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NON-EXISTENCE OF SOLUTIONS TO SOME DEGENERATE
COERCIVITY ELLIPTIC EQUATIONS INVOLVING
MEASURES DATA

MAOJI RI, SHUIBO HUANG* AND CANYUN HUANG
(Communicated by Wan-Tong Li)

ABSTRACT. In this paper, we main consider the non-existence of solutions u
by approximation to the following quasilinear elliptic problem with principal
part having degenerate coercivity:

: VulP~2v _
{ —div (mﬁ) +|u|q 1u:A, IEQ,
u=0, €0,
provided

rp—1[1+6(p—1
a> (r— 1l (p )]7
r—p
where Q is a bounded smooth subset of RN(N > 2), 1 < p < N, ¢ > 1,
0 <6 < 1, A is a measure which is concentrated on a set with zero r capacity

(p<r<N).

1. INTRODUCTION

In this article, we prove the non-existence of solutions to the following quasi-
linear elliptic problem which has degenerate coercivity in their principal part by

approximation,
(1) —div(a(z,u, Vu)) + [u[Tlu =), x€Q,
u=0, x¢€d,

where 1 < p < N,q > 1 and X is a Radon measure. {2 is a bounded smooth subset
of RV(N > 2). a(z,t,€) : 2 x R x RN — RY is the Carathéodory function (i.e:
a(z,t,&) is measure on  for every (£,&) in R x RV, and a(-,t, &) is continuous on
R x RY for almost every x in ), such that the following assumptions hold,

cl¢]?
(2) a(z,t,§)-&> Wﬂ

(3) la(w,t,€)| < co(€[P~" + b(x)),
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(4) [a(xatvg) - a<x’ta€l>] ’ [E - 5/] >0,

for almost every z € Q,t € R, £, & € RN with £ # ¢, where 0 < 0 < 1, ¢ and ¢q are
two positive constants, b € Lp/(Q) is a non-negative function, p’ is the conjugate
Holder exponent of p.

It is well-known that[3, 9], problem —Au + |u|?"'u = &y has no distributional
solution if ¢ > % On the other hand, if ¢ < %, then there exists a unique
solution to

—Au+ [ulTu =6, xeQ,
u=0, xz€oqN.

In the famous work [9], Brezis proved that if {u,} is sequence of solution to the
nonlinear elliptic problem

(5) —Auy, + ‘Un‘qilun = f7l7 x € (),
u, =0, x €099,

with ¢ > %, and f,, € L>=°(Q) is a sequence functions such that, for any ¢ > 0,

lim |frn = fl=0.
"o JO\B, (0)

Then u,, converges to the unique solution w to the following equation

—Au+ulitu=f, x€,
u=0, x¢€aN.

This fact shows that B,(0) is a removable singularity set of solution to equation
(5) provided ¢ > . Orsina and Prignet[24] extended the result of [9] to more
general operator —div(a(z,u, Vu)), where a(z, u, Vu) satisfies (2)-(4) with 6 = 0.
The main results of [24] shown that problem (1) with § = 0 has a solution for every
given bounded measure X if ¢ < %}1). Some other related results see [12, 6, 10, 8,
14, 23, 26, 27, 21, 19, 16] and references therein.

The main goal of this paper is to study the non-existence of solutions to problem
(1). More precisely, consider the limit of approximating equation (9)(see Theorem
1.2 below), our main task is to understand which is the limit of solutions to (9) and
what equation it satisfies. A point worth emphasizing is that, even if p = 2, the
convergence of solutions is not true if the right hand side are distributions weakly
converging in W~12(Q), see [5] for some counterexamples.

In order to state the main results of this paper, we need some definitions.

Let K be a compact subset of 2, 7 > 1 is a real number. The r capacity of K

respect to € is defined as

cap,. (K, Q) = inf{||ull cu € CF(Q),u> xK},

T
1,r
Wy

where x g is the characteristic function of K.

Let A be a bounded measure on €2, we say that X\ is concentrated on a set E if
A(B) = AM(BN E) for every Borel subset B of Q. Thanks to the Hahn decomposi-
tion, A can be decomposed as the difference of two nonnegative mutually singular
measure, that is A = AT — ™.

