places.

2. PRELIMINARY RESULTS

To prove Theorem 1.1, recalling the Gagliardo-Nirenberg inequality, that is, let
p € [2,6),
1—
lullze < Gyl vl |lull 27,
where 8 = 3(3 — %)
In the following lemma, we show that I possesses the mountain pass geometry
on the constraint S..
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Lemma 2.1. Assume that (F1), (F2) and (F4) hold. Then for any ¢ > 0, there
exist 0 < k1 < ko and u1,us € S, such that uy; € A, and us € AF2 where

(2.1) A, = {u €S, 1 ||Vul3 < ki, I(u) >0}
and
(2.2) AP ={u e S, 1 ||Vull3 > ka, I(u) < 0} .

Moreover, I has a mountain pass geometry on the constraint S..

Proof. Given any k > 0, let

(2.3) Br={u€eS. :||Vul3 <k}.

‘We shall check that there exist 0 < k1 < ko such that

(2.4) I(u) >0, Yue€DBy, and sup I(u) < inf I(u).
UeBkl uEaBkz

We have known that F(u) € LH%(R?’), then by the Hardy-Littlewood-Sobolev
inequality, Sobolev embedding inequality and the Gagliardo-Nirenberg inequality,
we can find

e

/}R3 (I * F(u))F(u)dz| < C ( 5 |F(U)|3+6ada:>

r * 3
c(/ Mﬁdﬁ/ |ul|? d:v)
(25) R3 R3
||u|2a+</ IuIQ*dw) ]
34+ Rg

< O (IVully ™ 4 | Vullg)

34+ a
3

IN

<C

Hence, we have that
1 C 3r—(34+a C «
(26) O e N e N
Since 3r — 3 — a > 2 and 6 + 2« > 2, it follows from (2.6) that there exist kg > 0
small and p > 0 such that

(2.7) inf I(u)>p>0andI(u)>0 for u € By,.
u€0Bg,

On the other hand, use (2.5) again, we have
1 1
[I(u)| < S|[Vull3 + 5 ‘/ (Lo * F(u)F(u)dz
(28) 2 2 R3
1 C 3r— (34« C o
< SIVulld + SITuly™ ) 4 2 Tull3 2

which implies

(2.9) sup |I(u)| — 0 as k — 0.
u€By,

Combining (2.7) with (2.9), there exists k; € (0, k2) small such that

sup I(u) < p< inf I(u).
ueBer (u) rs (u)

and (2.4) follows.
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Let
(2.10) ut(z) = t32u(tx), Vit>0,ue H(R®).
Then [[u'||2 = ||ul|2, and so u' € S, for any u € S, and ¢ > 0. Note that
t? 1
(2.11) 1) = SVl -~ s /R (L % F(£3/20)) F(¥/2u) da.

Using (F1), (2.10) and Fatou’s Lemma, which is inspired by [16], we can see that

Ft3/2 Ft3/2
1iminf/ (Lx* ( “)w) (%) e
RS

=300 [£3/24] 13724
(2.12) L [(F@ 2y, L\, P3P
> /RB lim inf WW (Z’)WM
— +00.

Hence, we have

Iu) _ |Vl __;/‘ 1w FEP0) 2 F(E2)
(2.13) t3r—3—a = 93r—(B3+a+2) 9 [\ "¢ |t3/2u| \t3/2u|

— —00 as t— +4oo.

Jul"

So I(u') — —o0 as t — +o0. For any u € S,, there exist t; > 0 small and t5 > 1
large such that

(2.14)  [[Vu" |3 = EVull3 < ki, (V2|3 = 3] Vull3 > k2 and I(u'?) < 0.
Set u; = u' and up = u'2. Then (2.14) yields
IVurll3 < k1, [[Vuz3 > ko
This fact indicates that u; € Ay, and uy € A*2.
We next claim that I possesses a mountain pass geometry on S.. For
L= {g€C([0,1],8.) : [[Vg(0)3 < k1, I(g(1)) < O},

if I # 0, then for any g € ', (2.4) implies ||Vg(0)||3 < k1 < k2 < |[Vg(1)||3. Thus,
by the intermediate value theorem, there exists 79 € (0, 1) such that [|[Vg(79)||3 = k2,
i.e., g(m) € OBg,. It follows from (2.4) that

I(g(t)) >1 > inf I(u) > I(u), Vgel,,
ax Hg(t)) 2 Ig(ro)) 2 ik I(u) e (w), Vg

which, together with the arbitrariness of g € I'., implies

(2.15) v(e) = Jnf e, I(g(t)) > max max{/(g(0)),1(g(1))}.

