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Abstract: In this paper, we present an analysis of the KH instability in 2D magnetohydrodynamic
(MHD) flows, providing rigorous confirmation that a parallel magnetic field can have a destabilizing

effect on this instability. When the Mach number M := VT' lies strictly between Moy, := /1 — }%ﬁ + €
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1. Introduction

In this paper, we provide rigorous confirmation that a parallel magnetic field does not always stabilize
the compressible system under consideration. More precisely, we consider the following compressible
inviscid MHD equations in the full plane R? for ¢ > 0:

0,0 + div(pu) = 0,

2
(9,(pu)+div(pu®u—H®H)+V(p+%):0, (1.1)

O,H-VxuxH) =0,

where p, u = (uy,uy), p, and H = (H,, H,) denote the fluid density, velocity, pressure, and magnetic
field, respectively. We assume that p is a C* function of p on (0, o) satisfying p’(p) > 0 for all p > 0.
For clarity, we adopt a polytropic pressure law p(p) = Ap” with A > 0, v > 1, and without loss of
generality, we set A = 1. The speed of sound c(p) is defined by

cp) = Np'),  p>0. (1.2)
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The system (1.1) is supplemented with the divergence constraint
divH = 0. (1.3)

This condition is preserved for all # > 0 if it holds initially.

Let U(t, x1, x2) = (o, u, H)(t, x1, x,) be a solution of (1.1) that is smooth on each side of a moving
interface I'(¢) := {x, = f(¢, x1)}. The front f is part of the unknowns, i.e., it is a free boundary, and x;
denotes the tangential coordinate. The interface I'(¢) separates R? into an upper domain Q*(¢) := {x, >
f(t, x;)} and a lower domain Q7 (¢) := {x, < f(t, x;)}. We denote

U+(t9 X1, -x2)9 in Q+(t)’
U_(t7 X1, x2)’ in Q_(t)a

(1.4)

where U™ = (p*, u™, H*). To be weak solutions of (1.1), such piecewise smooth functions must satisfy
the Rankine-Hugoniot conditions on I'(¢):

[j1=0,

Jlun] + (1 +@2f)P)g) = 0, jlu] = H,[H],
JIH:/p] = Hy[u-],

[H,] =0,

(1.5)

where j = p(0,f — u - n) is the mass transfer flux across the discontinuity surface, g = p + % is the total
pressure, n = (=0d,, f, 1) is a normal vector to I'(¢), and T = (1,0, f) is a tangential vector to I'(f) .We also
introduce the notation H, = H - n,u, = u-n, H, = H - t,and u, = u - 7. Here, [¢] = ¢ — ¢~ denotes the
jump of the function ¢ across the hypersurface I'.

Since we are interested in the KH instability for 2D MHD flows, there is no mass transfer across the
interface I'(¢):

j =0 onI(s). (1.6)

Now in view of (1.5) and (1.6), we obtain
[¢q1=0,H; =0 onT(2). (1.7)
Therefore, for the 2D MHD KH instability, the Rankine-Hugoniot conditions reduce to the boundary
conditions
Of=u"-n=u-n, p"+ |H2+|2 =p + |H2_|2, H" -n=H -n=0 on I'(?). (1.8)
The system (1.1) is supplemented with the initial data

(0, x) = py(x), u*(0,x) = ug(x), H*(0,x) = Hy(x) in Q*(0). (1.9)

Since p’(p) > 0, the function p = p(p) is invertible, and we write p = p(p). We define o(p) =
log(p(p)) and take o~ as a new unknown. In terms of (o, u, H), the system (1.1) can be written equivalently

as
0o+ Ww-VYo+V-u=0,

Qe+ (- Vyu+ Xo)Vo + LV = L(H.V)H, (1.10)
OH+w-VYH=(H -V)Yu—HV -u,
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where the speed of sound, now viewed as a function of ¢, is given by ¢*(c) = ye“~ D,
The jump conditions (1.8) can be rewritten as

H+2 ~ H—Z
u=e‘7“y+| 2' u n=u -n, H -n=H -n=0 on I'(¥). (1.11)

1.1. Rectilinear solution

It is easy to see that system (1.1)—(1.7) admits rectilinear solutions U = (f, p*, i*, H*) with the flat
interface {x, = 0} for all # > 0. Then Q* = R X (0, ) and Q™ = R X (—00,0) for all + > 0. More
precisely, the front is flat, i.e., f = 0. To ensure that the constant densities p* satisfy the jump condition
(1.7), we impose

pr=p =0, (1.12)
where p is a positive constant. The upper fluid moves horizontally with constant velocity, and the lower
fluid moves with the same speed in the opposite direction. That is, the constant velocity field &* takes
the form:

iut,0) x>0,
o R (1.13)
(ul > 0) Xy < 07
where the constants i and i} satisfy
iy = —ij. (1.14)
As in the work of Yu and Wang [1], the constant transverse magnetic field H is of the form:
H{,0) x, >0,
R (1.15)
(Hl ’ O) x2 < O’
where the constants H;, Hy satisfy
\HY| = |H . (1.16)

1.2. The new formulations

Our analysis in this paper relies on reformulating the problem in new coordinates. We first define the

fixed domains Q* as
Qf = {xERz:x2>0},

Q :={xeR’:x, <0}
We also define the fixed boundary I" by

(1.17)

F::{xeRZ:xZ:O}.

To transform the free boundary problem to the fixed domains Q*, we introduce a change of variables
that map the original domains back to the fixed ones:

(t, x) = (t, x1, X3 + Y(t, x)).

We construct ¢y by multiplying the front f by a smooth cut-off function in x,:

w(t, x) = )f(, x1), (1.18)

3(1
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where a := || follr~®) and fo(x1) := f(x;,0). Here, y € C’(R) is a smooth cut-off function satisfying
0 <y < 1, with y(xp) = 1 for |x;| < 1, y(xp) = 0 for |x,| > 3, and |0,x(x,)| < 1 for all x, € R, where
0; := 0/0x;. We also assume

I follom) < 1. (1.19)

Moreover, the following properties hold:

U(x1,0,1) = f(x1,0),
0 (x1,0,1) =0,
1
3(1+a)

(1.20)
|02y <

I£1-

The change of variables that transform the free boundary problem (1.10)—(1.11) to the fixed domains
Q* is given in the following lemma.

Lemma 1.1. Define the function ¥ by
Y(t, x) := (x1, % +Y(t,x)), (t,x)e[0,T]xQ. (1.21)

Then there exists T > 0 such that for each t € [0, T], the map ¥Y(¢,-) : (x1,x2) — (x1, X + Y(t, X)) is a
diffeomorphism from Q* onto Q*(t). In particular, ¥),—y : Q* — Q*(0) is a diffeomorphism.

Proof. Since || follr~®) < 1, we can choose T > 0 sufficiently small so that sup, 7 [|fllz~ < 2. Conse-
quently, the free interface remains a graph on [0, T'], and

1 1
LYt x)=1+ 82@0(1,)6) >1- § X2 = 5,
which ensures that for each ¢ € [0, T'], the map W(z,-) : Q — Q(¥) is a diffeomorphism. m]

We introduce the matrix

B ' 1 0
A=IPT ‘(—alw/J 1/J)’

where J = det[DY] = 1 + d,¢. Using the change of variables from Lemma 1.1, we transform the free
boundary problem (1.10)—(1.11) into a problem on the fixed domains Q*. Let us set

V(L x) = u (1, P(1, x)), B*(t, x) := H*(t, P(1, x)),
g (t,x) := p*(t,'¥(t,x)), ©0°(t,x):= p*(t,'¥(t, x)), (1.22)
h*(t, x) := o (1, P(t, x)).

In the rest of this paper, an equation written on Q is understood to hold on both Q" and Q™. For
convenience, we consolidate the notation by writing v, B, ¢, o, h to refer to v*, B*, g*,0*, h* except
when necessary to distinguish the two.

We introduce the notation:

V= ATV, AY = ATV - ATV. (1.23)

Communications in Analysis and Mechanics Volume 18, Issue 2, 366-399.



