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ABSTRACT. This study is devoted to investigating the regularity criterion of
the 3D MHD equations in terms of pressure in the framework of anisotropic
Lebesgue spaces. The result shows that if a weak solution (u, b) satisfies
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then (u, b) is regular at ¢ = T, which improve the previous results on the MHD
equations

1. INTRODUCTION

Let us consider the following Cauchy problem of the incompressible magneto-
hydrodynamic (MHD) equations in three-spatial dimensions :

ou+ (u-Vyu—Au+Vr—(b-V)b =0,
2) Ob—Ab+ (u-V)b—(b-V)u=0,

V-u=V-b=0,

u(z,0) = up(x), b(x,0) = bg(x),

where u is the velocity field, b the magnetic field and « the pressure, while ug, by
are given initial data with V - ug = V - bg = 0 in the sense of distributions.

Due to the importance of both physics and mathematics, there is large literature
on the well-posedness for weak solutions of magnetohydrodynamic equations. How-
ever, similar to the Navier-Stokes equations (b = 0), the question of global regularity
of the weak solutions to (2) still one of the most challenging problems in the theory
of PDE’s (see for example [3, 4, 5, 6, 9, 10, 11, 12, 13] and the references therein).
It is interesting to study the regularity of the weak solutions of (2) by imposing
some growth sufficient conditions on the velocity or the pressure. In particular, the
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condition via only one directional derivative of the pressure was established in [2]
and showed that the weak solution becomes regular if the pressure 7 satisfies
2 3 7 12

. o - LP(R3 2422 Z<p<a.
(3) Osm € L¥(0,T; L7 (R?)), for a+5 7 <p<4
Later on, Jia and Zhou [7] improve (3) as
2 3
(4) dsm € L*(0,T; LP(R?)), for a3 2, 3<B<o0.

Recently, some interesting logarithmical pressure regularity criteria of MHD
equations are studied. In particular, Benbernou et al. [1] refined (4) by impos-
ing the following regularity criterion

ox
/T 107 (- D)l 2™

o 1+In(e+[b(,t)lLs)

The aim of this paper is to establish the logaritmical regularity criterion in terms

of the partial derivative of pressure in the framework of anisotropic Lebesgue space.

Throughout the rest of this paper, we endow the usual Lebesgue space LP(R3)

with the norm ||-||,,. We denote by 0; = 0%1- the partial derivative in the x;—direc-

tion. Recall that the anisotropic Lebesgue space consists on all the total measurable
real valued functions h = h(z1, z2, x3) with finite norm

1
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where (i, j, k) belongs to the permutation group S =span{1,2, 3}.
Before giving the main result, let us first recall the definition of weak solutions
for MHD equations (2).

Definition 1.1 (weak solutions). Let (ug,bg) € L?(R?) with V-ug = V - by = 0 in
the sense of distribution and T' > 0. A pair vector field (u(x,t),b(x,t)) is called a
weak solution of (2) on (0,T) if (u,b) satisfies the following properties :

(i): (u,b) € L= ((0,T); L*(R3)) N L* ((0,T); H*(R?)) ;

(ii): V-u =V -b=0 in the sense of distribution;

(iii): (u,b) verifies (2) in the sense of distribution.

(iv): (u,b) satisfies the energy inequality, that is,

dt < oo with g<)\§oo.

(0

t
luC )17 + [16C, )72 + 2/0 (IVu(,m)lz2 + 1Vb(, D)l 72)dr < lluolz= + 1bollZ:

for all ¢ € [0, 7).
Now, our result read as follows.

Theorem 1.2. Let (ug,by) € L2(R?) N L4(R3) with V -ug = V - by = 0 in R3.
Suppose that (u,b) is a weak solution of (2) in (0,T). If the pressure w satisfies the
condition
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then the weak solution (u,b) becomes a regular solution on (0,T].

This allows us to obtain the regularity criterion of weak solutions via only one
directional derivative of the pressure. This extends and improve some known regu-
larity criterion of weak solutions in term of one directional derivative, including the
notable works of Jia and Zhou [7].