Indeed, to obtain the desired conclusion, it suffices to check that I'. # @. For any
u € S, set

go(r) =ul=D+Tl2 -y 1 e [0, 1].
It follows from (2.14) that go € v(c). Hence, I'. # 0 and the proof is completed. O

Next, inspired by [6, 12], we will show the existence of a (PS) sequence for the
functional I on the constraint S, attaching the property J(u,) — 0, where

(2.16)

) = 9l = 5 [ (P | F0u

3+«

3 F(u)|dz, Yue H (R?).




298 SHUAI YUAN, SITONG CHEN AND XIANHUA TANG

To achieve this, we define a continuous map 3 : H := H'(R3) x R — H*(R?) by
(2.17) Bv,t)(z) = €% v(e'x) forve HY(RY), t € R, and = € R?,

where H is a Banach space equipped with the product norm ||(v,t)||g :=
(Jlol* + |t|2)1/2. We introduce the following auxiliary functional:

- 2t 1 3t 3t
(218)  I(v,t) = I(B(v,t)) = %kug ~ oo@rey /RS(Ia x F(e%v))F(e* v)da.

It is easy to see that I € C'(H,R), and for any (w,s) € H,
(2.19)

~ 1 3t 3t 3t
! = 2t . - - e 20)e2
<I (v, 1), (w, 8)> =e . Vo - Vwdz o) /}R3 (Iox F(e2v))f(e2v)e2 wdx

2t 2, B+a)s 3t EN
+e SHVUHQ + W /R:}(Ia * F(e 2 U))F(e 2 ’U)dx
3s 3t 3t | 3t
~ SoGra) /Rs(fa * F(egv))f(egv)ed; vdz.
Set
(2.20) J(c) := inf max I(g(7)),
ger. 7€0,1]

where

Lo ={g €C(0,1), 5. x R) : §(0) € Ay, x {0},5(1) € A™ x {0}}.
and the sets Ay, and A2 are defined in Lemma 2.1. For any g€ T, let go(7) =
(9(7),0) for 7 € [0,1]. It is easy to see that go € I, and then ', # 0. Since ', =
Bog:geT.}, then we know the minimax value of I agrees to I, i.e. y(c) = 7(c),

moreover, (2.15) leads to

(2.21) - 5(e) = () > maxmax{I(g(0)), I{g(1))} = ggxmax{f(é(o))j@(l))}-

Following by [29], we recall that for any ¢ > 0, S. is a submanifold of H'(R?) with
codimension 1 and the tangent space at S, is given

(2.22) T, = {v € H'(R?) : / wodz = O} .
R3
The norm of the C! restriction functional I|s, is defined by
(2.23) s, )l = sup  (I'(u),v).
V€T, ||v]|=1

And the tangent space at (u,t) € S, X R is given as

(2.24) Tt = {(v, s)e H: | uvds = 0} .

R3

The norm of the derivative of the C! restriction functional I

@2)  Ms.ewdl=  swp (I
(0,5)€Tu 1, (v,9) | =1

S.xRr is defined by

ocr (), (v,5))

Learning from [12, Proposition 2.2], we have the following proposition.
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Proposition 1. Assume that I has a mountain pass geometry on the constraint
S. x R. Let g, € I'. be such that

~ 1
2.26 I(G.(1) < 3 -,
(2.26) max, (gn (7)) < 3(c) +
Then there exists a sequence (up,t,) € Se X R such that
(1) 1(un,tn) € [3(c) = +,3(c) = £]; )
(i) minzego,) |(un,tn) = gn(T)lla < 755
(i) ”I':S‘CX]R(unvtn)” < %, i.e.,

(I (s 1), (v, 9))| < %H(%S)IIH, ¥ (v,5) € Ty -

Applying proposition 1 to I and also by [8], we conclude the following key lemma.