370

Then the system (1.10) and boundary conditions (1.11) can be reformulated as:

Oh+ @ -VYh+V/-v=0, in Q,
g+ @ Vv+AVh+ W = LB.V)B inQ,
OB+ {#-V)B+BVY.-v=(B-V)y, in Q,
V/B =0, in Q,
0. f =v-n, [e7h+%]=0, B-n=0, onT,

where we define
Vi=Av—(0,09/)) = (i, (v-n=904)/J),
B:=AB=(B,,B-n/J).

The initial data are required to satisfy

B _|B, P
0

Mo 2 e’hO+T Vg o = vy - ng, By -ng =0onT.

Notice that on the boundary I, we have

J=1, #=0, B, =0.

(1.24)

(1.25)

(1.26)

Since we are concerned with the KH instability in MHD flows, the instability manifests primarily at
the interface. To this end, we derive the evolution equation for the front f on the fixed boundary I'. First,

using the momentum equation in (1.24), we obtain on I':

O f =0y -n+vt-0n
1 ~ |B+|2
— (- V)t — > (B+ . V) BY + VRt + VwT) ‘n=v"-(0,0,f,0)

1
=—vopv' -n+ Q—+BféhB+ n—c*ATVh -n—vi0,0,f

1

B+ 2
=viomn-vt —vi0,0,f — —Bion-B* + *VYh -n— V‘/’l "
Q+

n—vo.0.f

B+ 2
=—2070,0,f — *V'ht - n - V‘”| |

1
- () f+g—+(Bl+)2a§ f on T.

Similarly, we obtain an evolution equation from the lower side:

B

O f = -2v,010,f = *V'h™ -n—-V’
Adding (1.27) and (1.28) yields the evolution equation for the front:

1
Of + (i +v))00.f + —((c*)zV‘/’h+ n+ (VYR - n)

JBP 1B *Iz )
—(V +V ‘n)+ = ((vl) + (V)2 f

1
- 5(Q—+(Bf)2 + E(B[) )a%f =0 onT.

1
n-— (vf)zaff + é?(B[)zé?%f onT.

(1.27)

(1.28)

(1.29)
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1.3. The wave equation for the pressure

Applying 9; + ¥ - V to the first equation in (1.24) and VY- to the second yields

@, +7-VV?h+ 0, +7- V)V v =0,
(1.30)

2
V(@ +7- V) + V- (PVR) + VY (év‘”%) = V. (é(é : V)B) .

Next, subtracting the two equations in (1.30) yields a wave-type equation for A:
|BI*
2
where ¥ denotes a collection of lower-order terms given explicitly by

1 BJ?
F=—[0,+7-V,V'v+ Ve Vh+V—. V‘”u
%

1
0, +7-V)?h—2Ah— —A =F, (1.31)
1.
—V¥(=B) - VB.
0

In contrast to the Euler case, the MHD wave equation (1.31) involves both / and B. To relate 4 and
B, we apply 0, + ¥ - V to the third equation in (1.24) and B - V to the second one, which yields

- 1 - B 1 .
0, +7-V)Y’B—=B0,+7-V)Y’h+c*(B-V)V'h+ —(B- V)ku ~ —(B-V)’B
o [ (1.32)
=G,
where G denotes the lower-order terms:
1. Bl?
G=0,+V-V)BY v+ [8,+V-V,B-Vu+B-Ve’VVh—-B-V-B-VB -V-— V‘”I l
o o
From the boundary conditions (1.8) , we obtain
5 IBP
[ + 7] =0 onI'(r), (1.33)

where [h] := h*|r — h™|r denotes the jump across ['(¢).
To close the system for 4, we supplement it with the jump of the normal derivative of the total
pressure. Subtracting (1.27) and (1.28) gives
L5

[*VYh - n + WT n] = [-2v1010,f — (v))*01f + (31)202 f] onT. (1.34)
Combing (1.34), (1.33), (1.32), and (1.31) yields the following closed system for h:

0+ V- V)Yh - *AYh — A%Mg =F in Q,

(0, +7-V)’B—=BO,+7-V)V’h+c*(B-V)Vh

+ (B V)V‘”g -~ I(B -V)’B =G, in Q, (1.35)

[ + g] =0 onT,

[*VYh - n + V‘ﬂ@ -n] = [<2v10,0,f — (v))* 0} f + é(Bl)zaif] onT.
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1.4. History result

In Chandrasekhar’s monograph [2], the stability problem of superposed fluids is classified into
two types. The first is the Rayleigh-Taylor instability. There is a substantial body of mathematical
work on the Rayleigh—Taylor instability; see, e.g., [3—7]. Ebin [8] established the instability of the
Rayleigh-Taylor problem for the incompressible Euler equations, while Guo and Tice [4] proved the
analogous result for the compressible inviscid case. Moreover, the Rayleigh-Taylor instability was
established for viscous compressible fluids in [5] and for the inhomogeneous Euler equations in [6].
The second type occurs when layers of stratified, heterogeneous fluids are in relative horizontal motion.
This paper is concerned with the latter.

The stability of two fluids in relative motion has attracted wide interest among researchers
from various fields. This instability is known as the KH instability, first studied by Hermann von
Helmbholtz [9] and William Thomson (Lord Kelvin) [10]. The KH instability is central to understanding
a variety of space and astrophysical phenomena involving sheared plasma flows, including the stability
of the magnetopause [11-13], interactions between solar wind streams of different velocities [14], and
the dynamics of cometary tails [15].

Much progress has been made on the well-posedness of the KH problem for ideal fluids. This
configuration is also known in the literature as ‘vortex sheets’, since the vorticity is concentrated as a
o-function supported on the velocity discontinuity along the sheet. In pioneering works, Coulombel
and Secchi [16, 17] proved the nonlinear stability of vortex sheets for ideal compressible flows using
microlocal analysis and the Nash-Moser iteration technique. Morando, Trebeschi, and Wang [18, 19]
later extended this result to two-dimensional, ideal, non-isentropic, compressible flows. For vortex
sheets in elastic fluids, Chen, Hu, and Wang [20, 21] proved that strong elasticity can suppress the KH
instability in the 2D case. Furthermore, Chen, Huang, Wang, and Yuan [22] established the stabilizing
effect of elasticity on 3D compressible vortex sheets.

Progress has also been made on the ill-posedness of the KH problem for ideal fluids. For incompressible
Euler flows, Ebin [8] proved the linear and nonlinear ill-posedness of the KH problem. Recently, we
proved the linear and nonlinear ill-posedness of the KH problem for incompressible MHD fluids [23]
under conditions that violate the Syrovatskij stability condition. For compressible Euler flows, normal
mode analysis [24, 25] showed that the linear KH instability is suppressed when the Mach number satisfies
M :=vi/c> V2, while the solutions become strongly unstable when M < V2. In [26], we proved that
the nonlinear KH problem for compressible Euler fluids exhibits the same ill-posedness as its linearized
counterpart [24, 25] under the condition ¢y < M < V2, where ¢ > 0 is a small fixed constant. Recently,
we also showed that weak elasticity has a destabilizing effect on the KH instability [27].

The linear theory of Chandrasekhar analyzes the KH instability in incompressible MHD fluids [2].
It is known that the instability sets in when the relative velocity between the layers exceeds twice the
local Alfvén speed, provided the magnetic field is aligned with the direction of maximum velocity shear.
Under the Syrovatskij stability condition, Sun, Wang, and Zhang [28] proved the nonlinear stability of
the incompressible MHD KH problem. In contrast, for a magnetic field parallel to the flow, we proved
in [23] that the incompressible MHD KH problem is both linearly and nonlinearly ill-posed when the
Syrovatskij condition is violated, using the framework introduced by Ebin [8]. For transverse magnetic
fields, Chandrasekhar observed that, in the linear regime, the development of the KH instability in the
streaming direction is unaffected by the transverse field. We further showed that the nonlinear MHD
KH problem exhibits the same ill-posed behavior as its linearized counterpart in this configuration [29].
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In the context of compressible MHD flows, Wang and Yu [1] demonstrated that, for 2D flows,
a parallel magnetic field stabilizes the KH instability when the Mach number satisfies either M <

w/l - ‘/1+ﬂ or M > 1+ 1+/3 For 3D compressible MHD flows, Trakhinin [30, 31] and Chen

and Wang [32] independently employed distinct symmetrization techniques to establish the linear and
nonlinear stability of compressible vortex sheets, highlighting the stabilizing role of magnetic fields in
such configurations. Conversely, in regimes where the magnetic field is sufficiently weak,we show in
this paper that a parallel magnetic field can have a destabilizing effect on the KH instability. Similarly,
we proved that a transverse magnetic field also has a destabilizing effect [33]. The mechanism of the
transverse field in ideal MHD flows operates via its contribution to the pressure, thereby modifying the
magnetosonic wave speed.

