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EXISTENCE AND UNIFORM DECAY ESTIMATES FOR THE
FOURTH ORDER WAVE EQUATION WITH NONLINEAR
BOUNDARY DAMPING AND INTERIOR SOURCE

HUAFEI DI*, YADONG SHANG AND JIALI YU

ABSTRACT. In this paper, we consider the initial boundary value problem for
the fourth order wave equation with nonlinear boundary velocity feedbacks
f1(uvt), f2(ut) and internal source |u|Pu. Under some geometrical conditions,
the existence and uniform decay rates of the solutions are proved even if the
nonlinear boundary velocity feedbacks fi(uvt), f2(ut) have not polynomial
growth near the origin respectively. By the combination of the Galerkin ap-
proximation, potential well method and a special basis constructed, we first
obtain the global existence and uniqueness of regular solutions and weak solu-
tions. In addition, we also investigate the explicit decay rate estimates of the
energy, the ideas of which are based on the construction of a special weight
function ¢(t) (that depends on the behaviors of the functions fi(uve), fa2(ut)
near the origin), nonlinear integral inequality and the Multiplier method.

1. INTRODUCTION

This paper is concerned with the existence and uniform decay rate estimates for
the following initial boundary value problem:

g = —AN%u+ |ulPu, (x,t) € Q x (0,00),

u=u, =0, (z,t) € Ty x (0, 00),

Upy = 7f1(uut)> Uppy = f2(ut)7 (IIT,t) S 1—‘1 X (0, OO),
u(z,0) = u’, w(x,0) =ul, z€Q,

(1.1)

where € is a bounded domain of R® with C* boundary I'. Let {I'g,I'1} be a partition
of its boundary I' such that ' = o U Ty, [g NT; = 0 and I'y,I'; are positive
measurable, endowed with the (n — 1)—dimentional Lebesgue measure. Here, v
represents the unit outward normal to I', and f; (¢ = 1,2) are given functions
satisfying certain conditions to be specified later.

For the linear second order wave equations with nonlinear boundary feedback,
there is an abounding literature about its initial boundary value problem. In [43],
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Zuazua studied the following second order wave equation

ug — Du =0, (z,t) € Q x (0,00),

u=0, (z,t) € I'y x (0,00),

wy, = —{m(z) - v()}f(u), (z,t) € 1 x (0,00),
u(x,0) = u’, uy(z,0) =ul, x €,

(1.2)

where z is a fixed point in R”, and m(z) = x — zg. When f(y) = |y|P on [0,1]
for some p > 1, he proved that the energy decays exponentially if p = 1 and
polynomially if p > 1. In the later case, he gave that there exists a positive constant
C such that
C

< - -
(1.3) Vit>0, E(t) < eIk
When the nonlinear boundary velocity feedback f(y) is weaker than any polynomial
near the origin, for instance, V y € (0,1), f(y) = e~'/¥. Lasiecka and Tataru [20]
showed that the energy of solutions decays with the following rate:

(1.4) Vi>0, B(t)<S (Tt _ 1) E(0),
0

where S(t) is the solutions (contraction semigroup) of the differential equation

(1.5) () +4q(S() =0,  5(0) = E(0),

4y
dt
and ¢ is closely related to the behavior of the feedback f(y) near the origin. They
were the first to consider that the energy decay rate estimates associated to the
solutions of some differential equation and without assuming that the feedback
has a polynomial behavior near the origin. Martinez [26] complemented Lasiecka
and Tataru’s work in [20] concerning the linear wave equation subject to nonlinear
boundary feedback. He proved that the energy of problem (1.5) decays to zero with
an explicit decay rate estimates. The process of the proof relies on the construction
of some special weight functions and some nonlinear integral inequalities. The
method presented in [26], gives us a variety of explicit decay rate estimates, although
in some simple cases a direct application of the above method doesn’t give us optimal
decay rates. For instance, when f(y) = y?, p > 1, by the method of [26], the energy
decay is given by E(t) < C(1+t)~2/? which is less good estimate than the estimate
of (1.3). In spite of this, it is possible to obtain optimal decay rate estimates by
this method for some other example, see [26] for details.

The linear second order wave equations subject to nonlinear boundary feedback
and source terms have also been widely studied. For instance, Vitillaro [33] studied
the following problem

ug — Au =0, (z,t) € Q x (0, 00),
u=0, (z,t) € Ty x (0,00),
wy = —|ug|" 2y + |ulP~2u, (z,t) € T1 x (0,00),

w(x,0) =u’, wy(z,0) =ul, €.

(1.6)

He showed that the presence of the superlinear damping term —|us|™2u;, when
2 < p < m, implies the global existence of solutions for arbitrary initial data, in op-
position with the nonexistence phenomenon occurring when m = 2 < p. Zhang and
Hu [42] proved the asymptotic behavior of the solutions of problem (1.6), where the
initial data is inside a stable set. The blow up phenomenon of the solutions occurs
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when the initial data is inside an unstable set. More results on the second order
wave equations with nonlinear boundary source and damping terms, the reader can
see [2,3,25] and papers cited therein.

It is worth mentioning that the potential well theory (stable or unstable sets) is
a very important and popular way to study the qualitative properties of nonlinear
evolution equations. This method was first introduced by Sattinger [30] to inves-
tigate the global existence of solutions for nonlinear hyperbolic equations. Hence,
it has been widely used and extended by many authors to study different kinds of
evolution equations, we refer the reader to see [6,7,30,34-36,38-40] and references
therein.

Let us mention some known results about the second order wave equations with
nonlinear internal damping and source terms

(1.7) uge — Au~+ g(ug) = f(u), (z,t) € Q x (0, 00).

Geogev and Todorova [13] investigated the initial boundary value problem of equa-
tion (1.7), where g(u;) = |ug|™ ‘g, f(u) = |u/P7tu. They proved the existence
of global solutions under the condition 1 < p < m. When p > m > 1, they
also obtained the finite time blow up of solutions for sufficient large initial data.
Tkehata [15] studied the initial boundary value problem of equation (1.7), where
g(uy) = dlug]™ tuy and f(u) = |u[P~ru. He proved that 1 < m < p < oo if
n =12 and 1 <m < p < 25 if n > 3, the problem has a global solution for
sufficiently small initial data. When g(u;) = auy(1 + |us|™2), f(u) = blu[P~2u,
Messaoudi [1,27] investigated the global existence and exponential decay behavior
of solutions respectively.

For the second order wave equations with nonlinear internal source and boundary
velocity feedback, Cavalcanti et al. [4] studied the following initial boundary value
problem

uy — Au = |[ulPu, (z,t) € Q x (0,00),
u=0, (z,t) € Iy x (0,00),

uy = —f(ur), (x,t) € 'y x (0, 00),
uw(z,0) = u’, w(z,0) =ul, z€Q.

(1.8)

They proved the existence of global solutions and uniform decay rate estimates of the
energy provided that the nonlinear boundary feedback f(u:) has not a polynomial
growth near the origin by using the potential well method and the Galerkin approx-
imation. When f(u;) = —a(z)|u|™ 2u; or f(us) = —a(@)(Jue| ™ 2up + Jug|*~2uy),
1< p<m,and a(z) € L*(T1),alx) > 0, Vitillaro [31] extended the potential well
theory. He obtained the local existence, blow up and global existence results of so-
lutions. More results on the initial boundary value problem for the wave equations
with nonlinear internal source and boundary velocity feedback, we refer readers to
see (Di and Shang [9], Feng and Li [11,12], Liu, Sun and Li [24]) and the papers
cited therein.

There are some literature on the initial boundary value problem or Cauchy prob-
lem for the fourth order wave equations with source and damping terms in the
interior of Q2

(1.9) uge + AN*u+ g(ug) = flu), (z,t) € Q x (0,00).

For example, when g(us) = alus|™ 2uy, f(u) = —q(x)u(z,t) with ¢(x) > 0, Guesmia
[14] investigated the initial boundary value problem of equation (1.9). He obtained
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a global existence and a regularity result and proved that the solutions decay expo-
nentially if g(y) behaves like a linear functions. For more results on the qualitative
problem of the fourth order wave equations with interior source and damping terms,
the reader is referred to see [8,37,41] and references therein.

When people studied the small transversal vibrations of a thin plate (Lagnese
and Lions [17], Lagnese [18]) and the strong or uniform stabilization of different
plate and beam models (Lasiecka [19], Puel and Tucsnak [28]), some nonlinear evo-
lution equations with the main part w;; +/A?u = 0 and different nonlinear boundary
feedbacks were obtained. For example, Komornik [16] studied the following evolu-
tionary problem:

g + AN%u =0, (x,t) € Q x (0,00),
u=mu, =0, (z,t) € Ty x (0,00),
(1.10) Uyy + urr =0, on T'; X (0,00),
Uppy + (2 — Wurry = Uf (uy), (x,t) € Ty x (0,00),
w(x,0) = u’, uy(z,0) =ul, €,

where p € (0,1), 1 € C1(T'1), and f : R — R is a non-decreasing, continuous func-
tion. The subscripts v and 7 stand for the normal and tangential derivatives to
I'p and I';. He proved the global existence, regularity results and gave some stabi-
lization properties for problem (1.10) by using the Multiplier method. It is worth
mentioning that the Multiplier method has already been used by many authors for
different reasons, we also refer to the related papers [5,16,21] about the Multiplier
method.

Motivated by the above results, in the present work we study the initial boundary
value problem of the fourth order wave equation with an internal nonlinear source
|u|?u, and nonlinear boundary velocity feedbacks fi(uye), fa(ut). As far as we
know, there is little information on the well-posedness and energy decay estimates
for problem (1.1). Naturally, our attention of this paper is paid to the study of the
related qualitative properties to problem (1.1). Here, when the boundary velocity
feedbacks f1(uyt), f2(ur) have not the polynomial behaviour near the origin for
wave equation supplemented with an interior source |u|’u acting in the domain,
we first investigate the global existence, uniqueness of regular solutions and weak
solutions by the combination of Galerkin approximation, potential well method and
a special basis constructed. In addition, we also prove that the energy of problem
(1.1) decays uniformly to zero, which is based on a weight function ¢(t) constructed,
Multiplier method and nonlinear integral inequality.

Our paper is organized as follows. In Section 2, we introduce some potential wells,
basic definitions, important lemmas, and main results of this paper. In Section 3-
4, we show the global existence and uniqueness of the regular solutions and weak
solutions respectively. In the last Section, we investigate the explicit decay rate
estimates of the energy.

2. PRELIMINARIES AND MAIN RESULTS

In order to state our results precisely, we first introduce some notations, basic
definitions, important lemmas and some functional spaces.

Let Q be a bounded domain of R"™ with C* boundary I' and z" be a fix point in
R™. We shall define

m(z) =z —2°, R=max|z— 1",
€N
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and introduce a partition of the boundary I' such that
IF'o={z€l: m(z) v(x)<0}, Ti={zel: mx) v(z)>0}.

Throughout this paper, the following inner products and norms are used for precise
statement:

(u,v) = /Qu(x)v(x)dx, (u,v)r, = /Fl u(x)v(x)dl,

lully = [ fu@)lPdo, [ullf, , = [ Tu@Pdr,  ful = esssuplu(o)],
Q Iy >0
and the Hilbert space

V={ueH*(Q); u=u,=0o0nTo}.

