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Abstract: In this paper, we present an analysis of the KH instability in 2D magnetohydrodynamic
(MHD) flows, providing rigorous confirmation that a parallel magnetic field can have a destabilizing

effect on this instability. When the Mach number M := v̇+
1
c lies strictly between Mlow :=

√
1 −

√
1−β
1+β

+ ε0

and Mupp :=

√
1 +

√
1−β
1+β
− ε0, where β := c2

A
c2 and ε0 > 0 is a small but fixed constant, we prove the

linear and nonlinear ill-posedness of the KH problem for compressible MHD flows.
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1. Introduction

In this paper, we provide rigorous confirmation that a parallel magnetic field does not always stabilize
the compressible system under consideration. More precisely, we consider the following compressible
inviscid MHD equations in the full plane R2 for t ≥ 0:

∂tρ + div(ρu) = 0,

∂t(ρu) + div(ρu ⊗ u − H ⊗ H) + ∇(p +
|H|2

2
) = 0,

∂tH − ∇ × (u × H) = 0,

(1.1)

where ρ, u = (u1, u2), p, and H = (H1,H2) denote the fluid density, velocity, pressure, and magnetic
field, respectively. We assume that p is a C∞ function of ρ on (0,∞) satisfying p′(ρ) > 0 for all ρ > 0.
For clarity, we adopt a polytropic pressure law p(ρ) = Aργ with A > 0, γ ≥ 1, and without loss of
generality, we set A = 1. The speed of sound c(ρ) is defined by

c(ρ) =
√

p′(ρ), ρ > 0. (1.2)
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The system (1.1) is supplemented with the divergence constraint

divH = 0. (1.3)

This condition is preserved for all t > 0 if it holds initially.
Let U(t, x1, x2) = (ρ, u,H)(t, x1, x2) be a solution of (1.1) that is smooth on each side of a moving

interface Γ(t) := {x2 = f (t, x1)}. The front f is part of the unknowns, i.e., it is a free boundary, and x1

denotes the tangential coordinate. The interface Γ(t) separates R2 into an upper domain Ω+(t) := {x2 >

f (t, x1)} and a lower domain Ω−(t) := {x2 < f (t, x1)}. We denote

U =

U+(t, x1, x2), in Ω+(t),
U−(t, x1, x2), in Ω−(t),

(1.4)

where U± = (ρ±, u±,H±). To be weak solutions of (1.1), such piecewise smooth functions must satisfy
the Rankine-Hugoniot conditions on Γ(t):

[ j] = 0,
j[un] + (1 + (∂2 f )2)[q] = 0, j[uτ] = Hn[Hτ],
j[Hτ/ρ] = Hn[uτ],
[Hn] = 0,

(1.5)

where j = ρ(∂t f − u · n) is the mass transfer flux across the discontinuity surface, q = p + |H|2

2 is the total
pressure, n = (−∂x1 f ,1) is a normal vector to Γ(t), and τ = (1, ∂1 f ) is a tangential vector to Γ(t) .We also
introduce the notation Hn = H · n, un = u · n, Hτ = H · τ,and uτ = u · τ. Here, [φ] = φ+ − φ− denotes the
jump of the function φ across the hypersurface Γ.

Since we are interested in the KH instability for 2D MHD flows, there is no mass transfer across the
interface Γ(t):

j± = 0 on Γ(t). (1.6)

Now in view of (1.5) and (1.6), we obtain

[q] = 0,H±n = 0 on Γ(t). (1.7)

Therefore, for the 2D MHD KH instability, the Rankine-Hugoniot conditions reduce to the boundary
conditions

∂t f = u+ · n = u− · n, p+ +
|H+|2

2
= p− +

|H−|2

2
, H+ · n = H− · n = 0 on Γ(t). (1.8)

The system (1.1) is supplemented with the initial data

ρ±(0, x) = ρ±0 (x), u±(0, x) = u±0 (x), H±(0, x) = H±0 (x) in Ω±(0). (1.9)

Since p′(ρ) > 0, the function p = p(ρ) is invertible, and we write ρ = ρ(p). We define σ(p) =

log(ρ(p)) and takeσ as a new unknown. In terms of (σ, u,H), the system (1.1) can be written equivalently
as 

∂tσ + (u · ∇)σ + ∇ · u = 0,
∂tu + (u · ∇) u + c2(σ)∇σ + 1

eσ∇
|H|2

2 = 1
eσ (H · ∇) H,

∂tH + (u · ∇) H = (H · ∇) u − H∇ · u,

(1.10)
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where the speed of sound, now viewed as a function of σ, is given by c2(σ) = γeσ(γ−1).
The jump conditions (1.8) can be rewritten as

eσ
+γ +

|H+|2

2
= eσ

−γ +
|H−|2

2
, u+ · n = u− · n, H+ · n = H− · n = 0 on Γ(t). (1.11)

1.1. Rectilinear solution

It is easy to see that system (1.1)–(1.7) admits rectilinear solutions U̇ = ( ḟ , ρ̇±, u̇±, Ḣ±) with the flat
interface {x2 = 0} for all t ≥ 0. Then Ω+ = R × (0,∞) and Ω− = R × (−∞, 0) for all t ≥ 0. More
precisely, the front is flat, i.e., ḟ = 0. To ensure that the constant densities ρ̇± satisfy the jump condition
(1.7), we impose

ρ̇+ = ρ̇− := ρ̇, (1.12)

where ρ̇ is a positive constant. The upper fluid moves horizontally with constant velocity, and the lower
fluid moves with the same speed in the opposite direction. That is, the constant velocity field u̇± takes
the form:

u̇ =

(u̇+
1 , 0) x2 ≥ 0,

(u̇−1 , 0) x2 < 0,
(1.13)

where the constants u̇+
1 and u̇−1 satisfy

u̇+
1 = −u̇−1 . (1.14)

As in the work of Yu and Wang [1], the constant transverse magnetic field Ḣ is of the form:

Ḣ =

(Ḣ+
1 , 0) x2 ≥ 0,

(Ḣ−1 , 0) x2 < 0,
(1.15)

where the constants Ḣ+
1 , Ḣ

−
1 satisfy

|Ḣ+
1 | = |Ḣ

−
1 |. (1.16)

1.2. The new formulations

Our analysis in this paper relies on reformulating the problem in new coordinates. We first define the
fixed domains Ω± as

Ω+ :=
{
x ∈ R2 : x2 > 0

}
,

Ω− :=
{
x ∈ R2 : x2 < 0

}
.

(1.17)

We also define the fixed boundary Γ by

Γ :=
{
x ∈ R2 : x2 = 0

}
.

To transform the free boundary problem to the fixed domains Ω±, we introduce a change of variables
that map the original domains back to the fixed ones:

(t, x) 7→ (t, x1, x2 + ψ(t, x)).

We construct ψ by multiplying the front f by a smooth cut-off function in x2:

ψ(t, x) = χ(
x2

3(1 + a)
) f (t, x1), (1.18)
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where a := ‖ f0‖L∞(R) and f0(x1) := f (x1, 0). Here, χ ∈ C∞c (R) is a smooth cut-off function satisfying
0 ≤ χ ≤ 1, with χ(x2) = 1 for |x2| ≤ 1, χ(x2) = 0 for |x2| ≥ 3, and |∂2χ(x2)| ≤ 1 for all x2 ∈ R, where
∂ j := ∂/∂x j. We also assume

‖ f0‖L∞(R) ≤ 1. (1.19)

Moreover, the following properties hold:

ψ(x1, 0, t) = f (x1, t),
∂2ψ(x1, 0, t) = 0,

|∂2ψ| ≤
1

3(1 + a)
| f |.

(1.20)

The change of variables that transform the free boundary problem (1.10)–(1.11) to the fixed domains
Ω± is given in the following lemma.

Lemma 1.1. Define the function Ψ by

Ψ(t, x) := (x1, x2 + ψ(t, x)) , (t, x) ∈ [0,T ] ×Ω. (1.21)

Then there exists T > 0 such that for each t ∈ [0,T ], the map Ψ(t, ·) : (x1, x2) 7→ (x1, x2 + ψ(t, x)) is a
diffeomorphism from Ω± onto Ω±(t). In particular, Ψ|t=0 : Ω̄± → Ω̄±(0) is a diffeomorphism.

Proof. Since ‖ f0‖L∞(R) ≤ 1, we can choose T > 0 sufficiently small so that sup[0,T ] ‖ f ‖L∞ < 2. Conse-
quently, the free interface remains a graph on [0,T ], and

∂2Ψ2(t, x) = 1 + ∂2ψ(t, x) ≥ 1 −
1
3
× 2 =

1
3
,

which ensures that for each t ∈ [0,T ], the map Ψ(t, ·) : Ω→ Ω(t) is a diffeomorphism. �

We introduce the matrix

A = [DΨ]−1 =

(
1 0

−∂1ψ/J 1/J

)
,

where J = det[DΨ] = 1 + ∂2ψ. Using the change of variables from Lemma 1.1, we transform the free
boundary problem (1.10)–(1.11) into a problem on the fixed domains Ω±. Let us set

v±(t, x) := u±(t,Ψ(t, x)), B±(t, x) := H±(t,Ψ(t, x)),
q±(t, x) := p±(t,Ψ(t, x)), %±(t, x) := ρ±(t,Ψ(t, x)),

h±(t, x) := σ±(t,Ψ(t, x)).
(1.22)

In the rest of this paper, an equation written on Ω is understood to hold on both Ω+ and Ω−. For
convenience, we consolidate the notation by writing v, B, q, %, h to refer to v±, B±, q±,%±, h± except
when necessary to distinguish the two.

We introduce the notation:
∇ψ = AT∇,∆ψ = AT∇ · AT∇. (1.23)
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Then the system (1.10) and boundary conditions (1.11) can be reformulated as:

∂th + (ṽ · ∇) h + ∇ψ · v = 0, in Ω,

∂tv + (ṽ · ∇) v + c2∇ψh + 1
%
∇ψ
|B|2

2 = 1
%
(B̃ · ∇)B, in Ω,

∂tB + (ṽ · ∇) B + B∇ψ · v = (B̃ · ∇)v, in Ω,

∇ψB = 0, in Ω,

∂t f = v · n, [eγh + |B|2

2 ] = 0, B · n = 0, on Γ,

(1.24)

where we define
ṽ := Av − (0, ∂tψ/J) = (v1, (v · n − ∂tψ) /J) ,
B̃ := AB = (B1, B · n/J) .

The initial data are required to satisfy

eγh+
0 +
|B+

0 |
2

2
= eγh−0 +

|B−0 |
2

2
, v+

0 · n0 = v−0 · n0, B±0 · n0 = 0 on Γ. (1.25)

Notice that on the boundary Γ , we have

J = 1, ṽ2 = 0, B̃2 = 0. (1.26)

Since we are concerned with the KH instability in MHD flows, the instability manifests primarily at
the interface. To this end, we derive the evolution equation for the front f on the fixed boundary Γ. First,
using the momentum equation in (1.24), we obtain on Γ:

∂2
t f =∂tv+ · n + v+ · ∂tn

= − (
(
ṽ+ · ∇

)
v+ −

1
%+

(
B̃+ · ∇

)
B+ + c2∇ψh+ + ∇ψ

|B+|2

2
) · n − v+ · (∂1∂t f , 0)

= − v+
1∂1v+ · n +

1
%+

B+
1∂1B+ · n − c2AT∇h+ · n − v+

1∂1∂t f

=v+
1∂1n · v+ − v+

1∂1∂t f −
1
%+

B+
1∂1n · B+ + c2∇ψh+ · n − ∇ψ

|B+|2

2
· n − v+

1∂1∂t f

= − 2v+
1∂1∂t f − c2∇ψh+ · n − ∇ψ

|B+|2

2
· n − (v+

1 )2∂2
1 f +

1
%+

(B+
1 )2∂2

1 f on Γ.