In this paper, through an eigenvalue analysis of the linearized KH problem for ideal compressible
MHD flows, we establish that, in the high-frequency limit, the perturbed interface exhibits instantaneous
growth when the Mach number satisfies

Motivated by the works [4, 26, 34], we further prove that the nonlinear system (1.1)—(1.7) is ill-posed
for Mach numbers in the range Mo, < M < M.

2. Main result

2.1. Definitions and terminology

Before stating the main result, we introduce some notation that will be used throughout the paper.
C > 0 denotes a generic universal constant that may depend on the parameters of the problem but not
on the data; its value may change from line to line. Such constants are referred to as universal and
are allowed to vary from one inequality to another. We write a < b to indicate that a < Cb for some
universal constant C > 0, and a > b is understood analogously.

Since we consider two disjoint fluid layers, for a function ¢ defined on Q, we write ¢* for its
restriction to Q* and ¢~ for its restriction to Q™. For any j € R, we define the piecewise Sobolev space
by

H/(Q) = {yly* € H/(Q"),y~ € H/(Q)), 2.1)

endowed with the norm ||:p||2 = |+ IIH/(Q+) + |l ||HJ(Q . The norm on H/(Q*) is defined by

J
ALY | ey oo Pand

; 2.2)
=> f (1 + 1Y 10301, M,
s=0 R
where I_ = (—00,0), and I, = (0, 00), and 1// denotes the Fourier transform of ¢ defined by
() = f ye "Vdx;. (2.3)
R
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For a function y defined on I' ~ R, we define the usual Sobolev space H/(R) ~ H/(T') as the set of
functions ¥ = y/(x;) for which the following norm is finite:

Wiy, = [ +pYidPan. 2.4)
To shorten notation, for j > 0, we define
WSS B, v, BYOllai = I f Ollaiay + 1hOlai) + (IVOllHi@) + 1B Hiq)- (2.5)

2.2. Main result

This paper is devoted to proving the ill-posedness of the KH problem for the MHD system under the
following condition:

1- 2 1 —
My, = 7|1 - —ﬁ-f-f()SM::uSMum, =41+ —'8—60, (2.6)
1+ c 1+

in which 8 := ;_}; and ¢ is a small but fixed number.

Definition 2.1. We say that the perturbed problem (6.8) has property EE(k) for some k > 3 if there exist
0,19, C > 0 and a function F : [0,0) — R* satisfying F(z) < Cz for z € [0, 6) such that for any initial
data (fy, ho, Vo) satisfying
1fos Fro. T, Bollue < 6, 2.7)
there exists a unique solution (f, h, v, B) of (6.8) with initial data (f, h, 7, B)l=o = (fo, ho, o, By), and
the estimate
sup [(7, 72,9, BYO)lls < F(I(fo, o, 0, Bo)llen)- (2.8)

0<t<ty

Theorem 2.2. Suppose that the initial data satisfies the constraint condition (1.19) and (1.25).We
further assume the rectilinear solution (3.1)-(3.3) satisfies the instability condition (2.6). Then the
perturbed problem (6.8) does not have property EE(k) in the sense of Definition 2.1.

Remark 2.1. We construct a growing normal mode solution for the front f when - / 1- /%ﬁ <M :=

vl

- <4 [T+, /}%ﬁ For the linear and nonlinear problems, however, we can only prove the ill-posedness

of the solutions (h,v) of the KH problem for ideal compressible flows when Mo, < M < M, due to
technical reasons.

Remark 2.2. Since Y(t,-) : (x1, xp) = (x1, X2 + Y(t, x)) is a diffeomorphism, the ill-posedness of system
(3.8) in the flattened coordinates implies the ill-posedness of the solution to the original system (1.1).

Remark 2.3. By taking B, = 0, the instability condition (2.6) reduces to

V7]
&< M:=—< V2 -¢g, (2.9)
c

which is precisely the instability condition for the KH problem in compressible Euler fluids (see [26]).
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Remark 2.4. On page 851 of [35], Pu and Kivelson examined a specific nightside configuration where
By =B, =B,k ||U|| B, and p, = p>. For a velocity U satisfying U. < U < U, with

U2, =4B(1 £ \J(B-D/B + 1)),

they demonstrated that the interface is unstable and will excite KH waves. We note that these two
critical values coincide with those obtained in the present paper.

2.3. Strategy of the proof and organization of the paper

First, the motion of the free surface I'(¢) and the domains Q*(7) introduces several mathematical
difficulties. To overcome this, we switch to a flattened coordinate system (1.24) in which the upper and
lower fluid domains are fixed in time as Q" = R X (0, o) and Q™ = R X (—o0, 0), respectively. Since
we are concerned with the KH instability, the instability arises from the discontinuity of the tangential
velocity across the interface. Using the momentum equation (the second equation in (1.24)) together
with the kinematic boundary condition, we derive a second-order evolution equation for the front in the
flattened coordinates:

1
OLf + 0 +vDDDS + S (PR o+ (VR )

1 _ |B*) B|? 1

+ 5(W' 2' -n+v¢| 2' - n) + 5((v;)2 + (]IS
11 1

- E(E(B;)2 + Q—_(B1 Y)0if =0 onT.

From the above equation,we see that it is necessary to establish a relation between the pressure /4 and
the front f, a feature that distinguishes the compressible case from the KH instability in incompressible
MHD flows. To overcome this problem, we apply 9, + ¥ - V to the first equation in (1.34) and V- to
the second one, obtaining (1.30). Subtracting the two equations in (1.30) yields the nonlinear wave
equation (1.31) for the pressure 4. In contrast to the Euler case, the wave equation (1.31) in MHD flows
involves both 4 and B. Hence, a relation between s and B is required. To obtain such a relation, we
apply 0, + 7 - V to the third equation in (1.24) and B - V to the second one, which leads to (1.32) together
with the boundary conditions (1.33)—(1.34), both expressed in terms of the front f.

Next, we study the linearized KH problem for compressible MHD equations, reformulated in the
flattened coordinates and linearized around the rectilinear solution. A key ingredient of our proof is
to derive an explicit expression relating the pressure 4 to the front f. Since we are investigating the
ill-posedness of the linearized KH problem for compressible MHD flows, it is natural to seek normal
mode solutions, i.e., we assume that the solution grows exponentially in time as e™”" with 7(r) € C,
Re 7(n7) > 0, where 17 € R is the horizontal spatial frequency. Taking the horizontal Fourier transform in
x; reduces (3.10)—(3.12) to a system of Ordinary Differential Equations(ODEs) (3.13)—(3.15). From
the second equation in (3.15), we deduce the relation between the magnetic field component b, and the
pressure 7:

Bi[(r +inm)® + ]
(T + ivin)?

b, = (2.10)
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Substituting (3.16) into (3.15) yields

((t +ivn)* + ConPin— C305m =0, inQ

[C2] = 0, onT (2.11)
[C20,im] = —4ivinTg, onT
where e 2o ]
2(T+ll'/';'7]) +c’n 2 _ |B,]?

2 _ 2
Cy=c"+c,

2.12
(T + iV )2 €a (2.12)
Here we remark that Cj is called the magneto-acoustic speed and c, is called the Alfven speed. Thus,
we first solve this ODE system for /i and then substitute the resulting expression (3.20) into the front
equation (3.19) to obtain the symbol equation (3.23) for the front in Fourier space. By analyzing the
roots of the symbol of 2, we obtain the instability condition for the linearized KH problem in ideal
compressible MHD fluids; this is stated in Lemma 4.2.
Another key idea of this paper is to identify an elliptic structure in the front equation (3.7) when

ct-ck

2 2

2 _ a2
2 ¢ c C4
2

2
C +CA

< (\'/Ir)2 <+ —24,
2+ ¢
A

We then construct a sequence of solutions of the form

1 .
fn(t» xl) = eﬁgn()m) = E feT(T])IXn(T])emxl dﬂ,
R

which satisfies (5.12). From this, we see that the linearized front equation (5.12) is qualitatively unstable
at high frequencies. As n — oo, solutions of (5.12) with higher frequency grow faster over the same
time interval, which provides a mechanism for the KH instability. We remark that the linearized front
equation (5.12) for the KH instability in compressible Euler flows is, in some sense, similar to the
Birkhoft-Rott equation, which was shown to be of elliptic type in [36, 37]. Using the explicit expressions
for the velocity and density (or pressure) in terms of the front in Fourier space, together with the solution
sequence constructed above, we show that the solution of the linearized KH problem for compressible
MHD flows is not uniformly continuously dependent on the initial data when the Mach number satisfies
Moy <M < Mypp.

