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Abstract: This paper focuses on two-dimensional (2D) incompressible magnetohydrodynamic (MHD)
equations with only fractional horizontal dissipation A{”u and Afﬁ b in the spatial domain Q = T X R
(where T = [0, 1] is a periodic box, and R is the whole line). For this system, Feng, Wang, and Wu
assessed the global stability of perturbations near the steady solution given by a background magnetic
field A = (A;,A,) with Ay, A, € R and established nonlinear stability in the Sobolev space H 3(Q). In this
paper, we consider the stability problem in the lower regularity space H*(Q2). By applying the Holder’s
inequality with various anisotropic fractional exponents and some special anisotropic interpolation
inequalities, we obtain the global stability of the system when a € (0, 1] and g € [0, 1] in H*(Q). In
addition, we prove that the oscillation part (u, b) of the solution in H 1(Q) decays to zero exponentially
1n time.
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1. Introduction

Magnetohydrodynamic (MHD) equations describe the fundamental physical laws governing the
motion of electrically conducting fluids such as plasmas, liquid metals, and electrolytes. MHD equations
have been widely used in the study of astrophysics, geophysics, and cosmological phenomena (see,
e.g., [1-3]). Particularly, under some specific physical conditions, MHD equations can model so-called
anomalous diffusion or attenuation phenomena by incorporating fractional Laplacian operators (see,

e.g., [4, 5]).
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MHD equations involving fractional dissipation are also mathematically significant. These equations
not only allow us to investigate a family of equations simultaneously but also provide a comprehensive
understanding of how the behavior of solutions changes with the dissipation power. Two-dimensional
(2D) incompressible MHD equations with fractional dissipation can be written as

ou+u-Vu+v(-A)*u+ VP =B-VB,
OB+u-VB+n(-APB=B-Vu, (1.1)
V-u=V-B=0,

where u represents the velocity field, B represents the magnetic field, and P denotes the pressure. The
positive constants v and 7 are the viscosity and the magnetic damping coefficients, respectively. The
fractional partial operator (—A)“ is defined by the Fourier transform

(AY£(&) = 1EPf (&)

Here, we also write A** = (=A)® for any @ € R. In particular, A>** with & = 0 becomes the identity operator.

Due to their physical applications and mathematical importance, the MHD equations with frac-
tional dissipation given by (1.1) have recently attracted considerable interest. So far, substantial
progress has been achieved in the analysis of global regularity (see, e.g., [6—10]) and well-posedness
(see, e.g., [11-14]); further related results can be found in [15-19]. However, there are relatively
few studies on the stability problem of System (1.1). In fact, studying the global stability of System
(1.1) is significant for understanding the behavior of solutions during long-term evolution and how the
system responds to small perturbations. In recent decades, increasing attention has been devoted to the
stability problem of MHD equations, particularly for systems with partial dissipation (see, e.g., [20-24]).
Specifically, Feng, Wang, and Wu [22] analyzed the stability problem for the 2D incompressible MHD
system with fractional horizontal dissipation

6,u+u-Vu+VP+vA%“u:B-VB,
d:B+u-VB+nA¥B=B-Vu, (1.2)
V-u=V-B=0,

where the spatial domain is defined as
Q=TxR

with T = [0, 1] being a 1D periodic box and R being the whole line. When «, 8 > 0, the authors in [10]
established the nonlinear stability in the Sobolev space H*(Q2) for perturbations near any fixed magnetic
field B” = A = (A}, A,) with A}, A, € R. Furthermore, in the case of @ = 1 and 8 = 0, Feng, Hafeez, Wu,
and Regmi [21] obtained the stability of the solution (i, b) in H*(€2) when B is close to the equilibrium
state B = (1,0).

Based on [21] and [22], a natural question is whether the global stability holds in H*(€2) with lower
regularity when the horizontal dissipative powers @ and S satisfy 0 < a,8 < 1. The answer is affirmative.
In this paper, we investigate the stability problem of System (1.2) near the equilibrium state

u® =(0,0), BY=A=(A,A),
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where A; and A, are arbitrarily fixed real numbers. Let (u, b) be the perturbation near the steady state
@®, B®) with b = B — A. The system governing the perturbation is given as follows:
O +u-Vu+VP+vAu=5b-Vb+A- Vb,
Ob+u-Vb+nAPb=b-Vu+A-Vu,
V-u=V-B=0,
u(x,0) = up(x), b(x,0) = by(x).

(1.3)

In order to understand the desired stability, we utilize the properties of the spatial domain €, which
allows a physical quantity to be decomposed into its horizontal average and the corresponding oscillation
part. Precisely, for a function f = f(xi, x,) integrable in x; on T, we define the horizontal average

F) = f o, xo)dn (14)
T

and write .
f=r+f (1.5)
This decomposition and the oscillation part possess several desirable mathematical properties, such
as that f and f are orthogonal in L2(Q2), and that the oscillation part f satisfies a very general strong
Poincaré type inequality. Detailed statements and proofs are given in Lemmas 2.1 and 2.2.
To estimate the nonlinear terms in the spatial domain €2, Feng, Wang, and Wu [22] used the following

inequality:
f fghdx
Q

Applying the inequality (1.6) and some anisotropic inequalities, the nonlinear stability for System
(1.3) in H*(Q) is established. Compared with [22], we focus on the stability in the framework of H*(Q).
However, using the existing methods in [22], the stability problem in the lower regularity space H>(Q2)
cannot be resolved. Therefore, some new approaches are needed. In the following, we will briefly
describe the main differences between our methods and those in [22].