(1.27)

Similarly, we obtain an evolution equation from the lower side:

∂2
t f = −2v−1∂1∂t f − c2∇ψh− · n − ∇ψ

|B−|2

2
· n − (v−1 )2∂2

1 f +
1
%−

(B−1 )2∂2
1 f on Γ. (1.28)

Adding (1.27) and (1.28) yields the evolution equation for the front:

∂2
t f + (v+

1 + v−1 )∂1∂t f +
1
2

((c+)2∇ψh+ · n + (c−)2∇ψh− · n)

+
1
2

(∇ψ
|B+|2

2
· n + ∇ψ

|B−|2

2
· n) +

1
2

((v+
1 )2 + (v−1 )2)∂2

1 f

−
1
2

(
1
%+

(B+
1 )2 +

1
%−

(B−1 )2)∂2
1 f = 0 on Γ.

(1.29)
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1.3. The wave equation for the pressure

Applying ∂t + ṽ · ∇ to the first equation in (1.24) and ∇ψ· to the second yields
(∂t + ṽ · ∇)2h + (∂t + ṽ · ∇)∇ψ · v = 0,

∇ψ · ((∂t + ṽ · ∇)v) + ∇ψ · (c2∇ψh) + ∇ψ · (
1
%
∇ψ
|B|2

2
) = ∇ψ ·

(
1
%

(B̃ · ∇)B
)
.

(1.30)

Next, subtracting the two equations in (1.30) yields a wave-type equation for h:

(∂t + ṽ · ∇)2h − c2∆ψh −
1
%

∆ψ |B|
2

2
= F , (1.31)

where F denotes a collection of lower-order terms given explicitly by

F = −[∂t + ṽ · ∇,∇ψ]v + ∇ψc2 · ∇ψh + ∇ψ
1
%
· ∇ψ
|B|2

2
− ∇ψ(

1
%

B̃) · ∇B.

In contrast to the Euler case, the MHD wave equation (1.31) involves both h and B. To relate h and
B, we apply ∂t + ṽ · ∇ to the third equation in (1.24) and B̃ · ∇ to the second one, which yields

(∂t + ṽ · ∇)2B − B(∂t + ṽ · ∇)2h + c2(B̃ · ∇)∇ψh +
1
%

(B̃ · ∇)∇ψ
|B|2

2
−

1
%

(B̃ · ∇)2B

= G,

(1.32)

where G denotes the lower-order terms:

G = (∂t + ṽ · ∇)B∇ψ · v + [∂t + ṽ · ∇, B̃ · ∇]u + B̃ · ∇c2∇ψh − B̃ · ∇
1
%

B̃ · ∇B + B̃ · ∇
1
%
∇ψ
|B|2

2
.

From the boundary conditions (1.8) , we obtain

[eγh +
|B|2

2
] = 0 on Γ(t), (1.33)

where [h] := h+|Γ − h−|Γ denotes the jump across Γ(t).
To close the system for h, we supplement it with the jump of the normal derivative of the total

pressure. Subtracting (1.27) and (1.28) gives

[c2∇ψh · n + ∇ψ
|B|2

2
· n] = [−2v1∂1∂t f − (v1)2∂2

1 f +
1
%

(B1)2∂2
1 f ] on Γ. (1.34)

Combing (1.34), (1.33), (1.32), and (1.31) yields the following closed system for h:

(∂t + ṽ · ∇)2h − c2∆ψh −
1
%

∆ψ |B|
2

2
= F in Ω,

(∂t + ṽ · ∇)2B − B(∂t + ṽ · ∇)2h + c2(B̃ · ∇)∇ψh

+
1
%

(B̃ · ∇)∇ψ
|B|2

2
−

1
%

(B̃ · ∇)2B = G, in Ω,

[eγh +
|B|2

2
] = 0 on Γ,

[c2∇ψh · n + ∇ψ
|B|2

2
· n] = [−2v1∂1∂t f − (v1)2∂2

1 f +
1
%

(B1)2∂2
1 f ] on Γ.

(1.35)
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1.4. History result

In Chandrasekhar’s monograph [2], the stability problem of superposed fluids is classified into
two types. The first is the Rayleigh-Taylor instability. There is a substantial body of mathematical
work on the Rayleigh–Taylor instability; see, e.g., [3–7]. Ebin [8] established the instability of the
Rayleigh-Taylor problem for the incompressible Euler equations, while Guo and Tice [4] proved the
analogous result for the compressible inviscid case. Moreover, the Rayleigh-Taylor instability was
established for viscous compressible fluids in [5] and for the inhomogeneous Euler equations in [6].
The second type occurs when layers of stratified, heterogeneous fluids are in relative horizontal motion.
This paper is concerned with the latter.

The stability of two fluids in relative motion has attracted wide interest among researchers
from various fields. This instability is known as the KH instability, first studied by Hermann von
Helmholtz [9] and William Thomson (Lord Kelvin) [10]. The KH instability is central to understanding
a variety of space and astrophysical phenomena involving sheared plasma flows, including the stability
of the magnetopause [11–13], interactions between solar wind streams of different velocities [14], and
the dynamics of cometary tails [15].

Much progress has been made on the well-posedness of the KH problem for ideal fluids. This
configuration is also known in the literature as ‘vortex sheets’, since the vorticity is concentrated as a
δ-function supported on the velocity discontinuity along the sheet. In pioneering works, Coulombel
and Secchi [16, 17] proved the nonlinear stability of vortex sheets for ideal compressible flows using
microlocal analysis and the Nash-Moser iteration technique. Morando, Trebeschi, and Wang [18, 19]
later extended this result to two-dimensional, ideal, non-isentropic, compressible flows. For vortex
sheets in elastic fluids, Chen, Hu, and Wang [20, 21] proved that strong elasticity can suppress the KH
instability in the 2D case. Furthermore, Chen, Huang, Wang, and Yuan [22] established the stabilizing
effect of elasticity on 3D compressible vortex sheets.

Progress has also been made on the ill-posedness of the KH problem for ideal fluids. For incompressible
Euler flows, Ebin [8] proved the linear and nonlinear ill-posedness of the KH problem. Recently, we
proved the linear and nonlinear ill-posedness of the KH problem for incompressible MHD fluids [23]
under conditions that violate the Syrovatskij stability condition. For compressible Euler flows, normal
mode analysis [24, 25] showed that the linear KH instability is suppressed when the Mach number satisfies
M := v̇+

1/c >
√

2, while the solutions become strongly unstable when M <
√

2. In [26], we proved that
the nonlinear KH problem for compressible Euler fluids exhibits the same ill-posedness as its linearized
counterpart [24, 25] under the condition ε0 ≤ M <

√
2, where ε0 > 0 is a small fixed constant. Recently,

we also showed that weak elasticity has a destabilizing effect on the KH instability [27].
The linear theory of Chandrasekhar analyzes the KH instability in incompressible MHD fluids [2].

It is known that the instability sets in when the relative velocity between the layers exceeds twice the
local Alfvén speed, provided the magnetic field is aligned with the direction of maximum velocity shear.
Under the Syrovatskij stability condition, Sun, Wang, and Zhang [28] proved the nonlinear stability of
the incompressible MHD KH problem. In contrast, for a magnetic field parallel to the flow, we proved
in [23] that the incompressible MHD KH problem is both linearly and nonlinearly ill-posed when the
Syrovatskij condition is violated, using the framework introduced by Ebin [8]. For transverse magnetic
fields, Chandrasekhar observed that, in the linear regime, the development of the KH instability in the
streaming direction is unaffected by the transverse field. We further showed that the nonlinear MHD
KH problem exhibits the same ill-posed behavior as its linearized counterpart in this configuration [29].

Communications in Analysis and Mechanics Volume 18, Issue 2, 366–399.



373

In the context of compressible MHD flows, Wang and Yu [1] demonstrated that, for 2D flows,
a parallel magnetic field stabilizes the KH instability when the Mach number satisfies either M <√

1 −
√

1−β
1+β

or M >

√
1 +

√
1−β
1+β

. For 3D compressible MHD flows, Trakhinin [30, 31] and Chen

and Wang [32] independently employed distinct symmetrization techniques to establish the linear and
nonlinear stability of compressible vortex sheets, highlighting the stabilizing role of magnetic fields in
such configurations. Conversely, in regimes where the magnetic field is sufficiently weak,we show in
this paper that a parallel magnetic field can have a destabilizing effect on the KH instability. Similarly,
we proved that a transverse magnetic field also has a destabilizing effect [33]. The mechanism of the
transverse field in ideal MHD flows operates via its contribution to the pressure, thereby modifying the
magnetosonic wave speed.

In this paper, through an eigenvalue analysis of the linearized KH problem for ideal compressible
MHD flows, we establish that, in the high-frequency limit, the perturbed interface exhibits instantaneous
growth when the Mach number satisfies√√√

1 −

√
1 − β
1 + β

< M <=

√√√
1 +

√
1 − β
1 + β

.

Motivated by the works [4, 26, 34], we further prove that the nonlinear system (1.1)–(1.7) is ill-posed
for Mach numbers in the range Mlow ≤ M ≤ Mupp.

2. Main result

2.1. Definitions and terminology

Before stating the main result, we introduce some notation that will be used throughout the paper.
C > 0 denotes a generic universal constant that may depend on the parameters of the problem but not
on the data; its value may change from line to line. Such constants are referred to as universal and
are allowed to vary from one inequality to another. We write a . b to indicate that a ≤ Cb for some
universal constant C > 0, and a & b is understood analogously.

Since we consider two disjoint fluid layers, for a function ψ defined on Ω, we write ψ+ for its
restriction to Ω+ and ψ− for its restriction to Ω−. For any j ∈ R, we define the piecewise Sobolev space
by

H j(Ω) := {ψ|ψ+ ∈ H j(Ω+), ψ− ∈ H j(Ω−)}, (2.1)

endowed with the norm ‖ψ‖2H j = ‖ψ+‖2H j(Ω+) + ‖ψ−‖2H j(Ω−). The norm on H j(Ω±) is defined by

‖ψ‖2H j(Ω±) : =

j∑
s=0

∫
R×I±

(1 + η2) j−s|∂s
2ψ̂±(η, x2)|2dηdx2

=

j∑
s=0

∫
R

(1 + η2) j−s‖∂s
2ψ̂±(η, ·)‖

2
L2(I±)dη,

(2.2)

where I− = (−∞, 0), and I+ = (0,∞), and ψ̂ denotes the Fourier transform of ψ defined by

ψ̂(η) =

∫
R

ψe−ix1ηdx1. (2.3)
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For a function ψ defined on Γ ' R, we define the usual Sobolev space H j(R) ' H j(Γ) as the set of
functions ψ = ψ(x1) for which the following norm is finite:

‖ψ‖2H j(Γ) :=
∫
R

(1 + η2) j|ψ̂(η)|2dη. (2.4)

To shorten notation, for j ≥ 0, we define

‖( f , h, v, B)(t)‖H j = ‖ f (t)‖H j(Γ) + ‖h(t)‖H j(Ω) + ‖v(t)‖H j(Ω) + ‖B(t)‖H j(Ω). (2.5)

2.2. Main result

This paper is devoted to proving the ill-posedness of the KH problem for the MHD system under the
following condition:

Mlow :=

√√√
1 −

√
1 − β
1 + β

+ ε0 ≤ M :=
|v̇+

1 |

c
≤ Mupp :=

√√√
1 +

√
1 − β
1 + β

− ε0, (2.6)

in which β := c2
A

c2 and ε0 is a small but fixed number.

