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Abstract: This paper proposes and evaluates a triangular formation control method for unmanned
aerial vehicles (UAVs) based on a leader-follower structure using a Mamdani fuzzy PID controller
on a fully nonlinear 6-DOF dynamic model. The controller was designed with a fuzzy inference
mechanism to adjust PID gains via a rule-based, nonlinear fuzzy gain-scheduling mechanism based
on state deviations, thereby improving trajectory tracking quality under nonlinear conditions and
disturbances. The system's performance was evaluated through transient metrics and energy error
indicators (MSE, RMSE) in three scenarios: no noise, external noise, and external noise combined
with wind disturbance. Simulation results in MATLAB/Simulink showed that under noise-free
conditions, the fuzzy PID achieves a rise time of 2.03 s, a percentage overshoot of 50.30%, and a
steady-state error of 0.0315 m, significantly improving upon the PID (3.29 s; 55.74%; 0.0365 m).
When external noise is present, the overshoot decreases from 227.50% to 88.58%, and the
steady-state error decreases from 1.0272 to 0.4060 m (approximately 60.5% improvement). In
conditions with combined wind disturbance, MSE decreases by up to 87.49% along the z-axis, and
RMSE decreases from 1.1538 to 0.4081, demonstrating superior disturbance rejection. Quantitative
results confirm that fuzzy PID significantly enhances trajectory tracking accuracy, stability, and
robustness of the multi-agent UAV system in uncertain environments.
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1. Introduction

In recent years, unmanned aerial vehicles (UAVs), especially quadcopter UAVs, have been
widely applied in monitoring, search and rescue, cargo transportation, environmental observation, and
military missions. Modern trends not only focus on single control but also extend to formation control,
where multiple UAVs coordinate to maintain a defined geometric structure to enhance coverage,
flexibility, and system fault tolerance.

However, UAV formation control is a challenging problem due to the strong nonlinearity of the
6-DOF dynamic model, the coupling between translational and rotational motion, and the influence of
environmental noise, such as wind, and model discrepancies. Classical control methods, such as
traditional proportional-integral-derivative (PID), are often insufficient to handle the nonlinearities,
uncertainties, and interactions in the dynamics of multi-UAV systems [1-5]. In contrast, fuzzy logic
control (FLC) provides a rule-based reasoning mechanism suitable for highly nonlinear and uncertain
systems [8,9]. Researchers have extensively investigated a wide range of advanced control strategies
to enhance UAV formation performance, including linear quadratic regulator (LQR) [6], nonlinear
robust control [7], backstepping control [10,11], fuzzy PID control [12,13], optimal control [14,15],
model predictive control (MPC) [16], sliding mode control (SMC) [17-19], and neural network-based
control [20,21], as well as methods combining PID with integral state feedback [22]. Recently,
intelligent and data-driven approaches, such as fault diagnosis using hybrid deep learning, adaptive
fuzzy systems with time-varying delays, and Al-based control models, have shown great potential in
enhancing the robustness, adaptability, and fault tolerance of systems in complex dynamic
environments [23-29]. These studies emphasize the importance of selecting an appropriate control
structure to ensure stability, robustness, and high performance for UAV systems operating under
uncertain conditions.

Recent studies have focused on developing and implementing control solutions to enhance
trajectory tracking efficiency and maintain a stable UAV formation, especially in the leader-follower
model [30-34]. In [30], a formation control method was proposed based on the relative pose
relationship between the leading and following UAVs. This method combines sliding mode control
with backstepping and a PID controller that adapts its structure, thereby improving convergence speed
and control accuracy. The authors in [31] exploited cooperative control principles to design a PID
controller for multi-agent UAV systems. Based on the system model and the communication structure
among UAVs, the controller was optimized to minimize tracking errors and achieve rapid convergence
to the desired trajectory. In [32], the problem was addressed experimentally, implementing formation
control for two Parrot AR Drone 2.0 UAVs using a linear system model that accounts for delays.
Researchers have designed a PD controller using the pole placement method to ensure stable position
tracking. The system operates in various modes, in which the following UAV adjusts its position based
on information from the leading UAV, with results quantified by an RMSE index that fluctuates
between 50 and 115 cm. Using a numerical simulation approach, the study in [33] developed a
formation control framework based on a UAV model implemented in MATLAB/Simulink. Algorithms
such as LQR, PID, and MPC were implemented and compared in terms of performance based on
position and formation structure criteria. Additionally, the algorithm incorporated factors such as the
azimuth angle and the distance between UAVs to maintain accurate orientation. Meanwhile, the
study [34] focused on UAV formation control in environments with obstacles by combining model
predictive control (MPC) and artificial potential field (APF) algorithms. This solution not only ensured
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continuous target tracking but also maintained geometric formation (square or hexagonal) after
overcoming both static and dynamic obstacles, demonstrating the effectiveness and flexibility of the
proposed method in complex situations.

Although substantial research on UAV formation control has been conducted, several significant
limitations remain unaddressed. First, most current studies rely on linearized or semi-nonlinear models,
failing to fully exploit the nonlinear dynamics of 6-DOF constructed using the Euler-Lagrange method,
which may lead to discrepancies when applied in real operating conditions. Second, performance
evaluations are often conducted under ideal conditions or with low noise levels, not adequately
reflecting the actual operational environment, which is characterized by complex disturbances and
uncertainties. Third, there is a lack of a standardized, comprehensive quantitative assessment
framework, as many works provide only qualitative analysis or use incomplete evaluation metrics,
often overlooking important indicators such as rise time, settling time, percentage overshoot,
steady-state error, MSE, and RMSE. Finally, the integration of intelligent control methods with
formation control problems remains limited, as fuzzy PID methods have primarily been developed for
single UAVs. At the same time, their application to multi-UAV systems with geometric constraints has
not been fully explored. These gaps highlight the urgent need for a control framework that integrates a
comprehensive nonlinear model, adapts to disturbances, and provides a thorough quantitative
performance evaluation method for UAV formation control problems.