If X is concentrated on a set E, as a consequence of the fact that AT and A~
are mutually singular, we have that A™ and A~ concentrated a set ET and E~
respectively and ET N E~ = .
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Let A = AT —\~ be a measure, f,, = f,;7 — f,” approximations of A in the following
way:

. oo ooy ~ odr — -
© i [ e [eaxt tim [ pedo= [ an,

for every function , which is continuous and bounded on 2, where {f,} and {f, }

are sequences of nonnegative L>(Q) functions. We not assume that f;F and f,,; are

the positive and negative part of f,,. Observe that choosing ¢ = 1 in (6), we obtain
(7) I llzr) €O lfa i) < C.
For all £ > 0,s € R, define
Ti(s) = max{—Fk, min{k, s}}, Gir(s) = s — Ti(s).
Firstly we stale the existence result.

Theorem 1.1. Let Q be a bounded smooth subset of RN(N >2),1<p< N, g€
LY(Q) and (2)-(4) hold. Then there exists a unique entropy solution u € Wy (Q)
to problem

(8)
if

—div(a(x,u, Vu)) + [u|Tlu =g, x€Q,
u=0, x €N

N(1-6)
N-—(+0(p—1)

q <

Moreover,
u € MPY(Q), |Vu| € MP2(Q),
where MP1, MP2 represents the Marcinkiewicz space with exponent
L Np=D=0) _ Np-1)1-0)
! N-p 7 N-(1+6(p-1)

Remark 1. The previous result gives existence and uniqueness of the entropy
solution u € Wy (Q) to (8) for every 1 < p < N and 0 < 6 < 1. If § = 0, the same
result for (8) can be proved by the same techniques of [2].

Our main results are following:

Theorem 1.2. Let1 <p<r <N and A = X" — X\~ be a bounded Radon measure
which is concentrated on a set E with zero r capacity. Let f, = f — [ be a
sequence of L>(Q) functions which converge to X in the sense of (6). g € L*(Q)
and let g, is a sequence of L>=(Q) functions which converge to g weakly in L*(9).
Suppose u,, € Wol’p(Q) is the solution to problem:

(9) { —div(a(@, un, Vun)) + |1 un = fr + gn, T EQ,

U, =0, x €.
Then |Vu,|P~1 strong converges to |Vu[P~! in L7(2) as n — oo for
bq

TS ritop-p-1)

(10) q> ’I“(p B 1)[1 + e(p B 1)]
r—p ’
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where u is unique solution of (8). Moreover,

(11) lim /|un|q71ung0da:=/ |u|q*1ug0dm+/<pd/\, Yo e C(Q).
Q o Q

n—-+oo

Remark 2. The above theorem shows that there is not a solution to problem
(1) can be obtained by approximation, if ¢ is large enough and the measure A is
concentrated on a set with zero r capacity.

Remark 3. Boccardo et.al [7] considered the non-existence result to the following
problem

(12) —div (?gﬁ_:;f}) +u=upu, €,
u=0, x€dq,

where v > 1 and p is a non-negative Radon measure, concentrated on a set E with
zero harmonic capacity, a(x,&) satisfies (2)-(4) with 6 = 0, p = 2 and b(z) = 0.
While in Theorem 1.2, A is a bounded Radon measure concentrated on a set E with
zero r capacity with p < r < N, instead of p capacity. Therefore Theorem 1.2 is not
a triviality extend the results of Theorem 4.1 of [7]. Furthermore, in Theorem 1.2,
f(p—1) € (0,p—1) since 6 € (0,1). Note that, in problem (12), they required that
~v > 1. It is worth pointing out that different ranges of v have an important impact
on the behavior of solutions to problem (12), more details see [25, 18, 1, 17, 13, 4].

The structure of this paper is as follows: Section 2 mainly gives some lemmas
which play a important role in the process of proof of the main theorem. The proof
of theorem 1.1 and 1.2 are given in Section 3.

2. USEFUL TOOLS AND FUNCTION SETTING

In the following, C' is a constant and its value may changes from line to line.
In order to prove Theorem 1.1 and 1.2, the following basic lemmas and definitions
are required.

Lemma 2.1. (see Lemma 2.1 of [22]) Let KT and K~ be two disjoin compact
subsets of Q with zero r capacity, A = AT — A\~ be a measure which is concentrated
on a set with zero v capacity with 1 < r < N, Then there exist two functions w;
and ¥y in CX (), such that

0<4¢y <1,0<y; <1, /|vw$\7"dxs6, /lvwﬂrdxs&
Q Q
og/u—wpw+§&og/u—¢gw—g&
Q Q

o< [wrant <o o< [uha <
Q Q

(13) Y =lze Kt ¢f <l,ze K™,
for every § > 0.

