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Abstract: The development of robot technology has received increased interest in three-wheeled
mobile robots (TWMR) due to their flexibility and adaptability in various applications. However, due
to the limitation of independent motion in all directions, highly nonlinear dynamics, and effects such
as noise and wheel slippage, it is difficult to effectively control the motion of TWMR. In this paper,
we studied the motion of TWMR through kinematic and dynamic models considering the
phenomenon of wheel slippage. The lateral and longitudinal slippage components were added to the
dynamic model, thereby designing the position control law using the backstepping method and the
speed control law using the SMC method. We also adjusted the parameters of the controllers to help
the robot perform trajectory tracking. In addition, controlling the input torque was performed to
overcome the lateral and longitudinal slippage phenomena. The method was tested through
simulations on MATLAB Simulink with different trajectory cases (circular trajectory, infinite
trajectory, spiral trajectory). The results showed the suitability of the controller to the desired
trajectory tracking problem of TWMR, and the trajectory tracking error converged to zero. This
shows promise and is practical.

Keywords: TWMR; backstepping; sliding mode control (SMC); follow the set trajectory; wheel
slippage

1. Introduction

The development of robotics technology has received increased interest in three-wheeled
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mobile robots (TWMRSs) due to their versatility and adaptability across a wide range of applications.
However, effectively controlling TWMRs remains a significant challenge due to their inherent
non-universal limitations; the ability to move independently in all directions. Environmental factors
affecting robot operation such as sensor interference, nonlinear dynamic systems, and variations in
system parameters add to the complexity of TWMR motion control [1-3].

The field of trajectory tracking control of wheeled mobile robots has been the focus of extensive
research efforts [4—6]. Achieving efficient position estimation techniques is essential for mobile
robots to navigate effectively, especially in environments where sensor measurements are noisy.
Localization is also an important aspect of mobile robots, enabling robots to extract information from
sensors, determine their position, plan actions, and control movement effectively [7-9].

With advancements in control algorithms, including Proportional-Integral-Derivative (PID)
control, Sliding Mode Control (SMC), and Model Prediction Control (MPC), TWMR has achieved
higher autonomy [10-12]. Two-wheel differential-driven mobile robots (DDMR) were used in [13]
to track trajectories in various scenarios. The trajectory tracking controller is presented in [14], which
was used to reliably instruct a wheeled mobile robot (WMR) to follow a predetermined path for a
finite period of time when disturbances were present. Kinematic equations were used to model the
two-wheeled mobile robot and track the error. System models were then used to test the stability and
accessibility of the sliding mode controller. In [15], the SMC application was used to determine the
optimal control strategy for operating time, trajectory error, and energy consumption for the
MWOMR mobile robot. The researchers in [16] proposed a backstepping-based kinematic-torque
combined control framework for non-orthogonal robots, ensuring asymptotic stability according to
Lyapunov. Furthermore, an adaptive controller based on neural networks was used to handle
disturbances and unknown dynamics.

When developing kinematic and dynamic models of TWMRs, pure rolling (no slippage) is often
considered the limiting constraint. However, when TWMRs move at high speeds or on surfaces with
low friction, slippage is unavoidable. To date, many studies have been conducted on TWMRs with
and without considering wheel slippage. In [17], the authors used a traction model in which the
coefficient of adhesion between the wheels and the hard flat surface was a function of slip.
Simulations of the controller study that did not account for slip had poorer performance and larger
deviations. The authors in [18] proposed a new method to track the path of the WMR when there is
an unknown lateral slip. Reinforcement learning (RL) and position-based direction estimation (LTE)
were used to calculate the possible position of the WMR. In addition, a DecaWave-based distance
measurement system was also used to update the weights for the particle filter PF. The information
about the desired trajectory was used to develop an algorithm to extract the lateral slip along the x
and y axes.

The major contributions of this work are provided as follows:

* We study the kinematic and dynamic models of TWMR with and without slippage, determining
traction based on wheel dynamics.