This paper proposes a triangular formation control method based on a leader-follower structure
for quadcopter UAVs, utilizing a Mamdani fuzzy PID controller on a fully nonlinear 6-DOF dynamic
model. The proposed method integrates a fuzzy inference mechanism to adjust PID parameters in real
time, thereby enhancing adaptability to nonlinearities and external disturbances. At the same time, an
equilateral triangular formation structure is established to ensure geometric stability and coordination
efficiency in the three-dimensional space. To evaluate performance, the study develops a multi-criteria
quantitative assessment framework that includes both transient and steady-state metrics and extends to
error measures such as MSE and RMSE under both noisy and noise-free conditions. Simulation results
in the MATLAB/Simulink environment demonstrate that the proposed method significantly improves
overshoot, steady-state error, and disturbance resistance compared to traditional PID controllers.

The main contributions of the research include: (i) Developing a comprehensive nonlinear 6-DOF
dynamic model for multi-UAV systems based on the Euler-Lagrange equations; (ii) designing an
adaptive Mamdani fuzzy PID controller for the leader-follower formation control problem; (iii)
constructing a triangular formation with clear geometric constraints in 3D space; (iv) proposing a
multi-criteria performance evaluation framework, including both time and energy error metrics (MSE,
RMSE); and (v) conducting a comprehensive assessment under external disturbance conditions,
demonstrating robustness and superiority over classical PID.

The paper is organized into five sections: Section 1, introduction; Section 2, presentation of the
kinematic model of the quadcopter UAV; Section 3, description of the controller design and formation
strategy; Section 4, presentation of simulation results and comparative analysis; and finally, Section 5,
conclusions and future research directions.

2. Dynamic model of quadcopter UAV

This work considers a multi-UAV system composed of quadcopter agents, each driven by four
rotor motors. Two pairs of symmetrically arranged counter-rotating rotors generate lift and provide
complete three-dimensional motion control. Figure 1 depicts the general quadcopter structure.

AIMS Electronics and Electrical Engineering Volume 10, Issue 3, 473-503.



476

Figure 1. Structure of quadcopter UAVs in three-dimensional space.

The control system of quadcopter UAVs operates in six degrees of freedom (6-DOF), including
three translational movements along the coordinate axes (X, y, z) and three rotational movements
around the principal axes corresponding to the Euler angles: roll (), pitch (0), and yaw (y). The
author establishes the dynamic model of the quadcopter UAV using the Euler-Lagrange equations to
capture the interactions among the forces and moments acting on the system. The four rotors
generate lift collectively through their combined thrust. By varying the relative rotational speeds of
the rotors, the controller regulates the rotational moments and governs the angular states. The system
input control variables are constructed and presented as follows [4,5,10,11]:

F=U, =k(a] + 0} + 0} + ;)
7,=U, =1k (&} — )
r,=U, =1k (&} - )

_ _ 2 2 2 2
r,=U,=b(e -0, +@; - ;)

(1

Where @5 =@, —®, + @, —®, denotes the total angular velocity of the four propellers, and F

represents the collective thrust force generated along the body-fixed z-axis. The parameter K is the
aerodynamic lift coefficient, b is the rotor drag (torque) coefficient, and | denotes the distance
from the quadcopter's center of mass to each propeller. The control input U, corresponds to the

total thrust produced by all rotors. At the same time, U,, U;,and U, represent the control torques

about the roll (x-axis), pitch (y-axis), and yaw (z-axis), respectively, aligned with the quadcopter's
principal inertia axes. This paper presents a complete set of translational and rotational kinematic
equations for the UAV, formulated from a nonlinear 6-DOF Euler—Lagrange model and augmented
with aerodynamic damping and external disturbance terms represented as generalized
non-conservative forces [4,5,10,11].
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Here, ¢,0,y represent the roll, pitch, and yaw angles of the UAV, with their first and second time
derivatives corresponding to angular velocities (&,9,(/)) and angular accelerations (é., 9,1// ),
respectively. m is the quadcopter mass, |, is the rotor inertia, and 1, l,,,1,, are the principal
body inertias along the x-, y-, and z-axes. The coefficients A, A,, A, characterize the translational
aerodynamic drag along the inertial frame axes, whereas A;,A, and A, model the external

disturbance moments influencing the roll, pitch, and yaw dynamics.
3. Proposed nonlinear control design and formation strategy

This paper proposes a cascade fuzzy PID control framework to ensure accurate trajectory
tracking and stable formation maintenance of the nonlinear 6-DOF quadrotor UAV system. This
architecture includes a position control loop (outer loop) and an attitude control loop (inner loop).
Figure 2 presents the overall structure using the fuzzy PID controller for the quadcopter UAV. The
outer loop adjusts the translational motion along the x-, y-, and z-axes. The position error is defined
as follows:

€, =Xy — X8 =Y, — Y., =242 3)

Where X,,Y,4,Z, are the desired trajectory coordinates.

Since the roll angle (¢) and pitch angle (0) indirectly govern horizontal motion, the position
controller generates the desired attitude reference values:

¢d = fx(ex’éx)’gd = fy(eY’éY) (4)
The independent fuzzy PID controllers directly regulate the altitude z and the azimuth angle i .

The inner loop ensures rapid tracking of the desired values of ¢,,6,, and w,. This cascade

structure helps to separate the translational dynamics (slow) from the rotational dynamics (fast),
thereby improving the stability and disturbance rejection of the closed-loop system.
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Figure 2. Overall control architecture of the fuzzy PID based quadcopter system.
3.1. Classical PID control law

Figure 3 illustrates the PID controller structure for each control channel, while Eq (5) defines
the nominal PID control law.

X, (1) + e(t) x(t)

Figure 3. PID control structure for each control channel.

e(t) = X, (O —x(1)

u(t) = K + K, Ie(r)dr+KD % 5)

In this formulation, the control input U(t) is designed to optimize the system performance. The

tracking error is defined as e(t) = x,(t)—x(t), where X,(t) denotes the reference trajectory, and
X(t) represents the system state. The classical PID controller is used as the basic control structure,
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where the control signal is determined by the error, its integral, and its derivative, with fixed
coefficients Ky, K, , and K, . This structure enables the development of a nominal control law for

comparison with the proposed fuzzy PID controller. However, in 6-DOF nonlinear UAV systems,
fixed PID coefficients often do not ensure optimal performance when parameter uncertainty, external
disturbances, and wind noise are present. Therefore, the adaptive adjustment mechanism based on
Mamdani fuzzy inference is presented separately in Section 3.2.