Since I'y has positive (n— 1) dimensional Lebesgue measure, by Poincaré inequality,
we can endow V' with the equivalent norm |july = ||Aull2 (see [22]).
To obtain the results of this paper, let us consider the potential energy

1 2 1 +2
(21) T) = 5l dul3 ~ Il

and total energy

1
T2
associated to the solutions of problem (1.1). We may define the (positive) number

(2.3) d= inf {supJ()\u)},

weVA{0} (A>0

1 1 , 1
(2.2) E(t) = 5 [lutll3 + §||Au||§ - mIIUIIZIQ = §||Ut||§ + J(u),

which is also called the depth of the potential well. Moreover, the value d is shown
to be the Mountain pass level associated to the elliptic problem
A%y = |ulPu, z € Q,
(2.4) u=u, =0, z €T,
Upy = Uppry = 07 T < Fl-
Here, let By > 0 be the optimal constant of Sobolev imbedding from V into LPT2(Q),

which satisfies the inequality |[ul/,+2 < Bi||Aull2, V u € V. From this inequality,
we discover that

Llullss g
2.5 pr2l 2 o ZL eV {0}
(2.5) S \ {0}
2
Furthermore, setting
Lo llul5F3 B2
+2

(2.6) Ko = sup <p+2 pj—Q < — 2’

weV\{0} \ [[Aulls P+
and the function

1

(2.7) f\) = §>\2 — KoNT2, X > 0.

We can easily see (the simple proof can be founded in [32]) that

where A is the absolute maximum point of function f.
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Now, we will give some basic hypotheses to establish the main results of this

paper.
(A1) Suppose that 0 < p < —2- if n > 5 and p > 0, if n = 1,2,3,4. Then, we

—4>
have the following Sobolev imbe%lding
(2.9) V — LX) (Q) = LPr2(Q).

(A2) Assumptions on the functions f; (i =1,2) : f;: R = R are nondecreasing
C' functions such that f;(0) = 0. In addition, there exist some strictly increasing
and odd functions g; of C* class on [—1,1] satisfy

(2.10) Vse[-L1], [gi(s)] < fi(s)] < lg7 " ()],

(2.11) Y ‘S‘ > 1, Cll|8| < |fl(8)| < Cig‘s‘,

where g, 1(s) denote the inverse functions of g;(s) and Cj1,Ci2 are positive con-
stants.

In order to obtain the global existence of regular solutions, we shall need the
following additional hypotheses.

(A3) Assumptions on the initial data: let us consider

(2.12) {(u®u'}y e VN HYQ) XV,
satisfying the compatibility conditions
(213) u?/y + fl(ull/) = 07 ugm/ - f2(u1) = Oa onl7.

Moreover, assume that

(A4) E(0) < d and ||Au]2 < Ap.

The next lemma will play an essential role for proving the global existence of
regular (weak) solutions of problem (1.1).

Lemma 2.1. Suppose that (A1), (A2) and (A4) hold. Let u be a solution of problem
(1.1), then for allt > 0, ||Au(t)|l2 < Az.
Proof. In view of (2.2), (2.6) and (2.7), we deduce that

B(t) > Tu(t) = lAud) — — ()15

o+ 2 p+2
1 p+2
1 S llu®lnis
= || Au(t)||? — L2 0P A (4)]|52
S1au0l - 22 CE Al
1
(2.14) > §||Au(t)||§ — Kol Au(®)[15%2 = f(l Au(t)]|2),

where f(A) = $A% — KoA**2, X\ > 0, which is defined as (2.7). Of course, f is
increasing for 0 < A < Ay, decreasing for A > Ay, and f(A\) = d. From the
definition of f, we also note that f()\) — +o0o as A — oco. Since E(0) < d, there
exists Ay, < A1 < Ag such that f(A) = f(A2) = E(0).

Multiplying the equation in (1.1) by u.(t), a direct computation gives that
1d 1d

1 d
- v 2 - 0« p+2
S S Au®)3 Ju(o)]

p+2dt pr2
(2.15) _— /F Folua(#) g (£)dT — /F Pt (£) )ty (1)

e ()13 +
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By the hypotheses that f; are nondecreasing C'! functions such that f;(0) = 0, we
know that f;(s)s > 0 for s # 0. Hence, from the definition of E(t), it follows that

(216)  E'0)=~ | La®)udl = [ filme®)u)dr <o

So we have E(t) < E(0) for all t > 0. Denote Ao = [|Au°||2, from the hypotheses
(A4) we have A\g < A;. Furthermore, by (2.14), we have f(Ag) < E(0), which
together with f is increasing in [0,A;) and f()\;) = E(0), it is easy to see that
Ao = [[Aul]]2 < NS

Next, we prove that |[Au(t)]]s < A, for all ¢ > 0. In deed, by contradiction,
suppose that [[Au(tg)lla > N for some ty > 0. Using the continuity of ||Au(t)||2,
we also may suppose that ||Au(to)|l2 < A1. Thus, by (2.14) again, we see that

(2.17) E(to) = f([[Aulto)ll2) > f(X3) = E(0),
which contradicts (2.16). This completes the proof of Lemma 2.1. |

The following two technical lemmas are very crucial to derive the asymptotic
behavior of the energy to problem (1.1).

Lemma 2.2. Let E: Ry — Ry be a non-increasing function and ¢ : Ry — Ry a
strictly increasing function of C class such that

(2.18) #(0) =0 and ¢(t) = +o0 as t — +oo.
Suppose that there exist 0 >0, 0’ >0 and C > 0 such that

c

o@D Bs), v s 20

+oo

(2.19) / E@)'7¢ (t)dt < CE(S)'7 +
s

Then, there exists C > 0 such that

< E(0) ¢

(14 ¢(t))(1+e")/e
Remark 2.1. Note that the above integral inequality was first introduced in Mar-

tinez [26], was used in Cavalcanti et al. [4] to prove the decay rate estimates of
energy.

(2.20) E(t) , YVt >0.

Lemma 2.3. There exists a strictly increasing function ¢ : Ry — Ry of C? class
on (0,+00), and such that the following conditions hold

(2.21) @(t) is concave and ¢(t) — 400 as t — 400,

(2.22) @' (t) = 0 as t — +o0,

+oo 9 +o0 9
(2.23) / &(1) (97 16/ (1)) 2t < +o0 and / &/(t) (g3 (6 (1))t < oo,

where the functions g; ' (s) (i = 1,2) were introduced in assumption (A2).

Proof. These properties of the function ¢ are closely related to the behaviors of
fi (i = 1,2) near 0. We will present the construction method of a special weight
function ¢ in Section 5.

Now, we are ready to state the main results of this paper.
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Theorem 2.1 (Existence and uniqueness of regular solutions). Let the assumptions
(A1) — (A4) hold, then the problem (1.1) possesses a unique reqular strong solution
u satisfying

u € L>®(0,00; V), us € L>(0,00; V),
uy € L(0,00; L2(Q)), A%u € L®(0,00; L3(Q)), [|Aullz < A,
for allt > 0. Further, the following energy identity holds
t
(2.24) E(t) +/
0

where the total energy E(t) has been defined by (2.2).

P @ue(drds + [ [ fluslue(s)irds = E0)

Iy

Theorem 2.2 (Existence and uniqueness of weak solutions). Given {u®,u'} €
VNL2(Q). Assume that the hypotheses (A1), (A2) and (A4) hold, then the problem
(1.1) possesses a unique weak solution satisfying

u € C(0,00; V)N C’l(O,oo;LQ(Q)), |Aull2 < A1,

for all t > 0. Besides, the weak solution has the same energy identity given as
(2.24).

Theorem 2.3 (Uniform decay rates of energy). Assume that the hypotheses (Al) —
(A4) hold. Letu be a solution to problem (1.1) with the properties listed in Theorem
2.1. Then, the energy of problem (1.1) has the following decay rate

Vi>1, Et) §C<G1 <1)>2

where the function G(y) = y% and the constant C only depending on the
initial data E(1) in a continuous way.
Remark 2.2. By a direct calculation, we can show that the G(y) = y% is

an increasing function.

Remark 2.3. we also extend the decay rate estimate of regular solutions to the
weak solutions of problem (1.1) by using the standard arguments of density.

3. EXISTENCE, UNIQUENESS OF REGULAR SOLUTIONS

In this section, we study the global existence and uniqueness of regular solutions
of problem (1.1) by using the combination of the Galerkin approximation, potential
well method and a special basis constructed.

The proof of Theorem 2.1 is divided into five steps.

Proof. Step 1. Galerkin approximation.

The main idea is to use the Galerkin’s method. To do this, let us take a basis
{w}} to V. We construct a special basis {w;} from basis {w}} which are associated
with problem (1.1).

If 4%, u! are linearly independent, we take w; = u°, wy = u!, and w;, i > 3
of {w;}, which are chosen to be linearly independent with u°, u!. If u°, u' are
linearly dependent, we define w; = u°, and w;, i > 2 of {w;}, which are chosen
to be linearly independent with u°. Thus, we represent by V,,, a subspace of {w;}
generated by [wy, -+, W]
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Next, we construct an approximate solution of problem (1.1) by
(31) um(t):Zd-znw](x)7 m:]_727 ...... .
j=1

According to Galerkin’s method, these coefficients d?, (t) need to satisfy the following
initial value problem of the nonlinear ordinary differential equation

(ugy (£), w;) + (Au™(t), Aw;) + (fr(ugi(t), wiw)r,
(3-2) +(f2(w" (1)), wi)r, = ([u™(®)Pu™(t), w;),

u™(x,0) = u’, u*(z,0) = ul.
Note that we can solve system (3.2) by Picard’s iteration method. In fact, the
ordinary differential equation (3.2) has a local solution on the interval [0, T,,). The

extension of these solutions to the whole interval [0, +00) is a consequence of a priori
estimate which we are going to prove below.

Step 2. The first estimate.
Replacing w; by uj* in (3.2), a direct computation gives that

(3.3) ElL(t)=— [ fo(ui)u™dl — [ fi(u)umdl <0,
Fl Fl

which implies that E,,(t) is a decreasing function.
Combining problem (3.2) and assumption (A4), we obtain that

|Au™(0)]]2 = [[Aulll2 < A

Taking Lemma 2.1 into account, we conclude that ||Au™(t)||2 < A1, for all ¢ > 0.
Returning to the approximate problem, we deduce

1 1 1 )
5”“?(15)”% + §||Aum(t)||§ - m”“m(t)ﬂziz

1 12 1 012 1 0p+2
(3.4) < 5““ 12 + §\|Au 12 — m”“ 1552

Considering assumption (Al), we have Sobolev inequality |u™(t)|,+2 < Bi
[|Au™(t)||2, which together with above inequality, a simple calculation reveals that

(3-5) " O3 < [lul I3 + 22T + (Bian)"*.

p+2

Step 3. The second estimate.
Multiplying (3.2) by d”? (0), summing for j = 1,2,-+---- , and considering t = 0,
then we have
gz ()3 = —(2u™(0), Augg (0)) — (fi(ur(0)), uf, (0)r,
(3.6) — (fa(ui"(0), wif (0)r, + ([u™(0)"u™(0), uf (0)).
Using the generalized Green Theorem, it follows that

lufy (0)13 = (A%, uff (0)) = (uy,, + f1(w,), ugy (0)r,

(3.7) + (upyy, — f2(u), af (0)r, + (Ju’[Pu’, uff (0)).
By Hoélder inequality and the compatibility condition (A3), we discover that
(3.8) )l < 1A% s + w115, -



230 HUAFEI DI, YADONG SHANG AND JIALI YU

Differentiating equation in (3.2) with respect to ¢, and substituting w; by uj}, we
deduce that

1d 1d
5 g OIS + 5 G W+ [ ululie)ai0)ar
(39) b [ PP OO < o+ 1) [ 0o
Iy Q

We will give the estimate of K1 = (p + 1) [, [u™|?|u}"||uj}|dz. From now on,
we will denote by C various positive constants which may be different at different
OCCUrTEnces.