» We develop a control law to track the desired trajectory based on a combination of backstepping
and SMC for the position and speed of the TWMR. We control the motor torque to overcome wheel
slippage.

» We build MATLAB and Simulink models to verify the results with different scenarios.

The rest of this work is organized as follows: The kinematic and dynamic models considering
the sliding effect are provided in Section 2. The design of the controllers is addressed in Section 3.
Some simulation results with analysis are provided in Section 4. Discussion about the results and
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comparison with other work are provided in Section 5. Finally, conclusions and future work are
addressed in Section 6.

2. TWMR kinematics and dynamics model considering sliding effects

2.1. Kinematics
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Figure 1. TWMR mobile robot.

The geometry and kinematic parameters of the TWMR are shown in Figure 1. The WMR's
position vector (position/orientation) and its velocity are, respectively:

XQ xQ
q=[yQ].61= Yo 1)
¢ ¢

Let v; and v, be the linear velocities of the left and right wheels, respectively, and let v be the
velocity of the midpoint of the wheel v, of the TWMR. Then, from Figure 1, we have:

v =1+ ab,v, = vy — ab 2
Adding and subtracting v, and v; gives
vy = 0.5(n + 1), 206 = 2aw = v, — v 3)

We have v, = ré, and v, = r6,. r is the radius of the robot's wheel which is defined as r =
0.1 m.

The kinematic model can be obtained by expressing the TWMR velocity in terms of the linear
and angular velocities of the TWMR in the robot frame as follows:

X cos(6) O "
p=|Yol|= [sin(@) 0] [W] (4)
2] 0 1
Non-uniform constraints —x,sin¢ + yycos¢ = 0 (5)
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2.2. Dynamics

The dynamic model of WMR is described as follows:
d /0L oL adpP
E(aqk)_aqk“Laqk“Lg"”dk:fk (6)

where the index k describes the general coordinate q, (k = 1,...,n),L determines the Lagrange

(difference between the kinetic and potential energy of the system), P is the power dissipation

function due to friction and damping in the system, g, is the gravitational force, 74, is the system

disturbance, and f, is the resultant force (external influence on the system) related to the general
coordinate g;. (6) is valid only for an unconstrained system with no degrees of freedom and no
velocity constraints.

For systems with motion constraints, the dynamic equations are derived using the Lagrange
multiplier as follows:

M(q@)d + V(q,q)q + F(q) + G(q) + T4 = B(qQ)t — AT(q)* @)

In this case, M(q) is the n x n symmetric positive definite inertia matrix, V(q,q) is the
centripetal and Coriolis matrix, G(q) is the gravitational force vector, 7; is the bounded
perturbation vector, B(q) is the input matrix, T is the input vector, AT(q) is the matrix associated
with the kinematic constraints, and A is the Lagrange multiplication vector. For TWMR, the general
coordinates are chosen as:

g=[x y 61" ®)
The parameter matrices and vectors are given as follows:
m 0 O
M(q) = [0 m 0] 9)
0 0 I
m 0 0][—sin(0) —msin(6)
A(q) = [0 m 0” cos(6) ] = [mcos(@) ] (10)
0 0 1 0 0
1 [cos(8)  cos(8)
B(q) == [sin(@) sin(@)] (11)
r
2a —2a
=[7} 12)

where m is the mass of the TWMR, and I is the moment of inertia of the TWMR around its center.
Tp and t; are the torques of the right and left DC motors, respectively.