Lemma 2.2. Assume that (F1), (F2) and (F4) hold. Then for any ¢ > 0, there
exists a sequence {v,} C S, such that

(2.27) I(v,) = y(e) >0, I|s (va) =0 and J(v,) — 0.
Proof. Given {g,} C T satisfy
1
. < —.
(2.28) max Ign(r)) < 2(e) +

In order to obtain the desired sequence, we first apply proposition 1 to I. We define
Gn(7) = (gn(7),0), V7 el0,1].

It is easy to know that g, € T, and I(§,(7)) = I(gn(7)). Since F(c) = ~(c), it
follows from (2.28) that

(2.29) max 7(6,(7) <3(0) + -,

From the preceding proposition 1, there exists a sequence {(un,t,)} C S. x R such
that

(1) I(un,tn) = ¥(c);

(i) minzego,) [|(un,tn) = (gn(7),0)|r — 0;

(@) 115, xr(n, ta) | < .

Set vy, := B(un,t,), and the definition of 5 is given in (2.17). Since v, € S. and
() = 7(c), it follows from (i) that

(2.30) I(vy) = 7(c).

Accoring to (2.19) and (ii), we derive
(2.31)

(1)) = (Fist). (B ~12).0)) < (B, ~1). O, Y w e T,,.

To prove I|s (v,) — 0, by (2.31), it suffices to prove that {(8(w, —t,),0)} is uni-
formly bounded in H and {(8(w, —t,),0)} C T, +,. For any w € T, , i.e.,

/ vpwdx :/ e?%nun(et“x)w(x)dx =0,
R3 R?



300 SHUAI YUAN, SITONG CHEN AND XIANHUA TANG

we can see that

3tp

/]R3 un () B(w, —t,)dx = /]Rs un(ac)eig;n w(e rz)dr = / e 2 uy (e x)w(x)dr = 0,

R3

follows

(2.32) (B(w, —tn),0) € Ty, 4.
Then by (ii), we have

[tn] < m[%nl] |(tn,tn) — gn(7) ||l < 1 for large n € N,
T€(0,
which leads to
(2.33)
1(B(w, =t), )|z = 1B(w, —ta)|I* = e [ Vw3 +[w|3 < €?||lw]]? for large n € N.

This shows that {(8(w,—t,),0)} C Tu, .,
I|s, (vn) — 0. In the end, by (iii), we obtain

is uniformly bounded in H, and so

(2.34) (I (s ), (0, 1)) = J(B(un, tn)) = J(v,) = o(1).
Hence, {v,} satisfies (2.27). O

In connection with the additional minimax characterization of y(c), we have
the following Lemma 2.10. To achieve this goal, we have to establish some new
inequalities, which is the crucial procedure for our convenience to obtain our final
conclusion of this paper.

Lemma 2.3. Assume that (F1), (F2), (F4) and (F5) hold. Then

(2.35)
h(t) := % /]R (I * F(u))F(u)dz + ﬁ /R (I * F(t2w))F(t2u)dz
—t%/ (I * F(u)) f(u)udz >0, Vt>0.
R3

Proof. For any t € R, we have

(2.36)
%h(t) _ % /R (Lo * F(u))F(u)dz — % /R (Lo + F(t30)) F(t3 u)de
+ 2t3+37a+1 /R (I, * F(t2w)) f(t2u)(t2u)dx — 3% g (I, * F(u))f(v)udz

Now we only need to study ¢(t, 71, 72) which is defined by the following form:

2 3 3 3 3+« 3
q(t, 71, 72) = F(t27) {Wf(“ﬁ)t”? - WF(“TZ)}
3+ )tz
— F(m) *f(Tz)Tz—( 2) F(1y)
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3 \,3 34yl
= §|T2|9+32at%F(t%T1) f(tQTQ)tZZQ 9 23 F(t2T2)
2 |t27y) 5"

f(m2)2 — 32 F (1)
|T2|9+32CY

9+ 1

3 20 1
—§|T2| 3 tQF(Tl)

>0, t>1,
<0, 0<t<l,

By (F5) and (1.15), we can easily get the above conclusion, which implies that
h(t) > h(1) = 0 for all ¢ > 0, This shows that (2.35) holds. O

By the preceding scaling (2.10), we have

t2 1
(2.37) 1) = DIVl - 5 /R (Lo (/%) F(u)dr.
It can be easily checked that J(u) = S 1(uf) R where the definition of J is given
t=
in (2.16). Set
(2.38) hy(t) :==4t> —3t>—1, t > 0.
After basic calculations, we can see
(2.39) hi(1) =0, hi(t)>0, Vitel0,1)U(1,+o0).