1

In view of the generalized Holder inequality (2(711) +355m % = 1), Sobolev

imbedding V' < L*»*1(Q) and Lemma 2.1, we conclude that
1K1l < (p 4+ D™ 0150 1" O llzgos) 0 ()]
< ClAu™ @50 A @)ll2llugi (@)l
(3.10) < ClllAug ()13 + [lufy ()]13),

where the constant C' are positive constants independent of m and ¢. By (3.9) and
(3.10), it is inferred that

5 i RIS + 5 G @I+ [ Ruluie) i (0)Par
G1) [ Rl O)e )20 < Ol @B + i 03]

I

Integrating the above inequality over (0,t), and taking (3.8) into account, we get
that

B (O3 + A ()2 + 2 / [ ututi(o)) ()P dras
1 / [t (o)) () ars

t
2(p+1 m m
< [ A2)3 + [[Wf[54) + 1A%t |3 + 20 / [z 13 + | A 3]s

(312) +2C / / / e () ey ()2 + Foe (™ () (a2 () 2]dD s,

The Gronwall Lemma guarantees that
t
lugy (0113 + [Du @15 + 2/0 g Fre(ugy(s)) (upy(s))*dlds

(3.13) +2 /O [l (s)) i 0) Paras < .

From the inequality (3.13) and Trace Theorem [10], we also obtain the following
estimate

(3.14) IVu @017, 2 < CllAu @B < C,

where the constant C' > 0 is independent of m and ¢. Furthermore, taking assump-
tion (A2) into account, we know that if |u]*(¢)| > 1, then |fa(u}*(¢))] < Coz|ui™(t)].
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If |ui™(t)] < 1, we obtain from the continuity of the function f5 that | fo(u}*(t))| < C.
Thereby, we obtain that

12 (£))IIF, 2

=[P [ i)
lui* ()|<1 [u (8)[>1
(3.15) <C+ 0222/ |ul™ (t)]2dT < C.

Iy
Using analogous arguments, from the assumption (A2) and (3.14), we also obtain
that

(3.16) 1f1(ue(O)IE, 2 < C.

Step 4. Global existence.

From the above estimates, we can show that there exists a subsequences of {u™}
which from now on will be also denoted by {u™} and function u : Q x [0,T] such
that

(3.17) u™ — win L*°(0,T; V) weakly star, m — oo,
(3.18) uy® — uz in L°°(0,T; V) weakly star, m — oo,
(3.19) ult — uge in L°°(0,T; L*(Q)) weakly star, m — oo.

Since V'« L2(Pt1(Q) — L?(Q) is compact, thanks to Aubin-Lions Theorem [38,
Chapter 1], we have that

(3.20) u™ — u in L*(0,T; L*(R)) strongly, m — oo,
(3.21) u" — wae in Qr =2 x(0,T), m — oo,
(3.22) ul — ug in L2(0,T; L*(Q)) strongly, m — oo,
(3.23) u® — up a.e. in Qr = Q x (0,T), m — oo.

Consequently, making use of Lion’s Lemma [38, Lemma 1.3, Chapter 1], it follows
that

(3.24) Ju™[Pu™ — |u|Pu in L°°(0,T; L*(Q)) weakly star, m —s oc.
In addition, we also obtain

(3.25) ul" — uy in L°(0,T; HY(T'y)) weakly star, m — oo,
(3.26) fi(u™) — xy1 in L>(0,T; L*(T)) weakly star, m — oo,
(3.27) f2(ul™) — xo in L™=(0,T; L*(T'y)) weakly star, m — oo.

Therefore, (3.19)-(3.27) permit us to pass to the limit in equation (3.2). Since {w,}
is a basis of V, then for all T > 0, for all d(t) € D(0,T) and for all w € V, we have

/OT(utt(t) w)d(t )dt+/T(Au()Aw) dt+/ /F \vw,dUd(t)dt
(3.28) / /F ()t = / () Pu(t), w)d(t)dt.
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Taking into account w € D(Q2) and (3.28), we deduce that
uge + A*u = |u|Pu, in D'(Q x (0,T)).

Utilizing the convergences of (3.19) and (3.24), there appear the relations that
ug € L(0,T; L3(2)) and |u|Pu € L>(0,T; L*(R)). Hence, we deduce that A%u €
L>(0,T; L?(£2)) and

(3.29) wpe + A?u = |u)|Pu, in L=(0,T; L*(Q)).

Combining (3.19) and (3.26), it is easy to see that the approximate solutions {u™}
possess the following property

T T
0= / (upy, + f1(uyy), w)dt — / (uyy + X1, w)dt as m — 00,
0 0
for all w € V., which implies that
(3.30) Uy +x1 =0 in D'(0,T; H? (T'y)).

Taking (3.28)-(3.30) into account, and making use of generalized Green formula, we
discover that

(3.31) Uy — X2 = 0 in D'(0,T; H= (T'y)).

Since x1,x2 € L>(0,T; L?(T'1)), we deduce that

(3.32) Uy + X1 = 0 and u,,, — x2 = 0 in L>(0,T; L*(T'y)).
Next, we need to prove that

(3.33) x1 = fi(u) and  xo = fa(ur).

In deed, replacing w; by «™ in equation (3.2), and integrating the obtained expres-
sion over (0,T), it is inferred that

T T T
/0 (u (£), u™ (£)) i+ / | A2t + / (s (), (£))r dt
(3.34) + / (ol (£)), u™ (8) ) dt = / (™ ()P (8), u™ (1)) .

In view of the first and second estimates, Sobolev imbedding, Poincaré inequality,
and Trace Theorem [10], it follows that

Ve H2(Iy) < HYT'y) — L3(T),
which implies that

(3.35) lu™@llry 2 < CIVE™ @®)]ry2 < Cllu™ @l 3 1, < ClAE™ @]l
(3.36) lui*@llry 2 < CIVE" O)lry2 < Cllui™ @l 3 1, < ClAw @]l

Making use of the Aubin-Lions Theorem [23, Chapter 1] again, we have that
(3.37) u™ — w in L*(0,T; HY(T'y)) strongly, m — oo,
(3.38) u" — uy in L?(0,T; H*(T)) strongly, m — oo.

Then, from the convergences (3.19), (3.24), (3.26), (3.27) and (3.37), we can pass
to the limit in equation (3.34) to obtain

Jim [ oz == [ o). umae = [ oo @)
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T T
(3.39) - / Oz u())r di + / (lu(t)|Pu(t), u(t))dt.

Combining (3.29), (3.32), (3.39) and the generalized Green formula, it is found that

T T

i [ s e = [ Aulf,
which implies that
(3.40) Au™ — A in L*(0,T; L*(Q)) strongly, m — oo.

Now, in view of (3.26), (3.27), (3.38), and using the standard Lebesgue control-
convergent Theorem, we obtain that

T T
(3.41) tin [ () ) d = [ Oasua©)rd
T T
(3.42) tim [ (a0, (et = [ (vt
Utilizing the non-decreasing monotonicity of functions f; (i = 1,2), it follows that
T
(3.43) Z:<ﬁ@auw>—fm¢»uma>—d»ndtzo,
T
(3.44) | @) = R e — o >0,

for all 1 € L?(T';). Then, from the inequalities (3.43), (3.44), we discover that
(3.45)

T T T
/amwm»¢mw+/(ﬁwm&m—wmﬁs/<ﬁwmmmmmnw
0 0 0
(3.46)
T T T
/mew»wmﬁ+/<hwmwm—wmﬁs/Xﬁwﬂmwmmnw
0 0 0

and then passing to the limit as m — oo,

T
(3.47) A(m—ﬁ@ﬂm@—wﬂﬁZQ

(3.48) A(M—JﬂWﬂMﬂ—WnﬁZQ

In order to prove (3.33) from (3.47) and (3.48), we use the semi-continuous [23,
Chapter 2]. Let 1 = u,; — Ap, V ¢ € L?(T'1) and A > 0, then we have

T
/\/ (x1 — fi(uwe — Ap), @)r,dt > 0,
0

and

T
(3.49) A (1 = (e — M), @)rydt > 0.
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Pass to the limit as A — 0 gives that

T
(3.50) /0 (X1 — fi(uwe), @)rvdt > 0, ¥ p € LA(T).

In a similar way, let ¢ = u,; — Ap, A <0 and V ¢ € L?(I'1), we obtain

T

(351) | o= st <0, v o € 22(0)
0

From (3.50) and (3.51), we see that

X1 = fi(tpe).

Using the analogous arguments, taking v = u,; — Ap, and V ¢ € L?(T'1), we also
get from (3.48) that

T T
(3.52) / (x2 = fa(ut), ¢)r,dt <0 and /0 (x2 — fa(ut), ¢)r,dt > 0,

0
which implies that
X2 = fa(ue).
Thus, we obtain that u is a global regular solutions of problem (1.1).
Step 5. Uniqueness.
Let u, u be two solutions of problem (1.1). Then, y = u — u satisfies
(yee (), w) + (Ay(t), Aw) + (f1(uve(t)) = fr(Wne(t)), wo)r,
(3.53) + (f2(we(t)) = fo(ue(t), wir, = (lu@)|Pu(t) — [ut)|Pu(t), w),

for all w € V. Replacing w by y; in the above identity, and noting that f; (i = 1,2)
are monotone functions, it follows that

1d 1d ,
> 5@”&9(@”2

< /Q (lu(t) Pu(t) — [@(0)]7(t) )yedz

e (£)113 +

<(p+1) /Q supf [u()]?, [i(6) 7}y ()] [y (8)
<(p+1) /Q (a(®)]° + [0 ly(0) (1)l dz.

Using the Holder inequality, Sobolev imbedding V < L2("+1)(Q) and taking the
first estimate into account, we thereby deduce that

L {0l + 12913}
<€ (O oy + 1TOW ) 150 o) [ (Dl
(350 < (18w + I ®1B)

Then, apply the Gronwall Lemma yields that [y (¢)]|3 = ||Ay(t)]|3 = 0. This
completes the proof of Theorem 2.1. O
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4. EXISTENCE, UNIQUENESS OF WEAK SOLUTIONS

Our attention in this section is turned to the existence, uniqueness of weak so-
lutions for problem (1.1). Applying the standard density argument, we extend the
existence, uniqueness results of regular solutions to the weak solutions.

Proof. The main idea of this proof is the density method. We will divided it into
four steps.

Step 1. Galerkin approximation.