In general, it is not trivial to pass from linear instability to nonlinear instability in conservative
partial differential equations. Inspired by the work on the instability of the Rayleigh-Taylor problem for
compressible Euler equations [4], we prove the ill-posedness of the nonlinear system via a rescaling
argument that connects the nonlinear problem to its linearized counterpart. However, the tangential
discontinuity in the boundary condition arising from the KH instability requires a more careful analysis
and estimation of the boundary terms.

The rest of the paper is organized as follows. In Section 3, we reformulate the system in the flattened
coordinates and derive the wave equation for the pressure. In Section 4, we analyze the roots of the
symbol of the linearized system for the 2D ideal compressible MHD KH problem, which helps us
identify the instability condition that the rectilinear solutions must satisfy. In Sections 5 and 6, we prove
the linear and nonlinear ill-posedness, respectively, of the compressible KH problem with a parallel
magnetic field.
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3. The Linearized equations in new coordinates

In this section, we consider the linearized system in the flattened coordinates and construct a growing
normal mode solution. Taking the Fourier transform of the linearized system yields a second-order ODE
for g.

3.1. Construction of a growing solution of the linearized system

One easily verifies that the particular solution in Euler coordinates remains a particular solution in
the flattened coordinates, with

pt, 0 >0,
P 3.1)
(V,0) x <0,
and
0" =0 =9, (3.2)
and .
. B, 0 >0,
_p= {0 @ (33)
(BI,O) Xy < 0.

Remark 3.1. From now on and throughout this paper, we use the new notation (f,o*, v, B*) to denote
the rectilinear solution (f, p*, i*, H*), which is in fact the same constant quantity. Here, we use the new
notation to match the notation in the new coordinates.

We now consider the constant-coefficient linearized equations obtained by linearizing (1.24), (1.29)
and (1.35) around the following configuration: the constant velocity v* = (¥}, 0) along the x;-direction,
the constant parallel magnetic field B* = (BT, 0) also along the x;-direction, constant pressure i+ = h~,
flat front I' = {x, = 0},and the normal vector n = (0, 1). Moreover, by a Galilean transformation and a
suitable change of scale, the rectilinear solution can be normalized so that

b+ =0, Bl = B, (3.4)

Therefore, we have the following linearized equations:

Oh+v0h+V-v=0, in Q,
8,9+ 1017+ *Vh+ LVB = 26,8, inQ,
3B +v,0,B + BV - v = B0V, in Q, (3.5)
V-B=0, in Q,
8,f:\72—v1(91f onl,

where ¢? := cz(g). In fact, let v = v + ¥ and n = e, + i, so we linearize the origin boundary condition
[v - n] = 0 as follows:
[V+P)-(ex+R)] =[V-er]+[V-A]+[V-7] =0,

where 71 = (-0 f ,0). Obviously, the third term is a nonlinear term. Then the linear boundary condition
is written as
[V-e)] = —[V-71] = 2070, f.
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Similarly, we deduce that
Bz - Blalf =0.

Thus, the jump conditions on the boundary can be linearized as follows:
[Czil + Q_IBIBI] = 0, [\72] = 2vT81f, Bz - Bléhf =0 on I. (36)
We also get a linearized equation for the front f

B

_ o1 - . 1 B . BT . B
Pf + () o f + 562(62h+ +0,h7) + 5(?lazzef + ?1523;) = 2f on T, (3.7)

and a linearized system for the pressure 7

3 _ B, .
0, + 10,2 h — AR — = AB, =0 in Q,
P
(0, +V101)*B; — B1(0, + V0))*h + ¢*B10th =0  in Q, (3.8)
[¢*h+0'BiBi1=0 on T,
[20:h + 0 ' B10,B1] = —4V10,0, f on T.

Then, before going on to the analysis, we are going to drop the tilde from all unknowns of the linearized
problem by f ,h, 7, B in order to avoid overloading notation.

We want to construct a solution to the linear system (3.5)-(3.8) that has a growing H* norm for any k.
To begin with, we assume the solution is in the following normal mode form:

h(t’ X1, x2) = eTtm(xl’ x2)5 V(t, X1, x2) = eTtW(xl, x2)’

1 ’ 3.9)
B(t’ xl’XZ) = eT b(-xl’XZ)’ f(ta xl) = eT g(x1)~

Here we assume that 7 = y + id € C\{0} is the same above and below the interface. A solution with
R(7) > 0 corresponds to a growing mode. Plugging the ansatz (3.9) into (3.5)-(3.8), we have

™ +vi0ym+ oywy + dhwy, =0 in Q,
™ + V]@]W] + 6261m =0 in Q,
TWy + 101wy + 20,m + %82191 = %61172 in Q,
Tb] + f/’]ﬁ]b] + Bi](?sz =0 %l’l Q, (310)
Thy + \'}181[92 = 3161W2 in Q,
61b1 + 021?2 =0 in Q,
Tg =Wy — V10,8 onT,
[C2m +Q_1B1b1] =0, [wy] = 2vf61g, by = 3181g onl,
1 1 B+ H— B+ 2
g + (V])’d1g + Ec2(32m+ +0m7) + 5(46219; + —0,b)) = ( }) dig on T, (3.11)
Q Q
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and ‘
B
(T +0101)°m — A& + B)ym — El(a% +0)b =0  inQ,
(T+\;‘161)2b] —Bl(T+\;‘]61)2m+C2318%m =0 in Q, (3.12)
[pc*m+p ' Bib 1 =0 on T,
[P0ym + p ' B102b] = —4vi10, g on T.

3.2. The formula for 0™ + 0~ on T’

By taking the Fourier transform of problem (3.11) and (3.12), we deduce a formula for d,/m* + 0~
on I', then, substituting this formula into (3.12), it follows that a second-order wave-type equation for
the front g is satisfied. More precisely, we define the Fourier transform of m, w, b, and g as follows:

(oe) (oe)
m :f e "™ mdx;, W :f e ""Mywdx,
—00 —00
(o) (o)
b = f e ™ pdxy, g = f e_"”‘gdxl,
—00 —00

in which the dual variable of the space variable x; is denoted by 7.
Taking the Fourier transform of the equations (3.10)-(3.12), we derive the following equations:

and

(T + vy + inpwy + 0w, =0 in Q,
(T + i)W + cZinim =0 in Q,
(T + Vi)W + 20rim + %82131 = %in@z in Q,
(T + ivm)z}l + J'glazwz =0 %n Q, 3.13)
(Tt + ivin)by = Byinw, in Q,
i77131 + (92132 =0 in Q,
T8 =Wy —ivimg onT,
[cXi+ o' Biby] = 0, [Wal = 2iving, by =iBing onT,

and
1 1 >+ B+ B+ 2
28 — (Vg + 5(cz(aﬂh+ + 0,7) + 5(40219; + —L9,b7) + ( }) 7°g=0 on I, (3.14)
0 0
and '
B, . .
(r + i) + P+ —2hy — AR - 02b, =0 in Q,
0
(t + ivi)*by — Bi(x + ivim)i — Bi"m = 0 in Q, (3.15)
[P+ 07 'Bib]1=0 on T,
[0 + 07 B10,b\] = —4ivinTg on I.
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From the second equation in (3.15), we can deduce the relationship between the magnetic b, and the
pressure 7:
Bil(r + ivin)* + ¢*n?
_ Bl Wli]) cn ]m, (3.16)
(T + )2

then we substitute this relationship (3.16) into (3.15) to get

by

((t + ivip)? + CanHin — Cd5m =0,  in Q,
[CZi] = 0, on T, (3.17)
[C202im] = —4ivinTg, on T,
where NIV )
(t+xivin)* +c™n |By]
CEY = 2 4 2 1 2= '
(Cpy=cte (r +ivin)? “a 0
Here, we remark that Cp is called the magneto-acoustic speed, and c, is called the Alfven speed and we
also substitute this relationship (3.16) into (3.14) to get