Inspired by [7, 25], we obtain the following key inequality.

Lemma 2.4. Assume that (F1), (F2), (F4) and (F5) hold. Then

t 2(1_t§> ha (t) 2 1(m3
(2.40)  I(u)>1T(u')+ fg](u) +—5 [Vul|3, Yue H(R®), t>0
and
2 1 2 1(T3

(2.41) I(u) > gJ(u) - 6HVullg, Y ue HY(R?).
Proof. By (1.12), (2.16), (2.35), (2.37), (2.38) and (2.39), we have

I(u) — I (u')

1t

5 /]RS |Vul|*dz — %/RS (I * F(u))F(u)dx
1

3 3
+ Py [R3(Ia x F(t2u))F(t2u)de

_ MJ(W +(1-t) /RS(I“ « F(u)) f(u)udz

1—t3
_ 34206+ —t2) / (I * F(u))F(u)dz
6 s
4% — 32 — 1 , 1 P s
THVUHQ + GYEEm /Rs(fa *« F(t2u))F(t2u)dx
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_ ha(t)
=3 Tt

(2.42) +/Rs.(l‘* + F(u)) [f(u)u

)
> TJ(U) + 6

This shows that (2.40) holds. Letting ¢ — 0 in (2.40), we derive that (2.41) holds.
g

2(1 — t3)

IVull3 + h(t)
_ 94 2

F(u)

2(1
( [Vul3, Vue HY(R?), t>0.

Following the Lemma 2.4 naturally, we obtain the following corollary.
Corollary 1. Assume that (F1), (F2), (F4) and (F5) hold. Then
_ ¢
(2.43) I(u) = max (W), VYVueM..
Lemma 2.5. Assume that (F1), (F2), (F4) and (F5) hold. Then for any u €
HY(R3)\ {0}, there exists a unique t, > 0 such that u'* € M..

Proof. Let u € H'(R?)\ {0} be fixed and define a function ((t) := I (u?) on (0, c0).
Clearly, by (1.12) and (2.16), we have

(2.44)
d(t)=0
3 N + «
2 _ 3/2 3/2, \43/2, 3/2
& VUl = gy /WIQ*F(t w)) | P20 2~ S R() | da

= %J(ut):() o ol e M.
Note that (F1) leads to
(2.45) |F(s)| < |s|™ for V|s| <4,
From (2.37) and (2.45), we infer that

2
(2.46) 1) 2 GI9ul = 5675 [ (s Fu) Flu)da,
R3

which, together with 2 < 3r — 3 — « implies that {(¢) > 0 for ¢ > 0 small enough.
Moreover, by (2.37) and (2.13), it is easy to verify that lim; 0 ((¢) = 0 and ((t) <0
for ¢ large enough. We conclude that max;e(o,o0) ¢(t) is achieved at ¢, > 0 so that
¢'(t,) =0 and u'* € M..

In order to finish this proof, it is suffices to show that ¢, is unique for any
u € HY(R3)\ {0}. Otherwise, for any given u € H'(R3) \ {0}, there exist positive
constants 1 # ty such that u'*,u’? € M., i.e. J(u't) = J(u'?) = 0, then (2.39)
and (2.40) lead to

1 (utl) > I(u“) + ——J (utl) =1 (ut2)

(2.47) > I (u)+ —J (u?) =1 (u™).
3t3

This contradiction shows us that ¢, > 0 is unique for any u € H(R?) \ {0}. O
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Combining the Corollary 1 and Lemma 2.5, we can easily obtain the following
facts.

Lemma 2.6. Assume that (F1), (F2), (F4) and (F5) hold. Then

inf I(u)= = inf I(u').
0 1) = (@) = Jn e ()

Lemma 2.7. Assume that (F1), (F2), (F4) and (F5) hold. The function ¢ — m(c)
is monincreasing on (0, 00).