Definition 2.1. We say that the perturbed problem (6.8) has property EE(k) for some k ≥ 3 if there exist
δ, t0,C > 0 and a function F : [0, δ) → R+ satisfying F(z) ≤ Cz for z ∈ [0, δ) such that for any initial
data ( f̃0, h̃0, ṽ0) satisfying

‖ f̃0, h̃0, ṽ0, B̃0‖Hk < δ, (2.7)

there exists a unique solution ( f̃ , h̃, ṽ, B̃) of (6.8) with initial data ( f̃ , h̃, ṽ, B̃)|t=0 = ( f̃0, h̃0, ṽ0, B̃0), and
the estimate

sup
0≤t≤t0

‖( f̃ , h̃, ṽ, B̃)(t)‖H3 ≤ F(‖( f̃0, h̃0, ṽ0, B̃0)‖Hk). (2.8)

Theorem 2.2. Suppose that the initial data satisfies the constraint condition (1.19) and (1.25).We
further assume the rectilinear solution (3.1)-(3.3) satisfies the instability condition (2.6). Then the
perturbed problem (6.8) does not have property EE(k) in the sense of Definition 2.1.

Remark 2.1. We construct a growing normal mode solution for the front f when

√
1 −

√
1−β
1+β

< M :=

|v̇+
1 |

c <

√
1 +

√
1−β
1+β

. For the linear and nonlinear problems, however, we can only prove the ill-posedness

of the solutions (h, v) of the KH problem for ideal compressible flows when Mlow ≤ M ≤ Mupp due to
technical reasons.

Remark 2.2. Since Ψ(t, ·) : (x1, x2) 7→ (x1, x2 + ψ(t, x)) is a diffeomorphism, the ill-posedness of system
(3.8) in the flattened coordinates implies the ill-posedness of the solution to the original system (1.1).

Remark 2.3. By taking Ḃ1 = 0, the instability condition (2.6) reduces to

ε0 ≤ M :=
|v̇+

1 |

c
<
√

2 − ε0, (2.9)

which is precisely the instability condition for the KH problem in compressible Euler fluids (see [26]).
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Remark 2.4. On page 851 of [35], Pu and Kivelson examined a specific nightside configuration where
B1 = B2 = B, kt ‖ U ‖ B, and ρ1 = ρ2. For a velocity U satisfying Uc < U < Uu with

U2
u,c = 4β

(
1 ±

√
(β − 1)/(β + 1)

)
,

they demonstrated that the interface is unstable and will excite KH waves. We note that these two
critical values coincide with those obtained in the present paper.

2.3. Strategy of the proof and organization of the paper

First, the motion of the free surface Γ(t) and the domains Ω±(t) introduces several mathematical
difficulties. To overcome this, we switch to a flattened coordinate system (1.24) in which the upper and
lower fluid domains are fixed in time as Ω+ = R × (0,∞) and Ω− = R × (−∞, 0), respectively. Since
we are concerned with the KH instability, the instability arises from the discontinuity of the tangential
velocity across the interface. Using the momentum equation (the second equation in (1.24)) together
with the kinematic boundary condition, we derive a second-order evolution equation for the front in the
flattened coordinates:

∂2
t f + (v+

1 + v−1 )∂1∂t f +
1
2

((c+)2∇ψh+ · n + (c−)2∇ψh− · n)

+
1
2

(∇ψ
|B+|2

2
· n + ∇ψ

|B−|2

2
· n) +

1
2

((v+
1 )2 + (v−1 )2)∂2

1 f

−
1
2

(
1
%+

(B+
1 )2 +

1
%−

(B−1 )2)∂2
1 f = 0 on Γ.

From the above equation,we see that it is necessary to establish a relation between the pressure h and
the front f , a feature that distinguishes the compressible case from the KH instability in incompressible
MHD flows. To overcome this problem, we apply ∂t + ṽ · ∇ to the first equation in (1.34) and ∇ψ· to
the second one, obtaining (1.30). Subtracting the two equations in (1.30) yields the nonlinear wave
equation (1.31) for the pressure h. In contrast to the Euler case, the wave equation (1.31) in MHD flows
involves both h and B. Hence, a relation between h and B is required. To obtain such a relation, we
apply ∂t + ṽ · ∇ to the third equation in (1.24) and B̃ · ∇ to the second one, which leads to (1.32) together
with the boundary conditions (1.33)–(1.34), both expressed in terms of the front f .

Next, we study the linearized KH problem for compressible MHD equations, reformulated in the
flattened coordinates and linearized around the rectilinear solution. A key ingredient of our proof is
to derive an explicit expression relating the pressure h to the front f . Since we are investigating the
ill-posedness of the linearized KH problem for compressible MHD flows, it is natural to seek normal
mode solutions, i.e., we assume that the solution grows exponentially in time as eτ(η)t with τ(η) ∈ C,
Re τ(η) > 0, where η ∈ R is the horizontal spatial frequency. Taking the horizontal Fourier transform in
x1 reduces (3.10)–(3.12) to a system of Ordinary Differential Equations(ODEs) (3.13)–(3.15). From
the second equation in (3.15), we deduce the relation between the magnetic field component b̂1 and the
pressure m̂:

b̂1 =
Ḃ1[(τ + iv̇1η)2 + c2η2]

(τ + iv̇1η)2 m̂. (2.10)
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Substituting (3.16) into (3.15) yields
((τ + iv̇1η)2 + C2

Bη
2)m̂ −C2

B∂
2
2m̂ = 0, in Ω ,

[C2
Bm̂] = 0, on Γ ,

[C2
B∂2m̂] = −4iv̇+

1ητĝ, on Γ ,

(2.11)

where

C2
B = c2 + c2

A

(τ + iv̇+
1η)2 + c2η2

(τ + iv̇+
1η)2η2 and c2

A =
|Ḃ1|

2

ρ̇
. (2.12)

Here we remark that CB is called the magneto-acoustic speed and cA is called the Alfven speed. Thus,
we first solve this ODE system for m̂ and then substitute the resulting expression (3.20) into the front
equation (3.19) to obtain the symbol equation (3.23) for the front in Fourier space. By analyzing the
roots of the symbol of ĝ, we obtain the instability condition for the linearized KH problem in ideal
compressible MHD fluids; this is stated in Lemma 4.2.

Another key idea of this paper is to identify an elliptic structure in the front equation (3.7) when

c2 − c2

√
c2 − c2

A

c2 + c2
A

< (v̇+
1 )2 < c2 + c2

√
c2 − c2

A

c2 + c2
A

.

We then construct a sequence of solutions of the form

fn(t, x1) = eτtgn(x1) =
1

2π

∫
R

eτ(η)tχn(η)eiηx1 dη,

which satisfies (5.12). From this, we see that the linearized front equation (5.12) is qualitatively unstable
at high frequencies. As η → ∞, solutions of (5.12) with higher frequency grow faster over the same
time interval, which provides a mechanism for the KH instability. We remark that the linearized front
equation (5.12) for the KH instability in compressible Euler flows is, in some sense, similar to the
Birkhoff-Rott equation, which was shown to be of elliptic type in [36, 37]. Using the explicit expressions
for the velocity and density (or pressure) in terms of the front in Fourier space, together with the solution
sequence constructed above, we show that the solution of the linearized KH problem for compressible
MHD flows is not uniformly continuously dependent on the initial data when the Mach number satisfies
Mlow ≤ M ≤ Mupp.

In general, it is not trivial to pass from linear instability to nonlinear instability in conservative
partial differential equations. Inspired by the work on the instability of the Rayleigh-Taylor problem for
compressible Euler equations [4], we prove the ill-posedness of the nonlinear system via a rescaling
argument that connects the nonlinear problem to its linearized counterpart. However, the tangential
discontinuity in the boundary condition arising from the KH instability requires a more careful analysis
and estimation of the boundary terms.

The rest of the paper is organized as follows. In Section 3, we reformulate the system in the flattened
coordinates and derive the wave equation for the pressure. In Section 4, we analyze the roots of the
symbol of the linearized system for the 2D ideal compressible MHD KH problem, which helps us
identify the instability condition that the rectilinear solutions must satisfy. In Sections 5 and 6, we prove
the linear and nonlinear ill-posedness, respectively, of the compressible KH problem with a parallel
magnetic field.
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3. The Linearized equations in new coordinates

In this section, we consider the linearized system in the flattened coordinates and construct a growing
normal mode solution. Taking the Fourier transform of the linearized system yields a second-order ODE
for ĝ.

3.1. Construction of a growing solution of the linearized system

One easily verifies that the particular solution in Euler coordinates remains a particular solution in
the flattened coordinates, with

v̇± = u̇± =

(v̇+
1 , 0) x2 ≥ 0,

(v̇−1 , 0) x2 < 0,
(3.1)

and
%̇+ = %̇− := %̇, (3.2)

and

Ḃ = Ḣ =

(Ḃ+
1 , 0) x2 ≥ 0,

(Ḃ−1 , 0) x2 < 0.
(3.3)

Remark 3.1. From now on and throughout this paper, we use the new notation ( ḟ , %̇±, v̇±, Ḃ±) to denote
the rectilinear solution ( ḟ , ρ̇±, u̇±, Ḣ±), which is in fact the same constant quantity. Here, we use the new
notation to match the notation in the new coordinates.

We now consider the constant-coefficient linearized equations obtained by linearizing (1.24), (1.29)
and (1.35) around the following configuration: the constant velocity v̇± = (v̇±1 , 0) along the x1-direction,
the constant parallel magnetic field Ḃ± = (Ḃ±1 , 0) also along the x1-direction, constant pressure ḣ+ = ḣ−,
flat front Γ = {x2 = 0},and the normal vector n = (0, 1). Moreover, by a Galilean transformation and a
suitable change of scale, the rectilinear solution can be normalized so that

v̇+
1 + v̇−1 = 0, |Ḃ+

1 | = |Ḃ
−
1 |. (3.4)

Therefore, we have the following linearized equations:

∂th̃ + v̇1∂1h̃ + ∇ · ṽ = 0, in Ω,

∂tṽ + v̇1∂1ṽ + c2∇h + Ḃ1
%̇
∇B̃1 = Ḃ1

%̇
∂1B̃, in Ω,

∂tB̃ + v̇1∂1B̃ + Ḃ∇ · ṽ = Ḃ1∂1ṽ, in Ω,

∇ · B̃ = 0, in Ω,

∂t f̃ = ṽ2 − v̇1∂1 f̃ on Γ,

(3.5)

where c2 := c2(%̇). In fact, let v = v̇ + ṽ and n = e2 + ñ, so we linearize the origin boundary condition
[v · n] = 0 as follows:

[(v̇ + ṽ) · (e2 + ñ)] = [ṽ · e2] + [v̇ · ñ] + [ṽ · ñ] = 0,

where ñ = (−∂1 f̃ , 0). Obviously, the third term is a nonlinear term. Then the linear boundary condition
is written as

[ṽ · e2] = −[v̇ · ñ] = 2v̇+
1∂1 f̃ .
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Similarly, we deduce that
B̃2 − Ḃ1∂1 f̃ = 0.