The main objective is to eliminate the constraint A” (q)A in equation (1.27) since the Lagrange
multipliers A; are unknown. Using the matrix S(q) of n x (n — m), we get:

cosf O
ST(@)A"(q) = 0 vay S(q) = [sin@ 0] (13)
0 1

From the non-total constraint Ap = 0 véi A = [—sinf cosf 0], it can be seen that there
exists a vector n (t)=[¢, ¢,]7 with direction (n < m) such that: p(t) = S(q)n(t). Next, taking
the time derivative, we have: § = S(q)n + S(g)7. Substituting into (7), we have
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M(@[S(@)n + S@n] +V(q, DIS(@n] + F(@IS(@n] (14)

= B(qQ)t— A" (q)2
Multiplying both sides by ST (g) gives:

ST@M(@S(@n + ST (@O[M(@S @) +V(a, )S@]n + F@IS(@n] (15)
= ST(@B(@)t = ST (DA ()2
M@ +V(q,On +F(@) = B()(t + £a) (16)

where M = STMS, F =STF, B =STB,and t; = STt, is the external disturbance. Assuming
the distance between the centroid and the coordinate center of TWMR is 0, this leads to (g, §) = 0.
Additionally, considering the surface friction F(g) and the external disturbance (z,) are also equal
to 0, Equation (16) becomes:

m O01[v] _111 1 1[Tr
6 lol=il 3l )
Now, if we consider the wheel slippage phenomena and incorporate the robot's wheel model

into the dynamic model, assuming the center of gravity is the position point, then the equations of
motion can be written in the following form:

M(q)§ +V(q, g = B(q)t + AT(q)2 (18)
m; 0 —masind 0 O
0 m; macosfB6 0 0]
M(q) =|—-masin® macosé I, 0 0]
0 0 0 I, oJ
0 0 0 0o I,
[0 O —maécos@ 0 0] [0 O]
[0 0 —maésing 0 Of |o 0|
Vg9 =0 o 0 0 o|,Bl@)=]0 0}
0 0 0 0 0 [1 OJ
0 0 0 0 0 0 1
—sinf cosf cosf [/11]
cosf sinf sinB| |42
AT(q)a = 0 a —a |x|2;3]
0 —R 0 Ay
0 0 —R As

where [,, represents the moment of inertia of the robot wheel with respect to its axis of rotation, and
Ai are the lag factors.

3. Controller design

Our goal is to develop a controller to improve the accuracy of trajectory tracking for TWMR.
The idea is to utilize the outstanding advantages of backstepping and SMC controllers to address the
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difficulties of the TWMR model, such as the nonlinearity of dynamics, the limitations of
non-uniformity, and the influence of wheel slip. The SMC is designed as the controller for the
dynamic element of the TWMR, while the backstepping controller is used for the dynamic element
of the TWMR to perform trajectory tracking.

3.1. Backstepping controller

Consider the reference trajectory as a function that satisfies the robot's continuity and
differentiability condition.

We have: x=x.(t),y =y.(t),0 = 0,.(t) (19)
Taking the derivative, we have:
% (£) = vy () cos (6, (1), (&) = v, () sin(6, (1)), 6,(t) = w, () (20)
Y ¢ «
0,
N
/2 = ==
Xe o T (,}Qf’/’
P
-7 N6
M A e L Ll Ll
< -
X X X

Figure 2. Position error of TWMR relative to the reference trajectory.

The trajectory tracking error is shown in Figure 2, as can be seen:

Xe cos(@) sin(@) O1[%r —X
p= [Ye] = [— sin(6) cos(0) 0] l% =Yl (21)
e 0 o 16, —¢6
x, = cos(@) (x, —x) + sin(0)(y, — y),
(22)

Y. = —sin(@) (x, — x) + cos(0)(y, — ¥),
6, =6, — 6.

Taking the derivative of Eq (20) and substituting it back in, we get the trajectory tracking error
as:
%, = 0y, + v, cos(6,) —v = wy, + v, cos(6,) —v

y, = —0x, + v, sin(6,) =- wx, + v, sin(6,)

0, =6, —6=w —w
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Xe wy, + v, cos(6,) —v (23)
Ye| = | — wx, +v, sin(6,)
6, W, — W

where vand w are the desired linear and angular velocities at the output of the Backstepping
Controller.
Select the Lyapunov function as follows:
1 1 — cos(6
V= (k4 )+ otle) (24)
2 k,
. 6, sin(@
V=x,% +y,7 + . sin(6.) (25)
ka
(ér_HZ)Sin (8e)
ko
(u = [uuy]"=(v, )T such that the derivative of the candidate Lyapunov function is less than or
equal to zero (V <0).