Proof. To achieve this purpose, it is sufficient to verify whether in the condition
that for any ¢; < co and € > 0 arbitrary, we have

(2.48) m(cz) <m(cr) +¢

By the definition of m(cy), there exists u € M., such that I(u) < m(c1)+¢/4. Let
n € C°(RY) satisfies

1, ] <1,
n(z) =49 €101, 1<|z[<2,
0, |z| > 2.
For any small § € (0,1], let
(2.49) us(x) =n(0x) - u(x).
It is easy to obtain that us — u in H'(R3) as § — 0. Then we have
(2.50) Hw}»ﬂmgmwﬂ+3 J(ug) — J(u) = 0.

From Lemma 2.5, for any § > 0, there exists t5 > 0 such that us’ € M, for some
¢ > 0. Next we show that {¢s} is bounded. Actually, if 5 — oo as § — 0, since
us — u #01in HY(R3) as § — 0, in view of (F1), we infer that

I(wf) 1 F3 ) | P
0= lim (“25) = —||Vu? + lim/ I * (;La“) (;ia)“dx
§—0 13 2 5—0 Jps ty® ty 2
= —007

which is a contradiction. So we may assume that up to a subsequence, ts — t as
5 — 0, and so J(us'®) — J(u'), which jointly with J(u) = 0 implies that ¢ = 1. By
(2.40), we have

2(1 ; t?) J(us) + h1(6t5)

which, together with (2.50), implies that there exists dy € (0,1) small enough such
that

ts e g 13
(2.51) 1(ug?) < Iusy) + 5 < () + 5 S miea) + .

Let v € C3°(RY) be such that suppv C Bags, \ Bry, with Rs, =2/do. Set

IV lI3,

c2 — [lus I3

Vo =
V13

b

for which we have ||vo||3 = c2 — ||lus, ||3. For A € (0,1), we define wy = us, + vy with
v |l2 = |lvoll2- Observing that

2R 2 (2
(2.52) dist {suppu(so,suppvé‘} > )\60 — Rs, = 5 ()\ — 1> >0,
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following which we can easily obtain

(2.53) wa(@)[* = [us, () + v (2)|* = us, ()| + |vg (x) %,
@54)  lwal3 = lus, + 0313 = lhusoI? + 19313 = sy 2 + lvoll3,

(255) [[Vwall3 = IVus, + Vg I3 = [Vus,|* + [Veg |5 = [[Vus, |* + A Veol3,

/ F(wy)dz = | F(us, +vj)dz = / F(us,)dz + [ F(v))dz
(2.56) R3 R3 R3 R3

= / F(ug,)dz + A% [ F(A2vg)da
R3

R3
Then (2.55), (2.56) and (F2) imply that as A — 0,

(2.57) Vw3 — || Vus, ||, /3 F(wy)dz — 3F(u(;())datt
R R
and by (2.57), we have
F( F(w F( F

ooy [ [ P, (182 0) 4

r3 JR3 |z —y[3~ r3 JR3 |z —yl3~
which lead to
(2.59) I(wy) = I(us,) and J(wy) — J(us,)-

By (2.54), we have wy € S.,. Using Lemma 2.5, there always exists ¢y, > 0 such
that wy!* € M,,. As the preceding proof, the sequence {t\} is bounded. Then
assume that up to a subsequence, ty — t as A\ — 0. Combining the convergence
(2.57) with the Hardy-Littlewood-Sobolev inequality, a standard argument can be
used to show that as A — 0,

(2.60) / F (w\") dz — F (U50£) dz.
RS RS

and

u F(u
(2.61) / / ( da:dy—>/ / i (@ 60( ))dxdy
rs JRs \I* yPpe r3 JR3 |17* 3=

Deduced by (2.60) and (2.61), there exists A\g € (0, 1) small enough such I (wy**)
<I (u(;o ) +¢/2. And then it follows from (2.43) and (2.51) that

mles) < 1 (us) <1 (ug,7) +

2
€ €
(2.62) < max I(us,") + 5= I(ug,"0) + 3
<m(ec1) +e.
The proof is completed. U

Inspired by the above works, we have established the additional minimax char-
acterization of y(c¢), which can be summarized as the following lemma.

Lemma 2.8. Assume that (F1), (F2), (F4) and (F5) hold. Then ~(c) = m(c) for
any ¢ > 0.
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Proof. By (2.14), for any u € M., there exist t; < 0 small and t5 > 1 large such
that u't € Ay, and u'2 € A*2. Set

g(r) =ut=nhF -y e 0,1,
we have g € T'c. By (2.43), we have

v(c) < Tlg[%ﬁ]f(g(ﬂ) = I(u),

and so v(c¢) < infyen, I(u) = m(c) for any ¢ > 0.
On the other hand, by (2.41), we have

)
3 1 9
J(u) < 51(“)+1HW||27 VuesS..
which implies

Tlo(V) < (1) <0, VgeT.