Thus, the jump conditions on the boundary can be linearized as follows:

[c2h̃ + %̇−1Ḃ1B̃1] = 0, [ṽ2] = 2v̇+
1∂1 f̃ , B̃2 − Ḃ1∂1 f̃ = 0 on Γ. (3.6)

We also get a linearized equation for the front f̃

∂2
t f̃ + (v̇+

1 )2∂2
1 f̃ +

1
2

c2(∂2h̃+ + ∂2h̃−) +
1
2

(
Ḃ+

1

%̇
∂2B̃+

1 +
Ḃ−1
%̇
∂2B̃−1 ) =

(Ḃ+
1 )2

%̇
∂2

1 f̃ on Γ, (3.7)

and a linearized system for the pressure h̃
(∂t + v̇1∂1)2h̃ − c2∆h̃ −

Ḃ1

ρ̇
∆B̃1 = 0 in Ω,

(∂t + v̇1∂1)2B̃1 − Ḃ1(∂t + v̇1∂1)2h̃ + c2Ḃ1∂
2
1h̃ = 0 in Ω,

[c2h̃ + %̇−1Ḃ1B̃1] = 0 on Γ,

[c2∂2h̃ + %̇−1Ḃ1∂2B̃1] = −4v̇+
1∂t∂1 f̃ on Γ.

(3.8)

Then, before going on to the analysis, we are going to drop the tilde from all unknowns of the linearized
problem by f̃ , h̃, ṽ, B̃ in order to avoid overloading notation.

We want to construct a solution to the linear system (3.5)-(3.8) that has a growing Hk norm for any k.
To begin with, we assume the solution is in the following normal mode form:

h(t, x1, x2) = eτtm(x1, x2), v(t, x1, x2) = eτtw(x1, x2),
B(t, x1, x2) = eτtb(x1, x2), f (t, x1) = eτtg(x1).

(3.9)

Here we assume that τ = γ + iδ ∈ C\{0} is the same above and below the interface. A solution with
R(τ) > 0 corresponds to a growing mode. Plugging the ansatz (3.9) into (3.5)-(3.8), we have

τm + v̇1∂1m + ∂1w1 + ∂2w2 = 0 in Ω,

τw1 + v̇1∂1w1 + c2∂1m = 0 in Ω,

τw2 + v̇1∂1w2 + c2∂2m + Ḃ1
%̇
∂2b1 = Ḃ1

%̇
∂1b2 in Ω,

τb1 + v̇1∂1b1 + Ḃ1∂2w2 = 0 in Ω,

τb2 + v̇1∂1b2 = Ḃ1∂1w2 in Ω,

∂1b1 + ∂2b2 = 0 in Ω,

τg = w2 − v̇1∂1g on Γ,

[c2m + %̇−1Ḃ1b1] = 0, [w2] = 2v̇+
1∂1g, b2 = Ḃ1∂1g on Γ,

(3.10)

τ2g + (v̇+
1 )2∂2

1g +
1
2

c2(∂2m+ + ∂2m−) +
1
2

(
Ḃ+

1

%̇
∂2b+

1 +
Ḃ−1
%̇
∂2b−1 ) =

(Ḃ+
1 )2

%̇
∂2

1g on Γ, (3.11)
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and 
(τ + v̇1∂1)2m − c2(∂2

1 + ∂2
2)m −

Ḃ1

%̇
(∂2

1 + ∂2
2)b1 = 0 in Ω,

(τ + v̇1∂1)2b1 − Ḃ1(τ + v̇1∂1)2m + c2Ḃ1∂
2
1m = 0 in Ω,

[ρ̇c2m + ρ̇−1Ḃ1b1] = 0 on Γ,

[c2∂2m + ρ̇−1Ḃ1∂2b1] = −4v̇+
1τ∂1g on Γ.

(3.12)

3.2. The formula for ∂2m̂+ + ∂2m̂− on Γ

By taking the Fourier transform of problem (3.11) and (3.12), we deduce a formula for ∂2m̂+ + ∂2m̂−

on Γ, then, substituting this formula into (3.12), it follows that a second-order wave-type equation for
the front g is satisfied. More precisely, we define the Fourier transform of m, w, b, and g as follows:

m̂ =

∫ ∞

−∞

e−iηx1mdx1, ŵ =

∫ ∞

−∞

e−iηx1wdx1,

and

b̂ =

∫ ∞

−∞

e−iηx1bdx1, ĝ =

∫ ∞

−∞

e−iηx1gdx1,

in which the dual variable of the space variable x1 is denoted by η.
Taking the Fourier transform of the equations (3.10)-(3.12), we derive the following equations:

(τ + iv̇1η)m̂ + iηŵ1 + ∂2ŵ2 = 0 in Ω,

(τ + iv̇1η)ŵ1 + c2iηm̂ = 0 in Ω,

(τ + iv̇1η)ŵ2 + c2∂2m̂ + Ḃ1
%̇
∂2b̂1 = Ḃ1

%̇
iηb̂2 in Ω,

(τ + iv̇1η)b̂1 + Ḃ1∂2w2 = 0 in Ω,

(τ + iv̇1η)b̂2 = Ḃ1iηŵ2 in Ω,

iηb̂1 + ∂2b̂2 = 0 in Ω,

τĝ = ŵ2 − iv̇1ηĝ on Γ,

[c2m̂ + %̇−1Ḃ1b̂1] = 0, [ŵ2] = 2iv̇+
1ηĝ, b̂2 = iḂ1ηĝ on Γ,

(3.13)

and

τ2ĝ − (v̇+
1 )2η2ĝ +

1
2

(c2(∂2m̂+ + ∂2m̂−) +
1
2

(
Ḃ+

1

%̇
∂2b+

1 +
Ḃ+

1

%̇
∂2b−1 ) +

(Ḃ+
1 )2

%̇
η2g = 0 on Γ, (3.14)

and 

(τ + iv̇1η)2 + c2k2m̂ +
Ḃ1

%̇
η2b̂2 − c2∂2

2m̂ − ∂2
2b̂1 = 0 in Ω,

(τ + iv̇1η)2b̂1 − Ḃ1(τ + iv̇1η)2m̂ − c2Ḃ1η
2m = 0 in Ω,

[c2m̂ + %̇−1Ḃ1b̂1] = 0 on Γ,

[c2∂2m̂ + %̇−1Ḃ1∂2b̂1] = −4iv̇+
1ητĝ on Γ.

(3.15)
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From the second equation in (3.15), we can deduce the relationship between the magnetic b̂1 and the
pressure m̂:

b̂1 =
Ḃ1[(τ + iv̇1η)2 + c2η2]

(τ + iv̇1η)2 m̂, (3.16)

then we substitute this relationship (3.16) into (3.15) to get
((τ + iv̇1η)2 + C2

Bη
2)m̂ −C2

B∂
2
2m̂ = 0, in Ω,

[C2
Bm̂] = 0, on Γ,

[C2
B∂2m̂] = −4iv̇+

1ητĝ, on Γ,

(3.17)

where

(C±B)2 = c2 + c2
A

(τ ± iv̇+
1η)2 + c2η2

(τ ± iv̇+
1η)2 , c2

A =
|Ḃ1|

2

ρ̇
. (3.18)

Here, we remark that CB is called the magneto-acoustic speed, and cA is called the Alfven speed and we
also substitute this relationship (3.16) into (3.14) to get

τ2ĝ − (v̇+
1 )2η2ĝ +

(C+
B)2

2
∂2m̂+ +

(C−B)2

2
∂2m̂− + c2

Aη
2ĝ = 0, on Γ. (3.19)

Solving the system (3.17), we obtain

m̂ =


4iv̇+

1τηĝ
(C+

B)2(µ+ + µ−)
e−µ

+x2 x2 ≥ 0,

4iv̇+
1τηĝ

(C−B)2(µ+ + µ−)
eµ
−x2 x2 < 0,

(3.20)

where µ± =

√
(τ±iv̇+

1 η)2

(C±B)2 + η2 are the roots of the equation

(C±B)2s2 + (τ ± iv̇+
1η)2 − (C±B)2η2 = 0. (3.21)

Here, we notice that Rµ± > 0 since Rτ > 0.
By direct computation, we deduce

(C+
B)2

2
∂2m̂+ +

(C−B)2

2
∂2m̂− = −4iv̇+

1ητ f̂
µ+ − µ−

µ+ + µ−
on Γ. (3.22)

Finaly,we substitute (3.22) into (3.19) to obtain a second-order equation for ĝ:

(τ2 − (v̇+
1 )2η2 − 2iv̇+

1ητ
µ+ − µ−

µ+ + µ−
+ c2

Aη
2)ĝ = 0 on Γ, (3.23)

where the symbol of (3.23) is defined as follows:

Σ = τ2 − (v̇+
1 )2η2 − 2iv̇+

1ητ
µ+ − µ−

µ+ + µ−
+ c2

Aη
2. (3.24)
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4. The analysis of the symbol (3.24)

In order to further analyze the equation (3.23), we define a set of frequencies

Ξ = {(τ, η) ∈ C × R : Rτ > 0}. (4.1)

Since it is known that Rµ± > 0 when Rτ > 0, it follows that R(µ+ + µ−) > 0, and thus µ+ + µ− , 0 in
all such points. To study the symbol Σ, we also need to know whether the difference µ+ − µ− vanishes.

Lemma 4.1. Let (τ, η) ∈ Ξ. Then µ+ = µ− if and only if (τ, η) = (τ, 0).

Proof. From (3.21), it implies that (µ+)2 = (µ−)2 if and only if η = 0 or τ = 0. Since (τ, η) ∈ Ξ, only the

η = 0 case needs study. When η = 0, it follows that µ+ = µ− = τ/
√

c2 + c2
A. �

Now we will discuss the roots of the symbol (3.24) in the instability case.

Lemma 4.2. Let Σ(τ, η) be the symbol defined in (3.24). For (τ, η) ∈ Ξ, when c > cA, if c2 − c2

√
c2−c2

A
c2+c2

A
<

(v̇+
1 )2 < c2 + c2

√
c2−c2

A
c2+c2

A
, then Σ(τ, η) = 0 if and only if

τ = +V3η,

where V2
3 =

(
c2(c2 + 4(v̇+

1 )2) − 2 c4c2
A

c2+c2
A

) 1
2
− (v̇+

1 )2 − c2 > 0.