V = (upy, + v, cos(6,) — uy)x, + (—6x,v, sin(6,) y, + , select the control signal

u; = v, cos(6,) + kqx, (26)
Uy = ér + Vy (kae + k3 Sin(ee))

Backstepping controller for the kinematic model of the outer ring:

[v] _ ul] _ [ v, cos(6,) + kqx, @7)
wl ™ lupl ™ wy + vr(kae + k3 Sin(ee))

The parameters (ki, kz, k3) > 0 are conditions for controller stability; they directly affect the
convergence rate and overcorrection of the error.

3.2. SMC controller design

With its good noise response capabilities [19,20], the SMC method is chosen to enable zero
tracking error of the dynamic controller. The velocity error is given as follows:
E,=vy—v, E, =wg —w (28a, b)
Taking the derivative, we have:
Foor )

Ew:d)d—d):d)d—— (29a,b)

Ev:f?d—'l’]:'l.?d— I

m,

Choose the input force and torque as follows: F; = mv,; + k,E,, 1, = lwy + k,E,,. The
velocity error equation will be mE, + k, E, = 0, 1E, + k,E,, = 0. If the coefficients k, and k, >
0, then the inertial velocity error and angular velocity error (E,, E,) stabilize and converge to O.
Then we have the moment of the two wheels as:

1 \R 1 \R
w=(A-gn)y u=(A+gn);

(30)

3.3. Torque control to prevent slippage

By assuming a hard ground and a hard wheel, the wheel equation is m,, a,, = Fi,ng, Where
Fiong 1S the axial force. The linear acceleration during pure rolling is a,, = R . For each wheel, we
have I,, ¥ =7 — R Fing -
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From this, we have: Figng = % (31)
w wy

If Flong > Fiong» Slippage occurs, so the axial force needs to be limited to static friction as

follows:
tm, R
T m, RZ+21,,
Due to the unevenness in the contact area between the wheel and the ground, we consider
Coulomb's friction model [21,22]. This unevenness acts as anchors that need to be broken by
maximum force to produce relative motion between the wheel and the ground. Therefore, we use the
static friction coefficient (us) with the normal reaction force on the wheel to estimate the value of the
force needed to be applied to the wheel before sliding (Fli,ng) = ugN. From this, we can calculate

the maximum torque, and the torque of the left and right wheels is limited by:

_,uSN(mW R*+21,,)

usN (32)

Tax = — (33)
w
us Ng (m, R*+21,,) 34
TmaxR = m. R (34)
w
N, (m, R2+21
TmaxL = s ( ” Wy) (35)

m, R

If 72,7, < Taxr» Tmax . the controller applies torque. If Tz, T, < Thmaxr > Tmax the control
inputs are applied in the form of torques. If Tz, T; > Toaxr > Tmaxs» then g, 7, is limited to the
maximum torque value.

The trajectory tracking process is shown in the block diagram in Figure 3, with the simulation
variables calculated as above.

T v v
[T:] [m] J‘ [m] TWwhMR | 9 J‘ q
o Dynami e . . =
. < s > kinematic
Torque limit da HI]:' \_/:I
q-lll /}\ 1_
2,5 -
Controller Eu N M L Kinematic | _ Transformat
B s « .
] on Mamx
= s \&/4]3 controller

Figure 3. Diagram of the robot trajectory tracking process.
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The simulation diagram of the trajectory tracking controller in Simulink is shown in detail in
Figure 4.

Trajectory

o)
Error_y
E_v
\% — v & toque R—{T r V_differential v X
4 ; vb_differential X
).t 4 4 :
\1 E_theta BSC G Ew fen fen
ﬁ i W y trajectory TWMR

. toque_LF—+T | W_differential ¥
™ Wh whb_differential ‘

ele

BlE

SMC controler Dynamics TWMR theta thet
Backstepping controller
Kinematic TWMR1

Figure 4. Simulink simulation diagram.

frajectory

4. Simulation results

Table 1. Robot parameters and constants.