Unlike inequality (1.6), we utilize Holder’s inequality with various anisotropic fractional exponents
in this paper. For example, when 0 < @ < 1, we use the following inequality:

< CllAllz2, myrg oll8lleg ez, ol wozz, o)- (1.6)

ghdx
Q

< C”f”Li»'}(R)Lx%l(T)”g”L‘%Z(R)L%‘(T)”h”Liz(R)L}I%" . (1.7)
Here, || f]] L5 B2 ) represents the L*®-norm in the x,-variable over T, followed by the L®-norm in x,
over R. To derive the upper bounds of the terms on the right-hand side of inequality (1.7), we use some
elementary 1D interpolation inequalities (see Lemma 2.3 for details), Minkowski’s inequality, and the
Sobolev embedding W!=P/22(T) — L*7(T) for any fixed 5 € (0, 1]. These tools allow us to obtain, for
€>0,7€(0,1]and y € [0, 1],

I Llie I 1,
71 )sc(||f||Lz<Q)+||Aﬁ Fliza + 1Al +1IA,7 A f||Lz(g)),

2
n
X

X2 1

and 1
1 L

3 2

i, 2 < Clllg, (12l 2y + IA]Bll2)” -

2
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The detailed proofs can be found in Lemma 2.4.

Applying Holder’s inequality with various anisotropic fractional exponents and the inequalities in
Lemmas 2.3 and 2.4, combined with a very general strong Poincaré-type inequality, we establish the
global stability for System (1.3) when 0 < @, 8 < 1 in H*(Q).

Theorem 1.1. Let Q = T X R, with T = [0, 1] being a 1D periodic box and R being the whole line.
Let v,n > 0, a € (0,1], and B € [0,1]. Consider (1.3) with the initial data uy, by € H*(Q), and
V-uy=V-by=0. Then, there exists a constant &, := gy(v,n) > 0 such that if € < gy and

lluollzz + Dol < &, (1.8)

then (1.3) has a unique global solution that remains uniformly bounded,

! !
2
()2 + 1B +2v f IASu(D)|dT + 21 f N2 B pdr < €162, (1.9)
0 0

for some constant Cy and for all t > 0.

The proof of Theorem 1.1 is not trivial. A natural starting point is to bound ||u(z‘)||i,2 + IIb(z‘)IIiI2 via
energy estimates. The framework of the proof for the H>-bound is the bootstrapping argument (see,
e.g., [25]). The process starts with the setup of a suitable energy functional. More precisely, we set

t t
2
E(1) == sup (lu(D)ll} + I6(D)Il7) + 2Vf IASu(D)ll;pdT + 277f IATBOIl, .
0 0

0<7<t

We primarily focus on proving that for some constant C > 0 and for all 7 > 0,
E() < E0)+ CE(t)%. (1.10)
The bootstrapping argument then implies that when
lluollz + llboll2 < &,
there exists a constant C; > 0, and for any 7 > 0,
E(t) < C&.

We thus derive the global uniform H 2_bound for (u, b) and stability. .
The second main result indicates that the oscillation component (i, b) decays to zero exponentially
in time in the H'-norm.

Theorem 1.2. Let uy, by € H*(Q) with V - ug = V - by = 0. Assume that (uy, by) satisfies (1.8) for
sufficiently small € > 0. Let (u, b) be the corresponding solution to (1.3) with « € (0, 1] and B € [0, 1].
Then, the H'-norm of the oscillation part (u, b) decays exponentially in time,

GOl + Ol < C (ol + Wbollz) e, (1.11)

for some constant C, > 0 and for all t > 0.
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Remark 1.1. For a,p € (0, 1], Theorems 1.1 and 1.2 address the stability and decay of System (1.3)
near the origin u® = (0,0), B? = (0,0), which corresponds to the stability and decay of System (1.2)
about the steady state u® = (0,0), BY = A = (A}, A,).

When B = 0, and a € (0, 1] with (A}, A,) # (0,0), the state u® = (0,0), BY = A = (A, A,) is no
longer a steady state of System (1.2). In this case, the conclusions of Theorems 1.1 and 1.2 are only
suitable for System (1.3) (i.e., the following system (1.12)) near the origin u® = (0, 0), B? = (0, 0).

Ou+u-Vu+VP+vAu=b-Vb+A-Vb,
ob+u-Vb+nb=>b-Vu+ A -Vu,
V-u=V-B=0,

u(x,0) = up(x), b(x,0) = by(x).

(1.12)

The structure of this paper is as follows. In Section 2, we present some properties of the orthogonal
decomposition, prove a very general strong Poincaré-type inequality for the oscillation part, and derive
several anisotropic inequalities with fractional derivatives. Section 3 is devoted to the proof of Theorem
1.1, and Section 4 proves Theorem 1.2.

2. Preliminaries

In this section, we first give some fundamental properties of the horizontal average and corresponding
oscillatory part. Then, several anisotropic inequalities with fractional derivatives are presented, which
are crucial in the proofs of Theorems 1.1 and 1.2.

Lemma 2.1. Assume the 2D function f defined on Q = T X R is sufficiently regular. Let f and fbe
defined as in (1.4) and (1.5). Then,

f=0, 9 f=0F=0, 0of =rf, Oof = f. 2.1)

If f is a divergence-free vector field (i.e.,V - f = 0), then both the average component f and the
oscillatory component f inherit the divergence-free property,

V-f=0 and V-f=0. (2.2)
Let Q = T xR. Forany f € L*(Q), we have

(/. 1) = fg Ffdx =0, NfIBaq = 1M + 1T, (2.3)

Proof of Lemma 2.1. It is easy to show (2.1) by the definitions of f and f IfV.f=0,then
0=0if+0of =01 [+ f =V -f=V-f-V-f=-V-f.

