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RICCI SOLITONS OF THE H? x R LIE GROUP
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ABSTRACT. In this work we consider the three-dimensional Lie group denoted
by H2? x R, equipped with left-invariant Riemannian metric. The existence
of non-trivial (i.e., not Einstein) Ricci solitons on three-dimensional Lie group
H? x R is proved. Moreover, we show that there are not gradient Ricci solitons.

1. INTRODUCTION

The notion of Ricci solitons is introduced by Hamilton in [16], which is a naturel
generalization of Einstein metrics. A Ricci solitons is a pseudo-Riemannian metric
g on a smooth manifold M such that there exists a smooth vector field X on M
satisfying the following equation:

(1) Lxg+ Ric = \g,

where Lx denotes the Lie derivative in the direction of X, Ric denotes the Ricci
tensor and A is a real number. A Ricci soliton is said to be a shrinking, steady or
expanding, respectively, if A > 0, A = 0 or A < 0. Moreover, we say that a Ricci
soliton (M, g) is a gradient Ricci soliton if it admits a vector field X satisfying
X = grad h, for some potential function h.

The description of Ricci solitons can be regarded as a first step in understand-
ing the Ricci flow, since they are the fixed points of the flow. Moreover, they are
important in understanding singularities of the Ricci flow. Under suitable condi-
tions, type I singularity models correspond to shrinking solitons, type II models
correspond to steady Ricci solitons, while type I11 models correspond to expanding
Ricci solitons.

In the special case that M is a Lie group and g is a left-invariant metric, we say
that ¢ is a left-invariant Ricci soliton on M if the above equation (1) holds.

Study of Ricci soliton, over different geometric spaces is one of interesting topics
in geometry and mathematical physics. In particular, it has become more important
after Grigori Perelman applied Ricci solitons to solve the long standing Poincaré
conjecture. Ricci solitons correspond to self-similar solutions of Hamilton’s Ricci
flow [17], play a fundamental role in the formation of singularities of the flow and
have been studied by several authors (see [12], [13]). They can be viewed as fixed
points of the Ricci flow, as a dynamical system, on the space of Riemannian metrics
modulo diffeomorphisms and scalings. Ricci solitons are of interests to physicists as
well and are called quasi-Einstein metrics in physics literature. In fact, Theoretical
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physicists have been looking into the equation of Ricci solitons in relation with
String Theory. A seminal contribution in this direction is due to Friedan ([15]).

Lorentzian Ricci solitons have been intensively studied, showing many essential
differences with respect to the Riemannian case (see [2], [4], [3], [8], [23],[22]). In
fact, although there exist three-dimensional Riemannian homogeneous Ricci solitons
[1], [20], there are no left-invariant Riemannian Ricci solitons on three-dimensional
Lie groups [14] (see also [18] and [24]). Moreover, the Lorentzian case is much
richer, allowing the existence of expanding, steady and shrinking left-invariant Ricci
soliton [7]. In [22] prove that Lorentzian and Riemannian five-dimensional solvable
Lie groups admit different vector fields resulting in expanding Ricci solitons. Also
has proved that those Ricci solitons are not gradient.

In this paper, we consider the left-invariant Riemannian metric admitted by the
three-dimensional Lie group denoted by H? x R and we prove the existence of vector
field for which the soliton equation (1) holds. In Section 3, Ricci solitons of three-
dimensional Lie group H? x R are characterized via a system of partial differential
equations. In particular, we show that three-dimensional Lie group H? x R admit
a vector fields in expanding Ricci solitons. Finally, we show that there are not
gradient Ricci solitons.

2. CONNECTION AND CURVATURE OF THE H? x R LIE GROUP
Let H? be represented by the upper half-plane model {(z,y) € R?*y > 0}
equipped with the metric gy = y%(da:2 + dy?). The space H?, with the group
structure derived by the composition of proper affine map, is a Lie group and the
metric gge is left invariant. Therefore the Riemannian product space H? x R is a
Lie group with respect to the operation
(z,y,2) x (29, 2") = (@'y + 2,9y, 2 + 21)
and the left invariant product metric
1
(2) g = —(dz® + dy?) + d2*.
Y
With respect to the metric g an orthonormal basis of left invariant vector fields on
H? x R is
0 0 0
Yy O s L2 Yy ay » 43 B
From this, the Lie brackets are given by
(B, By] = —Ey, [By, E3] = 0, [E3, E1] = 0.

(3) Er

Throughout the paper, we shall endow the three-dimensional Lie group H? x R
with left-invariant Riemannian g.

We will denote by V the Levi-Civita connection of (H? xR, g), by R its curvature
tensor, taken with the sign convention:

R(X, Y)Z = VvaZ - Vyvxz - V[)@y]Z,
and by Ric the Ricci tensor of (H? x R, g), which is defined by

3
Ric(X,Y) = g (B, Ex) g(R(Ex, X)Y, Ey),
k=1

where {E}j }r=1, 3 is an orthonormal basis.
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The Levi-Civita connection V of the H? x R Lie group with respect to this frame
(3) is
Vg, E1=Fy, Vg Ey=—-E, Vg E3=0
(4) Ve,E1=0,Vg,Es=0,Vg,E3 =0
Ve, 1 =0,Vg,Ey =0,V Es = 0.
The non-vanishing curvature tensor R components are computed as
(5) R(E1, E2) By = Ea, R(E1, E2)Er = —E.
The Ricci curvature components {Ric;;} are computed as
(6) RiCll = RiCQQ = 71, R’L'012 = R’iClg = RiCQg = Rngg =0.