Proof. To begin with, we introduce a quantity

θ :=
µ+ − µ−

µ+ + µ−
. (4.2)

From this, we can deduce that
µ+

1 + θ
=

µ−

1 − θ
. (4.3)

Since our goal is to find the root of Σ = 0, from the definition of Σ (3.24), it follows that θ =
τ2−(v̇+

1 )2η2+c2
Aη

2

2iv̇+
1 ητ

,
therefore we have

1 + θ =
2iv̇+

1ητ + (τ2 − (v̇+
1 )2η2 + c2

Aη
2)

2iv̇+
1ητ

, 1 − θ =
2iv̇+

1ητ − (τ2 − (v̇+
1 )2η2 + c2

Aη
2)

2iv̇+
1ητ

. (4.4)

Substituting (4.4) into (4.3) leads to a characteristic equation

µ+

(τ + iv̇+
1η)2 + c2

Aη
2

= −
µ−

(τ − iv̇+
1η)2 + c2

Aη
2
. (4.5)

In order to find the root of Σ = 0, we also introduce new variables

V =
τ

η
, µ̃± =

µ±

η
. (4.6)
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Plugging these new variables (4.6) into the characteristic equation (4.5), we have

µ̃+((V − iv̇+
1 )2 + c2

A) + µ̃−((V + iv̇+
1 )2 + c2

A) = 0. (4.7)

By the formula of the roots µ± (3.21), it follows that

(µ̃+)2 =
[(V + iv̇+

1 )2 + c2][(V + iv̇+
1 )2 + c2

A]
(c2 + c2

A)(V + iv̇+
1 )2 + c2c2

A

(4.8)

and

(µ̃−)2 =
[(V − iv̇+

1 )2 + c2][(V − iv̇+
1 )2 + c2

A]
(c2 + c2

A)(V − iv̇+
1 )2 + c2c2

A

. (4.9)

Squaring the equation (4.6), we get

[µ̃+((V − iv̇+
1 )2 + c2

A)]2 − [µ̃−((V + iv̇+
1 )2 + c2

A)]2 = 0, (4.10)

then substituting (4.8) and (4.9) into (4.10) leads to the following equation for V2:

V[V4 + 2(c2 + (v̇+
1 )2)V2 + (v̇+

1 )2((v̇+
1 )2 − 2c2) + 2

c4c2
A

c2 + c2
A

] = 0. (4.11)

The roots of this equation are
V1 = 0, (4.12)

V2
2 = −c2 − (v̇+

1 )2 − [c2(c2 + 4(v̇+
1 )2) − 2

c4c2
A

c2 + c2
A

]
1
2 , (4.13)

or

V2
3 = −c2 − (v̇+

1 )2 + [c2(c2 + 4(v̇+
1 )2) − 2

c4c2
A

c2 + c2
A

]
1
2 . (4.14)

Now we verify whether these possible root are the real roots of Σ(τ, η) = 0.

i) Since the first root V1 = 0, from the definition (4.6), we deduce that τ = 0. However, since we
seek a growing mode, this contradicts with the assumption R(τ) > 0. Therefore, V1 = 0 is not a root of
Σ(τ, η) = 0.

ii) We claim that the points (τ, η) ∈ Ξ with τ = ±V2η are also not roots of Σ(τ, η) = 0. Without loss
of generality, we can assume that V2 is positive. From (4.13), we deduce

V2 = iY2, Y2 ≥ v̇+
1 + c. (4.15)

And from this, we deduce Y2 ± v̇+
1 > c. Thus, it follows that (Y2 ± v̇+

1 )2 > c2 > c2
A. In accordance with

the equation (4.8) and (4.9), we deduce that µ̃+ = i [(Y2+v̇+
1 )2−c2][(Y2+v̇+

1 )2−c2
A]

(c2+c2
A)(Y2+v̇+

1 )2−c2c2
A

and µ̃− = i [(Y2−v̇+
1 )2−c2][(Y2−v̇+

1 )2−c2
A]

(c2+c2
A)(Y2−v̇+

1 )2−c2c2
A

,

from which we know that µ̃+ and µ̃− have the same sign. Also, we have (V − iv̇+
1 )2 + c2

A < 0 and
(V + iv̇+

1 )2 + c2
A < 0. From these relationships, we deduce that (4.7) is not satisfied. Similarly, we can

show that (τ, η) ∈ Σ with τ = −V2η is not the root of µ+µ− = η2. On the other hand, from (4.15), we
know that τ = iY2η is an imaginary root, thus it implies that Rτ = 0 and (±V2η, η) < Ξ.
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iii) We discuss whether the root V3 is a root of Σ(τ, η) = 0. Under this constraint, c2 − c2

√
c2−c2

A
c2+c2

A
<

(v̇+
1 )2 < c2 + c2

√
c2−c2

A
c2+c2

A
. We get V2

3 > 0, thus it follows that τ = ±V3η are real. The point (−V3η, η) < Ξ,

thus we omit this point, and we only study the root τ = +V3η. Using a fact that square roots of the
complex number a + ib are

± {

√
r + a

2
+ isgn(b)

√
r − a

2
}, r = |a + ib|, (4.16)

in our case, we compute

µ+ =

√
r + a

2
+ i

√
r − a

2
, µ− =

√
r + a

2
− i

√
r − a

2
, (4.17)

where

a =
(c2 + c2

A)(V2
3 − (v̇+

1 )2)2(V2
3 − (v̇+

1 )2) + c2c2
A(V4

3 + (v̇+
1 )4 − 6V2

3 (v̇+
1 )2)

(c2 + c2
A)2(V2

3 + (v̇+
1 )2)2 + 2c2c2

A(c2 + c2
A)(V2

3 − (v̇+
1 )2) + c4c4

A

η2, (4.18)

and

b =
2V3v̇+

1 ((c2 + c2
A)(V2

3 − (v̇+
1 )2)2 + 2c2c2

A(V2
3 − (v̇+

1 )2))

(c2 + c2
A)2(V2

3 + (v̇+
1 )2)2 + 2c2c2

A(c2 + c2
A)(V2

3 − (v̇+
1 )2) + c4c4

A

η2, (4.19)

so that (4.7) is satisfied. Therefore we deduce that in the case of c2 − c2

√
c2−c2

A
c2+c2

A
< (v̇+

1 )2 < c2 + c2

√
c2−c2

A
c2+c2

A
,

the root of the symbol Σ is the point (+V3η, η). In summary, we can get a root (τ, η) with Rτ > 0, which
is an unstable solution. �

5. Ill-posedness of solutions for the linear problem

5.1. Uniqueness for the linearized equations (3.5)

To begin with, we prove a uniqueness result for the linearized equations (3.5).

Lemma 5.1. Let ( f , h, v, B) be a solution to the linearized equations (3.5) with ( f , h, v, B)|t=0 = 0. Then
( f , h, v, B) ≡ 0.

Proof. Taking the standard inner product of the first, second, and third equations in (3.5) with c2h+, v+

and integrating over Ω+, we obtain

1
2
∂t

∫
Ω+

c2|h+|2 +
1
2

∫
Ω+

v̇+
1∂1(c2|h+|2) +

∫
Ω+

c2h+divv+ = 0 (5.1)

and

1
2
∂t

∫
Ω+

|v+|2 +
1
2

∫
Ω+

v̇+
1∂1(|v+|2) +

∫
Ω+

c2∇h+ · v+ +

∫
Ω+

Ḃ1

%̇
∇B1 · v+ =

∫
Ω+

Ḃ+
1

%̇
∂1B · v+. (5.2)
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Meanwhile, we take the inner product of the third equation in (3.5) with B+

%̇
and integrate over Ω+ to

arrive at
1
2
∂t

∫
Ω+

|B+|2

%̇
+

1
2

∫
Ω+

v̇+
1

%̇
∂1(|B+|2) +

∫
Ω+

Ḃ+
1

%̇
B+

1∇ · v
+ =

∫
Ω+

Ḃ+
1

%̇
∂1v+ · B+. (5.3)

After integrating by parts, the second terms on the left-hand side of (5.1) and (5.2) vanish, and also the
sum of the terms on the right-hand side of (5.2) and (5.7) vanish, thus adding (5.1), (5.2) and (5.7) and
integrating by parts, we get

1
2
∂t

∫
Ω+

(c2|h+|2 + |v+|2 +
|B+|2

%̇
) = c2

∫
Γ

h+v+ · e2 +
Ḃ+

1

%̇

∫
Γ

B+
1 v+ · e2. (5.4)

A similar result holds on Ω− with the opposite sign on the right-hand side:

1
2
∂t

∫
Ω−

(c2|h−|2 + |v−|2 +
|B−|2

%̇
) = −c2

∫
Γ

h−v− · e2 −
Ḃ−1
%̇

∫
Γ

B−1 v− · e2. (5.5)

Adding (5.4) and (5.5) implies

1
2
∂t

∫
Ω

(c2|h|2 + |v|2 +
|B|2

%̇
) =

∫
Γ

[(c2h + %̇−1Ḃ1B1)v · e2]

= 2
∫

Γ

(c2h + %̇−1Ḃ1B1)v̇+
1∂1 f .

(5.6)

Also multiplying the fifth equation in (3.5) by f , we have
1
2
∂t

∫
Γ

| f |2 =

∫
Γ

v2 f . (5.7)

Adding (5.6) and (5.7) and using the Hölder inequality yields

1
2
∂t

∫
Ω

(c2|h|2 + |v|2 +
|B|2

%̇
) +

1
2
∂t

∫
Γ

| f |2

= 2
∫

Γ

(c2h + %̇−1Ḃ1B1)v̇+
1∂1 f +

∫
Γ

v2 f

≤ 2c2v̇+
1 ‖h‖L2(Γ)‖∂1 f ‖L2(Γ) + ‖B1‖L2(Γ)‖∂1 f ‖L2(Γ) + ‖v2‖L2(Γ)‖ f ‖L2(Γ) := J.

(5.8)

To avoid the loss of derivatives, we suppose that the solutions are band-limited at radius R > 0, i.e., that

∪
x2∈R

supp(| f̂ (·)| + |ĥ(·, x2)| + |v̂(·, x2)| + |B̂(·, x2)|) ⊂ B(0,R).

We also introduce an anisotropic trace estimate in Lemma B.1 ([38]):

‖φ‖2L2(Γ) ≤ C(‖v̇ · ∇φ‖L2(Ω)‖φ‖L2(Ω) + ‖φ‖2L2(Ω)), (5.9)

where v̇ = (v̇+
1 , 0) with v̇+

1 = Ulow + cε0 > 0. Now we estimate J as follows:

J . (‖v̇+
1∂1h‖L2(Ω)‖h‖L2(Ω) + ‖h‖2L2(Ω))

1
2 ‖η f̂ ‖L2(Γ)

+ (‖v̇+
1∂1B1‖L2(Ω)‖B1‖L2(Ω) + ‖B1‖

2
L2(Ω))

1
2 ‖η f̂ ‖L2(Γ)

+ (‖v̇+
1∂1v2‖L2(Ω)‖v2‖L2(Ω) + ‖v2‖

2
L2(Ω))

1
2 ‖ f ‖L2(Γ)

. ((v̇+
1 R + 1)R2‖h‖2L2(Ω))

1
2 ‖ f ‖L2(Γ) + ((v̇+

1 R + 1)R2‖B1‖
2
L2(Ω))

1
2 ‖ f ‖L2(Γ)

+ ((v̇+
1 R + 1)‖v2‖

2
L2(Ω))

1
2 ‖ f ‖L2(Γ).