For (2.3), according to the definitions of f and f,

(ﬁf)=Lffdx:fﬂ{f(ﬁf(xl,xz)dxl)dxzzo.

This completes the proof of Lemma 2.1. O
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The following lemma assesses that the oscillation part 7 obeys a very general strong Poincaré-
type inequality.

Lemma 2.2. Let Q =T X R, and let fbe the oscillation part of f. Then, for anyy > 0,
1flliz@) < 1A} flliz) = 1A fllzzco. (2.4)

Proof of Lemma 2.2. Invoking the Fourier transform, we have

e = > | lfonéPds

nezZ,n#0 R

< ), | wrfmerde
nezZ,nz0

— IAY 112
- ”A]f”LZ(Q)

In addition,

Y, [ wrifoerds =Y, [ wrifo.ofds = IR,
R R

nezZ,n#0 nez

where f(n, £) is the Fourier transform of f in Q, and

fn,&) = f f O )™ dxdy.
RJIT

This completes the proof of Lemma 2.2. O

Next, we present some basic interpolation inequalities for one-dimensional functions on the whole
line R and bounded domains (including periodic domains), respectively.

Lemma 2.3. ([26]) For any 1D function f = f(x),
(1) suppose that f(x) € HV/P*<(R) with € > 0, which gives

1l < € (Ul + IA2* flliz) (2.5)
(2) suppose that f(x) € HYP*<(T) with € > 0, which gives
1l < C (I + A2 flliagn) (2.6)
(3) suppose that f(x) € H*(T) for any a € [0, 1], which gives
1 1
1, 20 ey < € (U A Ay + Uiz @.7)

As a consequence of (2.5)—(2.7), we obtain the anisotropic inequalities with fractional derivatives in
the following lemma.
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Lemma 2.4. Let Q =T X R. For any 2D function f = f(xy,x;) on Q,
(1) suppose that f € H'(Q) withy € [0, 1], which yields

1

1 i
3 2
A1, o < Oy (Il + AT L)

X2

(2) suppose that f € H'**¢(Q) with € > 0, which yields
lie lie lie lie
Mm@ < € (Il + AT Fllzay + 1857 Al + 18] 7A; ™ Al )
(3)suppose that f € H'*¢(Q) with € > 0 sufficiently small. For any fixed n € (0, 1],

I lie I 1,
Il s scwﬂm@uWAfﬂMQHWA;fmmﬁWAfAzfmmJ

LY LT (Q)

< Cllflla (@)-

Proof of Lemma 2.4. We first prove (2.8). It follows from (2.7) that

(74| =H||f||z
2L (Q) Ly, (T) 2,®

1 1
< Ut o INAIE,
X] X1

L}, (R)
1 1

1 1
< Cl ANy (I8 Fllzey + 1 ll2@) -

To prove (2.9), we resort to Minkowski’s inequality, (2.5), and (2.6),

Al = {|1s, e

Lre
< |1z, + 183713

L(T)

L5 (T)

lie
<C ””f”Lffi(T) + H”Azz f”Lf:.j (M

L3, (R)

lie
< |1z + 183" Al o,

L3, (R))
L, ®)

lie lie, lie
+ IS Alliz, oy + IATAS™ Al ey

12,®)

l+E l+45 l+e l+e§
<C (||f||L2(Q) +IAT fllz + A5 fllizg +IIA] A5 f||Lz(Q))-

(2.8)

(2.9)

(2.10)

For (2.10), applying (2.5), Minkowski’s inequality and the Sobolev embedding W\!="/22(T) —s L*/"(T)
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for any fixed n € (0, 1], we have

I;
L (D)

AL 5 < il

L)@ 2

2
L} (T)

lie
< |1z, + 1837l

Lve
A, Sl 2

L (T

+
13,(R)

<C ‘Ilfll,z,

1

L3, (R)]

I lie Lo 1ie
< C(||f||L2(Q) +IA2 fllz +IAS flleg) + 1A AS f||L2(Q))
< Cllflla@)-

This completes the proof of Lemma 2.4. O
3. Proof of Theorem 1.1
This section proves Theorem 1.1. Our main efforts are devoted to establishing (1.10).

Proof of Theorem 1.1. To establish the global existence and stability of the solutions to (1.3), we first
prove the local existence result, which can be achieved by the standard contraction mapping argument
combined with a local-in-time a priori bound. The application of the contraction mapping argument is
standard and can be found in [27]. Here, we focus on deriving the local a priori bound. Taking the inner
product in H? of (u, b) in (1.3), we find

d 2
(IO + WBCOI:) + 2AIAT R + 2lATBiL

:—2fVu-Vw-dex+2f[Vb+(Vb)T]-Vj-dex—ZfVu-Vj-dex
Q Q Q

(3.1)
+2fQ-jdx+2fVQ»dex
Q Q
= L+L+L+1+ s,
where [|(u, )II7. = I, DT> + I, B)IIF, + I, D)3 Here, in order to estimate the H'-norm and
H?-norm, we employ the vorticity equations associated with the system (1.3),
w+u-Vo+vA®w=b-Vj+A-Vj, 32)
Oij+u-Vi+nAPj=b-Vo+Q+A- Vo, '

with
Q = 20,b1(0u; + 01u) — 20,u,(02b, + 01b,),

where the w = V X u is transported by the velocity field, and the j = V X b indicates the current density.
By Holder’s, Minkowski’s, Young’s, and Sobolev inequalities, (2.8), and (2.9), we have for sufficiently
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small € > 0 and a € (0, 1],

< IVl s IVl 2 Vol e

| X9 x|

NI—

1
< ClIVull IVl 2Vl (IVellz + 1A Vel 2
1 1
< Cllullgz Vol IVl (1Yol + 1A Voll,)*

10
2 3 3
< ellAGulR + C (o + el ).