3.2. Design of the fuzzy PID controller

In high-order nonlinear dynamic systems such as the 6-DOF quadrotor UAV, using a PID
controller with fixed coefficients often does not ensure optimal performance across the entire
operating range. Changes in aerodynamic parameters, wind disturbances, payload, and interactions
between axes can degrade control quality, leading to overshoot, prolonged settling times, or the
emergence of residual oscillations. To overcome this limitation, an online adaptive mechanism based
on a Mamdani fuzzy inference system is employed to tune the PID coefficients. This fuzzy inference
system with two inputs allows for mapping the control output equivalent to the fuzzy PID controller
presented in Figure 4.

u(t) y(®)

) +
Ya® PID controller ———>| Quadcopter UAV >

Figure 4. Mamdani fuzzy PID controller architecture for the quadrotor UAV.

The Mamdani fuzzy inference system is used to adapt the PID coefficients. The fuzzy controller
receives two inputs, the error e(t) and the derivative of the error €(t), and generates three

normalized outputs K,,K,, and o . These outputs are subsequently utilized to update the effective

parameters of the PID control law. Each variable is fuzzified using five membership functions,
corresponding to the linguistic labels: NL (negative large), NS (negative small), Z (zero), PS
(positive small), and PL (positive large). The membership functions are evenly distributed with
centers at —2,—1,0,1,2, ensuring complete coverage of the variable's defined range and maintaining
appropriate overlap between adjacent fuzzy sets. There are several methods for tuning the parameters
of a PID controller, such as objective function—based tuning and direct tuning. Still, the simplest and
most applicable method is the fuzzy tuning method by Zhao, Tomizuka, and Isaka, assuming that the
parameters are constrained [35].

KPEI:K;nin’K;nax:',KDE[Klranin,Kernax:' (6)
Zhao, Tomizuka, and Isaka standardized those parameters as follows [28]:
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where « is the fuzzy adjustment coefficient defined as o =

K, =

T max min 2D T 1 max min
Ko _K? Ko _K:

Kp _ Kernin

K,—Ko"

I<I|<D

2
p

(7

, representing the normalized

relationship among the PID gains K,,K,,K,. Based on this relationship, the integral gain is

expressed as [35,36]:

K,

2
:aKP

Kp

The control coefficients are defined as follows [35,36]:

Kp :(K;nax _ I(};mn)'(l'D + K;nin
Ky = (K™ —KE™MK, + Kg™

2
_ akK;

K,
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The fuzzy system uses IF-THEN rules with a total of 5 x 5 = 25 fuzzy control rules constructed
based on the principle of bias-centered reasoning. The controller reduces the control gain when both
the tracking error and its derivative become significant, thereby mitigating overshoot and oscillatory

behavior.

Table 1. Fuzzy rule base of the fuzzy PID controller.

&(t) NL NS V4 PS PL

e()
NL NL NL NS zZ PS
NS NL NS V4 PS PL
Z NS V4 4 Z PS
PS zZ PS V4 PS PL
PL PS PL PS PL PL

The combination of fuzzy rules, fuzzy sets, and the Mamdani inference system establishes a
nonlinear mapping from the input space to the output control signal, where the two input variables
are the position error and its derivative, processed by a rule set of 25 IF-THEN rules. This structure
allows adaptive adjustment of the equivalent PID coefficients based on the system's operational state,
rather than using fixed parameters. When the error is large or the rate of change is high, the fuzzy
inference mechanism reduces the effective gain to limit oscillations and overshoot during the
transient phase; conversely, as the system approaches the steady-state, the control coefficients are
fine tuned to increase sensitivity to small errors, thereby improving accuracy and reducing
steady-state error. This mechanism can be viewed as a form of nonlinear gain scheduling, in which

AIMS Electronics and Electrical Engineering
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the control parameters are not fixed but continuously adapt to the system's state. As a result, the
fuzzy PID controller achieves an effective balance between transient and steady-state performance,
particularly in nonlinear 6-DOF dynamic systems affected by disturbances and parameter
uncertainties, which explains the significant improvement in steady-state error and the MSE and
RMSE metrics compared to the classical PID controller.

After optimizing the control parameters, the fuzzy PID controller is implemented in the
quadcopter system's control model to enhance trajectory stability and improve real-time control
accuracy. The effectiveness of the control is evaluated through numerical simulations in the
MATLAB/Simulink environment, focusing on analyzing the system's kinematic response under ideal
conditions, unaffected by noise or environmental variations. The simulation results show that the
system can maintain the desired trajectory with minimal error, demonstrating the effectiveness of the
control algorithm. This integrated control model helps the UAV achieve high performance in stability
and trajectory tracking under standard operating conditions.

3.3. Triangular formation structure

To ensure that the UAVs maintain a stable triangular formation in the three-dimensional space,
the author proposes a leader-follower formation control strategy. This method combines trajectory
tracking control for the lead UAV with relative-position control for the following UAVs. The
proposed framework establishes an equilateral triangle in the xy plane, with UAV 1 as the leader and
UAV 2 and UAV 3 as follower agents. Each follower will track a predetermined relative position
AP with respect to the leader, thereby maintaining the geometric formation throughout the

movement. The equation describing the desired position of each UAV is as follows:
P™ (t)=P_(t)+R (DAP,i =123 (10)

Where P™ (t) is the reference position vector of the i-th UAV at time t, P_(t) is the position
vector of the leader UAV at time t, R _(t)is the rotation matrix associated with the leader attitude,

and AP is the static geometric offset vector, defining the desired relative position of the i-th UAV

with respect to the leader UAV in the formation. The use of rotation matrices in formation
representation is a standard approach in multi-agent formation control problems, allowing for the
preservation of geometric structure in the three-dimensional space [37].

The rotation matrix R, (t) 1is constructed based on the Euler angles (¢, ,6,,y, ) as follows [38]:

R ()= Rz('//L)Ry(gL)Rx(¢L) (11)

Where R,(¥),R,(6,),R,(4 ) are the standard rotation matrices around the z-, y-, and x-axes,

respectively. This representation is widely used in recent studies on UAV formation control and
multi-agent systems in the SE(3) space, particularly in attitude control and maintaining formation
structure [37].

In this study, since the motion primarily occurs in the horizontal plane, the rotation matrix is
approximated as follows:

RIM=~R,(y) (12)
This ensures that the formation rotates synchronously with the leading UAV during the
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maneuvering process. This simplification is also commonly applied in UAV systems operating in
real-world environments to reduce computational complexity while still maintaining the accuracy of
the formation structure [38].