The scalar curvature 7 of the H? x R Lie group is constant and we have
3
(7) T =trRic =Y _ g(E;, E;)Ric(E;, E;) = —

i=1

3. RICCI SOLITONS OF 3-DIMENSIONAL H2 x R LIE GROUP

In this section we analyze the existence of Ricci solitons on three-dimensional
Riemannian Lie group (H? x R,g) equipped with the left-invariant Riemannian
metric (2).

Let X = fiEy + foEo + f3E3 be an arbitrary vector field on (H? x R, g), where
f1, .., f3 are smooth functions of the variables x,y, z. We will denote the coordinate

basis {881,, 3y az} by {0z, 0y,0.}.
The Lie derivative of the metric (2) with respect to X is given by :

(Lxg)(Er, E1) = =2(f2 = Oxf1),
(Lxg)(Er, E2) = f1+ 0y f1 + 0z fo,
8) (Lxg)(E1, E3) = 0./ +5’ /3,
(Lxg)(E2, E2) = 20, fa,
E‘ng)(EQa 3% a f2 +a f33

Lxg)(E3, E3) = 20, f3.

Thus, by using (2), (6) and (8) in (1), a standard calculation gives that the
three-dimensional Lie group (H2 x R, g) is a Ricci soliton if and only if the following
system holds,

=2(f2 =0z f1) = 1=,
fl +8yfl +8wf2 =0,
8zfl +6.Lf3 = 07

(9) 20, fo — 1= A,
azf2 + any = 07
20, f3 = A\
We deriving the third equation in (9) with respect to z, we get
(10) d2f1 =0.
The equation (10) yields that

where ¢ and 1 are smooth functions.
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Deriving the first equation with respect to y and used the fourth equation in (9),
we find

1
(12) 0.0y f1 = 5(1—#)\).
Next, deriving the second equation with respect to y in (9) and used equation in
(12), we find
(13) Oyfr+ 02 f1=0.
Replacing f; in equations (12) and (13), we get

By + 02¢p)z + Oyth + 92 = 0,
(14)
Du0ypz + 0,0y1 = L(1 4 N).

By derivation of the equations (14) with respect to z, we get

Oy + 050 =0,
(15)

aa:ay(p =0,

020y = 3(1+ A).

We deriving the second equation with respect to x and used the fourth equation
in (15), we find

(16) A=-1
Integrating the first and second equations in (15), we find
(p(SC, y) = ale_y + 901(33)’

Y(x,y) = aze™ + Y1 (),
where a; € R, and 1,11 are smooth functions with only one variable x. Thus

(17)

(18) fi=(a1e ™ 4+ ¢1(x))z + age™ + 1 (2).
Next, we replace f in the second equation in (9), we get
(19) (p1(z) + 97 ()2 + Y1 (z) + ¥{ () = 0.

We derive equation (19) with respect to z, we get

p1(z) + ¢ (2) =0,

U1 (z) +¢1(z) = 0.
By integration of (20) with respect to x, we find that

(20)

¢1(x) = azcos(x) + oy sin(x),
(21)
¥1(x) = as cos(x) + g sin(z),
where o; € R. Thus
(22)  fi=(c1e7Y + azcos(z) + agsin(x))z + aze™ Y + a5 cos(x) + ag sin(x).
From the first equation in (9), gives

(23) f2 = (—agsin(z) + ag cos(x))z — as sin(z) + ag cos(x).
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The last equation in (9) gives

(24 fo =57 +E(@y),

where £ is a smooth function depending to x and y. We replacing fi1, f2, and f3 in
the third and fifth equations in (9), we get

0:& = ane™¥ 4 azcos(x) + ay sin(x),
(25)
0y& = —agsin(z) + ay cos(x).

Integrating the first equation in (25) with respect to z, we get
&(z,y) = —anze ™ — agsin(x) + a4 cos(z) + ar,
and replace ¢ in the second equation in (25), we find that
a; =agz =aq =0.
finally for arbitrary reals constants «; we have

f1 = aze”™¥ 4 a5 cos(x) + ag sin(x),
(26) fo = —ag sin(x) + ag cos(z),

f3 = —%Z+OZ7,

Thus, it easily follows that the vector field X = f1 E1+ fo Eo+ f3E3 where f1, .., f3
are given by (26) satisfies (9). Note that A = —1. Summarizing, we proved that the
three-dimensional Lie group H? x R admits appropriate vector fields for which (1)
holds, obtaining the following result.

Theorem 3.1. Let (H? xR, g) be the three-dimensional Lie group equipped with the
left-invariant Riemannian metric g given by (2). Then, (H2 X R, g) s an Fxpanding
Ricci soliton.

Now, let X = grad h be an arbitrary gradient vector field on (H2 X R, g) with
potential function h, X is then given by

(27) gradh = y20,h0, + y*0yhd, + 0,h0,.

From (26) it follows that (]HI2 x R, g) is gradient soliton if and only if the potential
function h satisfy the following systems

Oph = SFe7¥ + T2 cos(x) + ° sin(z),
(28) Oyh = — 5 sin(x) + ¢ cos(w),

d:h=—%z+ag.
Hence, with direct integration we prove that
1
(29)  h(zx,y,z) = In(y)[as sin(z) — ag cos(x)] — 122 +oarz+as, a; € R

But the function h does not verify the first equation in (28), we proved the following
result.

Corollary 1. Let (H? x R, g) be the three-dimensional Lie group equipped with the
left-invariant Riemannian metric g given by (2). Then, (H2 x R, g) s not gradient
Ricci soliton.
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4. CONCLUSION

Our study on the Ricci solitons of three-dimensional Lie group denoted by H? xR,
equipped with left-invariant Riemannian metric.The existence of non-trivial (i.e.,
not Einstein) Ricci solitons on three-dimensional Lie group H? x R is proved. More
precisely, we proved that there are not gradient Ricci solitons.
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