For I, when a € (0, 1],

Ll < CIIVBIL, 2Vl iz IVl , 2

xp g X Loxy

1
< CIVBl IV jll 21Vl (IVwll2 + A Vol )

0=

1 1
< ClIblle IV ANVl IVl + AT Vall,)*
10
< el ASull}n + c(n(u, D) + I, b>||;2).

For the term I3, it follows for 8 € (0, 1] that

< CIVull 319z 2 IV,

Xp X ‘X9 X1

1 1

< CIVullp IV ANV AL (IV il 2 + 1AV i)
1 1
< Cllull IV il 21V A (1V il + IASV )
2 10

< &l DIl + c(nw, D). + i, bl )

H2
and when S = 0, it follows from (2.9) that

1] < ClIVull g 1 1Vl 2 1V llz2 22
1 1 1 1
< C(nwan + AVl + |IA27 V|2 + ||A12+EA22+EVM||L2) 16112

To proceed the estimate of /5, we consider two cases: @ € (0,1/2] and @ € (1/2,1]. If @ € (0, 1/2],
choosing € small enough, we have

liema, tee, o
L] < C(nunHz FIATTOATA wan)nbnf,z .
< (Il + ATl o DI

When a € (1/2, 1], choosing € = @ — 1/2, we obtain

1
3+e
2

1
s+e

A

AVl = [[ATATVull,, < ClIATull ..
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Thus, for 8 = 0 and a € (0, 1], the following estimate holds:

1151 < C(llulz + AT ull2 1611
< ellAfully, + C (Il DI, + 16113) -

For 1,, by Holder’s, Young’s, and Sobolev inequalities, we have for 8 € (0, 1] that

4] = 'Zf [201D1(02uy + 01uz) — 201u1(02b1 + 01b2)] - jdx
Q

< CVBlg s IVl 511,

X x xp xy

lie LB . . . 3
< C(I9bllx + 13 ™Vl JIA T Va5 (1 + A1)

1 1
< CllBle el 11 (112 + 1A 1)

2 10
< || AJbll, + C(Il(u,b)llip + [I(u, DI ; )

kA
and in the case of 8 = 0, it follows that
] < IVl 12 1Vullz, g iz 12
< (9Bl + 137Vl ) IVl + 1AVl bl
< Cllulle 1B < &bl + Cle, ).

For the last term /5 in (3.1), we first deal with the special case 8 = 0 and @ € (0, 1],

|I5| = '2 f \Y) [2(91b1(62u1 + Blug) - 2(91”1((92[?1 + 61b2)] . V]dx
Q

2 . 2 .
< CIVEDllz, 2 [IVullig 1 IV fllzz, 2+ CIVDIL 211V u||L2 2Vl 2

X2 X9 x|

1 € 1 € 1 € 1 € .
< C(nwuLz + ATVl + A2 Va2 + AN VuuLz) V21 211V 2

1 1
+ CIVBl IV2ull s (1922 + IATV2ull ) V1,2
< C(llll g + Al o DI,
< &llATullz + C (Il DI + b1

In the case of @, 8 € (0, 1], Is can be bounded as

2 . 2 .
<
sl < CIVBlz, 2 I9ull 3 IVG0  p + CUVBIL 292l o 19l 12

-"2L"’1 xp Fxy Rl xp Hxq
2 . . By %
< CIVblI I Vall IV A (I 71,2 + AV 2 )
! bo
+ CIVBl IVl (192l 2 + IASVull,2) IV 1,2
< C(Ibll + IASBIL IGe D)3 + C(llullz + AT ull g2 161
2
< &ll(ATu, D)l + C (I, DI + 1, D3z

Communications in Analysis and Mechanics Volume 18, Issue 2, 419-443.



429

Inserting these estimates above into (3.1) yields a differential inequality that establishes the local upper
bound for ||(u, b)||.

To prove the global existence and the stability result, we need to obtain the uniform-in-time H>
estimate. Due to the equivalence of ||(u, b)||2 with ||(u, b)||,2 + ||(u, b)|| 2, it suffices to estimate the L2
and homogeneous H?-norm of (u, b). It is easy to see that,dueto V-u =V - b =0, we have

1 !
2
(@I, + Ib@)IIZ + ZVf IASu(@)|ljdT + 277f IATB@ 2dr = lluoll} + l1bol 7. (3.4)
0 0

To estimate the H>-norm, we resort to the vorticity equations (3.2). Taking the inner product of (Vw, Vj)
with the gradient of (3.2), due to V- u = V - b = 0 and after integrating by parts, we have

1d 5
EE(Ilu(t)llzz + ||b(t)||i~,2) +VIATUlls + nlAPBI,,
=_ fVu.Va)‘dex+f[Vb+(Vb)T].Vj.dex—fVu-Vj.dex+ fVQ.dex 3.5
Q Q o 5
=-M+N+J+K.

For the first term M, we break it into four terms as

M =- f(?lul(@]a))zdx - f(')]uz(')]w@za)dx
Q Q

— f@gulﬁlwazwdx - f@zuz(égw)zdx
Q Q
=: M, + M, + M;+ M,.