We start to approximate the initial data u® and u! with more regular data u°

“w
and ui, respectively. Indeed, let us assume that

(4.1) {u u'} € VN L2(Q),

such that

|Aul||lz < Ay and E(0) < d.
Hence, we choose

(4.2) {up,u,} € D(A*) NV,
where D(A?) = {u € VN H*(Q); 4y, = uy, = 0 on I'1} such that

0 0 1 1 . 2
(4.3) u, —u, inVand u, —u, in L*(Q), as p — oo.
Thus, it is easy to see that {ug, u}t} satisfies the compatibility conditions
(44) u/,OLVV + fl (u;luj) =0, uguuu - fQ(U’}J,) =0, onI'y.
Moreover, using the continuity of functionals ||Aul|z, E(u), we have

ﬂli_>ngo AU |l2 = [[Au’[]; < Ay and ﬂli_{r;oEu(O) = E(0) < d,

where E,(0) = E(u;,). Therefore, for sufficiently large p > o, we get
(4.5) [Aul|l2 < A1 and E,,(0) < d.
Thus, for each p > g, let u# be the solutions of problem (1.1) with the initial date
{u,,u,,}, which satisfies all the conditions of Theorem 2.1, so we obtain
u? € L>(0,00; V), ul € L>(0,00; V),
(4.6)  uly € L=(0,00; L*(2)), Au € L®(0,00; L*(R)), [|Au”|l2 < A1,
and verifies
uly = —=A2ut + [utPut, (z,t) € Q x (0, 00),
ut =ul =0, (x,t) € Ty x (0,00),

4.7
( ) ull/LI/ = _fl(uluLt)’ uﬁuu = fQ(Uf)v (SC,t) el x (0700)7
w(z,0) = uf, uf(2,0) =u), €.

Step 2. Energy estimates and global existence.

Applying the analogous arguments used to prove the first estimate of the above
section, we deduce that there exist constants C' (various positive constants C' may
be different at different occurrences) which are independent of 1 and ¢ € [0, T}, such
that

luf (D113 < C, [|Au®)]5 < C,
(4.8) luelie, 2 < O, [l fu(u ()2 < C, [l fa(uf ()2 < C.
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Let us define y*7(t) = w*(t) — u°(t), p,o0 € N. From the monotonicity of
functions f;, (i = 1,2), it follows that
1d
2 dt
(p+1) /Q(|u”(t)|p + [w? (D) [y (O)]y:" (8)|da,

d (o2 o
=Ny @3 + 5 — Ay (@©)13

1
2 dt
(4.9) <

which together with the Hélder inequality, Sobelev imbedding from V «s L2(P+1) Q)
and (4.8) gives that

d o (e
=y O3 + 1y 113}
< C (I Ol + 1 O30y ) 1977 Ol 58 Dl
(410) <Ol O3+ 129" DI13).

Then, the Gronwall Lemma reveals that

luf (£) = ug (D)]13 + [ Au'(t) — Au? (1)]]3
(4.11) < Clluy = ugll3 + | Aw, — Augll3]

where the constant C' > 0 is independent of u,o € N.
Consequently, the estimates (4.11) and (4.3) permit us to obtain a subsequences

of u* which from now on will be also denoted by u* and function w such that for
all T > 0,

(4.12) ut — w in C(0,T;V) strongly, pu — oo,
(4.13) uf — uy in C(0,T; L*(Q)) strongly, pu — oc.

On the other hand, from (4.8) and (4.12), we also obtain

(4.14) ul — uy in L>°(0,T; HY(T'1)) weakly star, p — oo,
(4.15) fi(u?,) — x1 in L>=(0,T; L*(T';)) weakly star, yu — oo,
(4.16) fa(ul') — x2 in L>(0,T; L*(T'1)) weakly star, u — oo,
(4.17) [u |Put — |ulPu in L>(0,T; L*(2)) weakly star, p — oo.

Considering the above convergences, making use of the arguments of compactness
and generalized Green formula, we deduce that

uge + A%u = |u|’u, in D'(Q x (0,7)).

Combining (4.3), (4.12), (4.13) and (4.17), it follows that A%u € C(0,T; H%()),
lulPu € C(0,T; L3(R)), and

(4.18) uge + A?u = |ulPu, in C(0,T; H %(Q)).

From the identity (4.18), making use of the Bochner’s integral in H~2(12), it follows
that

(4.19) ug(t) — 1 (0) :/o A2u(s)ds+/0 |u(s)|Pu(s)ds.
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Defining Z(t) = fot u(s)ds, so we obtain from (4.19) that

(4.20) ut(t) — u(0) / |u(s)|Pu(s)
Furthermore, thanks to (4.12), (4.13) and (A1), we discover that
¢

(4.21) / lu(s)|Pu(s)ds € C(0,T; L*(R)) and wu(t) € C(0,T; L*(Q)).

0
By the first equation of problem (1.1), we note that A2Z(t) € C(0,T; L*(R2)), which
implies that
(4.22) Z(t) € C(0,T; H()),

where H(Q) = {u € H*(Q); A%u € L?*(Q)}. Together with the definition of Z(t),
we have that

Z'(t) = u(t) € H(0, T H(Q)),
(4.23) Uy, € HY0,T; H-3(T1)), tyy € HY0,T; H 3 (T'y)).
Similarly, if we define Z#(t) = fo ut(s)ds, using the same arguments as (4.12),
(4.13) and (4.17), we obtain that
ZM(t) € C(0,T; H(Q)), A?ZH(t) € C(0,T; LQ(Q))
(4.24) ull, € H7(0,T; H™3(1y)), b, € H1(0,T; H3(I'y)).

In view of (4.22)-(4.24), making use of Lion’s Lemma [38, Lemma 1.3, Chapter 1]
yields that

(4.25)  Z"(t) — Z(t) in C(0,T;H(S2)) weakly star, p — oo,

l/l/l/

(4.26)  A?ZF(t) — A2Z(t) in C(0,T; L*()) weakly star, u — oo,
(4.27)  ZMt) — Zi(t) in H 10, T;H(Q)) weakly, u — oo,

(4.28)  fi(ul) = —ut, — —u,, in H (0, T; H™3(T'y)) weakly, p —» oo,

v

(4.29)  fo(uf) = —uj

o = Uy, in H (0, T; H_%(I’l)) weakly, © — o0.
Combining (4.15), (4.16) and the above convergences, it is inferred that
(4.30) Uy = —X1, Upww = X2, in L>(0,T; L*(T1)).

On the other hand, from the convergences of (4.13) and (4.17), we know that
ug(t) € C(0,T; L*(Q)) and |u|’u € L>=(0,T; L*(Q)). By the Sobolev embedding re-
lations C'(0, T; L*(Q)) < L*(0,T; L*(Q)) and L>°(0,T; L?(Q)) — H~1(0,T; L*(Q)),
if follows that u:(t) € L?(0,T; L?(Q)) and |u|fu € H=*(0,T; L*(2)). Hence, it is
easy to see that uy(t) € H=1(0,T; L*(2)) and
(4.31) uge + A%u = |u|’u, in H~1(0,T; L*(Q)).

Utilizing the above identity, the generalized Green formula and (4.25), it is found
that

<A2“v V) -1 (0,T;L2(Q)) x HE (0,T5L2(Q)) — (Au, AU)LZ(O,T;Lz(Q))

(4.32) + (v, V) g2 rs22(ry)) — (W V) p2 0,122y 5
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which along with Trace Theorem, Sobolev imbedding L2(0,7;V) — L?(0,T;
H%(Ty)) < L%(0,T; L2 (1)) and Hélder inequality leads to
(4.33) (A%, 0) s 0,12 () w0 1sz2 @) | < Cllvllz2,ziv),
for all v € HE(0,T;V). Thus, the term A%u possess a continuous extension to the
space L?(0,T; V') such that
(4.34) uge + A%u = |u|’u, in L*(0,T;V").
Next, our goal is to show that

X1 = fi(ue) and  x2 = fo(ug).

In deed, multiplying the first equation in (4.7) by v} and integrating over €, we

have

1d .
3O + 3 18w O + [ o)
1 d
(4.35) + /. fa(uf ()i (t)dl = (p+2)%||u“(t)||ﬁi§-
Integrate (4.35) over (0,t) leads to
1, 4 5 1 9 1 d +2
s N eIl
SO + 180 - s OIS

¢
v [ netnorass [ [ g
Fl 0 1—‘1
1
(4.36) *|| L5+ HAU?LH% - ml\uﬂllﬁiﬁ-
Con81der1ng the convergences (4.3), (4.12) and (4. 13) we deduce that

Mlgr;o [ pl(e)uly(s)ards + im [ [ fatuf(s)uf (s)drds
1 1
= — @3 ~ SlAul3 + (p+2)|\<>||zi§
1
12 012 0(p+2
(437) + I + 518001 - s IPlEES.

On the other hand, we assume that u is a weak solution to the problem

g = —A%u + |ulPu, in L0, 00; V'),
= Uy =Y, r ; ’

(4.38) u=mu, =0, on OX(O.OO) )

Upy = —X1, Uppr = X2, LOO(07007L (Fl))7

u(x,0) = u?, uy(z,0) =ul, x €.

Adapting the ideas of Lasiecka and Tataru [2, Proposition 2.1], Komornik [33, The-

orem 7.9] or Lions [38, Lemma 6.1], we obtain that the weak solutions u satisfy

energy identity

/ / Xattye(s)dTds + / / xeu()dlds =~ (B3 ~ 51 2u(t)]3
Fl I‘1

1
4. p+2 S 1a,1 A 0 0 p+2
(4.39)  + (p+2)\| Ollp42 + 3 3 + || I3~ 52 )|| (et




EXISTENCE AND UNIFORM DECAY ESTIMATES FOR WAVE EQUATION 239
which along with (4.37) yields to

lim [ (f1(upi(5)), upe(s))ryds + lim ; (f2(uf (s)), ui' (s))r, ds

pu—oo fq

4.40 = S Uy, d , ds.
(4.40) / (X1, te(s))ds + / (X2 us(s))ds
Taking (4.14)-(4.16) into account, we get that
(4.41) lim [ (f) (), uly(3))ry ds = / (1, uve(3))ds,

p—ro0 Jq 0
and

t

4.42 1 : ds = L uy(s))ds.
(4.42) lm/fzu Wl (s))ryds = /Oo@u(s))s

By the analogous arguments which have been used in the proof’s process of regular
solutions. we also obtain from (4.36) and (4.37) that x1 = f1(uyt), and x2 = fo(uy).
Thus, we prove that there exists the global weak solutions u satisfying

g = =A%+ |ulPu, in L2(0, 00; V'),

u=u, =0, on Ty x (0,00),

Uyy = _fl(uut)a Uppy = f2(ut)7 in LOO(Ov OO§L2(F1))a

w(x,0) =u® €V, uy(x,0) =ul € L2(Q),

with ||Au(t)|l2 < A for all ¢ > 0.

Step 3. Uniqueness.
Finally, we will use the standard energy estimate to get the uniqueness of weak
solutions. Let uw and @ be the solutions of problem (4.43), then y = u — u satisfies

Y = — A%y + |u|Pu — |a|Pu, in L2(0,00; V'),

y=1v,=0, on Ty x (0,00),

Yoo = —f1(wt) + f1(@0t)s Yovw = fa(ue) — fo(ty), in L>(0, 00; L*(I'y)),
y(z,0) =0, y(x,0) = 0.

