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Abstract: This paper investigates the approximate controllability of Hilfer integro-differential neutral
dynamical systems with infinite delay governed by almost sectorial operators. The mild solution of
the proposed system is derived using the Laplace transform technique. Subsequently, the approximate
controllability of the system is established by the Bohnenblust—Karlin - fixed point theorem. Furthermore,
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presented to demonstrate the validity and applicability of the theoretical results and our system explained
via a filter system.
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1. Introduction

Fractional calculus has gained significant attention in recent years due to its ability to more accurately
model real-world processes that exhibit memory and hereditary characteristics. Unlike classical integer-
order differential equations, fractional calculus offers a more flexible and nuanced framework for
describing complex dynamics observed in various systems and materials. Its applications span a wide
range of disciplines, including biochemistry, fluid dynamics, biomathematics, electrical circuits, control
theory, viscoelasticity, and electrochemistry. By incorporating fractional derivatives and integrals into
mathematical models, researchers can better capture the nonlocal and non-Markovian behaviors that are
intrinsic to many natural and engineered systems.

Numerous studies have explored the implications and applications of fractional systems. Some
notable references include the works of [1-5]; and others cited in the references. These studies delve
into specific applications of fractional calculus, elucidating its significance in diverse fields. Research
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paper works [6-9], contribute to the ongoing investigation into the existence and properties of solutions
for fractional differential equations and inclusions. These studies play a crucial role in advancing our
understanding of fractional calculus and its practical implications across various disciplines. Fractional
calculus offers a powerful framework for modeling intricate systems with memory and hereditary
properties, with applications ranging from fluid dynamics to control theory. The ongoing research in this
field continues to uncover new insights and applications, driving innovation in science and technology.

In control theory, controllability is a basic and broadly applicable term that is essential to the study
and design of control systems. It describes the capacity to use appropriate control inputs to guide a
system from any beginning condition to any desired final state within a certain amount of time. This
characteristic holds true for both finite-dimensional and infinite-dimensional systems and is crucial in
many different fields. Research on controllability is still quite active, with continuous efforts to expand
controllability principles to new application and solve difficult control issues. Researchers aim to solve
difficult control challenges and enhance the performance of engineered systems in a variety of domains
by expanding our knowledge of controllability and creating novel control techniques. In [10] the authors
investigated the approximate controllability of fractional differential systems for the order r € (1,2).
In [11], the authors studied the controllability of an integro-differential system. In [12], the authors
completed their study on the existence theory with the help of the Bohnenblust—Karlin’s fixed-point
theorem. In [13], studied the Hyers—Ulam stability, exponential stability, and relative controllability of
the fractional differential equations.

Hilfer [14] presented another form of fractional derivatives containing the Riemann—Liouville
derivative as well as the Caputo fractional derivative. Nowadays, Hilfer fractional differential equations
have an important role in research. Recently, researchers are used some notions such as the nondense
domain, almost sectorial operator, numerous fixed-point and a measure of noncompactness to study
the Hilfer fractional dynamical systems with different delays. Many authors have recently expressed
a strong interest in this field, which has prompted on the work in [15, 16]. In [17, 18], the researchers
turned to a Hilfer fractional dynamical system based on the conclusion of the Schauder’s fixed point
theorem along with the almost sectorial operators. Later, in [19-21], the authors completed their studies
on existence and controllability results in the Hilfer fractional differential equations by using the almost
sectorial operators along with the fixed point theorem method.

H. A. Ahmed [22-24] investigated the controllability of impulsive neutral stochastic differential
equations with fractional Brownian motion; focused the nolocal controllability of Sobolev-type fractional
and the approximate controllability of Atangana—Baleanu fractional with Poisson jumps. In [25],
studied the existence of the solution; graphical and numerical approach of Hilfer fractional derivatives.
Recently, [26] studied controllability of the impulsive Hilfer fractional integro-differential equation
of order 1 > r < 2 and numerical study of the system. In [27,28], the authors focused mathematical
modeling and optimal control strategies of fractional diffential equations. In [29], studied the exponential
behavior and optimal controllability of fractional stochastic differential equations. In [30] focused
approximate controllability of the Hilfer fractional stochastic differential system with nonlocal conditions