M, and M, can be bounded directly. By Lemma 2.1, 0,z = 0, and d,u = 0;u. Applying Holder’s
inequality, Lemma 2.2, and Lemma 2.4, we have for a € (0, 1] that

|M1| = '—fﬁﬁ[ﬂ?l@@ladx
Q

Pl _ _
< CINTl 3 101z 2, 1013,

1 1
—_ —_— —~ — —~ 2
< CUIALT 101112 10,31, (101l 2 + A0, )

2
< Cllull g2 |AT ul .-

Similarly, for M,, when « € (0, 1], we have

|M2| = '—f@ﬁt}@l@azwd}c
Q

< C||01u; 2 |10 2 ||0hw
017l 101, 1020l

1 1
— ~5 — —~ 2
< Clldvmall 101011, (101@11,2 + 1A501@11,5) 18202

2
< Cllull 2 |AT ull.-
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The estimate of M; is slightly more delicate.
M3 = - f@zulﬁlw{)zwdx = — f 62 (ﬂ] +’l/71)(91662 ((I) + E)dx
Q Q

= - f@zit]a@aza)dx - fazft]a]aazadx - f@{ﬁlélaagwdx
Q Q Q
= M31 + M32 + M33.

The first term M3, is clearly zero:

M31 = —f@zﬁlalaéza)dx = —f@zﬁlaz&) (fa]adX])dXZ =0.
Q R T

The terms M3, and M33 can be bounded in a similar manner to M;. When a € (0, 1],
|M3,| < Clidaitllpg 101012 g2 1102000122 12,
_ lie, _ — —_
< C(||(92M1||L2 + ||A22 (92M1||L2) 101 wl| 21|02 wl| 2
2
< Cllullg=|ATully,
and

|M33| < Clldaull %||315||L2 21020l 12
xp by o Loxy

1 1
~ ~n3 —~ —~ 2
< Clldsim [l 1010117, (101@l1.2 + 1A 81@l12) 18200l 2
2
< Cllullg2 || AT ully..-

For M,, when « € (0, 1], it follows that

|My| =

f afﬁl (02(,7) + 825)2a’x
Q

:'2f815182@625dx+f@lﬁl({)z&)zdx
Q Q

< Clowll 2 (10200212, +10213,02 ) 10200, 2

< IO el 10T (10502 + AT 0,,.)'
< Cllull A ully.
Thus, for @ € (0, 1] and g € [0, 1], we have
M| < Cllulll| A ully.
For the term N in (3.5), when 8 = 0 and a € (0, 1],

IN| =

f[Vb +(Vb)"]1- V- Vwdx
Q

I-a
xp Hxy

<CIVall 2 1V]llz, 2z, IIVwIIL22 2

xp xq

D=

1
< ClVBI IVl IVl IVl + 1A Voll,»)
< ClBIE (Il + IAGul2)

(3.6)
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In the case of @, € (0, 1], we can decompose N as

N:2f81b181j(91wdx+f(?lbz(?zj@]wdx+f(?zb]@]j(')za)dx
Q Q Q

+2f@zbzazjazwdx+f@lbgﬁljazwdx+f@zblazj(?lwdx
Q Q Q

=:N;i+Ny+ N3+ Ny+ N5+ Ng.

According to Holder’s inequality, Lemma 2.1, Lemma 2.2, and Lemma 2.4, for N;, we have for
a,B € (0, 1] that

|N1| = ‘Zfalglaljaladx
Q

< Clldibill . 2110111z, 2, 1010l e

xp Hxq X x|
—_ —_ 1 ~ o ~
< IO 101 il 10,31, (1,2 + 1A, )
< Cllbllyzlll\’fblleIIA‘fulle.
Similarly, for N,, it follows for a, 8 € (0, 1] that

=

Ny = f 01520,j6,@dx
Q
< CloNBl 102z, 0T o

D=

— 1 — o~
< ClIBally 191,210, @1, (10,312 + 1A D1l
< CIUNSBI 1Dl Al

For N3, it can be split into three terms,

N; = f 8:b,0, jorwdx = f 82(by + b)), jO> (@ + @) dx
Q Q

fg 8,510, jorvdx + fg 8,510, jo,dx + fQ 025101 jOrwdx
=: N3 + N33 + N3s.
Obviously, the first term N3 is equal to zero; for N3, we estimate for , 8 € (0, 1] that
N3l < Clldballis 101 /1.2, 12 1022, 12
< C(Ilﬁzl_?]llL2 + ||A2%+E(92[71||L2) 101 7112110, .
< ClIBllIA)BI AT ull 2.

For N33, when a, 8 € (0, 1], we have

N33l < CllO2bull 211001l , 2 (10202 12

X2 X X

—_ — 1 —_ — 1
< ClIA2b1 [l 101 712 (101 71,2 + 1ASD1 11,2 ) 1820l 2
2
< CIASBI ol 2.
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For N4, we continue to decompose it into three terms,
Ny =— 2 f (?fl;laz(j + }362((]) + a)dx
Q
= - 2falzlézjagd)dx— 2f(913182]_'625dx— 2[8151827(920)01)6
Q o) o)
= N41 + N42 + N43.
Clearly, N4; = 0. For Ny, when a,8 € (0, 1],

< C||6\b i o
|Nao| < C||31[91||L§%LX%1||32J||L§2L)2rl ||52w||L)2(2 x‘%"

—_ _ 1 ~ o~ 1
< CllalblllHl||62j||L2||a2w||22(”62w”L2 + ||A1<9zwIILz)2
< CIASBI 1Bl 1Al

The term Ny3 can be similarly bounded for o, 8 € (0, 1],

Nisl < ClOBi 5102711 2 dscllz 12

szx] xp x|
—_ ~ 1 —_ —_ 1
< ClIO1b1 10217 (10212 + 1A] 31l ) 12001l
2
< CIATBIl e