Making use of the same procedure to prove (4.39), we have the energy identity

/ (1 (1t () — (e (5)) oa () s + / (Fa(ue(s)) — foliin(s)), e (), ds
0 0

(4.43)

(4.44)

1 1 ¢
- §||yt(t)||§ - §||Ay(t)||§+/0 (Ju(s)[7u(s) — |u(s)|"T(s), y2 (s))ds,
which together with the Holder inequality, assumptions (A2) and (4.8) leads to
lye@®)I13 + 12y (®)13

<2(p+ 1) / / [u()[° -+ ()1 [y(3) [y () | dds
2 / (Fr(atnn()) = F(Gine(s)), gor(s))r, ds
2 / (Falu(s)) — Fo(@e(5)), e (5))r, ds

<c / () 2y + )5 1y ) 1) a0 e (5) s
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t
(4.45) < C/O (lye ()13 + 1Ay (s)[13)ds.

Employing the Gronwall Lemma, we get that ||y.(¢)]|3+]Ay(¢)]|3 = 0, which implies
the uniqueness of weak solutions. This completes the proof of Theorem 2.2. O

5. UNIFORM DECAY RATES OF SOLUTIONS

The focus of the development in this section is the decay rate estimates of the
energy to problem (1.1). The proofs are based on the construction of a special
weight function ¢, nonlinear integral inequality and the Multiplier method.

First, by the virtue of Theorem 2.1, it is known that the solution u of problem
(1.1) possesses the some properties listed in Theorem 2.1 and Theorem 2.2. Thus,
we can apply the following energy identity

(5.1) B(0) =~ [ falu)u @~ [ i (t) e )1
1 1

Taking into account that f;(s)s > 0 if s # 0, we see that E(t) is a non-increasing
function. Moreover, the weight function ¢ appeared in Lemma 2.3 (construction
method of ¢ will be presented in the sequel) will play key role in the proof of energy
decay rate estimates.

Now, let us multiply the equation in (1.1) by E¢’ Mu, where the function Mu is
defined by

(5.2) Mu=2(m-Vu)+ (n - 1)u.

Then, considering 0 < S < T < +o0 and applying the generalized Green formula,
we deduce that

T
0= / Egb'/(utt + A?u — |u|Pu) Mudadt
s Q
T
= / E¢' / (uge + AN — |u)Pu)(2m - Vu + (n — 1)u)dxdt
s Q
T T
= 2/ E¢’/ g (m - Vu)dzdt + 2/ Ed)’/ AuN(m - Vu)dzdt
S Q S Q
T T
+ 2/ Eqb'/ul,,,,,(m -y, )dldt — 2/ E¢’/ Uy (m - u,,),dldt
S r s r
T T
- 2/ Eqb’/ |ulPu(m - Vu)dxdt + (n — 1)/ Ecb’/ ugudxdt
S Q s Q

T T
+(n—1) / Eqb'/ |AuPdzdt + (n — 1)/ E¢" | uyyudldt
s Q s r,

T T
(5.3) —(n—l)/ E¢' uy,,u,,dfdt—(n—l)/s E¢’/Q|u\9+2dzdt.

S I

Estimate of I} = 2 fST E¢' [ up(m - Vu)dzdt.
Applying integration by parts and Gauss Theorem, it follows that

T T
I =2 [Eq/)’/gut(m . Vu)dm] — 2/ (E'¢" + Eqb”)/ ug(m - Vu)dzdt

S S Q

T
- 2/ E(;S’/ ur(m - Vuy)dzdt
s Q
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T T
=2 [E¢/ /Q ug(m - Vu)dx} . 2/5 (E'¢' + E¢") /Q ur(m - Vu)dxdt
T T
(5.4) 7/5 E¢' . |ut|2(mou)dth+n/S E¢'/§2|ut|2da:dt.

Estimate of Iy = 2fST E¢ [, Au-A(m - Vu)dzdt.
The application of Gauss Theorem gives that

(m - Vu)
k= 2/ Ed)/zzo%laazz Z:: 81,‘]890]

n o n a2(mk$)

+2/ B¢ / Zaxzazz ;kz 5‘:1:J5‘33j8:1:k

T
:4/5 E¢’/Q|Au\2dzdt+/s E¢'/Qm.V(|Au|2)dzdt
T T
_ _ / 2 / 3 2
(55  =(d-n) /S Bé /Q | AulPdedt + [3 Bé /F (m - )y, |2dTdt.

Estimate of I3 = (n — 1) fST E¢' [, urudzdt.
By the integration by parts again, we also obtain that

T T
I3=(n—1) [Ea:’/ﬂutudaz]s —(n— 1)[5 E¢>’/Q |ug|?dadt
T
(5.6) —(n— 1)/S (E'¢" + E¢") /Q ugudxdt.

Inserting (5.4)-(5.6) into (5.3), noting that wu,, = —f1(upt), Uppr = fo(u) on Ty
and Vu = u, - v on I'g, it follows that

T T
0= {ng)’/ﬁutMudx} —/ (E’¢’+E¢")/utMudxdt

S S Q

T T
Jr/ Ed/ ‘Ut\zdzdtJr?)/ E(,b’/ | Au|?dzdt
S Q S Q

T T
+ / E¢" | f2(us) Mudldt + / B¢ | fi(uys)(Mu),dldt
S IR S I

T T
_/ Jor |ut\2(m~u)dth+/ B¢ | (m-v)us|2dldt
S T S

To

T T
+ / E¢ | (m-v)|uy,|?dldt + 2 / B¢ | upppu,(m-v)dldt
S Fl S I—‘0

T T
—2/ B¢ (m-u)|uw|2drdt—2/ Egb’/ [u|Pu(m - Vu)dwdt
S Ty S Q
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T
(5.7) f(n71)/s E¢’/§2|u\p+2dxdt.

Using the definition of energy F(t) and the identity (5.7), we obtain that

T T

E%2()¢' (t)d E¢ | |Aul|?dxd

2/5 (t)¢>(t)t+2/s ¢/Q| ul|*dxdt
T

T
=— [Eqs//ﬂutMudx}SJr/ (El¢/+E¢/’)/S2utMudxdt

S

T T
_ / B¢ [ folur) Mudrdt — / BS [ fi(un) (Mu),drdt

S 'y S Iy

T T
+ / E¢' (m - 1/)(|u,5|2 - |uW\2)dI‘dt + / Eg' (m - 1/)|uw|2dth
S I S T'o

p+2]Js
Next, we shall estimate the last two terms of the right hand side of the above
identity (5.8).
Estimate of Dy = {n -1+ p%] fST Ed' [ |ulPT?dzdt.
Taking into account that % =5+ 1_7“, a € [0,1], then by the interpolation
inequality of LP(€) spaces, [s||, < [Is|$|[s;~* with p = p+2, ¢ = 2(p + 1) and

T T
(5.8) + [n -1+ 2} / E(b’/ lulP T2 dxdt + 2/ E(b’/ [ulPu(m - Vu)dxdt.
Q s Q

a= p%, we deduce that
Ay
(5.9) ullpr2 < flulls™ [[ull 5y

Setting h =n — 1+ p—_2~_2, by Poincaré inequality, Sobolev embedding from V' into

L2(P+D(Q) and Young inequality, we obtain that
+2 +1 +1
hlullpz < nllullzllully’ ) < ClVull2fAulls

€ 2(p+1
(5.10) < CEIVuls + ol Aul,
2(p+2) \ "1 - :
for all e > 0 and By = (T) E(0)?. Combining (2.8) and (2.14), a direct
computation gives that

1 1
E@®) > J(u) = §HAU||§ - mHUHZE

v

1 1
1013 - Kol Aulg*® > 180l |5 - 3K

1 1 1 1
2(\-_ - _ 2(-_ -

(5.11)

which implies that

2 2 2 2
(P*2) gy < 2o £2)
p p

Furthermore, replace (5.12) in (5.10) gives that

(5.12) loul3 <

E(0).

9
(5.13)  Allullp}s < CEIVul3 + EIIAU\@IIAUII%" < C©)||Vull3 +<E(®).
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From (5.13), we obtain that
T

(5.14) D, <g/ E2(t)¢/ (t)dt + C(e) / E¢’/ |Vu|*dxdt.
s Q

Estimate of Dy = 2fs E¢ [, [ulPu(m - Vu)dxdt.
By the Holder inequality and Poincaré inequality, we have that

(5.15) Dy < QR/ E¢/ / P+ | Vuldzdt < QCR/ B¢ || Al ullfi!

p+1

Taking into account that 0 < p < ﬁ, ifn >4, and 0 < s < % —2(p+1),
and considering the interpolation inequality ||s|l, < [|s[|3ls[[;~* with p = 2(p + 1),
qg=2(p+1)+ s, we discover that

(5.16) leullagosny < llulla™ NS g0

where o € (0,1) is given by a = 1 + 55,7775 Which implies that

1 +1 +1
N 1 et [ et

(5.17) ”qu 2(p+1)+s"

2(p+1)
Applying Poincaré inequality and Sobolev embedding from V < L2(PHD+s(Q)
(2(;) +1)+s< 2—”) then we have

11—« 1 a(p+1
(5.18) lull sy < CIVulls ™D A5
Combining (5.15) and (5.18), we conclude that

T
(5.19) Dy <CR [ BVl sull5 e,
S

From the Young inequality,

1 1
ap_|_ibp’ ,+7:17

/

_ 2
for all € > 0. Let us take p = and p’ = (= a)(pF) then we have

2
(1—a)(p+1)

CR”VUHS—O‘)(P-H) | Au HOL(P-H)-H

CR )" e+t 2[a(p+1)+1]
< R IVl + S auld

— 2—(1—o)(p+1)
pe - a)(p+1)

(5.21) = C(2)||Vul)3 + KeE(t),
where
CR)2(1—0) (1) 2p+92) [2(p+2 P eI
Cle) = (CR) k- (p/+ ) [ (p+ )E(O)} i
pe TN pp P

Combining (5.19) and (5.21), we have that

T T
(5.22) Dy < Ke / E2(t)¢ (t)dt + C(e) / B¢ / |Vul|*dxdt.

s s Q

Therefore, in view of (5.8), (5.14) and (5.22), when m - v < 0 on I'y and & small
enough, we can conclude that there exists d1,d2 > 0 such that

T
51/ E%(t)¢ (t)dt
S
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T

T
< - {Eqﬁ'/ﬂutMudx} —|—/ (E’gzb’—&—Ed)”)/utMudxdt
s

S Q

T T
- [ 86 [ pworuard— [ Bo' [ G 0n,avd
S F1 S 1—‘1

T T
(5.23) +/ B¢ (m-u)(\ut|2—|u,,l,|2)d1"dt—|—(52/ E(;S’/ |Vu|?dzdt.
S 'y S Q

In order to estimate the last term of (5.23), let us give the following lemma.

Lemma 5.1. Under the hypotheses of Theorem 2.1. Let u be a solution to problem
(1.1). Then for T > Ty, where Ty is sufficiently large, we have

/ST(?'/QVuzdxdtSC(To){/ST ¢'/F1(f1(uyt))2d[‘dt

T T
(5.24) +/S qs’/F (fg(ut))QdthJr/S ¢’ |uyt|2dth},

I
forall0 < S <T < +00.
Proof. We shall argue by contradiction. Suppose that (5.24) is not verified. Let wuy,
be a sequence of solutions to problem (1.1) such that
(5.25)
T ./ k|2
\% dxdt

lim — - fST¢fQ| u|km T - = +o00

b [T [ (fi(ub)?dUdt+ [T ¢ [, (fa(ub)?dUdt + [2 ¢ [y, |ub,[2dTdt
while the total energy Ejx(0) with initial data {u*(0),u¥(0)} remains uniformly
bounded in k, that is , there exists M > 0 such that Ej(0) < M.