Definition 2.2. Let u be an measurable function on Q such that T (u) € Wy (Q)
for every k > 0. Then there exist a unique measurable function v : Q — R¥ such
that

VTi(u) = vX{ju|<k}> a-€in Qand for every k > 0.

Define the gradient of u as the function v and denote it by v = Vu.
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Definition 2.3. Let f € L'(Q), ¢ > 0 and (2)-(4) hold. A measurable function u is
an entropy solution to problem (8), if Ty (u) € Wy (Q) for every k > 0, [u|? € L*(2)
and

/ a1, V) - VTi(u — )da + / YT (0 — )dz < / oTi(u — p)dz,
Q Q Q

for every ¢ € WyP(Q) N LY ().

Definition 2.4. Marcinkiewicz space M?®(Q)(s > 0) is the space composed of all
the measurable functions v that satisfy

C
vl > B <
for any k£ > 0, where the constant C' > 0.

If | is bounded and 0 < € < s — 1, then the following embedding relationship
hold:

L*(Q) € M*(Q) C L*5(Q).

Lemma 2.5. Let u € M*(Q2) with s > 0. If there exist a constant p > 0, such that
for any k > 0,

/ VT (u)Pdx < CkP,
Q
for some positive constant C. Then
|Vu| € M35 ().
Proof. Let o be a fixed positive real number, for every k > 0,

{IVul > o} = {[Vul > o, |ul <k} + {[Vul >0, |u| > K}

(14) < KIVTk(u)| > o} + [{lul > k}|.
Moreover,
(15) (VT > o)l < o [ [WTwPde <0
ag —_— u e
k S AL S0
Since u € M*(Q), by Definition 2.4, there exist a constant C' such that
C
(16) [l > K} < o
Combining (14)-(16), we have
k*  C C
<(C—+—X< .
{Vul > o}l < CUP + ks = k3%
Therefore, by Definition 2.4, we get |Vu| € M7 . O

Lemma 2.6. Let {u,} be a sequence in Wy " () and assume that there exist positive
constants p and C with p > p, such that

/ VT (up)|Pde < CEP,
Q

for any k and n. Then there exists a subsequence, still denoted by {u,}, which
converges to a measurable function v almost everywhere in €.
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Lemma 2.7. Let u be an entropy solution to (8), then

/ |Vu|Pde < CkOP~D,
{k<|u|<k+h}

Proof. For any given h and k > 0, s € R, define

s—ksgn(s), k<l|s|<k+h,
Tin(s) = Th(s — Ti(s)) = h, |s| > k+h,
0, |s|<k.

Take Tj, p(u) as test function in (8), we have

(17) / (a(x,u, Vu) - Vu)da:—i—/ lu| " Ty (u)de = / 9Ty n(u)dx.
{k<|u|<k+h} Q Q

Since uT} p(uw) > 0, we find

(18) / (a(z,u, Vu) - Vu)dr < / 9T p(w)dz,
{k<|u|<k+h} Q
and
(19) [atatwar<n [ jgar<c.
Q {lu|>k}

According to the assumption (2) and (17)-(19), we get,

/ |Vu|Pde < CkOP~D,
{k<|u|<k+h}

Proposition 1. Let u € Wy (Q) be an entropy solution to (8) and satisfy

(20) / |Vu|Pde < CkP
{lul<k}

for every k > 0 and p > p. Then u € MP*(Q), where p; = N(p — p)/(N —p). More
precisely, there exists C = C(N,p,0) > 0 such that

{lul > k} < CE™P.
Proof. For every k > 0, by the Sobolev embedding theorem and (20),
1T (u)
where p* = NN—%. For 0 < n <k, we have

{lul > n} = {|Tk(u) > nl}

p- < C(N,p, )|V (u)||, < Ck7,

Hence
T (u p: P .
{lul > | < ”’jg)” < O 50,

Setting n = k, we obtain

N(p—p)

H{lu| >k} < Ck™ ~=> .
This fact shows that « € MP1(Q?) with p; = N(p — p)/(N —p). O
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Proposition 2. Assume that u € Wy (Q) is an entropy solution to (8), which
satisfies (20) for every k. Then Vu € MP2(QY), where po = N(p — p)/(N — p), that
is there exists C' = C(N,p,0) > 0 such that

{IVul > h}| < Ch7P2,
for every h > 0.
Proof. For k, A\ > 0, set
Pk, A) = [{IVul” > A, Ju] > k.