The estimates for N5 and Ny follow from those for N, and Ni, respectively. Thus, for @ € (0, 1] and
B € [0,1], we have

INT < Cllas Bl (ISl + 1A ). (3.7)
As for J, similar to N, it follows for @ € (0, 1] and g € [0, 1] that
1 < €l bl (IAG s + IAGBIL ). (3.8)
For the last term K in (3.5), we further write it into eight terms,
K = L V [20,b1(0u; + 01uz) — 201uy(02by + 01by)] - V jdx
= 2fQV [01D1(02u; + O1uy)] - Vjdx — ZLV [01u1(02b1 + 01b,)] - Vjdx
= 2[961%1@[1 - Vjdx + 2[9611)102%” - Vjdx + 2L81Vb161u2 - Vjdx
+ ZLalblaquz - Vjdx — 2[901%1182191 - Vjdx - 2L31M152Vb1 - Vjdx

-2 f 81Vu181b2 : V]dx -2 f 31M1(91Vb2 . V]dx
Q Q

=: K1+ K +K;+ K+ Ks + Kg + K7 + K.
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Similarly, we estimate the case 8 = 0 and @ € (0, 1]. According to Holder’s inequality and Lemma 2.4,

we have
K7 + K3 + K¢ + Kj|

2 .
< CIV?bllz2 12 IVl 5 19l 2, 12

Lie lie lie lie 3.9
< C(nwuLz + AVl + A2 Va2 + |ATAT Vuan) 161175 59

< C(llullgz + ATl IBIG,,

and
|K2 + Ky + K5 + K7|
2 .
< C“Vb”L;; éuv un%ﬁnv]n@gl

(3.10)

1 1
< CUIVBl IV%ull, (19202 + IATV2ull ) 1Bl
< C(llullgz + A ull 1B,

Next, we consider the case @, € (0, 1]. For Kj, it can be divided into two pieces,

Kl :2f61Vb182M1 V]dx
Q

=2 f alalblagl/l]a]jdx +2 f alazblazulazjdx
Q Q
=: K1 + Kqp.
For K, one has for 8 € (0, 1] that
K| = ‘zfalal’glazulal;dx
Q

< ClDBi iz I0mll

2 2
B 1-B

[N
Xz Xl sz Xl
— — 1 —_ —_ 1
< C110,81b1 210010 1 191 112101 il 2 + 15011, )°
2
< CllulllIA7 Bl 5o

For K;,, we can decompose it as
Ky =2 f 010,010 (ity +))3(] + J)dx
Q

=2 fg 810251011105 jdx + 2 fg 810,510,110, jdx + 2 L 810,5,0,10,0, jdx
=: Ky + Kiop + Ki23.
Clearly, K5, = 0. For K, when 8 € (0, 1],
K1l < Cll002bullzz, 12, 1028l 192112, 12
< C1I01Dab i (102l + 1A Bai 12 1921

2
< Cllull 2 |ASBI .
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A similar bound holds for K>3 when @, € (0, 1].

(K123l < Cll010abull - 2 Mool 211021112 12

xp Hxq xp xq
~ 1 —_ — 1
< C11010:611;(11010261 112 + 1N;0102D1,2 ) 19721l 162,12
< Clbll e lIATull 2 ASB,o.
Thus, for a, B € (0, 1], we have

2
1K\ < Cll(u, D)lle (||Aa’u||i,z n ||A’fb||H2). (3.11)
Similar to K, for @, € (0, 1], K, can be bounded by
2
1K) < Cll(u, D)l (||A‘fu||i,z N ||A’fb||H2). (3.12)

Next, we estimate K3. By Holder’s inequality, Lemma 2.1, Lemma 2.2, and Lemma 2.4, we get for
a,B € (0, 1] that

IK5| = '2falvzlal’ﬁz~vj'dx
Q

<CloVhl - I3l 21V
110 1||L§2L;13B|| 1 2”L§‘;L§|” ]||L§2L§,l (3.13)

— 1 —_ — 1
< ClI8, VB l;5(101 Vbill2 + A0, Vb1, ) 101l 1V 112
< ClbllplIASull, IAB,o.
For K, when a,8 € (0, 1],

|K4| = ‘2[6{5161V1/72 . V]dx
Q

<Clobyll 2110Vl - 2 |IVll g2
LLE gl et (3.14)

o 1 1
< C1101 b 11101 VIl 2 (1101 Vital 2 + A0 Vitall ) 1V 2
< ClbllelIATull 2 IAB,o.

The estimates for K5 and Ky are similar to those of K;. The terms K7 and Kg can be bounded in the
same manner as K4 and K3, respectively. Thus, for a,8 € (0, 1], we have

K+ Ko + Ko+ Kl < Cll, Bl (IASull + A7) (3.15)
Collecting the bounds from (3.9)—(3.15), we have for @ € (0, 1] and 8 € [0, 1] that
K| < Cli(u, D)l g2 (IIA‘fullf,z + IIA'beIi,z)- (3.16)
Combining the upper bounds in (3.6)—(3.8) and (3.16), we get

2
|M| + N[ + [J] + |K| < Cli(u, b)l| 2 (IIA‘I’ullﬁz + ”A?b”Hz)- (3.17)
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Then, we can obtain from (3.5) that
2
I, + 1B@I + 2VIATully + 20l AT,

! 2
<E0)+C f lulle + 1602 (NS + AT )l 3.18)
0

!

< E(0) + C sup ([lu(Dll 2 + 1D(D)|52) (IIA‘fu(T)IIf,z + IIAfb(T)Ilzz)dT.

