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Abstract: This note corrects an inaccuracy in the paper ”Nontrivial solutions for the Laplace equation
with a nonlinear Goldstein–Wentzell boundary condition” by the author, which appeared in Commun.
Anal. Mech. 15 (2023), no. 4, 811–830. In particular, we point out that the bounded open set Ω must
be connected for some of the main results in the paper to hold. To motivate this claim, we give an
example of a disconnected open set Ω combined with a partition (Γ0, Γ1) of its boundary, for which the
potential–well depth associated to the problem vanishes. When this occurs, the framework developed in
the paper breaks down. We also show that, conversely, when Ω is connected, this phenomenon does not
show up and all assertions in the paper are correct.
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1. The content of the paper [1]

The aim of this note is to correct an inaccuracy in the paper [1]. To keep the discussion as self–
contained as possible, we first recall the problem studied in [1] and summarize its main results.

We are dealing with the doubly elliptic problem
∆u = 0 in Ω,
u = 0 on Γ0,
−∆Γu + ∂νu = |u|p−2u on Γ1,

(1.1)

where Ω is a bounded open subset of RN (N ≥ 2) with C1 boundary Γ = ∂Ω (see [2]). Moreover, we
assume that Γ = Γ0∪Γ1, Γ0∩Γ1 = ∅, Γ1 being nonempty and relatively open on Γ (or equivalently Γ0 = Γ0).
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We denote byHN−1 the Hausdorff measure, see [3], Chapter 1, pp. 15–16. By the Area Theorem,
the restriction of HN−1 to measurable subsets of Γ coincides with the (N − 1) – dimensional area
on the manifold Γ, see [4], Theorem 9.27, p. 253, and [5], Chapter 2, p. 19. We also assume that
HN−1(Γ0 ∩ Γ1) = 0 andHN−1(Γ0) > 0.

Moreover, in (1.1), we respectively denote by ∆ and ∆Γ the Laplace and the Laplace–Beltrami
operators, while ν stands for the outward normal to Ω. The nonlinearity |u|p−2u is superlinear and
subcritical with respect to the Sobolev embedding H1(Γ) ↪→ Lp(Γ), that is,

2 < p < r, where r =

 2(N−1)
N−3 if N ≥ 4,
∞ if N = 2, 3.

(1.2)

We introduce the space

H1 =
{
(u, v) ∈ H1(Ω) × H1(Γ) : v = u|Γ, v = 0 on Γ0

}
.

The linear and bijective operator (u, u|Γ) 7→ u from H1 onto the space

H1
Γ0

(Ω,Γ) = {u ∈ H1(Ω) : u|Γ ∈ H1(Γ); u|Γ = 0 on Γ0}, (1.3)

allows us to identify H1 with H1
Γ0

(Ω, Γ), which we shall do throughout. Hence, we shall write, without
further mention, u ∈ H1 for functions defined in Ω. Moreover, when working with u ∈ H1, we will
often omit the trace notation u|Γ when it is clear from the context. Lebesgue spaces and integrals on the
boundary will be the ones which are defined in relation withHN−1, the notation dHN−1 being dropped
in integrals, so

∫
Γ1
|u|2 =

∫
Γ1
|u|2 dHN−1.

The space H1 is naturally equipped with the topology inherited from the product, which is induced,
see Lemma 1 in [6], by the norm |||·|||H1 given by

|||u|||2H1 =

∫
Ω

|∇u|22 +

∫
Γ1

|∇Γu|22,Γ1
+

∫
Γ1

|u|2,

where ∇Γ denotes the Riemannian gradient on Γ, | · |Γ = (·, ·)1/2
Γ

, and (·, ·)Γ denotes the Riemannian scalar
product on the tangent bundle of Γ.

The following result, which is going to be discussed in the sequel, is a key one in [1].

Lemma 1 ([1, Lemma 1]). LetHN−1(Γ0) > 0. Then, setting for all u, v ∈ H1

(u, v)H1 =

∫
Ω

∇u∇v +

∫
Γ1

(∇Γu,∇Γv)Γ, and ‖ · ‖H1 = (·, ·)1/2
H1 , (1.4)

‖ · ‖H1 defines on H1 a norm equivalent to |||·|||H1 .