Using the fact that the function A — 1 (k, \) is nonincreasing, we get, for k, A > 0,
1 A
w00 =|(VapP > A < 5 [ wl0.5)ds
0

1
(21) <¢(k,0) + X/o ¥(0,s) —(k, s)ds.
By Proposition 1,
(22) ¥(k,0) < Ck™,

where b1 = N(pfp)/(pr) Since 7/}(075) - 1/’(]‘375) = |{|vu|p > .S,|’U,| < k}‘7
thanks to (20), we have

(23) / ¥(0,s) —(k, s)ds = / |Vul|Pde < CkP.
0 {lu|<k}
Combining (21)-(23), we arrive at
p
(24) P(0, ) < CTk + Ck™Pr.

Let C)l\cp = Ck™P and A\ = hP, (24) implies that

N(p—p)

{|Vu| > h}| < Ch= ¥

That is Vu € MP2(Q) with po = N(p — p)/(N — p). O

3. PROOF OF MAIN THEOREM

In this section we prove Theorem 1.1 and 1.2 combining the results of Sections
2.
In the proofs of Theorem 1.1 and 1.2, w(n,m,d) will denote any quantity (de-
pending on n,m and § ) such that
lim lim lim w(n,m,d)=0.
5§—0+ m—-+oo n—-+oo
If the quantity does not depend on one or more of the three parameters n, m and
0, we will omit the dependence from it in w. For example, w(n,d) is any quantity
such that

lim lim w(n,d)=0.
§—0+ n—+oo
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3.1. Proof of Theorem 1.1.
The proof of Theorem 1.1 will be divided in several steps.

Proof. (1)Uniqueness: Let u; and us be two entropy solutions to equation (8). The
proof of the fact that u; = uy will follow from the following four steps.

Step 1. Assume that g; € L'(Q2), (i = 1,2). Choosing T (u; — Thuz) and T (ug —
Truy) as test function in (8) respectively, we get

I ::/ a(x,u1, Vuy) - VT (uy — Thus)dz +/ a(xz,us, Vug) - VT (us — Thuy )dx
Q Q

= _ / Jug |9 g T (ug — Thug)de — / |ug |7 uo Ty (ug — Thuy )dx
Q Q
(25) +/ngk(u1—Thu2)dI+/gng(Ug—ThU1)dI.
Q Q

Step 2. Denote

Ao ={z € Q:|up —ug| < k,|ur| < h, |lug| < h},

A = {J) cQ: \ul —ThUQ| < k, ‘U2| > h},

A2 = {117 e \ul 711}1’UJ2| < k, ‘UQ| < h, |’U,1‘ > h}
For x € Ag,

VTk(ul — ThUQ) = V(u1 — Ug)
and
VTk(u2 — Thul) = ka(U;z — ul).

Thus, for every x € Ay,
/ a(z,uy, Vuy) - VI (uy — Thusg)dx +/ a(x,us, Vug) - VI (us — Thuy )dx
Q Q
(26)
:/ [a(z,u1, Vuy) — a(z, ug, Vug)] - V(uy — ug)dx := Iy.
Ao
For x € Ay, VI (u1 — Thua) = V(u1 — h) = Vuy. By (2), we get
(27) / a(x,uy, Vuy) - VI (ug — Thug)de = / a(z,u1, Vuy) - Vurdz > 0.
Q Ay
For x € AQ, VTk(ul — Thu2) = V(u1 — ’LLQ). Thus
(28) / a(x,uy, Vuy) - VI (uy — Thug)dz > —/ a(x,uy, Vuy) - Vuadz.
Q Az
Similarly, denote
AT = {l‘ eN: |U2 —Thul\ <k, |U1| > h}7
Ay ={x € Q:|ug — Thuy| < k,|ur| < h, |ug| > h}.
Then for « € A}, VT (uz — Thuy) = V(uz — h) = Vug. By (2), we get

(29) / a(z,ug, Vug) - VT (ug — Thuy )dx = / a(z,us, Vug) - Vuadz > 0.
Q Ag
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For x € A%, VTi(ug — Thuy) = V(ug — uyg). Thus

(30) / a(x,uz, Vug) - VI (ug — Thuy )dx > —/ a(x,us, Vug) - Vuyde.
Q A

Summing up (26)-(30) in the form I > Iy — I;, where
I :/ a(x,uy, Vuy) - Vugdx —l—/ a(x,us, Vus) - Vurdx
As Aj
=111 + Io.
Now, we estimate I1;. By the Holder inequality and (3), we have
Iy <lla(@, ur, Vun)ll o (gn<jus j<ha i VU2l e ((h-k<uz <n})
SCO(Hvul||Z£;'1({h§|u1|§h+k}) 0@ o (g 1z rp) VU2l Lo ((h—k<uz 1 <h}) -