(5.10)
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Finally, plugging (5.10) into (5.8) and taking use of Grönwall′s inequality, for arbitrary R, we have

‖ f ‖2L2(Γ) + ‖h‖2L2(Ω) + ‖v‖2L2(Ω) + ‖B‖2L2(Ω) ≤ C(‖ f0‖
2
L2(Γ) + ‖h0‖

2
L2(Ω) + ‖v0‖

2
L2(Ω) + ‖B‖2L2(Ω)). (5.11)

From this, we infer that if ( f0, h0, v0, B0) = 0, then it follows that ( f , h, v, B) ≡ 0.
�

5.2. Discontinuous dependence on the initial data

In accordance with Lemma 3.2 and (4.14), if c2 − c2

√
c2−c2

A
c2+c2

A
< (v̇+

1 )2 < c2 + c2

√
c2−c2

A
c2+c2

A
, we deduce

that V2
3 is positive, and it follows that τ = V3η is real and positive. Also, we can infer that the equation

(3.7) reduces to the following form:
∂2

t f + λ∂2
1 f = 0, (5.12)

where λ must be positive in the case of c2 − c2

√
c2−c2

A
c2+c2

A
< (v̇+

1 )2 < c2 + c2

√
c2−c2

A
c2+c2

A
. In fact, plugging

f = eτtg into equation (5.12), we get τ2g + λ∂2
1g = 0. Then we take the Fourier transform of this identity

with respect the x1 variable, and we have

(τ2 − λη2)ĝ = 0, (5.13)

which yields λ = τ2

η2 . From Lemma 3.2, we know that V2
3 = τ2

η2 > 0 in the case of c2 − c2

√
c2−c2

A
c2+c2

A
<

(v̇+
1 )2 < c2 + c2

√
c2−c2

A
c2+c2

A
. Thus, we have λ = V2

3 > 0. Therefore, (5.12) is an elliptic equation.

We are now in a position to prove ill-posedness for this linear problem in the following lemma.

Lemma 5.2. In the case of Mlow :=

√
1 −

√
1−β
1+β

+ ε0 ≤ M := v̇+
1
c < Mupp :=

√
1 +

√
1−β
1+β
− ε0, β := c2

A
c2 ,

the linear problem (3.5) with the correesponding jump boundary conditions (3.6) is ill-posed in the
sense of Hadamard in Hk(Ω) for every k. More precisely, for any k, j ∈ N with j ≥ k, and for any T0 > 0
and α > 0, there exists a sequence {( fn, hn, vn, Bn)}∞n=1 to (3.5), satisfying jump boundary conditions
(3.6), so that

‖( fn(0), hn(0), vn(0), Bn(0))‖H j .
1
n

(5.14)

but
‖( fn(t), hn(t), vn(t), Bn(t))‖Hk ≥ α, f or all t ≥ T0. (5.15)

Proof. For any j ∈ N, we let χn(η) ∈ C∞c (R) be a real-valued function so that supp(χn) ⊂ B(0, n +

1)\B(0, n) and ∫
R

(1 + |η|2) j+1|χn(η)|2dη =
1

C̄ j
2n2

. (5.16)

We define

fn(t, x1) = eτtgn(x1) =
1

2π

∫
R

eV3ηtχn(η)eiηx1dη, (5.17)
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which solves (5.12). Here, we make use of τ = V3η according with Lemma 3.2. Meanwhile we can see
that ĝn = χn(η). From this, we can see that the linearized front equation is qualitatively more unstable
for large frequencies η. Since η→ ∞, the solutions fn of (5.12) with a higher frequency grow faster in
time, which provides a mechanism for KH instability. By the choice of χn and the Plancherel theorem,
we have the estimate

‖ fn(t = 0)‖H j(Γ) = ‖gn‖H j(Γ)

= (
∫
R

(1 + |η|2) j|χn(η)|2dη)1/2 .
1
n
.

(5.18)

Meanwhile for n + 1 ≥ η ≥ n and t ≥ T0, we get

‖ fn(t)‖2Hk(Γ) ≥ e2V3nT0

∫
R

(1 + |η|2)k|χn(η)|2dη

≥
e2V3nT0

(1 + (n + 1)2) j−k+1

∫
R

(1 + η2) j+1|χn(η)|2dη.
(5.19)

Let n be sufficiently large so that

e2V3nT0

(1 + (n + 1)2) j−k+1 ≥ α
2C̄ j

2n2, (5.20)

thus we may estimate

‖ fn(t)‖Hk(Γ) ≥ α. (5.21)

From the computation in Section 2.2, we know that

m̂n(η, x2) =


4iv̇+

1ητ

(C+
B)2(µ+ + µ−)

ĝn(η)e−µ
+x2 x2 ≥ 0,

4iv̇+
1ητ

(C−B)2(µ+ + µ−)
ĝn(η)eµ

−x2 x2 < 0.
(5.22)

Since τ = V3η > 0 and η > 0, from Lemma 3.1, we know that µ+ − µ− , 0, then (5.22) can be rewritten
as

m̂n(η, x2) =

C1(M)(µ+ − µ−)ĝn(η)e−µ
+x2 x2 ≥ 0,

C2(M)(µ+ − µ−)ĝn(η)eµ
−x2 x2 < 0,

(5.23)

where C1(M) and. Since C2(M) are constants that depend on the Mach number M. Here, we note that
µ± only depend on η, we get τ = X1η, it implies that µ(τ, η) = µ(X1η, η).

We have the following fact:

|∂s
2e−µ

+x2 |2 = |µ+|2s|e−µ
+x2 |2 = |µ+|2se−2(Rµ+)x2 = |µ+|2se−2

√
r+a

2 x2 , (5.24)

and the same equality holds for µ−.

Communications in Analysis and Mechanics Volume 18, Issue 2, 366–399.



387

By the Plancherel theorem and (5.22), we have

‖hn(t, x1, x2)‖2Hk(Ω) = ‖eτtmn(x1, x2)‖2Hk(Ω)

≥ (C1(M))2
∫
R

(1 + η2)k|µ+ − µ−|2|eτtĝn(η)|2
∫ ∞

0
|e−µ

+x2 |2dx2dη

+ (C2(M))2
∫
R

(1 + η2)k|µ+ − µ−|2|eτtĝn(η)|2
∫ 0

−∞

|eµ
−x2 |2dx2dη

≥ (C1(M))2
∫
R

(1 + η2)k
∣∣∣∣∣µ+ − µ−

µ+

∣∣∣∣∣2 ∣∣∣∣∣ µ+

µ+ + µ−

∣∣∣∣∣ |µ+|e2V3ηt|χn(η)|2dη

+ (C2(M))2
∫
R

(1 + η2)k
∣∣∣∣∣µ+ − µ−

µ−

∣∣∣∣∣2 ∣∣∣∣∣ µ−

µ+ + µ−

∣∣∣∣∣ |µ−|e2V3ηt|χn(η)|2dη,

(5.25)

then recalling the formula (4.16), we deduce that

∣∣∣∣∣µ+ − µ−

µ+

∣∣∣∣∣2 =
|2i

√
r−a

2 |
2

|

√
r+a

2 + i
√

r−a
2 |

2
= 2

r − a
r

= 2(1 −
a
r

). (5.26)

Making use of Mlow ≤ M ≤ Mupp, we estimate a
r as follows:

− 1 < −1 + C3(ε0) ≤
a
r
≤ 1 −C4(ε0) < 1, (5.27)

where C3(ε0) and C4(ε0) are very small constants that depend on the parameter ε0. Meanwhile the lower
bound is reached when M takes the value of Mupp in the above inequality.
Also, we compute

|µ±| = |

√
r + a

2
± i

√
r − a

2
| =
√

r,

|µ+ + µ−| = |2

√
r + a

2
| =

√
2(r + a).

(5.28)

Finally, combining with (5.26), (5.27), and (5.28) implies that

2C4(ε0) ≤
∣∣∣∣∣µ+ − µ−

µ±

∣∣∣∣∣2 < 4. (5.29)

Here we remark that Mlow ≤ M must be satisfied, and ε0 is a small but fixed number. Because if the

Mach number M tends to

√
1 −

√
1−β
1+β

, this lower bound tends to zero.

Meanwhile, we have to estimate the terms | µ±

µ++µ−
|. Noting the fact (5.28) and (5.27), we have∣∣∣∣∣ µ±

µ+ + µ−

∣∣∣∣∣ =
|µ±|

|µ+ + µ−|
=

1
√

2
√

1 + a
r

. (5.30)

Since

√
1 −

√
1−β
1+β

< M ≤ Mupp, the above equality has the following uniform lower bound and upper

bound:
1
2
<

∣∣∣∣∣ µ±

µ+ + µ−

∣∣∣∣∣ ≤ 1
√

2
√

C3(ε0)
. (5.31)
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Noting that when ε0 goes to zero, the uniform upper bound will not be obtained.

Therefore, employing (5.29), (5.23), (5.28), and (5.24), we estimate ‖hn(0)‖Hk(Ω) as follows:

‖hn(t = 0, x1, x2)‖2H j(Ω) = ‖mn(x1, x2)‖2H j(Ω)

≤

j∑
s=0

(C1(M))2
∫
R

(1 + η2) j−s|µ+ − µ−|2|ĝn(η)|2
∫ ∞

0
|∂s

2e−µ
+x2 |2dx2dη

+

j∑
s=0

(C2(M))2
∫
R

(1 + η2) j−s|µ+ − µ−|2|ĝn(η)|2
∫ 0

−∞

|∂s
2eµ

−x2 |2dx2dη

≤

j∑
s=0

(C1(M))2
∫
R

(1 + η2) j−s
∣∣∣∣∣µ+ − µ−

µ+

∣∣∣∣∣2 ∣∣∣∣∣ µ+

µ+ + µ−

∣∣∣∣∣ |µ+|2s+1|χn(η)|2dη

+

j∑
s=0

(C2(M))2
∫
R

(1 + η2) j−s
∣∣∣∣∣µ+ − µ−

µ−

∣∣∣∣∣2 ∣∣∣∣∣ µ−

µ+ + µ−

∣∣∣∣∣ |µ−|2s+1|χn(η)|2dη

.

∫
R

(1 + η2) j+1|χn(η)|2dη .
1
n2 .

(5.32)

At the same time, noting that supp(χn) ⊂ B(0, n + 1)\B(0, n), then for η ≥ n ≥ 1 and t ≥ T0, we may
estimate (5.25) as follows:

‖hn(t)‖2Hk(Ω) ≥ C̃(M, ε)
e2V3nT0

(1 + (n + 1)2) j−k+1

∫
R

(1 + η2) j+1|χn(η)|2dη. (5.33)

Let n be sufficiently large so that

C̃(M, ε)
e2V3nT0

(1 + (n + 1)2) j−k+1 ≥ α
2n2C̄2

j . (5.34)

Hence, we may estimate
‖hn(t)‖Hk(Ω) ≥ α. (5.35)

Next, we substitute (3.16) into the second equation and the fourth equation in (3.13) and arrive at

(τ + iv̇1η)ŵ1 + c2iηm̂ = 0, (5.36)

and

(τ + iv̇1η)ŵ2 + C2
B∂2m̂ = −c2

A
η2

(τ + iv̇1η)
ŵ2. (5.37)

Since τ + iv̇1η , 0, we directly compute to find

v̂1 = c2 iη
τ + iv̇+

1η
ĥ. (5.38)

Also from (3.16), we have

v̂2 = C2
B

(τ + iv̇+
1η)µ+

(τ + iv̇+
1η)2 + c2

Aη
2
ĥ, (5.39)
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then we may estimate | iη
τ+iv̇+

1 η
|2 and | (τ+iv̇+

1 η)µ+

(τ+iv̇+
1 η)2+c2

Aη
2 |

2 as follows:

|
iη

τ + iv̇+
1η
|2 =

1
V2

3 + (v̇+
1 )2

=
1(

c2(c2 + 4(v̇+
1 )2) − 2 c4c2

A
c2+c2

A

) 1
2
− c2

=
1

c2(
√

4M2 +
1−β
1+β
− 1)

.