0<r<t 0

Adding (3.18) to (3.4), we have
E(t) < E0) + CE(1)?.

By the bootstrapping argument, if E(0) is sufficiently small (i.e., E(0) < &* for some & > 0), then there
exists a constant C; > 0, and for any 7 > 0,

E<C 182.
This completes the proof of Theorem 1.1. O

4. Proof of Theorem 1.2

This section proves Theorem 1.2. We consider the equations of (i, b) and apply the properties of the
orthogonal decomposition and various anisotropic inequalities.

Proof of Theorem 1.2. We first write the equation of (it, b). According to Lemma 2.1, we have d,ii = 0
and

u- Vit = u101it + ur0rit = 05 1.
Using the divergence-free condition V - u = 0 and Lemma 2.1, we have
oy + 0ty =0 =11, =C,
where C is a constant. Furthermore,
lliall 2 < llull 2 < oo.

Consequently, we deduce that
i, =0 and u-Vu =0. 4.1

Similarly,

b, =0 and u-Vb =0. 4.2)
Taking the average of (1.3) and using (4.1) and (4.2), we have

6lﬁ+u-Vﬁ+( O_)+VA%‘" =b-Vb+A-Vb,
9, P (4.3)

Ob+u-Vo+nAlb=b-Vu+A- Vu.
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Taking the difference between (1.3) and (4.3), we find

—_— 4.4)

O+ u - V~+u202u+VP+vA2“~—b Vb + bydyb + A - Vb,
Qb+ u- Vb + u00b + nNFb = b -V + bydyii + A - Vu.

Taking the inner product of (u, E) with (4.4) yields

(|r1|L2 + ||b||Lz) + AT + I ABIL
f u- Vi - dx — f Ol - Td X + b Vb - Tdx + f by0b - Tidx
Q

fuf\V/b bdx — fuzazﬁ-de+fb-Vﬁ-bdx+fbﬁﬂ-bdx
Q Q Q

O1+ 0+ 03+ 04+ Q05+ Q¢+ Q7+ Os.

4.5)

For Oy, by Lemma 2.1 and divergence-free conditions, we have

Ql:_fu/.\v_/’b‘[.ﬁdx:—fu-Vﬁ-ﬁdx+fu-W-ﬁdx=0.
Q Q Q

For Q,, according to (4.1), Holder’s inequality, Lemma 2.2, and Lemma 2.4, we get for a € (0, 1] that

03] = ’ f et - Tdx

< C”~2I|L2 2 10aall IVIIL2 2, < CllullpelIA] .
For Q3 and Q7, by Lemma 2.1 and divergence-free conditions,

0s+ 0, = b/-\V{l;-Zde+fbf-\VJL7-F5dx
Q Q

:fb-VE-de— b-V’E-’JdHfbva-'l;dx—fb-w-bdx
Q Q Q Q
- 0.

In the case of @ € (0, 1] and g € [0, 1], Q4 can be bounded by

f bzazb udx
Q

Similar to Q;, we have Qs = 0. For Q¢, when a € (0, 1] and 8 € [0, 1],

1Q4l = < CIIbzIIL2 12 102l Il 2 12 < CIATBI 1Bl AT

< Clillzz, 12 10:Bls 1Bl 2 12 < CIATE bl NGB .

106l = ]— f Tdab - b
Q

For Qg, when B € [0, 1], we have

fzzazﬁ de
Q
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Inserting the estimates for Q; through Qg into (4.5), we have
%(Ilﬁlliz + IIEIIiz) + (2v = ClI(u, b)llg2) IS + (21 — Cli(u, b)llg2) ”A%”iz <0.
By Theorem 1.1, if € > 0 is sufficiently small, and ||ugl|z2 + ||boll2 < &, then || (u, D) ||z < Ce, and
2y = Cll(u, D)2 2 v, 21 = Cll(u, D)l = 7.

Then, we get
d — 9 2
d—t(miz " ||b||Lz) + VIAYTE, + IAZB, <.

Invoking the Poincaré inequality in Lemma 2.2 and applying Gronwall’s lemma, we obtain
2 72 —Cst
l[ullz2 + 116112 < (lluollz2 + llbollz2) e, (4.6)

where C; = C3(v, 1) > 0. N
Next, we turn to the exponential decay of ||(Vu(z), Vb(2))||;2. Applying V to (4.4) yields

VI + V(i Vi) + V(usdoii) + VVP + vAZRViT = V(b - Vb) + V(bs8,b) + V(A V), “n
9,V + V(i - Vb) + V(u0,5) + pAPVb = V(b - Vid) + V(badoit) + V(A V). '
Taking the L? inner product of System (4.7) with (Vi, Vb), we have
52 (IVAE: + IV ) + IAS VR + VB
=- f V(- Vi) - Viidx — f V(up0,ii) - Virdx + f V(b - Vb) - Vidx
Q Q Q
; f V(b2,5) - Viidx - f V(u-Vb) - Vbdx - f V(120,5) - Vbdx 4.8)
Q Q Q

n f V(b - Vi) - Vbdx + f V(b,0,ii) - Vbdx
Q Q
=:Ri+Ry+R3+ R4+ Rs + Rg + R; + Rg.

For R;, when a € (0, 1], it follows that

|R1|:‘—fwu-vm-vadﬁfwu-m-vadx
Q Q

=‘—fVu-V17-Vide
Q

< C||Vu Vil u
I ||L;3an;1|| ||L§2L§1||V7|L§2LL

=

1 1
< ClIVull IVl 211Va) (V2 + 1A Vi)’
< Cllul e I V.
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For R,, we can decompose it as

R2 = - aluzazﬁ . Gl'ﬁdx - btzalazﬁ : 617[dx

(92142(9217! . 6zﬁdx -

h:o

uzazazﬁ : (92?[(1’)6

S—5—

=: Ry + Ry + Ry; + Ros.