Therefore, by Lemma 2.7 and Proposition 2, I;; — 0 as h — oo for every k > 0.
I12 — 0 as h — oo for every k > 0 can be obtained in the same way.
Hence, we find

/ a(z,u1, Vur) - VT (ug — Thus)dx +/ a(z,ug, Vug) - VT (us — Thu )dx
Q Q
(31)

:/ [a(z,u1, Vur) — a(x, uz, Vu)] - V(us — ug)dx + e(h).

Ao

Step 3. Now estimate the terms on the right hand side of (25). Denote
By = {l’ eN: |U1| < h7|UQ| < h},
By ={z€Q:|uw|>h},
By ={x € Q:|uz| > h}.

For x € By, since Ty (u; — Thus) = Ti(u1 — ug) and Ty (ug — Thuy) = Ti(ug — uq),
we arrive at

/ \ul\qflulTk(ul — Thus)dx +/ |u2|q*1uQTk(uQ — Thu)dz
Q Q

(32) :/ (|u1|q_1u1 — |u2|q_1uQ)Tk(u1 —ug)dx > 0,
Bo
and

/ 91Ty (w1 — Thuz)dx +/ 92T (ug — Thua)dx
Q Q

(33) :/ (91 — 92)Ti(u1 — ug)dx < 0.
By
For x € By, since Ty (ug — Thu1) = T (uz — h). Then

/ Juy |9y Ty (uy — Thus)de +/ [ug |9 un T, (ug — Thuy )dx
Q Q

Skj/ (|U1|‘1_1u1 + |u2|q_1u2)dx = J,
B,
and

/ 91Tk (u1 — Thug)dx +/ 92Ty (ug — Thu)dx < k/ (lg1] + g2 dzx := Jo.
Q Q B1
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For x € By, since Ty (u; — Thus) = Ti(u; — h), we get
/ \ul\qflulTk(ul — Thus)dx +/ |u2|q*1uQTk(uQ — Thu)dx
Q Q

Sk/ (|u1|q71U1 + |U2|q71u2)d$ = Jik,
B>
and

/ 1Tk (uy — Thus)dx —|—/ 92T (uz — Thur)de < k [ (Jg1] + |g2])dz == J5.
Q Q B
According to |By| — 0,|Ba| — 0 as h — oo and |u|? € L*(Q) for fixed k > 0, we get

(34) Ji+Je+ JP+J5 = 0as h— oo.
Step 4. Combining (25) and (31)-(34), we have
/ [a(x,u1, Vuy) — a(z, uz, Vug)] - V(uy — ug)dx < e(h),
Ao

where e(h) — 0 as h — oo. Since Ay converges to {z € Q : |u; — uz| < k} by
measure as h — oo for fixed k£ > 0, we conclude that

/ [a(z,u1, Vur) — a(x, ug, Vu)] - V(ug — ug)dx <0,
{lu1—uz|<k}

for all k > 0. This fact, combine with (4), implies that Vu; = Vus a.e in Q. Then
we get u; = ug a.e in €.
(2) Existence:

Step 1. Let
F(z,u) = g(z) — B(u),

where B(u) = |u|?" u, which is continuous with respect to u. Then g(z) = F(z,0) €
LY(RYM) and 8 is monotonous nondecreasing with respect to u with 4(0) = 0 and
B(u)u > 0.

Let g, € C§°, such that g, converges to g in L*(2), with ||gn|l12@) < l9ll2(0)
for every n > 1. Define (,,(s) = T,(8). In this way, |8.(s)| < |B(s)| for every s € R
and z € Q. Finally we take

Tnls) = Buls) + |5

Then by [20], there exists u, € W,"*(2) such that

{ —diva(z, un, Vug) + Yo (T, un) = gn, x € Q,

(35) u, =0, x€dQ,

holds in the sense of distributions in 2.
By density arguments, we can take Tp(un, — Tk(un)) and Tg(uy,) as the test
function in (35) respectively, we have