As an application of Theorem 1.2, we also obtain the following regularity criterion
of weak solutions.

Corollary 1.3. Let (ug,by) € L*(R?) N LY(R?) with V -ug = V - by = 0 in the
sense of distributions. Assume that (u,b) is a weak solution of (2) in (0,T). If the
pressure satisfies the condition

T . q
(6) / ||837T(7t)“L0‘ ; dt<00,
0 1o (e+ n(,)l3)

where
2 3 3 1
—+—=—=Xc]2 d — < _—
q+a €[2,3) an )\704</\_2,

then the weak solution (u,b) becomes a regular solution on (0,T].

In order to prove the main result, we need to recall the following lemma, which
is proved in [9] (see also [8]).

Lemma 1.4. Let us assume thatr > 1 and 1 < v < a < oco. Then for f,g,p €
C§°(R3), we have the following estimate

/ fggpdmldmgdxg
R3

6(r—1) (1—=6)(r—1)
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< C|19sellys,

1
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r—1 a1 1 r—1 1 i
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where 0 < 0 <1 satisfying

1 n 0 1-46
yr=1) v Bly—1)
and C' is a constant independent of f, g, p.

2. PROOF OF THEOREM 1.2

We are now ready to give the proof of Theorem 1.2. Clearly, in order to prove
Theorem 1.2, it suffices to show that the assumption (5) ensures the following a
priori estimate :

lim ([lu 8]l pa + 160, )l p4) < 00
t—=T
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Proof. We first convert the MHD system equations into a symmetric form. Adding
and substracting (2); and (2)2, we get w™ and w™ satisfy
Owt + (w™ - V)wt = Aw™ — Vr,
) dhw™ + (wt - V)w™ = Aw™ — Vr,
V-wt=V-w™ =0,
wt(z,0) = ug + by, w(z,0) = ug — bg,
with wt = u £ b.

Next, we establish some fundamental estimates between the pressure 7 and w*.
Taking the divergence operator V- on both sides of the first and second equations
of (2.1)gives

V- (0wt +w™ - VuwT)=V-Awt =V - (Vr),
V- (Ow™ +wt - Vw )=V -Aw™ — V- (Vnr),
and hence
3
Ar = div(w™ - Vw™) = div(w" - V™) = Z ojw; ~3iw;-",
i,j=1
where we have used the divergence free condition V- w*™ = V-w™ = 0. Due to the
boundedness of Riesz transform in Lebesgue space LP (1 < p < 00), we have
7lle < Ol o |l 2 -
Similarly, acting the operator Vdiv on both sides of the first and second equations
of (9), one shows that

—AV7 = Vdiv(w™ - Vu") = Vdiv(w™ - Vw™),
together with Calderén-Zygmund inequality, implies that for any 1 < p < oo,

(10) Vx|, < Clw™ - Vut],,
or
(11) V7l < Cllwh - Vo~ ||,

By means of the local existence result, (2) with (ug, by) € L%(R3) N L*(R?) admit
a unique L*—strong solution (u,b) on a maximal time interval. For the notation
simplicity, we may suppose that the maximal time interval is [0,7"). It is obvious
that to prove regularity for u and b, it is sufficient to prove it for w™ and w—. We
shall show

tngn— (||w+('at)HL4 + Hw*(~,t)HL4) < 0,

and thus ||u||2L4 + ||bH2L4 are uniformly bounded on [0, 7). This will lead to a contra-
diction to the estimates to be derived below. We now begin to follow this argument.
We multiply (9); by w [wT[?, (9)2 by w™ |w~|* in L%(R3), respectively and

integrating by parts, we obtain
1d

4 _4 2 2 12 —_2
it Gl PP [ ||L4>+/,(Iw*} [Vt [+ ™[ [V [)de
R3

2
L2

= /ww+-V|w+|2dx+/ 7rw7~V|w7|2dx:I+J
R3
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By Holder’s and Young’s inequalities,