Symbol Unit Value
Wheel radius R m 0.0635
Robot weight m kg 10
Wheel weight m, m 1
Static friction coefficient K - 0.7
Normal force acting on the wheel N, N 98.1
Robot wheelbase a m 0.1

The circular reference orbit has a radius of 10 m, with the center at coordinates (0,0). The
mathematical representation is xd = 10*cos(w*t), yd = 10*sin(w*t). The TWMR's trajectory along
the set orbit is shown in Figure 5 (b). Position deviations are shown in Figures 6 and 7.

=)
T

S b5 & Y o v A o »
— T

o
T
=)

(a) (b)
Figure 5. Circular reference trajectory (a) and TWMR travel trajectory (b).
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Figure 6. Circular tracking error of TWMR. Figure 7. Details of the convergence times
of the x and y deviations along the circular

trajectory.

The x-axis and y-axis deviations of the SMC controller are compared with the FOPID controller,
as shown in Figure 8.

Error X Error Y
10 T T 3 .
SMC
FOPID SMC
8 b sl |‘ FOPRID
I|'|
6 (
1
| I\
il
4 i . ||| |1I 1
D_H“ UL
n
IJ
2 \
4 . . . . . . . 3 . . . . . . .
0 100 200 300 400 500 600 700 800 ] 100 200 300 400 500 600 700 80O
(a) (b)

Figure 8. Comparison of the positional deviations along the x (a) and y (b) axes with the
circular trajectory.

Simulation results show that with a relatively large orbital radius, the controller helps the
TWMR track the set trajectory with zero convergence position error. Although the robot starts at the
center of the orbit, far from the starting point, the speed and convergence time are still acceptable.

The spiral trajectory has the following form:

xd = (1.5+0.05*t)*cos(w™*t); (36)
yd = (1.5+0.05*t)*sin(w*t); (37)
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Figure 9. Reference helical trajectory (a) and TWMR output response to reference trajectory (b).
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Figure 10. Position deviation of the TWMR spiral trajectory.

The x-axis and y-axis deviations of the SMC controller compared to the FOPID controller in the
helical trajectory are shown in Figure 11.

Em?r X Emor Y

! 3

sMc
FOFID

sMC
FOPID

L L L i L L L L L L L L
0 100 200 300 400 500 600 700 800 g Ly ZLT LU (LT iLy ELY

@ (b)
Figure 11. Comparison of x-axis (a) and y-axis (b) position errors of SMC and FOPID
controllers in a helical trajectory.

The helical trajectory also demonstrates the effectiveness of the designed controller. Due to the
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characteristic of the helical trajectory, where the angular acceleration changes continuously over time,
the smoothness of the tracking trajectory is not as expected. However, the positional error of the
trajectory has converged to zero, as designed.

The infinite trajectory has the form: xd = 1+10*cos((2*3.14/105) *t); yd = 5*sin((4*3.14/105)
*1). The robot has the corresponding initial position (x, y, 8) = (1, 0, pi/4). The reference trajectory is
shown in Figure 12 (a), and the response trajectory of the TWMR is shown as in Figure 12 (b).

S S - T I )
— 17—
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=}
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o
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o
&)
o
o
N
o
-
3

(a) (b)
Figure 12. Infinite-form reference orbit (a) and TWMR orbital response (b).

The tracking error of the controller is shown in Figure 13. The difference between the desired
velocity and the actual velocity is expressed as E_v and E_w. Details are shown in Figure 14.

E_v, E_omega

Error_x, Error_y

E_v
E_omega

s ETOT_X

Error_y

V l'.\'.""" Y

-6
(] 50 100 150 200 250 300 350 400 450 o ° 100 200 300 400 500 00 7o 600

Figure 13. Position deviation of TWMR at Figure 14. Angular velocity and linear
infinity orbit. velocity deviations of SMC.