/ a(x, U, Vg, ) - Vuyde + / Yo Th (U, — Tk (uy,))dx
{k<|un|<k+h} {lun|>k}

(36) :/ InTh(uy — T (uy))dz,
{lun|>k}



NON-EXISTENCE OF SOLUTIONS 175

and
(37) / a(x, up, Vi) - Vundm—i—/ YT (un)dx = / InTx(uy)dz.
{|lun|>k} Q Q

Combine (36) with (2) (fix the ellipticity constant ¢ = 1) and ~,, T (ur, — Tk (uy)) > 0,

we get,
/ [V, |Pdz
{k<|un|<k+h}
(38) ghk“?‘”/ gnda < hEPP D g, [| 11 (q) = CKOPD,
{lun|>k}
Since a(x, un, Vuy) - Vu, > 0 by (2), we have
@ [ i< [ e < gl <C
{lun|>k} {lun|>k}

Combine (37) with v, T (un) > 0, we have

(40) / |V, |Pde < CkFHIP—D,
{lun| <k}

Step 2. Convergence. Using (38) and Proposition 1, we have |{|u,| > k}| is
bounded uniformly for every k& > 0. Thanks to (40), we see that {VTj(u,)} is
bounded in L{ () for every k > 0.

Next we prove that u,, — u locally in measure.

For t,e > 0, we have
{lun = um| >t} C {Jun| > K} U{|um| >k} UL{|Th(un) = Ti(um)| > £}
Thus
Klun = um| > £} < [{lun| > E} + [{lum| >k} + K{ITk(un) — Ti(um)| > t}].

Choosing k large enough such that |[{|u,| > k}| < € and [{|um| > k}| < e. Since
{VTi(tn)}y is bounded in LP(Q) and Ty (u,) € Wy P(Q) for every k > 0. Assume
that {Tk(uy,)} is a Cauchy sequence in L9(2 N Bg) for any ¢ < pN/(N — p) and
any R > 0,

Ti(upn) — Tr(u) in LY

loc

(Q) and a.e in Q.

Then
{1k (un) — Th(um)| >t} N Br| < t_q/ Tk (un) = Th(um)|"dx <€,
QNBgr
for all n,m > ng(k,t, R). This show that {u,} is a Cauchy sequence in Br. Hence
that u,, — u locally.

Now to prove that Vu,, converges to some function v locally. We need to prove
that {Vu,} is a Cauchy sequence in any ball Bg. Let ¢, e > 0 again, then

{|Vun — Vum| > t} N Br C{|un — um| <k, |Vun| <1, |[Vum| <1, |Vun — Vum| > t}
U{|Vun| > 1} U{|Vum| > 1} U ({|un — um| > k} N Br).
Choose [ large enough such that |[{|Vu,| > [}| < e for all n € N. If a is a continuous

function independent of z, then by (4), there exists a > 0, such that |¢] < [, [£'] <1
and | — &'| > t means

la(z,t,&) —a(x,t,&)] - [ =€ > p.
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This is a consequence of continuity and strict monotonicity of a. Set
(41) dn, = gn — (7, Un)~

Taking T (u, — u,,) as the test function of (35) and by (37), (41), we have
/ [a(z, up, Vuy) — a(z, U, V)] - V(uy, — up,)dz
{|tn —um|<k}

:/ (dn — d) T (U, — um,)dx
Q

Sck1+6(p71).
Then

{Jun — tum| < ky|Vun| <1 |Vug| <1, |Vuy, — Vuy| >t}

1

Sf/ [a(x, Up, Vug) — a(Z, um, Vum)] - V(up — ty)de
1% {|un—um|<k}

<lck1+9(19*1) <e¢

_u — )

if k& is small enough such that k'+0®=1) < ;e/C.

Since ! and k have been confirmed, if ng large enough, we have |({|u, — wm| >
k} N Bgr)| < e for n,m > ng. Then we get |{|Vu, — Vu,,| > t} N Bg| < 4e. This
prove that Vu,, converges to some function v locally.

Finally, since {VT;(un)}n € LP(Q) for every k > 0, it converges weakly to
{VTi(u)} in L2 (Q). We have u € W, *(2) and Vu = v a.e in Q.

loc
Step 3. In order to prove the existence of the solution completely, we still need to
prove that sequence {a(z,u, Vu)}, is bounded in L{ () for all

loc

N(1-6)
1€ (1’N—<1+e<p—1>>>‘

Indeed, by Proposition 2, |Vu, [P~ € M =0 C LL _(2). And by (3), we

loc
have |a(x, un, Vu,)| € LP (Q) C L (Q). According to the Nemitskii’s theorem,
Vu, — Vu implies that

a(z, up, Vuy) = a(x, u, Vu).
It follows that

N(1-6)
a(z,u, Vu) € M¥=0+0-1 C LL (Q),

N(1-6
for all g € (1> Wﬁ(p)*l)))' )