Since Ej(0) < M, by the non-increasing property of Ej(t), we have Ej(t) < M.

Hence, there exists a subsequence of the sequence {uy}, still denoted by {uy}, which
satisfies

(5.26) uf — win HY(0,T; H*(Q)) weakly, k — oo,

(5.27) uf — win L®(0,T; V) weakly star, k — oc.

Applying the similar methods used to prove (3.18) and (3.25), we have that

(5.28) u¥ — u; in L°°(0,T; V) weakly star, k — oo,
(5.29) uf — wu; in L°°(0,T; H' (1)) weakly star, k — oo.
Notice that the Aubin-Lions type compactness gives us

(5.30) uf — w in L>(0,T; L*(Q)) strongly, k — oo,
(5.31) ub — w in L0, T; HY(T')) strongly, k — oco.

In what follows, we will apply the ideas contained in Lasiecka and Tataru [20] or
Cavalcanti et al [4] to our context.

Case (i). Let us consider that u # 0. By (5.30), it follows that

(5.32) |uf|Puf — |ulPu ,a.e. in Qr = Q x (0,T), k — oo.
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Since the sequence {|u*|Pu*} is bounded in L>(0,T; L?(12)), together with (5.32)
and Lion’s Lemma [23, Lemma 1.3, Chapter 1], we have
(5.33) [u¥|Puf — |u|Pu in L°(0,T; L*(R2)) weakly star, k —s oo.

Taking into account that the Poincaré inequality and the boundedness of Ey(t), it
is found that

(5.34) IVu®|l3 < CllAu™|3 < CEx(?),

where C' is a positive constant independent of k£ and t. Thus, we can deduce that
the term fST ¢' [, IVuF|*dadt is bounded. Therefore, we have from (5.25) that

(5.35)

T
/ (f1(uk))?drdt + / (f2(uf))?dTdt + / ¢ [ |uk,|2dTdt — 0,
Fl F1

T

as k — oo. Especially, (5.35) implies that

(5.36) / / )2dTdt — 0, as k — +oo.
ry

Since ¢(t) is concave, it follows that ¢'(t) > ¢'(T), t € [S,T], for any T > 0, we
also get

(5.37)  0< (T / (F1(ul,))2dTdt < / / )2dldt.
Fl I‘1
Thus, combining (5.36) and (5.37), it follows that

T
(5.38) lim / (f1(uk))?drdt = 0.
k— oo S ry
Considering that S is chosen in the interval [0, 7], so we write
T
lim / (f1(uk,))?ddt = 0.
k——+o00 0 r

Therefore, we conclude

(5.39) fi(uF,) — 0in L2(0,T; L*(I'y)) strongly, k — oc.
In a similar way, we also conclude that

(5.40) f2(uF) — 0 in L?(0,T; L*(T'1)) strongly, k — oo,

(5.41) uf — 0 in L?(0,T; H'(T)) strongly, k — oo.

Taking £ — 400 in the equation, we get for u
Ut = _AZU + |u|pua (Jf,t) €Qx (Oa OO),
(5.42) u=u, =0, (z,t) € Ty x (0, 00),
Upy = Uppy = 07 Ut = Uyt = 07 (l’,t) S Fl X (0,00),
and for uy; = v,
Vit = 7A2’U + (,0+ 1)|u‘pv7 (I7t) S Q X (0700)7
(5.43) v=uv, =0, (z,t) € Iy x (0,00),
Uy = Uy =0, v =12, =0, (z,t) € "1 x (0,00).
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Note that u € L (0,T; V) implies u € L7 3 (Q) and (p+ 1)|ul? € L®(0,T; L™(Q)).
Applying the standard uniqueness results of [16, see Chapter 6] or the uniqueness
results of [29] to our context, we conclude that v = 0, which means u; = 0, for T
suitably large.
Hence, the equation (5.42) reduce to the elliptic equation

N2y = |ul|fu, x € Q,
(5.44) w=1u, =0, v €Ty,

Upy = Uy, =0, z €Ty,

Multiplying the above elliptic equation by w, we have

(5.45) / |Au|2dx—/ |u|PT2dx = 0,
Q Q

which implies that J(u) = ﬁ”&u”% But according to (5.11), it follows that

(5.46) Et) > J(u) > ﬁHAUHz,
for all u # 0. This is a contradiction.
Case (ii). Let us assume that u = 0. Setting
r } .
(5.47) ck = / ¢ | |VuF|Pdzdt| and @F = =%,
5 Q Ck
which implies
T T k|2
(5.48) /ﬁw/ﬁmWwﬁ:/<ﬂ/B%LMﬁ:L
s Q s Q S
Besides,
- _ _ 1
(5.49) Ey(t) = H £z + ||Auk||§ - p+2|| WP < o 2 (HutHer 1Au]3) -

By the similar argument as (5.46), we deduce that

1 p+2 p+2 (1 1 2
5.50 —AURZ2 < B2 gk = B2 [ 2 Ak — ——||luF 1Pt
(5.50) 2|| u'llz < P (u”) p 2|| u” |3 p+2||u [

which along with (5.49) yields that
~ 1 p—|— 2 2
Bult) < 2 (gl + 221003 - 21utiz13)
k

_pt2 P k2 k)2 1 k|p+2
=—3 (Wllut ||2+§||AU ||2—m||u llo+2

pei
(5.51) < ”;:Ek( ).
Also,
B(t) = 51313 + 510713 - — 5171713
(552) > ST+ 5l 1T 2 o Bt

Furthermore, when u = 0, we deduce that ¢ — 0 as k — +o0.
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On the other hand, considering the energy identity,

(5.53) Ei(t) =~ | foluf ())uf (t)dl — [ fi(ub,(t))ug,(t)dT,
Fl 1_‘1
and multiplying this identity by Fj(t), then we obtain
1d
(5.54) 35— [Ew(t )P = —Ex(t) g Ja(ug ())ug (t)dT — By (t) g Fr(ugy(t))ug, (t)dT -
Integrating (5.54) with respect to t from S to T', we discover that
T
BH(T) - BX(S) = -2 [ Eale) [ faub(0)uf (yara
s r,
T
(5.55) —2 / EL(t) | fi(uk,(t)uf,(t)dldt.
S I

In view of (5.54) and (5.55), we deduce that

[ o

> / E2(T)¢ (H)dt = [$(T) — #(S)]EX(S)
S

T

—204(T) - 4(S)] / Bi(t) [ falub(t))ub (t)drdt
S I
T
(5.56) = 2o(1) -~ 9(8)) [ Eut) [ At o)k drae
S Iy

Replacing Mu* = 2(m - Vu*) + (n — 1)u* in inequality (5.23), we obtain that

T
51 /S EZ(t)¢' (t)dt
T T

< -2 [Ek¢ /Qut (m - Vu )de —(n—1) [Em’/gufu’fdxk

T
+/S (E,;¢’+Ek¢")/ﬂu§Mukdxdt—2/ Epd' | fa(u)(m - uk)dDdt

S I

T T
—(n—l)/ Ey¢ fg(uf)ukdl“dt—Z/ Ey¢ A fr(uE)(m - ub),drdt

S Iy S

T T
—(n—1) / Ené' | fi(uf)ubdrat + / Erd' | |uf|?(m - v)dldt
S Ty S

T
T T '
(5.57)—/ B¢’ |u§u\2(m~y)dfdt+52/ Ek¢>’/ |u*|? dzdt.
S Ty S Q

Estimate of G; = —2 fg B¢’ [r, fa(uf)(m - w))dldt.
Using Young inequality and a direct calculation gives that

Gy < 2R/ Evd | |fo(ul)||uk|drdt

I

R? [T
(5.58) gn/ Em’/ |u’,j|2d1“dt+—/ Em’/ | f2(uF)|2dTdt.
S r, nJs r
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for all n > 0.
Estimate of Gy = —2 f; B¢’ [r, fi(ug,)(m - up),dUdt.
Applying integration by parts and the Young inequality, it follows that

T n O (X mi%
Gy = —2 / Evd | ( 5 )yj f1(uk,)drdt
s Ly

—Q/TE ¢ ” 8—Uk+ 5” En mﬁ v;f1(uk,)drdt
g b r, \ &~ 0x; £+ COxi0x; | TV
1 j=1 J j=11i=1 J

T T
—2 / Erd' | ukfi(uk)drdt — 2 / End' | m-uk fi(uk,)dDat
S Fl S 1—‘1

T T
1
<7 / Eyd / |up|?dldt + = / Epd’ | |fi(up,)PdDdt
S I nJs T

T R2 T
(5.59) 4 / Ep [ |ub 2ardt+ / Evd [ |fu(uk)2drdt,
S ry nJs r,

Estimate of G3 = —2E¢ [, uf(m - Vu*)dz.
Considering Young inequality and Poincaré inequality, we obtain from the defi-
nition of E(t) that

Gz < | —2Ek¢’/ uf (m - Vu*)dz| < 2Ek(t)LR/ [uf ||V |da
Q Q

(5.60) < Ek(t)LR/ (W2 4 Vb Pdz < CE2(1),
Q

where L is a positive constant which verifies |¢'(¢)| < |¢'(0)] = L,V ¢ > 0. Therefore,
we have

T
(5.61) -2 [Ek(;b’/ u,’;(m.vu’“)dx} < CE}(T) + CEZ(S) < CEL(S).
Q s
Estimate of G4 = —(n — 1) [Ex¢’ [, ufukdx]g
Analogously, considering the same procedure used to prove (5.61), we also get

that
T

(5.62) C(n—1) [Ekqb’ /Q ufukdx} _SCEHS)

Estimate of G5 = fg(E,’g;ﬁ’ + Er¢") [ouf MuFdxdt.
By Young inequality and Poincaré inequality, a simple computation reveals that

/u,’fMukd:E:2/(moVuk)ukdx+(n71)/ ukuFda
Q Q Q

(5.63) < 2R/ |V |[uf|dz + (n — 1)/ [ul||u¥|dz < CEy(t).
Q Q

We thereby conclude that

T
Gs = / (E.¢' + Exg’) / uf MuFdzdt
S Q

T
< C/ |E¢' + Exd”|Ex(t)dt
S
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T T
< LC/ —E,@EkdthCEkQ(S)/ —¢"dt
S S

— % ) —%Eg(t)dt + CEkQ(S)/S —¢"dt
= BB (5) - B + OBA(S)[0/(9) — /(1)
(5.64) < %EkQ(S) + CEP(S)¢(S).