The x-axis and y-axis deviations of the SMC controller compared to the FOPID controller in
infinite orbit are shown in Figure 15.
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Figure 15. Comparison of x-axis (a) and y-axis (b) position errors of SMC and FOPID

controllers in infinite orbit.

The RMSE index is used to evaluate the performance of the SMC controller compared to
FOPID in different orbits. Details are presented in Table 2.

Table 2. Summary and comparison of the RMSE index with different trajectories.

Circle Spiral Infinity
RMSE_SMC 0.866628 1.380615 1.422575
RMSE_FOPID 0.987921 1.893160 1.657791

Simulation results show that SMC consistently has a smaller RMSE than FOPID on all three
orbits, demonstrating better tracking capability. The error increases with more complex orbits (spirals,
infinity), especially with FOPID. However, the RMSE is still relatively accurate, so further
adjustments are needed to improve accuracy.

5. Discussion

One of the significant contributions of this research is the construction and simulation of a
hierarchical controller for a TWMR, in which a backstepping controller is used for the position link
and a sliding mode controller (SMC) is applied to the velocity link, based on a dynamic model that
considers the wheel slip effect. The inclusion of wheel slip increases the realism of the system but
also poses significant challenges in the design and tuning of control parameters.

For backstepping controllers, the coefficients kq, k,, k3 play a crucial role in ensuring that
positional and directional deviations converge to zero [23,24]. Under ideal conditions, when the
assumption of non-slip rolling is satisfied, these parameters can be chosen relatively flexibly [25].
However, when wheel slippage occurs, the relationship between wheel velocity and the robot's actual
motion is distorted, leading to the virtual control signals in the backstepping design no longer
accurately reflecting the actual kinematics. This makes the system more sensitive to parameter
selection, and inappropriate k4, k,, k3 values can cause prolonged oscillations, reduced trajectory
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tracking accuracy, or local instability during complex motion phases.

Simulation results show that, in the presence of wheel slip, increasing the backstepping
coefficients to improve convergence speed is not always effective, as it may increase the required
velocity amplitude and create conflicts with the lower-stage SMC controller. This shows that the
problem of selecting and determining the backstepping parameter under conditions of wheel slip is a
multi-objective optimization problem. This ensures a balance between trajectory tracking accuracy,
control signal continuity, and system robustness.

6. Conclusions

In this study, we presented the development of a kinematic and dynamic model for a TWMR
that considers lateral and longitudinal wheel slip effects. A hierarchical control structure was
designed, combining a backstepping controller for the kinematic level and an SMC controller for the
dynamic level. The proposed approach enables the robot to track a predefined trajectory under
different operating conditions.

To address the slippage issue, a limiting moment was introduced to ensure that the applied
torque does not exceed the frictional force generated at the wheel-ground interface. Simulation
results demonstrated the effectiveness of the proposed control scheme in maintaining stable and
accurate trajectory tracking performance.

In future work, advanced parameter tuning approaches will be investigated to further improve
system performance under wheel slip conditions. Metaheuristic optimization algorithms such as
Particle Swarm Optimization (PSO), Genetic Algorithm (GA), and Differential Evolution (DE) have
shown potential in determining optimal control parameters based on criteria such as tracking error,
control effort, and robustness [26]. In addition, artificial intelligence techniques, including neural
networks and reinforcement learning, may provide adaptive capabilities for handling uncertainties
and varying slip conditions.

Furthermore, Hedge Algebra is considered a promising approach for parameter tuning in
nonlinear control systems of mobile robots. Compared to traditional fuzzy logic control (FLC), it
provides a more rigorous mathematical framework for modeling linguistic variables while
overcoming some limitations in highly nonlinear and uncertain environments [27]. The integration of
Hedge Algebra into the tuning of backstepping and SMC parameters could improve adaptability
without requiring precise modeling of wheel—ground interaction dynamics.
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