The above equation defines the centralized control principle adopted in the leader-follower UAV
formation framework. The control architecture drives the leader UAV to track a predefined global
reference trajectory, while the follower UAVs maintain prescribed relative positions with respect to
the leader using predetermined geometric offset vectors AP .

This structure simplifies the overall formation control problem and reduces communication
bandwidth and latency requirements, since the system requires only one-way information
transmission from the leader to the followers.

The geometric offset vectors are defined as follows:

d

0 d }
AP, =| 0 |(Leader), AP, =| 0 |(Follower1),AP, = —73d (Follower?2) (13)

0 0 0

The parameter d > 0 is the desired distance between UAVs and simultaneously determines the
lengths of the sides of the equilateral triangle formation. The value of this parameter directly
influences the geometric scale of the formation and significantly impacts collision avoidance
capabilities, communication range, and the sensor coverage area of the UAV system [39]. In the

formation coordinate system, AP, represents the position of the leading UAV, serving as a reference

point. At the same time, AP, and AP, describe the relative positions of the two following UAVs,
arranged so that together with the leading UAV, they form an equilateral triangle in the
three-dimensional space.

This structure forms an equilateral triangle in the xy plane, with each side measuring 1 m,
ensuring that the follower UAVs always maintain the corresponding distance and orientation relative
to the leader UAV, regardless of their absolute position in space. This arrangement is a crucial basis
for designing centralized or decentralized control strategies to ensure stability and maintain the UAV
formation in complex flight scenarios. Figure 5 presents the triangular formation leader-follower
strategy:.

Formation
UAV1 UAV triangle formation
[x.y.z] UAV1

&_\ (leader)

=1
B=
:; Formation ﬁ—'\ AP,
pe—— S B R 07 .
ntry = LY- | Output I N
_S : position APj A.Pz
=]
g
: =S =S
= [x.y.z] | |
E UAV3 UAV2
- (Follower) (Follower)
Formation
UAV3

Figure 5. Leader-follower triangular formation geometry of the three UAV system.
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In UAV formation control, maintaining formation using fixed geometric displacement vectors
offers numerous advantages in both computation and practical implementation. Specifically,
controlling only the lead UAV along a reference trajectory significantly reduces the computational
complexity of the entire system, as the following UAVs only need to maintain a predetermined
relative position to the leader. The proposed strategy simplifies the control algorithm implemented on
each UAV and reduces the real-time computational burden required for onboard processing.
Furthermore, this method significantly reduces communication latency because it does not require
each UAV to continuously exchange data with all other UAVs, unlike distributed or consensus-based
control strategies. Due to its high centralization, the UAV system operates as a unified entity while
still maintaining a simple control structure, making it particularly suitable in cases with limited
computational capacity or communication bandwidth. A significant advantage of the proposed
centralized strategy lies in its reduced onboard computational burden. In contrast, distributed control
approaches require each UAV to process information received from neighboring agents and
continuously update its local state estimates and control inputs in real time, thereby increasing
communication overhead and computational complexity.

4. Simulation results

This study utilizes MATLAB to simulate UAV formations due to its strong control system
analysis tools and flexibility in modeling nonlinear dynamics. MATLAB not only provides tools for
accurately simulating the complex dynamics of quadcopters but also facilitates the testing, tuning,
and optimization of control strategies in a simulated environment. Through this process, the stability
and performance of the controller can be comprehensively evaluated before experimental
deployment, thereby helping minimize errors and costs during actual testing. This study defines the
specific technical parameters of the UAV model as summarized in Table 2.

Table 2. Physical parameters of the quadcopter UAV.

Parameter Symbol Value
Quad. mass m 0.468 kg
Arm length | 0.225m
Gravity g 981 m/s’
Inertia moment of the rotor Iy 3.357¢-5 kg,m2
Thrust factor of rotor k 2.980e-6 N.s?
Drag coefficient b 1.140e-7 N.m.s’
Ixx ’Iyy 4.856e-3 kgm2
Inertial constants 2
I, 8.801e-3 kg.m
Aerodynamic friction coefficients Ax > Ay > Az
0.25
Translational drag coefficients A¢ > Aﬁv Au/

Figures 6 and 7 illustrate the position response of the UAV system when maintaining a
triangular formation in three-dimensional space and along each coordinate axis. Figure 6 shows the
3D trajectories of the UAVs along the x, y, and z components, visually demonstrating the ability to
maintain the triangular formation in three dimensions. This result indicates that the UAVs closely
follow the desired trajectory with minimal deviation, smooth motion, and no significant oscillations,
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demonstrating that the controller maintains trajectory stability and preserves the relative distances
within the formation. Meanwhile, Figure 7 presents the responses along each axis (x, y, z) as time
signals, enabling quantitative assessment of settling time, overshoot, and steady-state error. The
response curves converge quickly to the reference values, exhibit small transient oscillations, and
show no signs of instability, indicating that the system can adapt well to the requirements of
formation movement. The results also show that the controller not only ensures trajectory accuracy
along each axis but also maintains the geometric integrity of the triangular formation in the
three-dimensional space, which is particularly important for UAV swarm applications that require
tight coordination and high reliability.

3D UAV Trajectories with Triangular Formations (fuzzy-pid)
uAv 1
UAV 2
UAV 3
— — Desired Trajectory

—— Formation
o,

Figure 6. 3D position response X, y, z with triangular formation.
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Figure 7. Position response X, y, z with triangular formation.

Figure 8 and Table 3 provide a visual and quantitative representation of the UAV controller's
performance in the triangular formation. Figure 8 shows the position tracking error of UAV1 over
time, directly reflecting the control system's ability to maintain the desired trajectory. The error curve
shows an initially relatively large oscillation amplitude during the transient phase, which then
gradually decreases and converges to near zero, indicating that the system achieves a stable state
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after a specific settling time. This result aligns with the quality metrics presented in Table 3, where
the rise time is 12.93 s, and the settling time is approximately 50.00 s, indicating that the system has
a relatively slow response but ensures stable convergence. The overshoot of 50.30% reflects the
dynamic characteristics, which still oscillate significantly during the transient phase; however, the
steady-state error is minimal (0.0315 m), indicating high accuracy upon reaching a stable state. These
results further affirm the controller's effectiveness in maintaining a stable UAV position and in
adequately meeting the technical criteria for navigation and coordination of UAV formations.