Moreover, it is easy to verify that there exists ug € By, such that J(ug) > 0. Hence,
any path in I'; has to go through M.. We deduce that

max I(g(7)) > il’/l\f;t I(u) =m(c), VgeTl,,
ueM,.

T€[0,1]
and so y(c) > m(c) for any ¢ > 0. Therefore, v(c) = m(c) for any ¢ > 0. O
Let H be a real Hilbert space, we define its norm and scalar products as || - || g

and (-,-)g respectively. Let (X,| - ||x) be a real Banach space, and devoted its
dual space by X* satisfying X — H — X* and M = {& € X | |lz||lg = 1} be a
submanifold of X of codimension 1.

Lemma 2.9. Let J : X — R be a C! functional and J|pr be a C' functional
restricted to M, assume that {x,} € M is a bounded sequence in X. Then the
following are equivalent:

(1) |73 (@n)]l = 0 as n — +oo;

(1) J(xn) = (J'(xn), xn)xsn — 0 in X* as n — +oo.

Lemma 2.10. Let {v,} € Sc be a bounded (PS),, sequence of I|s . Then there

exists a sequence {\,} € R and \. € R, v, € H*(R3) such that

(1) v, — ve in HY(R3);

(1) Ay = A in R;

(1) I'(vn) — Aevy, — 0 in HH(R3).

Proof. (1) since {v,,} is bounded in H!(R3), we have v,, — v, in H}(R3).

(2) Since I (vn) = 0 in H~'(R?), by preceding Lemma 2.11, we obtain that

I'(vn) — (I'(vp), vn)vp — 0 in HY(R3).

It means that for any w € H'(R?),

(I'(vn) — {I' (W), V0 Vn, W) = . Vo,Vw — /}R3 (Lo * F(vn)) f(0n)vnw — Ay /R3 vpw — 0,

where
A — ||an||% - fRS (Lo * F(vn)) f (vn)vn
n — )

Then
(2.63) I'(vn) — Apvn, — 0 in H1(R?)
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and A, is bounded which is deduced by the boundedness of {v,} and the Hardy-
Littewood-Sobolev inequality. Finally, there exists A\, € R such that A, — A..
(3) follows immediately (1),(2) and (2.63). O

Lemma 2.11. Assume that [ € C(R,R) satisfies the following condition:
3 C > 0 such that for every s € R,|sf(s)| < C(|s|% + |s|%)
If (u.\) € HY(R3) x R solves problem (1.1), then

1 3 3+«
(264) S IVull = SNl - 25 [ (1 s )P =0
R3

Next Lemma can also be found in [16], for the sake of completeness and conve-
nience for reading, we show it here again.

Lemma 2.12. Assume that (F1)-(F3) hold and (U., A.) € S(c)XR is a weak solution
of problem (1.1), then v. € M. and A < 0.

Proof. Since (U¢, Ac) € S(c) X R is a weak solution of (1.1), by Lemma 2.13, we infer
that

(2.65)
1. 3 . 3+a _ _
SIVelE = Shcleelp + 22 [ (1 v F@)F(o.)
R3

= g||V5c||§ - g/RB' (Io * F(0c)) f (V)0 +

where we use that

3+«

[ e FEF0)
]RS

(2.66) N — HVECH% - fRS (Io * F(vc)) f(De) Ve
' o [EAE '

Then, we have

Q67 V3l + 25 [ (Uas FODPE) =5 [ (as PO 05 =0

2 2
ie. v, € M,.
By (2.66),
Aee = [|VT]3 — /RB(IQ % F(0)) f (Ve) e
(2.68) ) ) i 7 7
= 3 /Rs (Lo * F(0c)) f(0c) Ve — /R3 (I x F(0.))F(v.) <0.

hence A, < 0. Just suppose A, = 0, then (F3) and (2.68) imply F(A.) = 0. If

F(X:) = 0, then by (3.1) again we have that ||Vo.|l2 = 0, hence I(7.) = 0, which
is a contradiction. Then question (1.1) has no nontrivial solution in H!(R?), hence