(12) I<C/|7r| lwt|’ do + = /\v]w+| \ dw = Ay + - /‘V|w+| ‘ da.
R3 R3

In the following, we establish the bound of the integral
Ay = / |7 |? ’wﬂzdm
R3

on the right-hand side of (12).
We select that
. afy+ay—a) and po YTV
o= a(y—1)
in Lemma 1.4, then the selected a and b satisfy (7). To bound A; and A, we recall
the

7l < CHw+HL2P Hw_HLZP’
||V7T||LP < CHwi'ijLHLP’
IVl < C’|w+-Vw_HLp,
we can estimate A; as follows
Ay
:/ | || [ |? davn dwvadacs
R3
FAG=D e I e e PCEe ey PCEe e
— o @ o -
e [ T e o Pt U P L PR
—vt+apB(y ytay—a
% H|w+| a<v+ﬁ<v 1>) Ha }w+| 20(7+/3('v =) ’32|w+}2 2a(yFB(—1))
a—ytaf(y—1) 3(a—y+taB(y—1))
<CH”637T”L"’ YA || |v+ﬁw 5 [ || S0P Jwt|| 2O o)
- T3 L4

L8 4y

a +B( =3 +12 (Wi(g?ial))
a a —
x IVl 2 yTEE HV |w | ey

—vtapB(y=1) (a—y+aB(y—=1))
’Y+B(’Y 1) H |W+B(w 1) H —H a(wﬂi(w 1)) ||'w+|| a(y+B(v=1))

LY 120

<C [[19s7ll.3,

_ytay—a —_yray—a
a(y+B(y=1)) Hv|w+| 0('Y+H('Y 2

x| [Ver ] 22

D D (o)
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2112
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where «, 5,7 and 6 satisfy the following identities

<C||gsrll Ly,

1 _
7 (I [ 9w s + 9

a=0(r—1)a,
B=Q0-0)(r—1b,
(13) = ortas(y-1)
Ytay—a
[ —

af(y—1)+a—v"

According to the fact that 2 < A < 3, we choose r = %, then it follows from

(13)3 that g = (3 ’\)7 Now, on the one hand, observe that
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1 Aay —a — 2y

< ~ < 1.
TSN T2 T 2B Nay — 7 +a
On the other hand, since
72; Aay —a— 2y > 2a — 2y

and since a > 7y, we get
Aay—a—2y>0.
But you know, A must be less than 3, hence

3—XNay>0
a—v>0

which implies that (3 — A)ay+ (o —+) > 0. Gathering these estimates together, we
obtain
< Aay —a — 2y <1,

2[(3=Nay—~v+qf

and it is clear that
Aay —a — 2y 2(3 = XNay —a(dy —3)
2[(B=Nay—v+a]  2[B-Nay—7v+aqa

- )

2(3—N)ay—a(Ay—3)
2[(B=N)ay—y+a] ’

Aay—a—2y
2[(3—=N)ay—y+a]

and

Now using Holder inequality with exponents
A; can be further estimated as

1 .
A < (et [vw]IIZ

1
3—X

2
+Hv|w+fHL2>+0HH837THL;3 JOR L P PP Y
.

] [ o P HLG o+ o 52)
+f<>||w+|Nw*|||L2+Hv|w
< ofjiesl, [ Vet ||Vw <|L2 o™ + llw* 1)
+1<>|>w+|fw|||m+uv|w e
1 _
< (et |ve miﬁuww
+C 10wl | uwuwuw a3l + 50,
Aay—a—2y

when =0(le.a=v=3%)or

2[(3=Nay—v+a]

A< (|| ||L2+Hv|w
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1 p—
< U] (V[ +]|7
kmiv 2r(s—p
—|—C (H||a37r||L13 Lz‘f*a—% +||w+||zw2%3 A) s(w 1) || 7”2«,(3 )\) 3@ 1>)
xr1x

% (ol + [l ),

when 0 < zgft=2y <1 (ie. § <y <a< i) and §= S0
As can be bounded exactly as A;. Follwing the steps as in the bound of A;, we

have

1
A [
2 =
+ [V P )+ cfiosmlioa, |7 lhze (e g+ 0
] L i e Y PP AR
1 _ 1112
e[V 2.
S (XN e Y\ PN PR
1 _ 112
e [ver 2
1 _ 1112
< e[t
40 0w, |77 9wt 3 + 19 [+ 0
When% 0(ie.a=y=2)or

1 _ 2
A < (o] [Vt

+ ([earls,

— 2oy A)
R HT“ S o+ 5

1T
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o 9w 1,

Mffgfh + % — %
(S i U o= 15
r1T

% (oIl + llo* ),

Aay—a— . 3—A
when0<W%<l(1.e. %<’y§a<ﬁ)and5:%.