% Position Tracking Error of UAV1 (Fuzzy-PID)

Error X

\ Error Y

1.5 | Error Z | |
B |

Error (m)
@]
(4]
7

05 \

0 10 20 30 40 50
Time (s)

Figure 8. Position tracking error of UAV1 in the triangular formation.

Table 3. Quality indexes of UAV in the triangular formation at altitude Z (noise-free conditions).

ormation Triangular formation
Quality index

Rise time (s) 12.93
Steady time (s) 50.00
Overshoot (%) 50.30

Steady-state error (m) 0.0315

The responses in Figures 9 and 10 evaluate the UAV system's robustness and disturbance
rejection capability while maintaining a triangular formation under external disturbances. Figure 9
presents the 3D trajectories of the UAVs along the x, y, and z components in the presence of noise,
showing that the formation's geometric structure is still preserved in 3D. Although temporary
deviations occur due to disturbances, the trajectories quickly correct and return to the desired path,
demonstrating that the controller can filter out noise and maintain relatively good trajectory stability.
Additionally, Figure 10 shows the response along each coordinate axis over time under the same
noisy conditions, allowing for precise observation of the kinematic characteristics in each direction
of motion. The position signals exhibit larger transient oscillations than in the noise-free case;
however, they still converge to the reference values after a settling time without any signs of
instability. The results demonstrate that the system maintains stable formation geometry and

trajectory tracking performance under external disturbances, thereby confirming its robustness to
noise and its ability to preserve formation integrity.
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3D UAV Trajectories with Triangular Formations with external disturbance (fuzzy-pid)

= = Desired Trajectory

[ IFormation

Figure 9. 3D position response X, y, z with triangular formation under external disturbance.
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Figure 10. Position response x, y, z with triangular formation under external disturbance.

The results in Figure 11 and Table 4 comprehensively evaluate the trajectory tracking
characteristics of UAV1 in the triangular formation when subjected to external disturbances along the
altitude axis z. Figure 11 shows the position tracking error over time, indicating that the system
experiences significant oscillations during the transient phase with considerable error amplitude
immediately after being affected by noise. Although the response tends to converge to a stable state,
the initial level of oscillation and the sustained deviation during the settling process indicate
performance degradation relative to the noise-free case. The quantitative results in Table 4 support
this observation, as the rise time decreases to 3.59 s, indicating a faster response to the disturbance
signal; however, the overshoot increases significantly to 88.58%, demonstrating high transient
oscillation and suboptimal adjustment capability under the influence of noise. The system exhibits a
steady-state error of 0.4060 m, which is substantially higher than that observed under noise-free
conditions, indicating a static deviation caused by environmental disturbances. Although the
controller maintains stability and the settling time remains at 50.00 s, these results reveal limited
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robustness under strong disturbance conditions. The results also show that the system retains the
formation and overall stability. Still, improvements in noise filtering and overshoot reduction are
needed by tuning control parameters or integrating robust control strategies to enhance response
quality in real world environmental conditions.

Position Tracking Error of UAV1 with exernal disturbance (Fuzzy-PID)
T T T T T T T T T

Error X

\ Error ¥

1.5 |\ Error Z | _|
|

Error (m)

. . . . . . . .
o] 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 11. Position tracking error of UAV1 in the triangular formation under external disturbance.

Table 4. Quality indexes of UAV1 in the triangular formation under external disturbance
at altitude Z.

ormation Triangular formation
Quality index

Rise time (s) 3.59
Steady time (s) 50.00
Overshoot (%) 88.58

Steady-state error (m) 0.4060

In this study, the performance of the controllers is evaluated and compared through the
quantitative metrics MSE and RMSE, aiming to provide a comprehensive analysis of the error
characteristics of the system.

The mean squared error (MSE) metric is defined according to (14). This quantity reflects the
average of the squared errors, thereby representing the average energy level of the error signal.
Squaring the errors increases the influence of larger errors, making MSE sensitive to outliers.
Therefore, the smaller the MSE value, the better the performance of the control system.

The mean squared error (MSE) is calculated as follows:
T

MSE = _I_lJ‘e2 (t)dt; T —calculated time period (14)
0
The root mean squared error (RMSE) metric is defined according to (15). RMSE represents the
average magnitude of the error and has the same unit as the output variable, making it more
convenient for interpretation and visual assessment. Essentially, RMSE provides information about
the average deviation between the output signal of the controller and the desired setpoint value. Like
MSE, RMSE is also sensitive to outliers because it depends on the square of the error.
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The root mean squared error (RMSE) is calculated as follows:

-
RMSE = %_JAe2 (t)dt; T —calculated time period (15)
0

To comprehensively evaluate and compare the performance of traditional PID control and fuzzy
PID control strategies in maintaining a triangular formation of the UAV system, the simulation
results presented in Figures 12—15 demonstrate significant differences in dynamic response quality.
Figure 12 shows the 3D trajectory response along the x, y, and z components, indicating that the
fuzzy PID controller maintains a smoother trajectory, with fewer geometric deviations and better
preservation of the formation structure compared to the classical PID. This difference becomes more
pronounced when observing the individual responses along each axis in Figure 13 (x-axis), Figure 14
(y-axis), and Figure 15 (z-axis). Along the x- and y-axes, fuzzy PID exhibits lower transient
oscillation amplitudes, shorter convergence times, and minor steady-state errors, reflecting better
nonlinear adaptability to the system's kinematic variations. For the z-axis altitude, which is sensitive
to noise and changes in lift, fuzzy PID shows a more stable response with significantly reduced
overshoot compared to traditional PID. Scientifically, this can be explained by the fuzzy controller's
flexible parameter adjustment mechanism, which allows updating the gain coefficients based on the
error state and its rate of change, whereas classical PID uses fixed parameters. Overall, the results
from Figures 12-15 demonstrate that fuzzy PID significantly improves trajectory tracking quality and
the robustness of the UAV system in triangular formation, particularly under strong nonlinearities
and complex dynamic interactions, thereby affirming the superiority of intelligent control methods
over traditional linear control in UAV swarm applications.