3.2. Proof of Theorem 1.2. In this subsection, we give the proof of Theorem 1.2
following some ideas in [11, 22].
Proof. Step 1 (A priori estimates). Firstly, choosing T (u,)(1 — ¢s5)® as test

function in the weak formulation of (9), where s = nfz +7 and 7 will be given in
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(48), we have
/ a(x, Up, Vig) - VI (uy) (1 — @s)°de —|—/ |un|q_1unTk(un)(l — @s)°dx
Q Q
:s/ a(x, Up, V) - VosTr (u,)(1 — <p5)s_1da: +/ InTr(un) (1 — ps)°dx
Q Q

(42) + /Q ST () (1 — 5)*d + / F Ti(un) (1 — g)*d.

By (2), we get

VT ()
(U4 [T () )7

(43) / a(x, Up, Vi) - VT (ug)dp > c/ dp,
Q Q

here du := (1 — @s)*d.
Since uy, Ty (un) > 0,

/ ot |7V T (1) (1 — ) > / 1|7t T (1)
Q {lun|>k}

(44) > KT pu({lun| > k}).

Using (3) and the Young inequality, we find
/ la(x, U, V) - VosTi(u,) (1 — @5)* | da
Q
<ok [ (Va1 4 0@ (VF | + [V DL - 5)* do
Q

Sck/“vunl(p—l)rl+|b(x)|7~/)(1_wé)(s—l)r/dm+ck/(|vspg»|r+‘Vgog*'?")dx
Q Q
(45)
<Ck( / (IVun| P07 4 o)) (1 — 05) ™" dz + 6).
Q

Combine (42)-(45), by (7) and {g,} € L}(Q), b € L?' (), we have

L T+ a2 )

(16) <OK([ [Fual @7 (1= )" i+ 5+ ().
Q
For a fixed o > 0, thanks to (46), we get

n({[Vun| > o})
=u({[Vun| > 0, [un| < k}) + p({[Vun| > 0, [un| = k})

<5 | IV TP+ u{fel > k)
Q

(1+k)*®Y / [V (un)|?
a? o (L4 [Tk (un)])?P=1)

< dp+ p({lul > k)

(1 +k)1+9(p—1) 1
oP k)’

<O ([ 90l (1= ga)e 4.5+ o) )
Q
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which implies
pl{[Vun| > o}
(47) SCO'_quilJr%q(pfl) (/ ‘Vun|(p—1)7"(1 _ 906)(8_1)7'/dx n 5+M|Q|) '
Q

Let

(48) p—1r' <n< Pa

g+1+6(p—1)
Clearly, such 7 exists by (10). In view of (47)-(48), we have

[ 1= € ([ [9unl# 7 0= o) 4 ).
Q Q

By the Holder’s inequality,

/ [V | P77 (1 — 5) D" dae
Q

(p—1)r’
<c ( / Vun|"du)
Q
(p=1)r’

<0 ([ 190l 1= i) do 45 4 i
By Lemma 2.1, 1 — @5 is zero both on a neighbourhood of K+ and K~. Hence
(49) /Q V| P07 (1= 5)¢ D d < C(5 + Q) < C(6).
Using (46) and (49), we conclude that
(50) /Q VT4 (wn)Pdz < CRIHO@D),

According to Lemma 2.5, we have |Vu,| € M*(Q2), where s = #q(p_l).

By (50) and Lemma 2.6, there exists a subsequence, still denoted by u,,, which
converges to a measurable function u almost everywhere in 2. So Ty (uy,) — T (u)
in Q for every k > 0.

Since Ty (un) € Wy*(€2), by the weak lower semi-continuity of the norm, T (u) €
Wol’p(Q) for every k > 0. Thus u has an gradient Vu in the sense of Definition 2.2,

as a consequence of the a priori estimates on Vu,, and (4), we have
(51) a(, un, Vu,) = a(z,u, Vu) strongly in (L*(Q))V,

for every s < —(q+1+9(§zl))(p—l)'

Step 2 (Energy estimates). Let s = 7/1; + 5 , where w; and ¢y are as in
Lemma 2.1. Then

(52) / ud (1 —ps)dx = w(n,m,d),
{un>2m}

and

(53) / [tn |1(1 — p5)dx = w(n, m,d).
{un<—2m}
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Choose S, (un)(1 — 1s) as test function in the weak formulation of (9), where