Combining all the estimates from above, we find

(14) (e

1o+ w0

Iz
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ot ||w+||L4>
if § <y<La<is
Defining
() = e+ [[ut (0] o + w0l

and thanks to
L+ n(e + [lut |0 + [lw || )

L+ In(1+|ml|7.) <
4 _4
< Lt o]+ o]0,
inequality (14) implyes that
d
aH(t)
Huaswn% f
- T 2 —12
Ty UVetllLe + Vel HEO +n HE),
if y=a= %,
20y
< HH537T|\L;3 zzw o 2~(3—5) 2~(3—8)
T1T 2v(3—X 3 1 — 1] 2v(3— )\ 3 1
1+1n(1+\|7r\|222) + ]| 55TV o |58V TOTY | EOQ + mH®)),
if 2<y<a<iiz,
and hence
d (1+InH(t)
— n
dt
2 2
C(IVwt [} + [ Tw 3 PO+ I H @), if y=a =3,
AT Y o=
= (F(’f) +llwt s ||w_|\§3?7”73”71) (1+InH(t)),
if 2<y<a<is,
here
_1
[CEZEOI
1+1n(1+|\7r(~,t)II;J)E2 i y=a= %
F(t) = L
[T
Aoy X <vSa<ss
Thanks to (w™,w™) is a weak solution of the 3D MHD equations (2), that is
(15) (w*,w™) € L=(0,T; L*(R*)) N L*(0,T; H'(R?)),

together with the interpolation inequality yields that

2
f—|—§*§ and 2 <r <6.

T owT) e L850, T; L™ (R? ith =
(wh,w”) € L0, T L"(RY)  with 4> =7
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On the other hand, since

1 B—=MN)vy
1
v< A—2 v—1 -
and ( )
3 33—y
> — <3
7> po— ;
it is easy to see that
2(3—X)y . 3 1
2 < —= f — < —
< — <6 i /\<77a<)\_2
and consequently
2 n 3 _2(3—A)7—3(’y—1)+3(7—1) 3
1y(B=N) 27BN 2v(3— A 273N 2
2(3=A)v—=3(v—1) v-1 (3 ) (@3 )
Hence, one has
(16)  (w*w-) € Lo (0, 7; L2552 (R%Y), i % <y<a< ﬁ
Applying the Gronwall inequality yields that
(17)
In(H(t))

t 2 _ 2
exp {C’OS?ETF(t) fO(HVw+(~,T)HL2 + ||Vw (',T)|L2)d7'} ,

if y=a= %,
2v(3—8) 2v(3=8)

<C(T,wg ,wy)
exp {fé ((F(T) + lwt )| 5350 uw<~,T>||z;$-”-3“-”) df} ,

: 1
if %<’Y§Ol<m,

which together with (5) implies that
(18) sup ([|w® (1) a + [Jw™ (1) ) < oo
0<t<T
Hence, it follows from the triangle inequality and (18) that

1
sup lu(t)lpe = 5 sup f[(w+0)(1) + (uw—="b)(- 1)L
0<t<T 0<t<T

1
< 5,5 (b))t = D)D)l e)
0<t<T
1 -
< 5,3 (o (Ol + [l Dl] ) <o,
and
1
sp I )lse = 5 sup I+ ), 0) = (=), D)l s
0<t<T 0<t<T
1
< 5 osup ([[(u+0)(s )llpa + ll(w = b)( 1))
0<t<T
1 -
< gosup () e+ o () ) < oe.

20<t<T
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Thus,
sup ([lu(, )l s + 116(; )]l 4) < oo
0<t<T
This completes the proof of Theorem 1.2. a
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