3D Trajectory of 3 UAVs (Fuzzy-PID vs PID)
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PID UAV 2
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Figure 12. 3D position response X, y, z with triangular formation using fuzzy PID and
PID controllers.
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Figure 13. X position response with triangular formation using fuzzy PID and PID controllers.
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Figure 14. Y position response with triangular formation using fuzzy PID and PID controllers.
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Z Position (Fuzzy-PID vs PID)
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Figure 15. Z position response with triangular formation using fuzzy PID and PID controllers.

Table 5 presents the quantitative metrics used to compare the altitude control effectiveness
(z-axis) between the fuzzy PID and traditional PID methods for a formation of three UAVs. The
quality indicators include rise time, settling time, overshoot, and steady-state error, clearly reflecting
the feedback capability and accuracy of each control strategy. Notably, fuzzy PID significantly
reduces the rise time (2.03 s compared to 3.29 s), indicating a faster response to the input signal.
Although both methods achieve similar settling times (approximately 50.01 s), fuzzy PID still shows
an advantage with a lower overshoot (50.30% compared to 55.74%), demonstrating its ability to
limit excessive oscillations during the transient phase. More importantly, the steady-state error for
fuzzy PID is 0.0315 m, which is lower than that of PID (0.0365 m), proving higher accuracy in
stabilizing the desired altitude. Thus, the quantitative results in Table 5 indicate that fuzzy PID not
only improves response time but also enhances accuracy and regulation capability, thereby
improving UAV control performance in a three-dimensional spatial formation.

Table S. Evaluation of average quality control metrics for three UAVs in triangular
formation at altitude Z between fuzzy PID and PID controllers (noise-free conditions).

ormation Triangular formation (fuzzy PID) Triangular formation (PID)
Quality index

Rise time (s) 2.03 3.29
Steady time (s) 50.01 50.01
Overshoot (%) 50.30 55.74

Steady-state error (m) 0.0315 0.0365
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Table 6 presents quantitative comparisons between the PID controller and the fuzzy PID under
noise-free conditions, using the MSE and RMSE metrics across the three axes x, y, and z. The results
show that the fuzzy PID achieves superior performance across all axes, with both MSE and RMSE
values significantly lower than those of the PID. Specifically, on axes x and y, the error decreases by
approximately 17.98% and 24.7%, respectively, while on axis z, the improvement is even more
pronounced, with MSE reduced by over 56.9%. The simulation and experimental results demonstrate
that the fuzzy PID controller significantly enhances trajectory tracking accuracy and reduces system
oscillations. Overall, the simultaneous reduction of both MSE and RMSE confirms the higher
effectiveness and stability of the fuzzy PID controller compared to the traditional PID under ideal
conditions.

Table 6. Quantitative comparison of control performance between PID and fuzzy PID
controllers (noise-free conditions).

Quality index MSE MSE RMSE RMSE
Controller (PID) (fuzzy PID) (PID) (fuzzy PID)
X 0.609964 0.50030 0.7540 0.6525
Y 0.381490 0.287263 0.5171 0.4228
z 0.016590 0.007147 0.1288 0.0845

To comprehensively assess the system's performance under disturbance environmental
conditions, Figures 16-19 enable a comparative analysis of the performance of traditional PID
controllers and fuzzy PID controllers when the UAV system maintains a triangular formation under
disturbances. Figure 16 illustrates the 3D trajectories along the X, y, and z components in a noisy
environment, showing that fuzzy PID maintains a more stable geometric structure of the formation,
with smoother trajectories and minor spatial deviations than classical PID. This difference is more
pronounced when analyzing each coordinate axis individually in Figure 17 (x-axis), Figure 18
(y-axis), and Figure 19 (z-axis). Along the horizontal x- and y-axes, traditional PID exhibits large
transient oscillations and prolonged convergence times when subjected to noise. At the same time,
fuzzy PID demonstrates lower oscillation amplitudes and faster recovery to stable states. Notably, on
the z-axis, which is sensitive to variations in lift and aerodynamic disturbances, fuzzy PID shows
higher robustness, with significantly reduced overshoot and maintained deviations. Overall, the
results from Figures 16—-19 demonstrate that under uncertain environmental conditions, fuzzy PID
outperforms traditional PID in noise filtering, stability maintenance, and formation preservation,
thereby affirming the effectiveness of intelligent control methods in UAV swarm applications
operating in highly dynamic real-world environments.
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3D Trajectory of 3 UAVs with External Disturbance (Fuzzy-PID vs PID)
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Figure 16. 3D position response X, y, z with triangular formation using fuzzy PID and
PID controllers under external disturbance.
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Figure 17. X position response with triangular formation using fuzzy PID and PID
controllers under external disturbance.
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Y Position with External Disturbance (Fuzzy-PID vs PID)
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Figure 18. Y position response with triangular formation using fuzzy PID and PID
controllers under external disturbance.
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Figure 19. Z position response with triangular formation using fuzzy PID and PID
controllers under external disturbance.
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Table 7 quantitatively evaluates the average control performance of the three UAVs operating in
a triangular formation under external disturbances applied along the z-axis. The table directly
compares the performance of the PID and fuzzy PID control strategies. The results show that fuzzy
PID achieves a rise time of 1.40 s, which is shorter than the 1.62 s for traditional PID, reflecting a
quicker response to system fluctuations. Although the settling time for both methods is nearly
equivalent (50.01 s), a significant difference is evident in the overshoot and steady-state error.
Specifically, the overshoot for fuzzy PID is 88.58%, much lower than the 227.50% for PID,
indicating that the fuzzy controller significantly reduces transient oscillations under noise conditions.
At the same time, the steady-state error for fuzzy PID is 0.4060 m, considerably less than the 1.0272
m for PID, demonstrating higher stability and accuracy in the steady-state. Overall, Table 7 shows
that fuzzy PID outperforms traditional PID in noise filtering, reducing transient oscillations, and
enhancing trajectory tracking accuracy, thereby improving the effectiveness of maintaining the
formation of the UAV system.