(5.40)

Since 1 −
√

1−β
1+β

< M2 < 1 +

√
1−β
1+β

, we know that

1

c2(1 +

√
1−β
1+β

)
< |

iη
τ + iv̇+

1η
|2 <

1

c2(1 −
√

1−β
1+β

)
. (5.41)

In accordance with (4.6) , (4.14) and

√
1 −

√
1−β
1+β

< M <

√
1 +

√
1−β
1+β

then imply that

C5(β) < |
(τ + iv̇+

1η)µ+

(τ + iv̇+
1η)2 + c2

Aη
2
|2 ≤ C6(β). (5.42)

Therefore, employing (5.41), (5.42), (5.38) and (5.39), we deduce

‖(vn,1, vn,2)(t = 0)‖H j(Ω) .
1
n
, (5.43)

whereas for η ≥ n and t ≥ T0, we deduce

‖(vn,1, vn,2)(t)‖Hk(Ω) ≥ α. (5.44)

Since τ + iv̇1η , 0, from the fifth equation in (3.13), we know that

b̂2 = Ḃ1
iη

τ + iv̇+
1η

v̂2. (5.45)

Also from (3.16), we have

b̂1 =
Ḃ1[(τ + iv̇1η)2 + c2η2]

(τ + iv̇1η)2 ĥ. (5.46)

As with the previous computation, it is easier to show that the upper and lower bounds of these two
quantities Ḃ1

iη
τ+iv̇+

1 η
and Ḃ1[(τ+iv̇1η)2+c2η2]

(τ+iv̇1η)2 are controlled by two constants, therefore we deduce that

‖(bn,1, bn,2)(t = 0)‖H j(Ω) .
1
n
, ‖(bn,1, bn,2)(t)‖Hk(Ω) ≥ α. (5.47)

Collecting the estimates (5.18), (5.32), (5.43), and (5.47) gives

‖ fn(0)‖H j(Ω) + ‖hn(0)‖H j(Γ) + ‖vn(0)‖H j(Ω) + ‖Bn(0)‖Hk(Ω) .
1
n
, (5.48)

but the estimates (5.21), (5.35), (5.44), and (5.47) yield

‖ fn(t)‖Hk(Γ) + ‖hn(t)‖Hk(Ω) + ‖vn(t)‖Hk(Ω) + ‖Bn(t)‖Hk(Ω) ≥ α, f or all t ≥ T0. (5.49)

�
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6. Ill-posedness for the nonlinear problem

Now we will prove nonlinear ill-posedness for the nonlinear problem (1.24). To begin with, we
rewrite the nonlinear system (1.24) in a perturbation formulation around the steady state. Let

f = 0 + f̃ , v = v̇ + ṽ, h = ḣ + h̃,

Ψ = Id + Ψ̃, % = %̇ + %̃, ψ = 0 + ψ̃,

B = Ḃ + B̃, n = e2 + ñ, A = I − K,

(6.1)

where

K =

∞∑
n=1

(−1)n−1(DΨ̃)n. (6.2)

We can rewrite the term v̆ as follows:

v̆ = (I − K)(v̇ + ṽ) − (0,
∂tψ̃

1 + ∂2ψ̃
)

= v̇ + ṽ − K(v̇ + ṽ) − (0,
∂tψ̃

1 + ∂2ψ̃
) := v̇ + M,

(6.3)

in which the M is defined as follows:

M = ṽ − K(v̇ + ṽ) − (0,
∂tψ̃

1 + ∂2ψ̃
). (6.4)

Similarly, we rewrite the term B̆ as follows:

B̆ = (I − K)(Ḃ + B̃)
= Ḃ + B̃ − K(Ḃ + B̃) := Ḃ + N,

(6.5)

in which the N is defined as follows:

N = B̃ − K(Ḃ + B̃). (6.6)

To linearize the term c2(h) = c2(ḣ + h̃), we employ the Taylor formula to get

c2(ḣ + h̃) = c2(ḣ) + R, (6.7)

where the reminder term is defined by

R = (c2)′(ḣ + (1 − α)h̃)h̃, 0 < α < 1. (6.8)

Similarly, we also have
eh = eḣ+h̃ = 1 + h̃ + R′, (6.9)

where the reminder term is defined by

R′ = eḣ+(1−α)h̃h̃, 0 < α < 1. (6.10)
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For the term v · n and B · n, we can rewrite it as

v · n = (v̇ + ṽ) · (e2 + ñ) = ṽ2 − v̇1∂1 f̃ + ṽ · ñ, (6.11)

and
B · n = (Ḃ + B̃) · (e2 + ñ) = B̃2 − Ḃ1∂1 f̃ + B̃ · ñ. (6.12)

Then the nonlinear system (1.24) can be rewritten as a system of the perturbation terms (h̃, ṽ, f̃ , B̃) as
follows: 

∂th̃ + (v̇ · ∇)h̃ + ∇ · ṽ = −(M · ∇)h̃ + KT∇ · ṽ in Ω,

%̇(∂tṽ + (v̇ · ∇)ṽ) + %̇c2(ḣ)∇h̃ + Ḃ∇B̃ − (Ḃ · ∇)B̃ = −%̇(M · ∇)ṽ
−%̃(∂tṽ + ((v̇ + M) · ∇)ṽ) − %̇c2(ḣ)KT∇h̃ − %̃(c2(ḣ) + R)(∇h̃ − KT∇h̃)
−%̇R(∇h̃ − KT∇h̃) + ḂKT∇B̃ − B̃(∇B̃ − KT∇B̃) + (N · ∇)B̃ in Ω,

∂tB̃ + (v̇ · ∇)B̃ + Ḃ∇ · ṽ − (Ḃ · ∇)ṽ = −(M · ∇)B̃
−ḂKT∇ · ṽ + B̃(∇ · ṽ − KT∇ · ṽ) + (N · ∇)ṽ on Γ.

∂t f̃ + v̇1∂1 f̃ − ṽ2 = ṽ · ñ on Γ.

(6.13)

The jump conditions take new form in terms of h̃, ṽ, f̃ , B̃
(ṽ+ − ṽ−) · e2 + (v̇+ − v̇−) · ñ = −(ṽ+ − ṽ−) · ñ on Γ,

B̃+ · e2 + Ḃ+ · ñ + B̃+ · ñ = 0, B̃− · e2 + Ḃ− · ñ + B̃− · ñ = 0 on Γ,

c2(ḣ+)h̃+ + c2(ḣ+)R′ + R(1 + h̃+ + R′) +
γ

2ρ̇ (Ḃ+B̃+ + |B̃+ |2

2 )

= c2(ḣ−)h̃− + c2(ḣ−)R′ + R(1 + h̃− + R′,−) +
γ

2ρ̇ (Ḃ−B̃− + |B̃− |2

2 ) on Γ.

(6.14)

Proof of Theorem 2.2 Now we are ready to prove the main Theorem 1.3. We prove it by the
method of contradiction. Suppose that the perturbed problem (6.13) has property EE(k) for some k ≥ 3.
Let δ, t0,C > 0 be the constants provided by Definition 1.2. Fix n ∈ N so that n > C. Applying Lemma
4.2 with this n,T0 = t0/2, k ≥ 3, and α = 2, we can find f L, hL, vL, BL solving (3.5) so that

‖( f L
0 , h

L
0 , v

L
0 , B

L
0)‖Hk .

1
n
, (6.15)

but
‖( f L(t), hL(t), vL(t), BL(t))‖H3 ≥ 2 for t ≥ t0/2. (6.16)

We define f̃ ε0 = f ε0 − ḟ := ε f L
0 , h̃ε0 = hε0 − ḣ := εhL

0 , ṽε0 = vε0 − v̇ := εvL
0 , and B̃ε

0 = Bε
0 − Ḃ := εBL

0 .
Then for ε < δn, we have ‖( f̃ ε0 , h̃

ε
0, ṽ

ε
0, B̃

ε
0)‖Hk < δ, so according to Definition 1.2, there exist(

f̃ ε := f ε − ḟ , h̃ε := hε − ḣ, ṽε := vε − v̇, B̃ε := Bε − Ḃ
)
∈ L∞

(
[0, t0] ; H3(Ω)

)
that solve (6.13)-(6.14)

with ( f̃ ε0 , h̃
ε
0, ṽ

ε
0, B̃

ε
0) as initial data and that satisfy the inequality

sup
0≤t≤t0

∥∥∥∥( f̃ ε, h̃ε, ṽε, B̃ε
)

(t)
∥∥∥∥

H3
≤ C

(∥∥∥∥( f ε0 , h
ε
0, v

ε
0, B̃

ε
0

)∥∥∥∥
Hk

)
≤ Cε

1
n
< ε.

(6.17)
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Now define the rescaled functions f̄ ε = f̃ ε/ε, h̄ε = h̃ε/ε, v̄ε = ṽε/ε, andB̄ε = B̃ε/ε; rescaling (6.17)
then shows that

sup
0≤t≤t0

∥∥∥( f̄ ε, h̄ε, v̄ε, B̄ε)(t)
∥∥∥

H3 < 1. (6.18)

By construction, we know that ( f̄ ε0 , h̄
ε
0, v̄

ε
0, B̄

ε
0) = ( f L

0 , h
L
0 , v

L
0 , B

L
0). We are going to show that the

rescaled functions ( f̄ ε, h̄ε, v̄ε, B̄ε) converge as ε → 0 to the solutions ( f L, hL, vL, BL) of the linearized
equations (3.5) and the boundary conditions (3.6).

Now we are going to reformulate (6.13)-(6.14) in terms of rescaled functions ( f̄ ε, h̄ε, v̄ε, B̄ε) and
show some convergence results. The fourth equation in (6.13) can be rewritten in terms of rescaled
function ( f̄ ε, h̄ε, v̄ε, B̄ε) as follows:

∂t f̄ ε + v̇1∂1 f̄ ε − v̄ε2 = εv̄ε · nε, (6.19)

where the rescaled normal vector nε =
(−ε∂1 f̄ ε,0)

ε
= (−∂1 f̄ ε, 0) is well defined and uniformly bounded in

L∞
(
[0, t0] ; H2(Γ)

)
since

‖nε‖H2(Γ) ≤ ‖ f̄ ε‖H3(Γ) < 1. (6.20)

Hence, by (6.18) and (6.20), we obtain

lim
ε→0

sup
0≤t≤t0

∥∥∥∂t f̄ ε + v̇1∂1 f̄ ε − v̄ε2
∥∥∥

H2 = 0, (6.21)

and
sup

0≤t≤t0

∥∥∥∂t f̄ ε(t)
∥∥∥

H2 ≤ v̇1 sup
0≤t≤t0

∥∥∥∂1 f̄ ε(t)
∥∥∥

H2 + sup
0≤t≤t0

∥∥∥v̄ε2
∥∥∥

H2 ≤ C. (6.22)

Expanding the first equation in (6.13) implies that

∂th̄ε + (v̇ · ∇)h̄ε + ∇ · v̄ε = −ε(Mε · ∇)h̄ε + ε(Kε)T∇ · v̄ε, (6.23)

where we define Mε as follows:

Mε = v̄ε − Kε(v̇ + εv̄ε) − (0,
∂tψ

ε

1 + ε∂2ψε
), where ψε = θ f̄ ε. (6.24)

In order to estimate the bound of Mε, we first estimate the bound of Kε. We assume that ε is sufficiently
small so that ε < 1/ (2C1), where C1 > 0 is the best constant in the inequality ‖UV‖H2 ≤ C1‖U‖H2‖V‖H2

for 2 × 2 matrix-valued functions U,V . This assumption guarantees that Kε := (I − (I + ε∇Ψε)−1)/ε is
well defined and uniformly bounded in L∞

(
[0, t0] ; H2(Ω)

)
since

‖Kε‖H2 =

∥∥∥∥∥∥∥
∞∑

n=1

(−ε)n−1(∇Ψε)n

∥∥∥∥∥∥∥
H2

≤

∞∑
n=1

εn−1 ‖(∇Ψε)n‖H2

≤

∞∑
n=1

(εC1)n−1
‖∇Ψε‖

n
H2 ≤

∞∑
n=1

1
2n−1 ‖ψ

ε‖
n
H3

≤

∞∑
n=1

1
2n−1

∥∥∥ f̄ ε
∥∥∥n

H3 <

∞∑
n=1

1
2n−1 = 2,

(6.25)
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whereas we show that

‖Mε‖H2 ≤ ‖v̄ε‖H2 + v̇‖Kε‖H2‖ + εC1‖Kε‖H2‖v̄ε‖H2 + ‖∂tψ
ε‖H2

≤ ‖v̄ε‖H2 + v̇‖Kε‖H2‖ + εC1‖Kε‖H2‖v̄ε‖H2 + ‖∂t f̄ ε‖H2

≤ C.