%—1, m < s < 2m,

Bm(s) = { 1, s>2m,

0, s<m.
We obtain

1
a /{m<un<2m} a(xa Un, Vun) ’ VU”(l - ¢5)d$ (A)
— /Qa(x,un, Vun) : V1/}6B7n(un)dx (B)
+ /Q ‘“n‘qilunﬂm(un)(l — ¢s)dx ()

= [ £l (1 = ) (D)
_/anfﬂm(un)(l — 1s)dx (E)
+ [ ufnun) (1 = ) (F)

Since (A) and —(FE) are non-negative, we can get rid of them. And since S, (um,)
converges to S, (u) almost everywhere in Q and in the weak«topology of L™ (Q),
B (uy) converges to zero in the weakxtopology of L>(Q) as m — oo, we have

—(B) = / a(x,u, Vu) - Vo5 B (u)dz + w(n) = w(n,m),
Q

and

C) > ul(1— dx.

(©)> /{ R
By ¢s = ¢F + 5 and (6),

(D)= [ £ =vapdo = [ (= 0)axt = [ vpix +wln) = w(n.d),
and
(F) =w(n,m).

We get (52), the proof of (53) is identical.

Step 3 (Passing to the limit). Now we show that u is an entropy solution to (8)
with datum g. Choose Ty (u, — ¢)(1 —1)s) as test function in the weak formulation
of (9), we get

/Qa(x,un, V) - VTi(un — 9)(1 — tbs)dz (A)
- /Q a(x,un, vun) : v¢6Tk(un - @)dx (B)
+ o |un|q71unTk(un — )1 —¢s)dx (©)

- /Q F T — @) (1 — 5)da (D)
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- [ 5Bt = )1 = ) (E)
+ [ guTi, = o)1= ). (F)
Q
By (13),
(4) :/ a(x, Up, Vi) - Vi, (1 —s)de
{Jun—pl<k}
— / a(, Un, V) - V(1 — s)dz,
{lun—p|<k}
while

/ a(x, un, V) - V(1 — s)dz
{lun—pl<k}

:/ a(z,u,Vu) - Vdr + w(n, ).
{lu—¢pl|<k}
The Fatou lemma implies

/ a(x,u, Vu) - Vudz
{lu—¢p|<k}

< lim inf/ a(x, un, Vi) - Vupde.
{lun—¢p|<k}
Using (13), (51), we have
—(B) = / a(z,u, Vu) - ViosTi(u — @)dz + w(n) = w(n, ).
Q
‘While
(F) = [ gTulu = p)do +w(n,0),
Q
and

(D) +|(B)| = /Q £+ £) Tt — @)(1 — ) da
<k [ (15 + 1)1 = ts)da = wln.5).

So that we only need to deal with (C'). Let m > k + |¢[| L (q) be fixed,

(©) :/ |tn |7 un T (un — @) (1 — 5)dx
{—2m<u, <2m}

—I—k/ ul (1 —wg)d:r+k/ |tn |1(1 — 5)dz.
{un>2m} {un<—2m}
By (52) and (53), we get
(H) = w(n,m,d),
and

(G) = ; |u| T uTh (v — @) (1 — 95)dx + w(n, m)

:/ |u|9 Ty (v — @)dx + w(n,m, ).
Q
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Summing up the result of (A)-(H), we have

/ a(z,u, Vu) - VT (u — @)dr + | |u|? uTy(u — p)dz < / 9Tk (u — p)dx.
Q Q

Q
Thus w is the entropy solution of (8).

Finally we prove (10). Choose ¢ € C2°(Q) as test function in the weak formula-
tion of (9), we get

/ a2, s Viuy) - Vo + / |7 Mo = / (Fn + gu)pde
Q Q Q

Thanks to the assumptions of f,, g, and by (51),

(54) lim /\un\q_lungadx: —/ a(m,u,Vu)-Vgpda:+/g<pdw+/ pd.
Q Q Q Q

n—4oo

Since the entropy solution of (8) is also a distributional solution of the same problem,
for the same ¢,

(55) / a(z,u, Vu) - Vodx —|—/ lu|T tupdr = / gpdx.
Q ) Q
Together with (54) and (55), we find

lim /\un|q_1un<pda::/ |u|q_1u<pdx+/<pd)\.
n=+oo Jo Q Q

Thus (11) holds for every ¢ € C2°(Q). Since |u,|? 1u, is bounded in L*(Q), (11)
can be extended by density to the functions in C.(f2). O
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