Table 7. Evaluation of average quality control metrics for three UAVs in triangular
formation at altitude Z using fuzzy PID and PID controllers (external disturbance

conditions).
ormation Triangular formation (fuzzy PID) Triangular formation (PID)
Rise time (s) 1.40 1.62
Steady time (s) 50.01 50.01
Overshoot (%) 88.58 227.50
Steady-state error (m) 0.4060 1.0272

Table 8 presents a quantitative comparison of control performance between PID and fuzzy PID
under conditions with external noise and wind disturbance, using MSE and RMSE metrics across the
x-, y-, and z-axes. The results show that fuzzy PID significantly outperforms PID, with substantial
reductions in error across all axes; specifically, the MSE decreases by approximately 72.5% (x-axis),
78.1% (y-axis), and 88.8% (z-axis). At the same time, RMSE decreases correspondingly, reflecting
the ability to reduce oscillations and improve trajectory tracking accuracy. These results confirm that
fuzzy PID has better noise resistance and maintains greater stability, making it more suitable for
UAYV systems operating in real-world noisy environments.

Table 8. Quantitative comparison of control performance using PID and fuzzy PID
controllers (external disturbance conditions).

Quality index MSE MSE RMSE RMSE
Controller (PID) (fuzzy PID) (PID) (fuzzy PID)

X 0.932266 0.256639 0.8894 0.4859

Y 0.938519 0.205686 0.9004 0.4501

z 1.364383 0.153018 1.1681 0.3912

Figures 20-23 present the position response of a trio of UAVs flying in a triangular formation in
the three-dimensional space under the influence of external noise and wind disturbance, utilizing two
controllers: PID and fuzzy PID. Figure 20 illustrates the 3D trajectory along the x-, y-, and z-axes,
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showing that the fuzzy PID controller enables the UAVs to follow the desired trajectory more
smoothly, with smaller deviations and less oscillation compared to PID. Figures 21-23 provide a
detailed analysis for each axis: on the x- and y-axes, fuzzy PID demonstrates the ability to reduce
oscillations and shorten settling time, whereas PID exhibits larger oscillations and a longer
stabilization time. On the z-axis (Figure 23), the difference is even more pronounced, as fuzzy PID
maintains a more stable altitude under the influence of wind disturbance, with significantly smaller
deviations and less oscillation compared to PID. The results indicate that these images align with the
quantitative analysis, confirming that fuzzy PID significantly enhances trajectory tracking
performance, increases noise resistance, and ensures stability for UAV systems in real-world

operating environments.

3D Trajectory of 3 UAVs with External and wind Disturbances (Fuzzy-PID vs PID)
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Figure 20. 3D position response X, y, z with triangular formation using fuzzy PID and

PID controllers under wind and external disturbance.
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X Position with External and wind Disturbances (Fuzzy-PID vs PID)
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Figure 21. X position response with triangular formation using fuzzy PID and PID
controllers under wind and external disturbance.
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Figure 22. Y position response with triangular formation using fuzzy PID and PID
controllers under wind and external disturbance.
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Z Position with External and wind Disturbances (Fuzzy-PID vs PID)
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Figure 23. Z position response with triangular formation using fuzzy PID and PID
controllers under wind and external disturbance.

Table 9 presents the results of a comparison of the average control performance metrics of three
UAVs operating in a triangular formation under the influence of external noise and wind disturbance
along the altitude axis. The results show that the fuzzy PID controller significantly outperforms the
traditional PID controller on key criteria. The rise time decreases from 1.62 (PID) to 1.43 s (fuzzy
PID), indicating faster response. At the same time, the overshoot percentage drops sharply from
204.83% to 110.55%, demonstrating better oscillation damping and improved system stability.
Additionally, the steady-state error decreases from 0.7136 to 0.2245 m, confirming higher trajectory
tracking accuracy. However, both controllers have equivalent settling times of 50.01 s, indicating that
the long-term convergence process primarily depends on the system dynamics and noise conditions.
These results highlight the effectiveness of the fuzzy PID method in enhancing control performance
in uncertain environments.

Table 9. Evaluation of average quality control metrics for three UAVs in triangular
formation altitude Z using fuzzy PID and PID controllers (wind and external disturbance

conditions).
ormation Triangular formation (fuzzy PID) Triangular formation (PID)
Rise time (s) 1.43 1.62
Steady time (s) 50.01 50.01
Overshoot (%) 110.55 204.83
Steady-state error (m) 0.2245 0.7136
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Table 10. Quantitative comparison of control performance between PID and fuzzy PID
controllers (wind and external disturbance conditions).

Quality index MSE MSE RMSE RMSE
Controller (PID) (fuzzy PID) (PID) (fuzzy PID)

X 0.911284 0.292970 0.9113 0.5250

Y 1.12453 0.257515 1.0166 0.5053

z 1.331349 0.166584 1.1538 0.4081

Table 10 presents the results of a quantitative comparison of control quality between the
traditional PID controller and the fuzzy PID controller under simultaneous external noise and wind
disturbance conditions. The results show that fuzzy PID achieves lower MSE and RMSE values than
PID across all three motion axes (X, y, and z). On the x-axis, MSE decreases from 0.911284 to
0.292970, corresponding to an improvement of approximately 67.85%, while RMSE decreases from
09113 to 0.5250. For the y-axis, MSE decreases from 1.12453 to 0.257515, representing an
improvement of about 77.10%, and RMSE decreases from 1.0166 to 0.5053. The most significant
improvement occurs on the z-axis, where MSE decreases from 1.331349 to 0.166584, equivalent to
an improvement of approximately 87.49%, and RMSE decreases from 1.1538 to 0.4081. The
simulation results demonstrate that the fuzzy PID controller achieves superior trajectory tracking
accuracy and enhanced disturbance rejection performance compared to the conventional PID
controller. In conditions with combined wind disturbance, MSE decreases by up to 87.49% along the
z-axis, and RMSE decreases from 1.1538 to 0.4081, demonstrating superior disturbance rejection
performance compared to the conventional PID controller. In particular, the substantial reduction in
z-axis error indicates that the adaptive adjustment mechanism based on fuzzy inference is highly
effective in altitude control, which is significantly affected by lift forces, aerodynamic disturbances,
and wind effects.