(3.18)

C+ 2 C- 2
- ne + ) Orit* + ) O™ + g =0, on I (3.19)
Solving the system (3.17), we obtain
Aivtne )
m=] M TH (3.20)
4ivitng =
_2—6# 2 Xy < 0,
(Cp)* (™ +u7)
where u* = / (’(*C"”j)?z + n? are the roots of the equation
(CE*s* + (T ivin)? — (C)'n* = 0. (3.21)
Here, we notice that Ru* > 0 since Rt > 0.
By direct computation, we deduce
C+ 2 C— 2 ut —
( ;> ot + 5) Oy = —4iv T fz+ - Z_ on T. (3.22)
Finaly,we substitute (3.22) into (3.19) to obtain a second-order equation for g:
2 v a s MM 5 o
(T =)' =2 nT— +c3n)g =0 onT, (3.23)
S
where the symbol of (3.23) is defined as follows:
-
S =1 - (AP - 2ivfmz+ - . (3.24)
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4. The analysis of the symbol (3.24)

In order to further analyze the equation (3.23), we define a set of frequencies
E={(1,7) e CxR: Rt >0} 4.1)

Since it is known that Ru* > 0 when Rt > 0, it follows that R(u* + p~) > 0, and thus u* + = # 0 in
all such points. To study the symbol X, we also need to know whether the difference ™ — u~ vanishes.

Lemma 4.1. Let (t,n) € E. Then u* = u~ if and only if (t,n) = (1,0).
Proof. From (3.21), it implies that (u™)? = (u™)? if and only if 7 = 0 or 7 = 0. Since (7,7) € Z, only the
n = 0 case needs study. When 1 = 0, it follows that u* = = = 7/ \[c? + ¢3. m|

Now we will discuss the roots of the symbol (3.24) in the instability case.

c2-c2

Lemma 4.2. Let X(1, ) be the symbol defined in (3.24). For (1,n) € B, when ¢ > c,, if ¢* — 2 ﬁ <
A
C —C2 . .
D <+ c;c;‘, then Z(t,n) = 0 if and only if
A
T=4+Vsn,
4.2 %
where V3 = (X + 461 - 255 ) = 512 = ¢ > 0.
A
Proof. To begin with, we introduce a quantity
+ _ -
g.=H _H 4.2)
HT U
From this, we can deduce that .
H w
= —. 4.3
1+6 1-6 (4.3)
22 n?
Since our goal is to find the root of £ = 0, from the definition of X (3.24), it follows that 6 = ( 2‘;:7,7: AT
1
therefore we have
e 2ivinT + (72 = VD + a4m?) g 2ivinT — (72 = VD) + 4mP) 44
2iviT ’ 2ivinT '
Substituting (4.4) into (4.3) leads to a characteristic equation
> . K’ . (4.5)
(T+ivin)? + A (T —ivin)? + AP
In order to find the root of X = 0, we also introduce new variables
V= % it = ’“% (4.6)
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Plugging these new variables (4.6) into the characteristic equation (4.5), we have
BV =i + )+ (V+iv))? +c3) = 0. 4.7)
By the formula of the roots u* (3.21), it follows that

[(V+ D)+ AV + v + 5]

TR 4.8
@) (+ AV + i)+ 2ch 45
and +3\2 2 +32 2
Vi) +c[(V-iv]) +c
gy = WD+ AUV )+ wo)
(¢ +c )V —iv])* + c*cy
Squaring the equation (4.6), we get
[ (V= i) + DI = [ (V+iv])* + )] =0, (4.10)
then substituting (4.8) and (4.9) into (4.10) leads to the following equation for V?:
c*c?
VIV +2( + GDHV? + 0D ()7 - 2¢%) + 22— ] = 0. 4.11)
2 +cy
The roots of this equation are
Vi=0, (4.12)
2 2 ) 2,2 ) C4Ci 1
Vy=—=c"=(]) = lc(c”" +407) )—Zﬁ]Z, (4.13)
ct+cy
or
C46‘2 1
Vi == = (0] + [ + 4017 - 2517, (4.14)
ct+cy

Now we verify whether these possible root are the real roots of Z(t,7) = 0.

1) Since the first root V| = 0, from the definition (4.6), we deduce that T = 0. However, since we
seek a growing mode, this contradicts with the assumption R(7) > 0. Therefore, V; = 0 is not a root of
2(t,n) =0.

i1) We claim that the points (7,77) € E with 7 = £V,n are also not roots of 2(7,77) = 0. Without loss
of generality, we can assume that V; is positive. From (4.13), we deduce

Vo=iYy, Yo 20 +c. (4.15)

And from this, we deduce Y, £V} > c. Thus, it follows that (Y, £ v})? > ¢* > 4. In accordance with

. ~ D =AY+ -] ~_ =D -)2-]
the equation (4.8) and (4.9), we deduce that 7" =i DT - and fi” =i DT -

from which we know that g* and i~ have the same sign. Also, we have (V — i\'/;“)z +c¢3 < 0and
V+ i\‘/{r)z + cf‘ < 0. From these relationships, we deduce that (4.7) is not satisfied. Similarly, we can
show that (t,n) € X with T = —V,7 is not the root of u*u~ = n*. On the other hand, from (4.15), we

know that 7 = iY,7 is an imaginary root, thus it implies that R = 0 and (£V,n, 1) € E.
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2 2
2 €T

24 -2
C+CA

iii) We discuss whether the root Vj is a root of (7, ) = 0. Under this constraint, ¢> — ¢

2

CZ . .
I <t +¢? =, We get V5 > 0, thus it follows that 7 = + V37 are real. The point (=Vs7,7) ¢ Z,
A

c
2+

thus we omit this point, and we only study the root 7 = +V35. Using a fact that square roots of the

complex number a + ib are
i{,/HT“ + isgn(b),/%}, r=la+ibl, (4.16)
. r+a | [r—a _ r+a . [r—a
= — = - 4.1
ut= 4 5 +i4 5 H \/2 l\/ 5 4.17)

in our case, we compute

where _ (€ VE - GPPV; - 0] + 605 + 01" — 6Vi6D) 4.18)
(€ + 2V + (0D +262¢5(e2 + (V5 = D) + chey |
and
_ 2V3\';;r((02 + cf‘)(V32 - (\'/T)2)2 + 202012§(V32 - (\’/T)Z)) P (4.19)
(€ + (V3 + (0P +262¢4(c> + (V3 = () + e '
so that (4.7) is satisfied. Therefore we deduce that in the case of ¢* — ¢? % <@ <+l %=

the root of the symbol X is the point (+V3n,7). In summary, we can get a root (7, 77) with Rt > 0, which
is an unstable solution. O

5. Ill-posedness of solutions for the linear problem

5.1. Uniqueness for the linearized equations (3.5)

To begin with, we prove a uniqueness result for the linearized equations (3.5).

Lemma 5.1. Let (f, h, v, B) be a solution to the linearized equations (3.5) with (f,h,v, B)|;=o = 0. Then
(f,h,v,B) = 0.