We now introduce the potential energy functional I : H1 → R given by

I(u) = 1
2

∫
Ω

|∇u|2 + 1
2

∫
Γ1

|∇Γu|2Γ −
1
p

∫
Γ1

|u|p. (1.5)

By assumption (1.2) and standard results one has I ∈ C1(H1) = C1(H1;R). By[1, Lemma 3], critical
points of I coincide with weak solutions of (1.1). They are defined as u ∈ H1 such that∫

Ω

∇u∇φ +

∫
Γ1

(∇Γu,∇Γφ)Γ −

∫
Γ1

|u|p−2uφ = 0 for all φ ∈ H1.
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The potential–well depth d associated with the functional I, and hence with problem (1.1), is defined by

d = inf
u∈H1,u|Γ.0

sup
λ>0

I(λu). (1.6)

The positivity of d is asserted in [1]. This assertion, which is an essential part of the following main
result of [1], will be discussed in the sequel.

Theorem 1 ([1, Theorem 1]). When (1.2) holds, problem (1.1) has at least a couple (u,−u) of antipodal
weak solutions in H1 such that I(u) = I(−u) = d > 0.

Moreover d coincides with the Mountain Pass level of the functional I, that is,

d = inf
σ∈Σ

max
t∈[0,1]

I(σ(t)), where Σ = {σ ∈ C([0, 1]; H1) : σ(0) = 0, I(σ(1)) < 0}.

By using Lemma 1 one introduces the positive constant

B = sup
u∈H1\{0}

(∫
Γ1
|u|p

)1/p

(∫
Ω
|∇u|2 +

∫
Γ1
|∇Γu|2

Γ

)1/2 , (1.7)

and state the second main result in [1].

Theorem 2 ([1, Theorem 2]). When (1.2) holds, setting

λ1 = B−p/(p−2) and λ2 = B−2/(p−2), (1.8)

one has
d =

(
1
2 −

1
p

)
λ2

1 =
(

1
2 −

1
p

)
λ

p
2 . (1.9)

Moreover, if u is a weak solution of (1.1) with I(u) = d, we also have∫
Ω

|∇u|2 +

∫
Γ1

|∇Γu|2Γ = λ2
1 and

∫
Γ1

|u|p = λ
p
2 .

Finally, weak solutions at the energy level d are least energy non–trivial solutions of (1.1), that is, for
any nontrivial weak solutions u of (1.1) one has I(u) ≥ d.

The third main result in [1] reads as follows.

Theorem 3 ([1, Theorem 3]). When (1.2) holds there is a sequence (un)n of nontrivial weak solutions
of (1.1) such that I(un)→ ∞ as n→ ∞.

2. Corrigenda

The author recently pointed out that Ω must be connected for some of the results in the previous
section to hold. More specifically, when Ω is disconnected, Theorems 1 and 2 may be wrong, together
with Lemma 1, also depending on the location of the part Γ0 of the boundary where the Dirichlet
homogeneous condition is posed. As long as Theorem 3 is concerned, its proof is correct only when Ω

is connected, but we have no evidence that its statement fails to hold when Ω is disconnected.
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To prove our claim concerning Theorems 1 and 2 and Lemma 1, let us consider the case when
Ω = Ω1 ∪ Ω2, with Ω1 and Ω2 open and nonempty, Ω1 ∩Ω2 = ∅, and Γ0 = ∂Ω2, Γ1 = ∂Ω1, so Γ0 and Γ1

are nonempty as well.
We introduce the characteristic function χΩ1 of Ω1, as a function defined in Ω, up to a.e. equivalence.

It has a representative, with vanishing gradient, in C∞(Ω) , hence also in H1(Ω). Moreover, trivially
χΩ1 |Γ ≡ 0 on Γ0 and χΩ1 |Γ ≡ 1 on Γ1. Consequently we have ∇χΩ1 ≡ 0 in Ω and ∇ΓχΩ1 ≡ 0 on Γ1. By
(1.3) and the identification between H1 and H1

Γ0
(Ω,Γ) made above, we have χΩ1 ∈ H1 and

‖χΩ1‖
2
H1 = (χΩ1 , χΩ1)H1 = 0. (2.1)

Since χΩ1 . 0 and (2.1) holds, in this case the form (·, ·)H1 defined in H1 is not even positive definite,
so ‖ · ‖H1 is not a norm on H1 and Lemma 1 is wrong.