In the case of @ € (0, 1], R; can be bounded by

IR>1| = ‘—fafl:t-zazﬁ -0udx
Q

According to the definition of &, we have 0,z = 0. Then, we obtain

R22 = - f I/lzazalb_l . ('){L?dx =0.
Q
For R,3, when a € (0, 1], we have

|Rx3| =

fﬁﬁiﬂ?zﬁ : azﬁdx
Q

< ClNNT N2, 12 1027l 1932 2 12 < Cllull I A V.
From (4.1), we know that i1, = O; then, for R,4, when «a € (0, 1],

|R24| = ’— fﬁzazagﬁ . ﬁzﬁdx
Q

< Cl%”mﬁ 1020,illr2 12 ||32511|L2 s

2N X X

1 1
< Cllial 11102057l 210221 (1027012 + 1AG D5l )
< Cllull e A Va3,

Thus, when a € (0, 1], we have
IRyl < Clludlp IAS Val .

Regarding R; and R7, we have

R3+R7:fV(b-VZ)-V‘ﬁdx—fV(b-VZ)-V‘JdHfV(b-va)-Vde
Q Q Q
—fV(b.Vu).Vde
Q
:beVZ-WdHfb-vfﬁva'dﬂbe-Vﬁ.Vde
Q Q Q
+fb.vz'ﬁ-v'z§dx
Q

=be-VZ-Vﬁdx+be-va‘-dex.
Q

Q

—_ _ 2
< ClNTl 2, 12 1027l 191 2 12 < Cllull I A V.
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Then, we get for @ € (0, 1] and g € [0, 1] that

IRs + Ry < CIIVDl 2 IIVbIIL2 i IVl

X2 Xl

1
< cnvzanm||Vb||Lz||m|,;(||vm|Lz + AV, )’
< Clbll 2 IASVall NIAS VB

Similar to R,, for R4, when @ € (0, 1], and B8 € [0, 1], we have
@ 2 Byt 2
Rl < Cllblly» (IIAIVMIU " ||A1Vb||L2).

In the following, we estimate Rs. In the case of § = 0 and a € (0, 1],

|R5|:'—fV(u-V'E)~Vde+fV(u.VZyVde
Q Q

:'—fVu.VB-Vde—fWVE-Vde

< Clivall IVbII . IIVbIIL2 , + CliVallg VB2 VB2

1 xz *]

3 3 ~ ~2
< CIIVMIZZ(IIVﬁ]ILz + ”A?Vﬁ“LZ)Z||Vb||H1||Vb”L2 + |Vl VDIl 2
—~ ~ 2
< CIATVull 11Dl IVDl 2 + Cllullg2 IV DI 2.

When a, 8 € (0, 1], Rs can be bounded by

IRs| < Cl[Vull IIVbIIL2 z, IIVbII 2

-
xz xl ‘(2 x|

~ 1 —_ 1
< IVl IVB VBl (VB2 + IASVE,)’
— 2
< Cllull IV,
Accordingly, we have for a € (0, 1] and S8 € [0, 1] that
—~ 2
IRs| < Cl|(u, )|z (IIATVﬁlliz + IIA[beIILz)-

For Rg, when 8 = 0, and @ € (0, 1], thanks to &, = 0, we have

IRl = '— fﬁzazvﬁ - Vbdx — f Vi, 0,b - Vhdx
Q Q

< Cllallys 1 10: VB2 12 1VBll2 12+ ClIVEally2, 12 1025115 IVBl2 12,

< C(|r“2||Lz FIAT Dol + A2 TBll2 + AT AL uanz) 16112211 V5l 2
+ IVl (1928l + 1A ™02l ) IVB

< ClIAY VRl 216112 VB -
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When a, B € (0, 1], it follows that
|Rs| < C”b”HZHA(fVZ‘“Lz||A€VE||L2-

For the last term Rg, we similarly start by discussing the case 8 = 0. By the definition of the horizontal
average,

|Rg| =

f Vb,0,ii - Vbdx + f b>0,Vii - Vbdx
Q Q

< ClIVballzz 12 102ll5 VBl 2, 12+ Cliballs 2, 102 Villz IVBII2, 12
< CIIBalla (1022 + 1A; ™ Buillyz ) IVl + C (1Bl + 1Al e V51
< Cllull2 V5.
On the other hand, when «, 8 € (0, 1], similar to R,, we have
IRs] < CllulzIN°VBIL».

Substituting the estimates for R, to Rg into (4.8), we conclude that

d —~ 2
Z(nvmﬁz n ||Vb||Lz) + Qv = Cll(u b)) AV
— 2
+ 217 - Cllu b)) IAPVBIL, < 0.

Choosing & > 0 is sufficiently small. According to Theorem 1.1, when |jug||;2 + ||boll;2 < &, we have
Il (u(t), b(®)) |l < Ce and

2y = Cllu, D)l = v, 21 = Cll(u, D)l = 1.

Thus,
d —~ 2 — 2
E(nvmﬁz " ||Vb||Lz) + VNSV, + glIAPVBIL, < 0.

Using Gronwall’s lemma, we have
— 2
Va7, + VBl < (IVuoll2 + 1Vboll2) e, 4.9)

where Cy = C4(v, 1) > 0.
Combining the estimates in (4.6) and (4.9), we obtain the desired decay result. This completes the
proof of Theorem 1.2. O
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