Proof. Taking the standard inner product of the first, second, and third equations in (3.5) with ¢2A*,v*
and integrating over Q*, we obtain

1 1
~8, f AP+ = f V70, (PR + f c*h*divv* =0 (5.1
2 O+ 2 Q+ Qr

1 +12 1 .+ +12 29+ L+ Bl + B1+ +
=0, Ve + < Vo (V') + cVh™ v + —VB, v’ = —01B-v". (5.2)
2 O+ 2 O+ + o+ O o+ O
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Meanwhile, we take the inner product of the third equation in (3.5) with B?; and integrate over Q" to

arrive at ) ) .
1 B2 1 v Bt Bf
—a,f | 'I +—f %61(|B+|2)+f —}va-w:f Lo - B (5.3)
2 o+ O 2 Jg+ O [N [N

After integrating by parts, the second terms on the left-hand side of (5.1) and (5.2) vanish, and also the
sum of the terms on the right-hand side of (5.2) and (5.7) vanish, thus adding (5.1), (5.2) and (5.7) and
integrating by parts, we get

1(9 211,+12 +12 |B+|2 _ 2 +. .+ BT +. +
=0, ChP+pIr+—)=c h'v'-e;+— | Bjv' -es. 5.4
2 QF Y r © Jr

A similar result holds on Q_ with the opposite sign on the right-hand side:

B2
1atf AP+ + 1B ' ) fh VT ces — —fB‘ - (5.5)
27" )

Adding (5.4) and (5.5) implies

1 BJ? )
30 f (A + 2+ By - f (Ph+ 07 BB - ]
Q Qo r (56)

= 2f(C2h + Q‘lBlBl)VI“[‘)]f.
Tr

Also multiplying the fifth equation in (3.5) by f, we have

29, fr 1P = fr nf. (5.7)

Adding (5.6) and (5.7) and using the Holder inequality yields

1 2

Eatf(02|h|2+lvlz+u) —(9zf|f|2
Q

= 2f(czh+é)_lBlBl)Vfalf+fVZf

< 20y ||h||L2(r)||31f||L2(r) + ||Bl||L2(r)||(91f||L2(r) + ||V2||L2(r)||f||L2(r) =J

To avoid the loss of derivatives, we suppose that the solutions are band-limited at radius R > 0, i.e., that

Y supp(f Ol + G, x)l + 19C, x)l + 1B, 2)D) € BO, R).

(5.8)

We also introduce an anisotropic trace estimate in Lemma B.1 ([38]):
1812 r, < CAIY - Vollz Bl + 19120, (5.9)
where v = (v, 0) with V| = Uy,,, + cg > 0. Now we estimate J as follows:
. 1 A
J < (W01 hll2llbllr2) + IIhlliz(m)zllnfllew)
+(llvyo 1Billz@llBillizg) + ||Bl||Lz(Q)) ||77f||L2(r)
+ (I 0vallzlvall 2@ + IIVzlle(g)) /N2y (5.10)
. 1 ) 1
< (VR + 1>R2||h||iz(g))z||f||Lzm + (VR + DRBIIR ) * 11l
(TR + DIvalPag) 11l
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Finally, plugging (5.10) into (5.8) and taking use of Gronwall’s inequality, for arbitrary R, we have

2
||f||L2(F) + ||h||L2(Q) + ||v||L2(Q) + ||B||L2(Q) < C(”ﬁ)”LZ([‘) + ”h()”LZ(Q) + ”vO”LZ(Q) + ||B||L2(Q)) (511)

From this, we infer that if (fy, ho, vo, Bg) = 0, then it follows that (f, h,v,B) =0

5.2. Discontinuous dependence on the initial data

22 2_ 2
In accordance with Lemma 3.2 and (4.14), if 2 — ¢ [ 54 < (v1)? < & + 2, /ﬁ, we deduce
A

ey
that V§ is positive, and it follows that T = V37 is real and positive. Also, we can infer that the equation
(3.7) reduces to the following form:
Of+ 201 f =0, (5.12)

2 2
2 C CA C

2+cA

Cz‘. In fact, plugging

< (v*)2 <c?+c? o
A

where A must be positive in the case of ¢* — ¢

f = €"'g into equation (5.12), we get 72¢ + 49> g = 0. Then we take the Fourier transform of this identity
with respect the x; variable, and we have

(T = )8 =0, (5.13)
C —C2
which yields A = ;—z From Lemma 3.2, we know that V; = ;—z > 0 in the case of ¢? — ¢? C;c;‘ <

A

2

P <ct+c? c2+29 Thus, we have A = V5 > 0. Therefore, (5.12) is an elliptic equation.
A

We are now in a position to prove ill-posedness for this linear problem in the following lemma.

V 2
Lemma 5.2. In the case of M,,,, := ,/1— 1/1+§+60<M L <My, = ,/1+ ,/Hg €, B:= 3,

the linear problem (3.5) with the correesponding jump boundary conditions (3.6) is ill-posed in the
sense of Hadamard in H*(Q) for every k. More precisely, for any k, j € N with j > k, and for any Ty > 0
and a > 0, there exists a sequence {(f,, h,, vy, By} | to (3.5), satisfying jump boundary conditions
(3.6), so that

1
1(£2(0), 7,,(0), v, (0), B,(O)|lzs < - (5.14)
but
(£ (B), Po(2), v (), Bu(O)|ge = @, forallt > T,. (5.15)

Proof. For any j € N, we let y,(n) € C(R) be a real-valued function so that supp(y,) € B(0,n +
D\B(0, n) and

1
f (1 + 7Y+ . ()lPdn = & (5.16)
We define |
[ty x1) = €"gn(x)) = — f Yy (m)e™ dn, (5.17)
27T R
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which solves (5.12). Here, we make use of 7 = V31 according with Lemma 3.2. Meanwhile we can see
that g, = x,.(n7). From this, we can see that the linearized front equation is qualitatively more unstable
for large frequencies 1. Since 7 — oo, the solutions f, of (5.12) with a higher frequency grow faster in
time, which provides a mechanism for KH instability. By the choice of y, and the Plancherel theorem,
we have the estimate

/(2 = O)llmicry = lIgnllicr)

, 1 (5.18)
- ([ YR < .
R n
Meanwhile forn+1>n>nandt > T,, we get
g, = € [ (4 PP
R
62V3nT0 2ol ) (519)
Let n be sufficiently large so that
o2VanTo 2,
T+ s D) >a°C;n, (5.20)
thus we may estimate
1Ol ry = @ (5.21)
From the computation in Section 2.2, we know that
divint ) .
e+ 2D
m,(n, x2) = divtnr . (5.22)
mglq(n)e x < 0.

Since 7 = V3 > 0 and n > 0, from Lemma 3.1, we know that u* — u~ # 0, then (5.22) can be rewritten
as

C/(MY(™ — p)ga(me™ ™ x; 20,
i) = | DU ROBe " 2 (5.23)
C(M)(p" — p)gu(me = x, <0,

where C;(M) and. Since C,(M) are constants that depend on the Mach number M. Here, we note that
u* only depend on 17, we get T = X;n, it implies that u(r, ) = u(Xin,n).
We have the following fact:

r+a

272, (5.24)

|8§e—y+x2|2 — |ﬂ+|2S|e—p+x2|2 — |lu+|2se—2(‘)?,u+)x2 — |Iu+|2xe—2
and the same equality holds for ™.
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By the Plancherel theorem and (5.22), we have

2
||h (t -xl’-x2)||Hk(Q) ”e mn(X1, x2)||Hk(Q)

> (Cy(M)Y? fR(l + ) " = Pl gu )l f le™" 2P dxydn

+(Co(M)) f (1 + ) ™ = 1 Ple™ 8l f e > Pdxadn
2 - (5.25)
e (o o I A PR A
3 d
e m +M_ n(ml-dn
ek
+ (G (M)’ f L+ = ‘Iy e ()P dn,
R JZ M +u
then recalling the formula (4.16), we deduce that
r o 2i (/521 B
HH| . 278 _rq-9 (5.26)
Mt r

| ,r+a r— u|2 r

Making use of My,, < M < M,,,, we estimate * < as follows:
-1 <-1+Cs(g) < a <1-C4(g) <1, (5.27)
r

where C3(g) and Cy(€) are very small constants that depend on the parameter €. Meanwhile the lower
bound is reached when M takes the value of M,,, in the above inequality.
Also, we compute

. r+a a
1] = | = Vr
(5.28)
_ r+a
"+l =12 > | = V2(r + a).
Finally, combining with (5.26), (5.27), and (5.28) implies that
p—p |
2C4(g) < " < 4. (5.29)

Here we remark that M,,,, < M must be satisfied, and ¢, is a small but fixed number. Because if the

Mach number M tends to / 11—, /ﬂ this lower bound tends to zero.

Meanwhile, we have to estimate the terms |- | Noting the fact (5.28) and (5.27), we have

W

(5.30)

/li ‘: |/J_| = 1
Pl el N2\ THE

Since /1 — / 5 < M < M,,,, the above equality has the following uniform lower bound and upper
bound:

<
2

s 1
H ‘ < (5.31)

ur+um T N2 Cile)
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Noting that when ¢, goes to zero, the uniform upper bound will not be obtained.