Moreover, in this case, the potential–well depth d defined in (1.6) vanishes. To prove this assertion,
we point out that, as done in the proof of [1, Lemma 6], an easy calculation shows that, for any u ∈ H1

with u|Γ . 0, one has

sup
λ>0

I(λu) = max
λ>0

I(λu) =

(
1
2
−

1
p

)  ‖u‖H1(∫
Γ1
|u|p

)1/p


2p
p−2

≥ 0. (2.2)

By (2.1) and (2.2), when selecting u = χΩ1 , one has supλ>0 I(λu) = 0. Hence, the infimum in (1.6) is
attained, as a minimum, when u = χΩ1 , so d = 0 in this case. Consequently, a part of the statement
of Theorem 1 is wrong. Moreover, in this case the functional I does not even possesses the geometric
properties which characterize Mountain Pass type critical points, since α, ρ > 0 such that

I(u) ≥ α when |||u|||H1 = ρ, (2.3)

can not exist. Indeed, when selecting u = χΩ1 , one has I(λu) = − 1
pλ

p[HN−1(Γ1)]p < 0 for all λ > 0,
making (2.3) impossible. Hence, the whole of Theorem 1 is wrong.

As to Theorem 2, it can be stated only when the constant B defined in (1.7) is well defined. But,
when taking u = χΩ1 in (1.7), the denominator in the fraction vanishes, by (2.1), so the fraction and the
supremum, are ill defined in this case, making the numbers λ1 and λ2 in (1.8) ill–defined as well. So,
also Theorem 2 is wrong in this case.

Let us now explain at which point the proofs of Theorems 1–3 and of Lemma 1 fail and how they are
correct when Ω is connected. The proofs of Theorems 1–3 use Lemma 1, and its failure is responsible
for the incorrectness of Theorems 1 and 2. Hence, we just have to analyze the proof of Lemma 1.

A careful examination of this proof shows that it is correct only when Ω is connected, as we are
going to explain. By [3], Chapter 2, Theorem 2.6.16, p. 75, one derives that, whenHN−1(Γ0) > 0, the
capacity B1,2(Γ0) is positive. One then applies [3], Chapter 4, Corollary 4.5.2, p. 195, to conclude that
the following Poincaré-type inequality holds: there is a positive constant c1 = c1(Ω,Γ0) such that

‖u‖2 ≤ c1‖∇u‖2 (2.4)

for all u ∈ H1(Ω) such that u|Γ = 0 on Γ0. Unfortunately, the author did not notice, before the publication
of [1], that in the reference [3], Chapter 4, p. 195, Corollary 4.5.2 is obtained as a consequence of
Theorem 4.5.1, where Ω is assumed to be connected.
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Therefore, the assumption that “Ω is a bounded open subset of RN” must be replaced in paper [1]
by “Ω is a bounded domain (that is, a connected open subset) of RN”. This assumption appears in two
instances, in Abstract and at the beginning of Section 1 of [1]. Under this new assumption, all the results
in paper [1] hold.

3. Final remarks

As explained in [1], the doubly elliptic problem (1.1) is motivated by a series of papers by the author
concerning wave equations with hyperbolic dynamical boundary conditions, boundary damping, and
source terms. The prototype of this kind of problems is the evolutionary boundary value problem

utt − ∆u = 0 in (0,∞) ×Ω,
u = 0 on (0,∞) × Γ0,
utt + ∂νu − ∆Γu + |ut|

m−2ut = |u|p−2u on (0,∞) × Γ1,

(3.1)

where u = u(t, x), t ≥ 0, x ∈ Ω, and ∆, ∆Γ stand for the operators defined above, when they are taken
with respect to the space variable.

The initial–value problem associated with (3.1) was introduced in [7] and then studied, as a particular
case, in [8, 9] and [10]. We refer to [8, 11] for the physical derivation of the problem, describing the
vibrations of a membrane with a part of the boundary carrying a linear density of kinetic energy.

When dealing with problem (3.1), one also assumes that

m > 1, p ≤ 1 + r/m′, where m := max{2,m}, (3.2)

the last assumption being related to the correct definition of weak solutions of (3.1), and with well–
posedness issues.

As proved in [1, Lemma 2], when (1.2) and (3.2) hold, weak stationary solutions of (3.1) coincide
with weak solutions of (1.1). Hence, when applying Theorems 1–3 to weak stationary solutions of (3.1),
one also has to assume that Ω is connected.

In conclusion, we would like to point out that, while in the present note we corrected the paper [1] in
the simplest possible way, that is, by taking Ω connected, other corrections are possible. For example,
one can strengthen the conditionHN−1(Γ0) > 0 as follows: one assumes that the intersection between Γ0

and the boundary of each connected component of Ω has positiveHN−1 measure. Since Ω has finitely
many connected components, one then trivially gets (2.4) also in this case.
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