To state the main purpose of our study, it is that no work has been published on the existence
and approximate controllability Hilfer-type neutral integro-differential dynamic systems with nonlocal
conditions and infinite delay based on the almost sectorial operators. Our essential goals in the article
are to examine the approximate controllability aforementioned dynamic Hilfer-type neutral system
almost sectorial operators. A new neutral dynamic system of Integro-differential inclusions of the Hilfer
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type, given by

Dfo(@) € @)+ Flz.v.. [ elzosin)ds)+ By ze I = Qb1 (1.1)
0
17" O0(0) = 0o + £z 92s - -5 Uz,) € LA(D, D), 2z € (=00, 0] (12)

where Dgf is the Hilfer fractional derivative of ordern, 0 <np < l and type {, 0 < ¢ < 1,{T(z), z > 0}
is the analytic semigroup on Y, generated from the almost sectorial operator and denoted by A. Here
y(-), v(+) are the state and control function of the systems respectively. Take B as a linear bounded operator
from the Banach space U into the Banach space Y. 7 = [0,b], F : T x D, X Y — 2¥\{0} is a nonempty,
bounded, closed convex multivalued map, and also, e : 7 X I XD, - Yand0 <z, <z, <:--<z,<bh,
& : D) — Dy, are two appropriate functions so that D, introduces a phase space. The v, : (=00,0] — Y
so that ,(s) = n(z + s), is to the phase space D,,.

More precisely, the contribution of this study is that we prove that the Hilfer fractional differential
inclusions of the kinds (1.1) — (1.2) and (5.1) — (5.2) become approximately controllable under the basic
and fundamental operators; in particular, the equivalent linear system is approximately controllable. In
Section 2, fractional calculus, semigroup, multivalued mappings, and almost sectorial operators are
all discussed. In Section 3, we can find the mild solution of the system. The system’s approximate
controllability was first established in Section 4 of the article. We continue our research in Section 5
to extend the results to approximately controllable neutral system with nonlocal condition. In order to
clarify our key points, we give an example in Section 6 and some conclusions.

2. Preliminaries

Take X = {y € C(Z",Y) : liné z!=¢me=ndy(z) is finite}. It will be a Banach space with || - ||x so that
Iyllx = sup{z' <%= |n(2)|l},

zel’

Definition 2.1. [5] The fractional integral of order n for the function F : [b,c0) — R, the lower limit b
is

“ F(g)
L) J, (z—¢)t

Definition 2.2. []14] The Hilfer fractional derivative of order 0 < n < 1 and type { € [0, 1] for the
function F : [b,+00) — R, is

Il.F(z) = d¢ z>0;neR".

DI{F(z) = I, DU, ™" F)](2).

From [31-34], define the abstract phase space D,,. Let w : (—c0,0] — R be continuous along with
the condition [ = L 000 w(z)dz < +o0o. Now, for each n > 0, define

D= {6 : [-n,0] — Y such that ¢ is bounded and measurable},

and define

6lli_n0; = sup [[6(7)]|, forall § € D.

1€[-n,0]
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Now, one can define

0
D, = {6 : (=00,0] = Y, such that Vn >0, |-, € D and f

—00

w6l ordt < +oo}.

IfD,

0
161, = f w(D|0llir.01dT, ¥ 6 € Dy,

o0

then; (D,, || - ||) is a Banach space.
Now, we define the space

= {r)  (—o0,b] — Y such that v]; € C, vo = & € @W}.
We define the seminorm || - ||, in D;, as

Il = lvolls,, + sup {llv(@ll : T € [0, 1}, v € Dy,.

Lemma 2.3. [31]Ifv € D), then forz € 1,1, € D,,. Moreover,

Iy (z)| < nello, < oo, + 1 sup ()],
re[0,z]

where | = f_(lo w(z)dz < oo.

Let A be a linear operator as ¥ — Y; sets D(A) and o(A) are the domain and sprectrum of A,
respectively, so that the resolvent of A is given by p(A) = C — o(A). Moreover, the open sector is defined
by

S9 =1{0 € C\{0} : |arg 6] < 6},

for 0 < ¢ < mand its closure is given by
S5 ={6 € C\{0} : |argf| < 6} U {0}.

Definition 2.4. [35] Let 0 < ¥ < 1; 0 < ¢ < 5. We define @;’9 the family of all closed linear operators,
S, = {0 € C\{0} with |arg 0] < ¢} the sector and A : D(A) C Y — Y to be such that

(i) o(A) C S,

(ii) M (is a constant) such that

|61 — &)7|| < Mslz|™, forevery ¢ <5<, §€C\S,.