Estimate of Gg = —(n — 1) fg Eyd' |1, fa(uF)ukdl dt.
Using Young inequality, there appears the relation

r / k|2 (n— 1)2 ’ / k|2
605 Go<o [ B [ tPardes S B [ IfPard,
S I, Y S ry

for any v > 0. Taking into account that the continuity of the linear trace operator
B: V — HYTy) — L3(I'y), there exist two positive constants &;, &y such that

(5.66) lull2(ry) < &llDullz, [[Vullrze,) < &[Aul2,
for all u € V. Hence, we deduce that
r 2 7 (n— 1)2 ’ / k|2
(5.67) Gg < Cvy Ep¢'dt + ——— Ey¢ | f2(ug)|dTdt.
5 4y s r,

Estimate of G7 = —(n — 1) fg Ey¢ [r, fi(ug,)ubdldt.
Analogously, we obtain that
r 2 47 (n — 1)2 4 ’ k|2
(5.68)  Gr<Cny / ot + " / Eré / |1 (uF,) 2T dt.
s Y S Iy
Since m - v are sufficiently smooth and I'y is compact, there exists § > 0 such

that m-v > > 0 for all € I';. Consequently, inserting the estimates (G1) — (G7)
into (5.57), we conclude that

T
5 /S EZ(t)¢' (t)dt

Cn r / k(2 R? (T / k(2
< - Ey¢ (m - v)|u,,|°dldt + — Eyo | f2(uy)|=dDdt
d Js r n Js ry

T 1 T
L on / B | (m-v)ub,[2drdt + / B | |fa(uly)Pdrde
é S r, nJs r

7] T R2 T
+f/ B¢/ (m.u)|u’;,|2drdt+—/ End' | |fi(uf,)|2d0at
0 Js Ty n Js T,

T (n o 1)2 T
+ Cy / Ei¢dt + ~—— / Epg' | |f2(uy)|?dldt
S 4y S I,
(n—1)°
4

T T
vy [ ERoare [ B [ 1ndpav
S S Iy

LC

T
+(—+C)Ek2(5)+cEk2(S)¢’(S)+52/ Ek.qﬁ’/ |u® |2dadt
2 S Q

T T
(5.69) +/ Er¢’ |u§\2(m-u)drdt—/ Ekgb’/ |uk |>(m - v)dDdt.
S S Iy

I
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Taking 7, small enough such that 6; —2Cy > 0 and 1 — % — 2%7 > 0, then we
have

T
| B o
T T
<0 /S B / 1fatuf) Pt + G, /S Eid’ / i ara

T
+ C3E2(S) + C4LEL2(S)¢/(S) + 05/ Ep¢' | |uF|?(m - v)dDdt
S

|1
T
(5.70) +06/ Em’/ |u* | dzdt,
S Q

where C;, ¢ = 1,---,6 are positive constants. Combining (5.56) and (5.70), it is
found that

[B(T) — 6(S)] R (S)

T
< / B [ |f2(ul) 2t
S

I

T
+ Oy / End' | |fi(uk,)|2d0dt + CsER*(S) + C4EL*(S)¢'(S)
S Fl

T T
+ 05 / Ek¢/ \uﬂz(m : y)dth + Cﬁ / Ekgb,/ |uk|2dxdt
S S Q

IS

— — 1 ! g uk ’U,k
210(T) ~ ()] 550 ) [ Bu) [ ottty
1 / g k k
BT 200(T) - o) g 0T [ B [ et o

Furthermore, considering that ¢’(¢) is a non-increasing function, it is inferred that
[6(T) = 6(S) — C3 — Cad'(S)] EZ(S)
(T) /T : E(m 2

< E ' T

<(e+53) [ B [ ntutappara
o(T)
¢'(T)
(T
¢'(T)
o) [T o o [k (2 " [
(5.72) + = Er¢ luy,,(t)|“dTdt + Cs Ep¢' | |u¥|*dxdt.

¢'(T) Js Iy s Q

Since ¢(t) — 400 as t — 400, for a large T, it is noted that ¢(T") — ¢(S) — C3 —
C4¢'(S) > 0. Thus, using Poincaré inequality again, we deduce that

T
+(cl+ ) /S B [ |fu(uk, () 2dTdt
Iy

T
+ (05+ )/ Er¢’ [ |ulf(t)|?dUdt
S Ty

T T
Ek<s>§c<s,T,¢,¢’>{ /S o / o (ub)[2dTdt + /S o / o (uk,)[2dTdt

T T
+/ ¢’/ |u’jt|2dth+/ ¢’/ |u¥|?dzxdt 3 .
S T S Q
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Dividing both sides of the last inequality by fg ¢ [, |[VuF|?dadt, then for very
t €[S, T], where 0 < S < T < 400, we have that
(5.73)

Ek(t) < C(S.T /
f§¢’fQ|Vuk|2dxdt — ( ’ 7(257(725)

s O e 1B PdUdt 1 [§ o o, | ug)PdUdt + g o [, ubiPdvde
Js ¢ fo |Vub|2dzdt '

By (5.25), we know that

(5.74)
po Js O Jo, (r(eb)PdTdt + [5 o i (faluf)?d0dt + [g o Jr lufuPdrde
e I [, [Vub[2dzdt 7

therefore, there exists N > 0 such that

Bl < o(5.1,6,0)(F 1),
k

forallt € [S,T],0< S <T < 4o00. Combining (5.51) and (5.75), we have that

< ”;20<5,T,¢,¢’><N+1>,

(5.75)

(5.76) Ext) <= Byt < ==
which implies

- N 2(p +2
(5.77) 113 + (| AT*(13 < (pp)C(S, T.¢,¢")(N +1),

forallt € [S,T],0< S5 <T < +o0.
Hence, there exists a subsequence of the sequence {uy}, still denoted by {uy},
which satisfies

(5.78) " — % in L>(0,T; V) weakly star, k — oo,
(5.79) ¥ — Uy in L°°(0,T; L*(Q)) weakly star, k —s oo,
(5.80) " — W in L2(0,T; L?(Q)) strongly, k — oc.

In addition, u* also satisfies

gy = =2 4 [u|PTb, (x,t) € Q@ x (0,00),
(5.81) a* =uk =0, (z,t) € Ty x (0,00),
al’il/:_fl(ulljt) L aEVV:fQ(uf)cik’ (.’L‘,t) Grl X (0700)

aa
From (5.74), we see that

s 9y, (Buhydrdr

(5.82) klim =
Since
T ky 12 Ty uk)|2dTdt
(583)  0< ¢'(T)/ / 2D grge < 359 e, \f22( PPdrdt
s Jry Ck ci
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we thereby have
2

T k
(5.84) lim / / LEC
k—o0 S ry Ck
which implies
k
(5.85) @ — 0in L%(0,T; L*(Ty)) as k — +o0.
k

Making use of the same procedure used to prove (5.85), we deduce that

fiugy) 200 T T2
(5.86) 22 5 0in L(0,T; L*(T)) as k — 4oc.

Ck

Further, there appear the relation

T
/ /||uk|pak|2dxdt:/ ¥ [20 [ 2t
0 Q Qr

(5.87) = / |u® P " |2 dxdt + / |u® 2P| |2 dadt.
|uk|<e k

|[uk|>e

Considering that |y|? is a continuous in R, so we define Ms = sup|, <. |y|?. There-
fore, we obtain

T
638 [ [ pa R < BRI e + e 1713
Combining (5.77) and hypotheses (A1), we deduce from the (5.88) that
T
(5.89) / [ 1ot o < M2 + ).
0

Then, taking e — 0 and k¥ — +o00, we get that
(5.90) [uF|Pu — 0 in L*(0,T; L*(Q)).
From what has been discussed above, passing to the limit in (5.81) as k — 400, we
have

Upt + AN = 0, (l‘,t) €N x (0,00),
(5.91) u=1u, =0, (z,t) € Ty x (0,00),

Uyy = 0, Upyy = 0, (l’,t) SRS (0,00)
Differentiating (5.91) with respect to ¢ and taking v = %, we conclude that

vy + AN%0 =0, (z,t) € 2 x (0,00),
(5.92) v=uv, =0, (z,t) € Iy x (0,00),

Uy =0, Uy, =0, (z,t) € T'1 X (0,00).
Applying the standard uniqueness results of [16](see Chapter 6) or the uniqueness
results of [29] to our context again, it comes that v = 0, that is u; = 0. Returning
to the equation (5.91), we obtain

N =0, z€Q,

(5.93) u=1u, =0, x €T,

17,/1, =0, ’ﬁyuy =0, z € Iy.
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Multiplying the above problem by u, we see that

(5.94) 0= —/(Na)adx - —/ A2 = — |2,

Q Q
which implies that @ = 0. But from the (5.48) and (5.80), we conclude that @ # 0.
This is a contraction. This completes the proof of Lemma 5.1. g

On the basis of Lemma 5.1, we are now in positive to give the straightforward
proof of Theorem 2.3.

Proof of Theorem 2.3. Inserting the results of Lemma 5.1 into (5.23) and then using
the similar calculation as (5.57) to (5.70), we have that

T
| B o
< G\ E(S / [ \ptwopard + GoE(s / [\t Para

T
+@W®+@W@W@+@H&/d hﬁ%wﬂw
S

Iy
(5.95) + CoE / / [ty 2dT .
I

Analysis of J; = fs ¢ Jp, lue?dldt.
For every t > 1, let us define the following partition of I'y:

Fip={z el |ul < hi(t)},
(596) ].—‘1)2 = {1’ el : hl(t) < |U,jt‘ < hl(l)},
Iis={zel1: |unl >hi(1)},

where T'y1,T'1 2,13 depend on ¢ € RT and hy(t) = gl_l(gb’(t)) is a decreasing
positive function and satisfies hi(t) — 0, as t — +o0.

Estimate of T'y 3 : we note that hy(1) = 0 < g; *(¢/(1)) = 0 < ¢'(1) = ¢1(0) = 0.
But, if ¢'(1) = 0, we have for ¢ > 0 that ¢'(t) < ¢'(1) = 0. Consequently, ¢'(t) = 0,
V ¢t > 1, which contradicts the fact that ¢ is a strictly increasing function. Thus,
we have hq(1) > 0.

If hi(1) > 1, we obtain from the hypotheses (A2) that |f1(uyt)| > Ci1|ust|.

If (1) < 1, we observe that the function F' : y — flT(y) is a positive and
continuous on [—1, —h;(1)]U [h1(1), 1], which implies that there exists a constant
B1 > 0 such that fl(y) > By, that means |f1(uye)| > Biluel.

So we conclude that [upe] < = L| 1 (uye)|, where dg = min{C}1, 81 }. Therefore, we

have
T 1 T
/ ¢’/ e[ 2dTdt < 7/ (b’/ || 1 (1) | AT
s s do Js s

T
/ S) / / Uytfl (uyt)dfdt
S JI'i3

1, T #'(S)
(5.97) g%¢(5)/9 E'(t)dt < i E(9).