A must be negative for that o, is a nontrivial solution of (1.1). O

3. PROOF OF THEOREM 1.1

In view of Lemmas 2.8 and 2.11, for each ¢ > 0, there exists a sequence {v,} C S,
such that

(3.1) I(v,) = m(c) >0, I|s (vy) =0 and J(v,) — 0.
By (2.41) and (3.1), we have

(32 m(e) +o(1) = I(on) = 2J(en) = 5[ Voul,
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which, combining with ||v,||3 = ¢, implies {v,} is bounded in H!(R3). Then there
exists v € H'(R3) such that up to a subsequence, v, — v in H'(R3), v, — v in
Li (R3) for 2 < s < 6 and v, — v a.e. in R®. Since m(c) = y(c¢) > 0, by Lions’
concentration compactness principle [29, Lemma 1.21] and a standard procedure,
we can obtain that {v,} is non-vanishing, and so there exist § > 0 and {y,} C R?
such that fBl(yn) |von|?dz > 6. Let 0,(2) = vn(z + yn). Then we have ||0,]| = |lvn||
and

(3.3) 1(5,) = me),  J(on) = o(1), ‘/; “n\@n|2dx )

Therefore, there exists v € H'(R?) \ {0} such that, passing to a subsequence,

U, — 0, in HY(R3);
(3.4) n = 7, in L (R%), ¥ s € [1,6);
Up — U, a.e. on R3.

Let w,, = ¥,, — 0. Then (3.4) and the Brezis-Lieb type Lemma yield

(3.5) |o]3:=¢<c¢, |wnl3:=¢, <cforlargen € N

and

(3.6) I(v,) = I(®) + I(wy) +0(1) and J(9,) = J(¥) + J(w,) + o(1).
Let

wmy:um—gﬂw

——gIvul+ [ [ s

Then ¥(u) > 0 for all u € H'(R?) \ {0}. Moreover, it follows from (3.3), (3.6) and
(3.7) that

(3.8) U(w,) = m(c) — U(@) +o(1), J(wn) = —J (@) + o(1).

If there exists a subsequence {wy,, } of {w,} such that w,, = 0, by (F4), (3.7), (3.8),
the Fatou’s lemma and the weak lower semicontinuity of norm, we can deduce that
IV©, — V|2 — 0. Next, we verify that this still be true for w, # 0. Assume
that w, # 0. We claim that J(7) < 0. Otherwise, if J(7) > 0, then (3.8) implies
J(wy) < 0 for large n. According to the Lemma 2.5, there exists ¢, > 0 such that
(wyp)t € Mz, . Then we can know from (1.12), (2.16), (2.40), (3.7), (3.8), Lemmas
2.7 and 2.8 that

(3.7) 942

F(u)|dz, VYue HY(R?).

m(c) = V(D) +o(l) > U(w,) =I(w,)— %J(wn)

> 4@JQ—§AW)
> m(e,) — iJ(wn)

V
3
S
+
S
=

which contradicts W(v) > 0. This indicates that J(v) < 0. In view of Lemma 2.5,
there exists ¢ > 0 such that ©* € Mz. Then we can know from (2.40), (3.7), the
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weak semicontinuity of norm, Fatou’s lemma and Lemma 2.7 that

m(e) = i [160,) ~ 35| = i 9
> W) = 1(0) - 2 J(0)
(e P

I (@t) — J(8) 2 m(@) = mle),

which implies ||V, —Vo|2 — 0 for w,, # 0. In the end, we prove that ||v,,—v|]2 — 0.
Using Lemma 2.12, there exists A, € R such that

(3.9) (I'(Dn), On) = Ae||Tn |3 4+ 0(1) and (I'(7),7) = A||9]|3.

Since ||V, — Vil|ls — 0, a standard procedure can be used to show that
(3.10) (I'(0n), o) = (I'(0),0) + o(1).

Combining (3.9) with (3.10), we have |, — v[[2 — 0. Hence, for any ¢ > 0, (1.1)
has a couple of solutions (7., A.) € S X R~ such that

N . ¢
I(v.) = ug/l\litc I(v) = Ulélgc r{1>a§<1(v ) > 0.

And by condition (F1) and the strong maximum principle, we conclude that u(x) >
0 for all z € R3. This completes the proof.
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