The results from Figures 6-23 and Tables 3-10 provide a comprehensive evaluation of the UAV
control system's performance under various operating conditions, showing that the fuzzy PID
controller achieves superior trajectory tracking quality with smaller oscillations and shorter settling
times compared to the traditional PID, particularly in environments with external noise and wind
disturbance. Quantitative metrics such as overshoot, steady-state error, MSE, and RMSE are
significantly improved, with the greatest improvement observed on the z-axis, reflecting good
adaptability to nonlinear characteristics and environmental fluctuations. In combined noise scenarios,
fuzzy PID maintains stable responses, while PID exhibits larger oscillations and higher cumulative
errors. This result confirms the consistency between qualitative and quantitative analyses and
demonstrates the effectiveness and applicability of the proposed method. Additionally, under the
influence of wind disturbances and parameter uncertainty, the fuzzy inference mechanism serves as
an adaptive nonlinear regulator, continuously updating the gain based on the system's state to
enhance robustness and noise resistance. However, the system's performance still depends on the
structure of the membership functions; thus, sensitivity analysis regarding parameters such as
centroid position, width, and overlap will be conducted in future studies to optimize and ensure the
long-term stability of the controller.

In addition, to evaluate the effectiveness of the controller, a systematic comparative analysis is
conducted with nonlinear control strategies and typical formation control methods published in the
literature [6-8,12,13,16,30-34], as summarized in Table 11. The analysis is based on four core
criteria, namely (i) the completeness of the 6-DOF nonlinear dynamic model, (ii) the ability to
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explicitly consider external disturbances in the design and evaluation of control, (iii) the existence of
a theoretical stability analysis foundation, and (iv) the ability to implement within the geometric
formation control structure.

Table 11. Comparative evaluation of representative UAV control strategies.

Ref. Method Full 6-DOF Disturbance  Stability Formation Control
nonlinear model considered analysis control complexity
[6] Robust LQR Partial Yes Yes No Medium
[7] Nonlinear Hoo Yes Yes Yes No High
[8] Fuzzy terminal Yes Yes Yes No High
SMC
[12], Fuzzy PID Partial Limited No No Low
[13]
[16] Distributed MPC  Yes Yes Yes Yes High
[30-34] PID/MPC Mostly linearized Limited Partial Yes Medium-hi
Formation gh
This Mamdani fuzzy  Yes Yes (bounded  Simulation-ba Yes (triangular ~ Medium
study PID formation external sed bounded  leader-follower)

disturbances)  response

The results presented in the previous sections indicate that the proposed Mamdani fuzzy PID
controller provides significant improvements in transient performance and steady-state accuracy
under both nominal conditions and when subjected to external disturbances. The system maintains
bounded error and stable responses even under the influence of bounded noise, demonstrating the
control structure's effective noise filtering capability. Compared to robust nonlinear control strategies
such as Hoo [7] or sliding mode control [8], the proposed method achieves competitive performance
in handling disturbances while significantly reducing computational complexity and parameter
design requirements, thereby increasing feasibility for practical implementation. Additionally,
formation control strategies based on distributed MPC [16], while advantageous for handling
constraints and optimizing trajectories under uncertain conditions, often entail high computational
costs and require continuous information exchange between agents. In contrast, the proposed
leader—follower triangular formation structure in this study uses fixed geometric deviation vectors to
simplify the coordination mechanism, reduce communication load, and maintain the geometric
formation in the three-dimensional space. Furthermore, it is essential to note that many previous
formation control works [30—34] primarily relied on linearized or partially nonlinear models and did
not conduct comprehensive disturbance evaluations on the complete 6-DOF Euler—Lagrange
dynamic model. In contrast, the current study explicitly considers the interplay between rotational
and translational dynamics while integrating a model of bounded external noise into simulations and
performance evaluation, thereby providing a more accurate analytical framework for real operational
conditions. Overall, the comparative analysis shows that the proposed method achieves a reasonable
balance between the accuracy of the nonlinear model, noise filtering capability, computational
efficiency, and the ability to maintain geometric formation. This balance is particularly suitable for
multi-agent UAV systems that require real-time deployment, given limited computational resources
and communication infrastructure.
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5. Conclusions

The paper proposes a triangular formation control method for UAVs based on a leader-follower
structure, combined with a Mamdani fuzzy PID controller, on a fully nonlinear 6-DOF model.
Simulation results indicate that the proposed method achieves superior performance compared to
traditional PID controllers under various operating conditions. In noise-free conditions, fuzzy PID
significantly improves response quality, reducing rise time from 3.29 to 2.03 s (~38%), decreasing
overshoot from 55.74% to 50.30%, and lowering steady-state error from 0.0365 to 0.0315 m
(~13.7%). Additionally, MSE and RMSE metrics show significant reductions, especially on the
z-axis, with MSE decreasing by over 56.9%, demonstrating improved trajectory tracking accuracy.
Under external noise conditions, fuzzy PID exhibits strong noise suppression capabilities, reducing
overshoot from 227.50% to 88.58% (~61%) and steady-state error from 1.0272 to 0.4060 m
(~60.5%). MSE decreases by up to 88.8% on the z-axis, indicating good adaptability to
environmental disturbances. In conditions with combined external noise and wind disturbance,
performance continues to improve significantly, with MSE decreasing from 1.331349 to 0.166584
(~87.49%) and RMSE decreasing from 1.1538 to 0.4081 on the z-axis. Simultaneously, overshoot
decreases from 204.83% to 110.55%, and steady-state error decreases from 0.7136 to 0.2245 m,
demonstrating the ability to maintain stability and accurate trajectory tracking in complex real-world
environments. Quantitative results show that the fuzzy PID controller not only significantly improves
trajectory tracking quality but also enhances the robustness, noise resistance, and stability of the
formation UAV system. The proposed method achieves an effective balance between control
accuracy, computational complexity, and practical applicability, making it particularly suitable for
multi-agent UAV systems operating in uncertain environments.

In the future, this research will be expanded in several key directions to enhance both theoretical
rigor and practical applicability. First, a rigorous stability analysis based on Lyapunov theory will be
developed to provide mathematical guarantees for the closed system. Next, the proposed control
method will be validated through experimental implementation on real UAV platforms. At the same
time, the methodological framework will be extended for multi-UAV systems with a more flexible
formation structure, incorporating advanced functions such as obstacle avoidance and adaptive noise
estimation. Additionally, practical factors of the communication channel in the leader-follower
structure, including transmission delays, packet loss, and asynchronous information updates, will be
systematically examined. Furthermore, comparative studies with advanced nonlinear and optimal
control methods, such as model predictive control (MPC) and adaptive backstepping, will be
conducted to clarify performance trade-offs.
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