(6.26)

Therefore,by employing (6.18), (6.25), and (6.26), we get by (6.23)

lim
ε→0

sup
0≤t≤t0

∥∥∥∂th̄ε + (v̇ · ∇)h̄ε + ∇ · v̄ε
∥∥∥

H2 = 0, (6.27)

and
sup

0≤t≤t0

∥∥∥∂th̄ε(t)
∥∥∥

H2 < C. (6.28)

Expanding the second equation in (6.13), we find that

%̇(∂tv̄ε + (v̇ · ∇)v̄ε) + %̇c2(ḣ)∇h̄ε + Ḃ∇B̄ε − (Ḃ · ∇)B̄ε = −%̇ε(Mε · ∇)v̄ε

− ε%̄ε(∂tv̄ε + ((v̇ + εMε) · ∇)v̄ε) − ε%̇c2(ḣ)(Kε)T∇h̄ε − ε%̇Rε(∇h̄ε − ε(Kε)T∇h̄ε)
− ε%̄ε(c2(ḣ) + εRε)(∇h̄ε − ε(Kε)T∇h̄ε) + εḂ(Kε)T∇B̄ε

− εB̄ε(∇B̄ε − ε(Kε)T∇B̄ε) + ε(Nε · ∇)B̄ε,

(6.29)

where we define Nε as follows:
Nε = B̄ε − Kε(Ḃ + εB̄ε). (6.30)

Making full use of (6.18) and (6.25), we show that

‖Nε‖H2 ≤ ‖B̄ε‖H2 + Ḃ‖Kε‖H2‖ + ε‖Kε‖H2‖B̄ε‖H2

≤ C.
(6.31)

We also define the normalized remainder function by

Rε(x, t) =
(c2)′(h̄ + (1 − α)εh̄ε)εh̄ε

ε
= (c2)′(h̄ + (1 − α)εh̄ε)h̄ε. (6.32)

It is easier to show that h̄ + (1 − α)εh̄ε is bounded above by a positive constant. We take use of (6.18),
which implies

sup
0≤t≤t0

‖Rε(x, t)‖H3 ≤ C. (6.33)

We also need to define %̄ε as follows:

%̄ε =
%̃

ε
=
%̇(eεh̄ε − 1)

ε
= %̇(h̄ε + εR′,ε), (6.34)

where R′,ε := R′

ε
is well-defined and uniformly bounded in L∞

(
[0, t0] ; H3(Ω)

)
since

‖R′,ε‖H2 = ‖eḣ+(1−α)εh̄ε h̄ε‖H3 ≤ C. (6.35)
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We take use of (6.34) and (6.18), which imply

sup
0≤t≤t0

‖%̄ε‖H3 ≤ C. (6.36)

Therefore, from (6.31), (6.33), (6.35) , (6.36), (6.24), and (6.25), we deduce by (6.29) that

lim
ε→0

sup
0≤t≤t0

∥∥∥%̇(∂tv̄ε + (v̇ · ∇)v̄ε) + %̇c2(ḣ)∇h̄ε + Ḃ∇B̄ε − (Ḃ · ∇)B̄ε
∥∥∥

H2 = 0, (6.37)

and
sup

0≤t≤t0
‖∂tv̄ε(t)‖H2 < C. (6.38)

Finally, we expand the third equation in (6.13), and we find that

∂tB̄ε + (v̇ · ∇)B̄ε + Ḃ∇ · v̄ε − (Ḃ · ∇)v̄ε = −ε(Mε · ∇)B̄ε

− εḂ(Kε)T∇ · v̄ε + εB̄ε(∇ · v̄ε − ε(Kε)T∇ · v̄ε) + ε(Nε · ∇)v̄ε.
(6.39)

In accordance with (6.25), (6.26), and (6.31), we deduce that

sup
0≤t≤t0

∥∥∥−ε(Mε · ∇)B̄ε − εḂ(Kε)T∇ · v̄ε + εB̄ε(∇ · v̄ε − ε(Kε)T∇ · v̄ε) + ε(Nε · ∇)v̄ε
∥∥∥

H3 ≤ C. (6.40)

Therefore, from (6.39) and (6.40), we deduce that

lim
ε→0

sup
0≤t≤t0

∥∥∥∂tB̄ε + (v̇ · ∇)B̄ε + Ḃ∇ · v̄ε − (Ḃ · ∇)v̄ε
∥∥∥

H2 = 0, (6.41)

and
sup

0≤t≤t0

∥∥∥∂tB̄ε(t)
∥∥∥

H2 < C. (6.42)

Next, we deal with some convergence results for the jump conditions. For the first equation in (6.14),
we rewrite the normal vector n as follows:

n = e2 + ñε := e2 + εnε, nε = (−∂1 f̄ ε, 0).

Noting that v̇+ · e2 = 0 and Ḃ+ · e2 = 0, we may rewrite the first equation and second equation in (6.14) as(
v̇+ + εv̄+,ε − v̇− − εv̄−,ε

)
· (e2 + εnε) = 0, (6.43)

and
(Ḃ+ + εB̄+,ε) · (e2 + εnε) = 0, (Ḃ− + εB̄−,ε) · (e2 + εnε) = 0. (6.44)

Since sup0≤t≤t0 ‖n
ε(t)‖L∞ ≤ ‖nε‖H3(Γ) < 1 is bounded uniformly, we find that

sup
0≤t≤t0

∥∥∥e2 ·
(
v̄+,ε(t) − v̄−,ε(t) + (v̇+ − v̇−) · nε

)∥∥∥
L∞
→ 0 as ε→ 0, (6.45)

sup
0≤t≤t0

‖e2 · B̄+,ε + Ḃ+ · nε‖L∞ → 0 as ε→ 0, (6.46)
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and
sup

0≤t≤t0
‖e2 · B̄−,ε + Ḃ− · nε‖L∞ → 0 as ε→ 0. (6.47)

Therefore, we have
[v̄ε · e2] = 2v̇+

1∂1 f ε on Γ, (6.48)

and
B̄+,ε · e2 = Ḃ+

1∂1 f ε, B̄−,ε · e2 = Ḃ−1∂1 f ε on Γ. (6.49)

We expand the third equation in (6.14) as follows:

c2(ḣ+)h̄+,ε + c2(ḣ+)R+,′,ε + Rε(1 + εh̄+,ε + εR+,′,ε) +
γ

2ρ̇
(Ḃ+B̄+,ε + ε

|B̄+,ε|2

2
)

= c2(ḣ−)h̄−,ε + c2(ḣ−)R−,′,ε + Rε(1 + εh̄−,ε + εR−,′,ε) +
γ

2ρ̇
(Ḃ−B̄−,ε + ε

|B̄−,ε|2

2
) on Γ.

(6.50)

Since ḣ+ = ḣ−, we may eliminate these two terms from equation (6.50) and divide both sides by ε to get

h̄+,ε = h̄−,ε on Γ. (6.51)

According to the bound (6.18) and sequential weak-* compactness, we have that, up to the extraction
of a subsequence (which we still denote using only ε )

( f̄ ε, h̄ε, v̄ε, B̄ε)
∗
⇀ ( f ?, h?, v?, B?) weakly − ∗ in L∞

(
[0, t0] ; H3(Ω)

)
. (6.52)

By lower semicontinuity, we know that

sup
0≤t≤t0

∥∥∥( f ?, h?, v?, B?)(t)
∥∥∥

H3 ≤ 1. (6.53)

According to (6.22), (6.28), and (6.38), we get

lim sup
ε→0

sup
0≤t≤t0

∥∥∥(∂t f̄ ε, ∂th̄ε, ∂tv̄ε, ∂tB̄ε)(t)
∥∥∥

H2 < ∞. (6.54)

By the Lions-Aubin lemma in [39], we then have that the sequence {( f ε, hε, vε, Bε)} is strongly
precompact in the space L∞

(
[0, t0] ; H8/3(Ω)

)
, so

( f̄ ε, h̄ε, v̄ε, B̄ε)→ ( f ?, h?, v?, B?) strongly in L∞
(
[0, t0] ; H8/3(Ω)

)
. (6.55)

This strong convergence, together with (6.21), (6.28), and (6.38), implies that

(∂t f̄ ε, ∂th̄ε, ∂tv̄ε, ∂tB̄ε)→
(
∂t f ?, ∂th?, ∂tv?, ∂tB?) strongly in L∞

(
[0, t0] ; H5/3(Ω)

)
. (6.56)

The indexes 8
3 and 5

3 are sufficiently large to give L∞([0, t0]; L∞) convergence of {( f ε, hε, vε, Bε)}, thus
we have 

∂th? + (v̇ · ∇)h? + ∇ · v? = 0, in Ω,

%̇(∂tv? + (v̇ · ∇)v? + c2∇h?) + Ḃ∇B̄? = (Ḃ · ∇)B̄?, in Ω,

∂tB? + (v̇ · ∇)B? + Ḃ∇ · v? = (Ḃ · ∇)v?, in Ω,

∂t f ? + v̄1∂1 f ? − v?2 = 0, on Γ,

(6.57)
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and (
v+,? − v−,?

)
· e2 = 2v̇+

1∂1 f ?, on Γ.

B+,? · e2 = Ḃ+
1∂1 f ?, B−,? · e2 = Ḃ−1∂1 f ?, on Γ,

h+,? = h−,?, on Γ.

(6.58)

We also pass to the limit in the initial conditions ( f̄ ε0 , h̄
ε
0, v̄

ε
0, B̄

ε
0) = ( f L

0 , h
L
0 , v

L
0 , B

L
0) to obtain

( f ?0 , v
?
0 , h

?
0 , B

?
0 ) = ( f L

0 , h
L
0 , v

L
0 , B

L
0).

Now we can see that ( f ?, v?, h?, B?)(t) are solutions to (3.2) and boundary conditions (3.3) with the
same initial data. In accordance with the uniqueness result in Lemma 4.1, we have

( f ?, v?, h?, B?)(t) = ( f L, vL, hL, BL)(t). (6.59)

Therefore, we combine inequalities (6.53) with (6.16) to get

2 = α < sup
0≤t≤t0

∥∥∥( f ?, h?, v?, B?)(t)
∥∥∥

H3 ≤ 1, (6.60)

which is a contradiction. Therefore, the proof of Theorem 1.3 is completed.
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