Therefore, employing (5.29), (5.23), (5.28), and (5.24), we estimate ||/,(0)|| g, as follows:

2 2
”hn(t = Oa x17x2)||Hj(Q) = ”mn(-xl’ -x2)||Hj(Q)

J 00
< YCiny [y Pl [ s Py
s=0 R

J 0
# DCODP [yt = Pl [ 03 Paady
s=0 R -

; Pl (5.32)
<Yy fR R e i e [
s=0
J . /.l+ _ ,u_ 2 ILl_
+ Yoy fR R e e M_\ P Py
s=0

) 1
< f (1 + 1) Py 5
R n

At the same time, noting that supp(y,) € B(0,n + 1)\B(0,n), then forn > n > 1 and t > T, we may
estimate (5.25) as follows:

B 2VanTy .
17Dl = C(M, €) ETTSIED fR (1 + 7Y u()Peln. (5.33)
Let n be sufficiently large so that
B 2V3nTy 5 9o
CM, 6)(1 s ) =z a'n"Cj. (5.34)
Hence, we may estimate
A (Dl = a. (5.35)
Next, we substitute (3.16) into the second equation and the fourth equation in (3.13) and arrive at
(T + V)W, + cipin = 0, (5.36)
and
e A 2a A 2 772 A
(T + iy, + Coyin = —cAmwz. (5.37)
Since 7 + iv1n # 0, we directly compute to find
A I
P =c —h. (5.38)
! T+ivin
Also from (3.16), we have
THIWVIUt .,
b, = gk (5.39)

B . 2 b
(T+ivin? +
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then we may estimate |_—— | and I(TJrW—'ZWHI2 as follows:
(‘r+lv -+
in 2= 3 1
T+ vty Vi+ (v*)2 B 3
! (cz(c2 FAGTR) - 255 ) _e

cz(,/4M2
Since 1 — 1/1+ﬁ <M?*<1+ 1+ﬂ’ we know that

1 ' 1
< TP <
T+lV177 C2(1—

c2(1+

25 )

In accordance with (4.6) , (4.14) and ,/ ] +ﬁ <M < | /1 + 1/ then imply that

(r+ivimu*
(T+ivip)? + AP
Therefore, employing (5.41), (5.42), (5.38) and (5.39), we deduce

CsB) <| < Co(B).

G v02)0 = Ol 5
whereas forn > nand t > T, we deduce
(Vi1 Vi) Ot 02y = .
Since 7 + iv1n # 0, from the fifth equation in (3.13), we know that

po_ o m
by = Bl————"
T+

Also from (3.16), we have
Bi[(r + ivin)? + Pl

by =
! (T + ivin)?

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

As with the previous computation, it is easier to show that the upper and lower bounds of these two

Bil(r+ivin*+2n*]
(T+iv1m)?

.. : in
quantities By —;

and
n

1
1(Bn,1, b 2)(E = Ollicq) < e 1(Bn,15 D)D) = .

Collecting the estimates (5.18), (5.32), (5.43), and (5.47) gives
1

12Ol i) + WA Olzicry + Vel iy + 1Ba(Ollgxqy < P

but the estimates (5.21), (5.35), (5.44), and (5.47) yield

1Oy + WOl x ) + VOl px ) + 1BrOll ey = @, forallt > T.
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(5.47)

(5.48)

(5.49)
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6. Ill-posedness for the nonlinear problem

Now we will prove nonlinear ill-posedness for the nonlinear problem (1.24). To begin with, we

rewrite the nonlinear system (1.24) in a perturbation formulation around the steady state. Let

f=0+f,v=v+v, h=h+h,
Y=I1d+¥,0=0+0, y=0+1,
B=B+B n=e,+i1, A=1-K,

where

K = Z(—l)”‘l(D‘i’)”.
n=1

We can rewrite the term v as follows:

. o
v=>U-K)v+7v) - (0, p
V= YV + V) —( 1+621//)
=v+7—K@+7) - (0, af‘/’~)::v+M,
1+(92',D
in which the M is defined as follows:

M=7%—-K©W+7v) - (0, ‘9"”~).
1+62170

Similarly, we rewrite the term B as follows:

B=(UI-K)B+B)
=B+B-K@B+B):=B+N,

in which the N is defined as follows:
N =B-K(B+B).
To linearize the term c2(h) = ¢*(h + h), we employ the Taylor formula to get
h+h) = cAh) + R,
where the reminder term is defined by
R=((h+(1-a)h)h, 0<a<l.

Similarly, we also have o
=" =1+h+R,

where the reminder term is defined by

R =IO 0 << 1.

6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)
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For the term v - n and B - n, we can rewrite it as
von=W+9)-(ex+ )=V, — 0 f +7-1, (6.11)
and
B-n=(B+B)-(e;+i)=B,— B8, f+B-n. (6.12)

Then the nonlinear system (1.24) can be rewritten as a system of the perturbation terms (h, v, f, B) as
follows:

Oh+ @ -VA+V-9=—-M-V)h+K'V -7 in Q,
007+ (V- V)P) + 0c*(h)Vh + BVB — (B - V)B = —o(M - V)¥
—30,7 + (v + M) - V)P) — 0c2(h)K"Vh — 3(c*(h) + R)(Vh — KTVh)

—OR(Vh — K"Vh) + BKTVB - B(VB - K'VB) + (N - V)B in Q, (6.13)
OB+ -V)B+BV-v—(B-V)v =—-(M-V)B

—BK'V -9+ B(V-9-K'V-9) + (N -V)p onT.

Of +v0if=vr=v-71 onT.

The jump conditions take new form in terms of h, 7, f ,B

(7 =) ep+ (V=) i = = — ) - i onT,
Bt e+ B -ii+B"-i=0,B -e;+B -i+B -11=0 onT, 6.14)
AR + AR+ R(1+ I+ R) + (BB + L) '

= AU + AR +RA+ 7+ R+ 2B B +EL)  onT.

Proof of Theorem 2.2 Now we are ready to prove the main Theorem 1.3. We prove it by the
method of contradiction. Suppose that the perturbed problem (6.13) has property EE(k) for some k > 3.
Let 0, ty, C > 0 be the constants provided by Definition 1.2. Fix n € N so that n > C. Applying Lemma
4.2 with this n, Ty = ty/2,k > 3, and @ = 2, we can find L, X, vE, BL solving (3.5) so that

1
NCFE, hE, VE, B < - (6.15)

but
ICFE@), hH (@), v (0), BX )]s 2 2 for 1> 10/2. (6.16)
We define f(f = f&- f = sfof, ifg = ha— h := ehk, v = vé — v := vk, and B = BS — B := eB..
Then for £ < on, we have ||(f7,hg, V5, B)llux < 6, so according to Definition 1.2, there exist
(ffe=rfo— .l o= h® = b7 = v* =0, B° := B* = B) € L™ ([0.1)]; H(Q)) that solve (6.13)-(6.14)
with ( f(‘f , Eg, VG, Eg) as initial data and that satisfy the inequality
sup [[(7 7, B) @), < (|56, )],

0<t<ty (6.17)

1
<Ce-<e.
n
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Now define the rescaled functions f% = fa Je, b = he[e, 7 = V¢ ]e,andB° = B/¢; rescaling (6.17)
then shows that
sup ||(f°, A%, %, B, < (6.18)
0<t<ty
By construction, we know that (fZ, hf, v¢, BS) = (f, h5, vk, B5). We are going to show that the
rescaled functions (f%, h®, ¥°, B®) converge as € — 0 to the solutions (%, h", v*, BX) of the linearized
equations (3.5) and the boundary conditions (3.6).
Now we are going to reformulate (6.13)-(6.14) in terms of rescaled functions (f%, h%, 7°, B®) and
show some convergence results. The fourth equation in (6.13) can be rewritten in terms of rescaled
function (%, h®, ¥°, B®) as follows:

0,f8 + \'1161];8 - \_13 =&V’ - l’lg, (619)
where the rescaled normal vector n® = & galf 0 = (-4, £2,0) is well defined and uniformly bounded in
L™ ([0, to] ;HZ(F)) since

In°ll g2y < ||f8||H3(l") <L (6.20)
Hence, by (6.18) and (6.20), we obtain

lim sup |0, /% + ¥10, f° - =0, (6.21)
£=0 0<r<ty
and
sup ||8,f's(t)||H2 <7 sup ||c91f (zf)”H2 + sup ||\/2||H2 <C. (6.22)
0<t<ty
Expanding the first equation in (6.13) implies that
OhE + (V- VI +V -7 = —e(M? - V)I® + &(K*)'V -7, (6.23)
where we define M? as follows:
M? =7 - K°(v + &v°) — (0, %), where y° = 6f°. (6.24)
1+ 8(921//8

In order to estimate the bound of M?, we first estimate the bound of K*. We assume that ¢ is sufficiently
small so that € < 1/ (2C), where C; > 0 is the best constant in the inequality ||UV||z2 < C1||U||z2||V |2
for 2 x 2 matrix-valued functions U, V. This assumption guarantees that K := (I — (I + eV¥®)") /g is
well defined and uniformly bounded in L* ([O, tol; HZ(Q)) since

1K = Z CORUA 8 I (04 SE
H? n=1
< Z (eC" IV, < Z 57 I (6.25)

o0

<D

n=1

bt

f€

1l
—_

n

Communications in Analysis and Mechanics Volume 18, Issue 2, 366-399.