IN
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Estimate of I'y » : considering that g; is an increasing function, it follows that
¢'(t) = g1(P1(t)) < g1 (Juwe) < g1 (upe)]-

If hi(1) < 1, we deduce that |u,:] < 1. By the hypotheses (A2), we get
that |gl(uyt)‘ S |f1(uyt)‘ S |gl_1(uyt)‘ Thus, it follows that |ul/t|2|gl(uut)| S
‘Uut|2|f1(uut)| S |Uyt||fl(uut)‘~

If h1(1) > 1 and |uye| € [1,h1(1)], we have that —h1(1) < wuy,e < hy(1). Since
g1 is an increasing and odd function, it is found that |g1 (uye)| < |g1(h1(1))|. Thus,
taking into account that Ciq|uy:| < |f1(uut)|, we have

Voo v Al ()|
g1(h1(1)) = [g1(uwe)] = Criluwellgr(uwe)|  Craluwel?|gr(une)|’
which implies that

(5.98)

g1(h1(1))

011 Uutfl (uut)-

|ul/t|2|gl<u1/t)‘ <

Hence, we discover that |u,¢|?|g1(uve)| < diupefi(uye), where dy

min{l,%ﬁfl))}. Furthermore, taking into account that |¢'(t)] = |g1(h1(t))] <
|g1(uye)|, we obtain that

T T
/ ¢s’/ |ul,t|2d1“dt§/ / [ %91 (wye ) |dT dt
S F1,2 S 1—‘1,2

T
<d, / / tya] |1 1t Tt
S T2

T
<d / / g | 1 (utp) [Tl

T

(5.99) < dl/ —E'(t)dt < d1E(S).
s
Estimate of I'y ; : thanks to the definition of this part of the boundary, we have
that
T T
/ ¢'/ |, ¢|2dTdt < / / |k (t)|2dDdt
S i1 S JI'i
T
(5.100) < meas(r) [ &' (B(ar (/1)
S

Therefore, in view of (5.97)-(5.100), there appears the relation

(5.101) /S ¢ [ JualPdrdt < LiE(S) + Ly /S &(1) (g7 (9 (1))t

Iy
where Ly, Lo are positive constants.
Analysis of Jo = fST ¢ [p, lug[*dldt.
For every t > 1, let us define the following partition of I'y:
1—‘174 = {{,E S Pl : |Uut| < hl(t)},
(5.102) Dis={zeli: h(t) <l|ul <hi(1)},
Iig={zel1: |unl >h(1)},

where Ty 4,11 5,16 depend on ¢ € R* and hy(t) = g5 (¢'(t)) is a decreasing
positive function which satisfies ha(t) — 0, as t — +o0.
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By a straightforward adaptation of the above result (5.101), we also obtain that

T
(5.103) / IutIQdth < L3E(S) + L4/ ¢'(t)(g5 ' (¢ (1)))?dt,
S

where Lz, L4 are positive constants.
Analysis of J3 = [g ¢ [ | fi(uye)[2dDdt.
For every t > 1, let us define the following partition of I'y:

F1’7 = {.’IJ el : |u1/t‘ < ¢/(t)}’
(5.104) Dig={zeli: ¢(t) <|un| < ¢'(1)},
F179 = {I’ € Fl : |ul/t‘ > ¢/(1)}a

where I'y 7,1 8,'1,9 depend on t € RT.

Estimate of 'y g : if ¢/(1) = 0, we have that for all t > 1, ¢/(t) < ¢/(1) = 0.
Consequently, ¢'(t) = 0, V ¢ > 1, which contradicts the fact that ¢(t) is a strictly
increasing function. Then, ¢'(1) > 0.

If ¢'(1) > 1, we obtain from the hypotheses (A2) that |f1(uye)| < Cralupel.

If ¢'(1) < 1, we observe that the function F : y — fléy) is a positive and
continuous on [—1,—¢/(1)]JU [¢/(1),1] which implies that there exists a constant
(B2 > 0 such that flT(y) < Ba, that means |f1(uyt)| < Balupel-

We conclude that |fi(uyt)| < ds|uyt|, where ds = max{Cia, f2}. Therefore, we
have that

T T
/ o / | Fa () 2dTdt < dy / o / utyo| i ()Tt
S Flyg S FI,Q

T
< dg(b/(S) /S A uutfl (ul/t)dth

(5.105) < ds¢'(S) /ST —E'(t)dt < dz¢'(S)E(S).

Estimate of I'1 g : considering the monotonicity of f1, fi(¢'(t)) < fi(|uw|) <
f1(¢'(1)), and the boundary conditions of this part, we discover that

/ / (i) PdTdE < fo( / / iyl o () T
Iis Tis

(5.106) <cC / / w1 () ATdE < CE(S).
Tis

Estimate of ' 7 : if ¢/(1) < 1, we have from the hypotheses (A2) that | f1(u,:)| <
97" (wwe)| < lg1 " (@/(1))]- Then,

T T
/ ¢’/ |f1(UVt)|2dth§/ ¢’/ lg7 H(uye)|2dDdt
S Ty7 Ty,7
/ / lgr H(¢'(t))|2dTat
Tz

(5.107) < meas(T) /S ¢ (6)(g7 (&' (1))t
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If ¢'(1) > 1, then |u,| € [1,¢'(¢)]. From the hypotheses (A2), we obtain
| f1(upe)| < Chzluye|, and

T T
/‘¢/|Mwmmwscg/w/ ftye| i ()T
S F1,7 S Fl,?

T
< Ciad/ (S) /S /F ton f1 (1) AT

(5.108) < O (S) /S ' —E'(t)dt < ¢'(S)CraE(S).

Therefore, combining (5.105)-(5.108), we have

T T
(5.109) /S ¢ /F |f1(uye)2dDdt < Ly E(S) + Lg [5 ¢'(t)(gr (¢ (1)))2dt,

where L5, Lg are positive constants.
. Ty 2
Analysis of Jy = [g ¢' [ |fo(ue)|*dTdt.
For every t > 1, let us define the following partition of I'y:

Fiio={zel: |ul <9 (1)},
(5110) Fl 11 = {fE S Fl ¢/( ) < ‘Ut‘ < d)/(l)},
Piieo={x el |u|>¢'(1)},

where F1,107F1711,F1712 depend ontéeRT.
Using the analogous arguments as (5.109), we obtain

(5.111) / |f2 ug)|2dUdt < Ly E(S +L8/ o' (t) (g3 (& (1)))?dt,
where L7, Lg are pos1t1ve constants.

Inserting (5.101), (5.103), (5.109) and (5.111) into inequality (5.95), it follows
that

/ E2()¢/ (t)dt < O E2(S) + CLE2(S)& ()
_ T
+%maL¢%mﬁwwWﬁ

(5.112) OB [ o 06 @0 a

Now assume that ¢ satisfies the following additional properties:

(5.113)/1oo ¢ (t)(g7 (¢ (1)))%dt and /100 ¢ (t)(gy 1 (¢'(1)))?dt are convergence.
These properties are closely related to the behavior of g; (i = 1,2) near 0 and the

decay rate of ¢ at infinity. Thus, we deduce from (5.112) and (5.113) that there
exists positive constants C' such that

Vs>, /OOEQ(t¢()dt<CE2(S)+CE /¢ g1 (¢ (1)) dt
S

(5.114) -+CEwyL ¢ (095 (6/ (1))



EXISTENCE AND UNIFORM DECAY ESTIMATES FOR WAVE EQUATION 257

Next, the main problem is to find a strictly increasing function, which satisfies
the following conditions:

@(t) is concave and ¢(t) — +oo as t — 400,

¢'(t) = 0 as t — +oo,

/100 ¢ (t)(g7 (¢ (1)))?dt and /100 ¢ (t)(g5 * (¢'(t)))?dt are convergence.

We consider, without loss of generality, that ¢(1) = 1. From this fact, observing
that ¢~1(t) — 400 as t — +oo and taking into account the change of variable
7 = ¢(t), one have that

(5.115

)

C>C/ —1/ 1 2_0071/—17_ 27_20071 1 27_
| et @mra = [ wrte e et = [ e )
(5.116)

~ / —1/ 47 2 _ * —1/ 17 4—1 2 _ o —1 1 2 T
| oot oya- [ eteetenra = [ e )t

Let us define the auxiliary functions 1,12 on [1,00) by

1 o
(5.117) Vi>1, d(t) = 3 +/ T dr,
1 91(7)
1 |
(5.118) Vizl o) =5+ [ —dr
1 92(7)
Then 11,5 are strictly increasing functions of C? on [1,00) and satisfy
1
(5.119) Vi>1, Pi(t) = —5 — +o0, as t — 400,
91(;)
1
(5.120) Vi>1, Py(t) = —= — +00, as t — 400,
92(%)
and
(5.121)

00_171 2dr 00_1 1 2dr = OoiT 00
o gy P < | P = [ e <o
(5.122)
1

Oo71727' 0071 1 2dr = OoiT 00
J o g e < e G = [ e <o

By a direct computation, we can show that ¢{(¢), ¢4 (t) > 0 which imply that ¥, ¢4
are non-increasing functions and 1,19 are convex. Furthermore, let 1) = 11 + )9,
then it is easy to verify that 1 ~!(¢) is concave on [1,00). Take two derivatives of
the expression () ~1(t)) = t, we deduce that

TNl Coam () (i M () N Cam ©0))
1 0) R (T (T 0)
That is why we define ¢ on [1,00) by

(5.124) $(t) = (Y1 +v2) 71 (1) = (V)7 (1).
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Thus ¢ is a strictly increasing concave function of class C? on [1, 00), which satisfies
all the assumptions we made in our computation. In addition, we deduce that

P - 1
IO ORIACO)
1 015592 5)
(5.125) _ ) N
91(55) + gz(%) g1 ﬁt)) + 92(%)

Note that ¢(1) = 1, because ¥ (1) = 1)1 (1) +2(1) =1, and ¢'(1) = % <4
so it is easy to extend ¢ on [0,00) such that it remains a concave and strictly
increasing nonnegative function on [0,00). Thus, we have explicitly constructed a
function ¢ that satisfies the all the conditions of Lemma 2.3.

Furthermore, we deduce from the (5.114) that

/ B2 (06 (1)t < CE(S) + CE(S) :w(t)(gﬁw%t»)?dt
#(S

L CE(s) /S (g (¢ (1))t

— CE(S) + CE(S) /¢ Z) (o (¢ (6~ (1))  dt

+CB(S) /¢ :) (g5 (' (6~ (1))  dt

= CE*(S) + CE(9) /(;; <g;1 (M))Q dt

+ CE(S) /q;) (921 <(¢11)(T)))2 dt

1
CFE*(S)+ CE(S —d
<089 +CB) [ G
CE(S)
505) vVS>1.

We define F(t) = E(t+1) and ®(¢) = ¢(t +1) — 1 on [0, +00), then (5.126) implies
that

(5.126) = CFE*(S) +

CF(S)

- 7 > 0.
1+(S)’ V520

(5.127) / h F2(t)®'(t)dt < CF?(S) +
S

Noting that the function F(¢) and ®(¢) satisfy all the assumptions of Lemma 2.2
with o = ¢/ = 1, so we obtain a decay rate estimate:

C
(5.128) Vt>0, F(t) < m
By the method of variable substitution, we also obtain
(5.129) Vt>1, E(t) < —— ¢
@?(t)’

where C' is depending on F(1) in a continuous way.
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Finally, it remains to estimate the growth of ¢. Setting 7y such that

1 1
(5.130) g1 <) <2 and ¢ <> < 2.
70 T0

Using the monotonicity of g; i = 1,2, we have

1 T 1 1 1
> = — —_— < — -1
V1> 70, ¥1(7) 5 —|—/1 gh(%)ds_ 2—|—(7‘ )91(%)
1+ 1 1 < 1
=47 — <7 ,
2 ad) ald) T a@)

1 T 1 1
V1 > 70, 1/)2(7)254—/1 92(%)ds§§+(7'—1)92(7)
RN R SR
2 g3 e(d) T gd)
Hence, we have that
(5.131) () + a(r) = (7)< T 7 —

m—FTF%),

which implies that

(5.132) <y} (Tgl(li) +792(1i)) :¢<Tgl(11)+792(11))'

Taking into account that

(5.133) pep b (D) 1

PRES R Rk esmeyaiat s

so we have

1 1 1
5.134 < - =GY=),
(5134) S0
where the function G(y) = y% Thus, we thereby conclude that
V) 2

(5.135) Vit>1, Bt)<C <G1 <t)> ,
which completes the proof of Theorem 2.3.
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