393

whereas we show that

IM Nz < V%Nl + VIK N2l + €CLHIK 21V 22 + 106 |l
< AW° Nl + VIK Nlp2ll + €CUIK 21V 2 + 10, f a2
<C.

Therefore,by employing (6.18), (6.25), and (6.26), we get by (6.23)

lim sup ||6.2° + (v - V)R + V - 7°

-0 0<r<yy

w =0,

and
sup |05 (1)]|,,. < C.

0<t<ty
Expanding the second equation in (6.13), we find that
00,7 + (v - V)®) + oc*(W)Vh® + BVB® — (B - V)B® = —pe(M? - V)i*
— £0°(0,7° + ((V + eM?) - V)°) — g0c?(h)(K®)T VIE — g0Ré (VI — (K®)T V)
— £0°(c*(h) + eR*)(VH® — &(K*)'Vh®) + eB(K?)' VB*
— eB*(VB® — &(K°)'VB®) + &(N° - V)B*,
where we define N¢ as follows:
N? = B° — K*(B + €B°).
Making full use of (6.18) and (6.25), we show that
Nl < 11B%Nlgz2 + BIIK®llgell + €l K2\l B2
<C.

We also define the normalized remainder function by

3 (' (h+ (1 — a)eh®)eh®
£

Re(x, 1) = (®)'(h + (1 — a)eh®)R®.

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

It is easier to show that & + (1 — a)eh? is bounded above by a positive constant. We take use of (6.18),

which implies
sup [|R°(x, Dllps < C.

0<t<ty

We also need to define o° as follows:
=2 = o(h° + eR"®),
where R"* := % is well-defined and uniformly bounded in L* ([0, tol H 3(Q)) since

IRl = lle" 1= s < C.

(6.33)

(6.34)

(6.35)
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We take use of (6.34) and (6.18), which imply

sup [[0°]ls < C. (6.36)

0<t<ty

Therefore, from (6.31), (6.33), (6.35), (6.36), (6.24), and (6.25), we deduce by (6.29) that

lim sup 00,5 + (- V)P*) + o> (W)VE® + BVE® — (B-V)B*|,, = 0, (6.37)
&2V 0<r<ty
and

sup |0,9°(8)||2 < C. (6.38)

0<t<ty

Finally, we expand the third equation in (6.13), and we find that
0,B° + (V- V)B* + BV - v° — (B - V)¥* = —(M? - V)B*
B"+ (V- V) (B-V) ( ) 6.39)

— eB(K®)'V - ° + eB°(V - 7° — &(K®)'V - ¥°) + &(N® - V)i,
In accordance with (6.25), (6.26), and (6.31), we deduce that

sup ||-e(M? - V)B® — eB(K*)'V - ¥ + eB*(V - ¥° — &(K*)'V - ¥) + &(N® - V)P*

0<t<ty

s <C. (640)

Therefore, from (6.39) and (6.40), we deduce that

lim sup ||0,B° + (v- V)B® + BV - ¥ — (B - V)7

-0 0<r<1,

=0, (6.41)

and
sup ||0,B°(0)|,,. < C. (6.42)

0<t<ny

Next, we deal with some convergence results for the jump conditions. For the first equation in (6.14),
we rewrite the normal vector n as follows:

n=e,+itt = e, +en, n° = (=0,f°,0).
Noting that v - e, = 0 and B* - e, = 0, we may rewrite the first equation and second equation in (6.14) as
(VT +ev =V —ev %) (e + en®) =0, (6.43)

and
(B" +&B™®)-(e;+en®) =0, (B~ +eB ) - (e + en®) = 0. (6.44)

Since supy,;, IP°(Dll~ < [I7°]lg3 @y < 1 is bounded uniformly, we find that

sup [lez - (77°(0) = V(@) + (0" = 97) )| . 2 0 ase— 0, (6.45)
0<t<ty
sup |lles- B + B -nfl e > 0 ase — 0, (6.46)
0<t<ty
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and
sup lle- B*+ B -nfll;= -0 ase— 0. (6.47)
0<t<ty
Therefore, we have
[V - €] = 2070, f° onT, (6.48)
and
B™ ey = B{0,f°, B*-e;=B70,f°onT. (6.49)
We expand the third equation in (6.14) as follows:
R+,£12
EEHRTE + AR + RE(1 + eht® + eRY®) + l,(BJrB*’g + 1B~ )
20 (6.50)

-2
= (R + (R + RE(1 + eh™ + eR™) +3 (B B+ g| | yonT.
Since A* = h~, we may eliminate these two terms from equation (6.50) and divide both sides by & to get
h™* =h>* onT. (6.51)

According to the bound (6.18) and sequential weak-* compactness, we have that, up to the extraction
of a subsequence (which we still denote using only &)

(f°.7°, 55, B%) = (f*.h*,v*,B*)  weakly — «in L™ ([0, 5] : H*(Q)). (6.52)
By lower semicontinuity, we know that

sup [|(f*, 2*v*, BHO@)||,,s < 1. (6.53)

0<t<ty

According to (6.22), (6.28), and (6.38), we get
limsup sup ||(8,/%, 8,4, 8,5, 8,B°)(1)||,. < (6.54)

e—0  0<1<1y

By the Lions-Aubin lemma in [39], we then have that the sequence {(f*, h®, v, B®)} is strongly
precompact in the space L™ ([O, tol ; HY 3(Q)), SO

(F%.1E, 9, B) = (f*,h*.v*, B*)  strongly in L™ ([0, o] ; H**(Q)). (6.55)
This strong convergence, together with (6.21), (6.28), and (6.38), implies that
(O,f°, 01", 0,7°,0,B°) — (,f*, 0,h*,0,v*,8,B*) strongly in L™ ([0, to] ; H*/(Q)). (6.56)

The indexes % and % are sufficiently large to give L™([0, #]; L™) convergence of {(f*, h®,v®, B®)}, thus
we have

Oh* + (V- VYh* +V-v* =0, in Q,

0(OVv* + (V- VYW* + ¢*Vh*) + BVB* = (B-V)B*, inQ, 657)
3,B* + (v-V)B* + BV - v* = (B- V)v*, in Q, '
Of* + 11 f* = vy =0, onT,
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and
(V" =v7*) ey = 2070, f*, on T.

Bt . ey = Bi’(')lf*, B~*. ey = Bfﬁlf*, on F, (658)
h*=h"* onT.

We also pass to the limit in the initial conditions (f7, k¢, v&, BS) = (f&, hS, vk, BS) to obtain
(f()*’ vg’ h6’ BS) = (bea héa Vé, B(%)

Now we can see that (f*,v*, h*, B*)(t) are solutions to (3.2) and boundary conditions (3.3) with the
same initial data. In accordance with the uniqueness result in Lemma 4.1, we have

(f* v b B*)(0) = (fFvF, b, BE)(@). (6.59)
Therefore, we combine inequalities (6.53) with (6.16) to get

2=a< sup ||[(f*. " v*, B, < 1. (6.60)

0<r<1y
which is a contradiction. Therefore, the proof of Theorem 1.3 is completed.
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