Then A € @;ﬁ is called an almost sectorial operator on'Y.
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Let {T(z)},>0 be the semigroup related to A, given by

1
T(z) = e*“(A) = 3 f e “R(0;A)db, z € Sty
rﬂ

where the contour integral
[, ={Re* U {RTe ™,
is oriented counter-clockwise such that ¢ < u < 7 —|arg z|, be an analytic semigroup of the growth
order 1 — 1.
Consider the operator families {Sn(z)}zesg_w, {Qn(z)}zeSEw defined as follows:
2 2

S,(z) = fo W (ET(Z'E)dE,

Q,(2) = fo nEW, (T (2'€)de.

The Wright-type function W, (B) is formulated as,

_ B!
Wn(ﬁ)_ér(l_nk)(k_l)!,ﬁec 2.1)
Let —1 <t < oo, p>0. Then
(1) W,(8) =0, B>0;
© T +0) _
@ [ pwers= O forp 2 0;

00 77 ~ 1 o
3) j; Farn® pﬁWn(E)dﬁ =e?.

Definition 2.5. [36] Let F be the multivalued map to be an upper semi-continuous on Y if, for each
Yo € Y, the set F (1) is a nonempty; closed subset of Y, and if for each open set U of Y containing
F(vo), there exists an open neighborhood V of v, such that F(V) C U.

Definition 2.6. [36] F is called completely continuous if F(C) is relatively compact for each bounded
subset C of Y. If a multivalued map F is completely continuous with nonempty compact values, then F
is upper semi-continuous if and only if F has a closed graph i.e., v, = Yo, Zn = 20, Zm € F(1,,) imply
20 € F(no).

For more details about multivalued maps, refer to [37].

3. Mild solution

The structure of the mild solution is discussed in this section.

Lemma 3.1. The Hilfer fractional differential system (1.1) — (1.2) is equivalent to the integral equation

_90) + (21520, -5 Zn) e sz — ¢yl
R T T “Tap Jy B9

X [Ar)g ; F(g, D fo ez, I)S)ds) ; Bv(g)]dg‘. 3.1)
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Proof. First, we apply I, on (1.1) as,

dum%@»=@mmm+F@m¢f:@¢mMQ+mu»
0

Using properties of the fractional integral equation [5,38], we get

(1-m(1-0) z
n(z) = f v0) + 1", (Ay(z) + F(z ) f e(z, s, )ds) + Bv(2))
Lo +Ld-m) S T
— r)(()) + é‘:(zla Z2y. ., Zn) 2(1_7])((—1) + L fz(z _ g,)7]—1
I =m+mn) I'(m Jo
t)
X [Ang +F (g, Vg, f e(z, s, I)s)dS) + BV(g)]dg-
0
This completes the proof. O

Lemma 3.2. The integral equation (3.1) is satisfied
0(z) =5,4(2)[0(0) + &(z1, 22, . . ., 24)] + f Ky(z = )v(s)ds (3.2)
0
4 S
+ f K, (z-¢)F (g, ($), f e(z, s, r)s)dS)ds: zel,
0 0

where S,/(z) = I VK, (2), K,(z) = 2"'Q,(2).

Proof. Let A > 0, we apply the Laplace transform on (3.1) and take the following
00 00 S
Gi(A) = f e 59(9)ds, Gy(A) = f eSF (9, (s, f e(z, s, r)s)dS)dg
0 0 0

G3(A) = f e v(s)ds.
0
‘We can write

1 1 1
Gy () = ATPE07M0(0) + &(z1, 2, . . ., Z0) | + EAGlu) + EGz(ﬂ) + EGg(ﬂ)
G1() = ATV = A p(0) + E(z1, 22, -+« 5 Zn)| + (AT = A)7'Gy(A) + (AT — A)"'BG3 ()

Gy () = A44? f ) e "T()ds[v(0) + £(z1, 22, . . ., 2,)] + f ) e S T(6)dsGy () (3.3)
0 0
+ f e "ST(¢)dsBG;3(A).
0

Let p,(0) = 7 W,,(677), where W,(6) is the Wright function and the Laplace transform of the function

97]+l
Py 18 written as:

f e p,(0)df = "', where 0 <y < 1. (3.4)
0
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From Eq. (3.4), we obtain
f e VST([V(0) + &(21, 22, . . ., Z0) |ds = f nt" e TN [y(0) + £(z1, 2o, - . ., Z,)]dE
0 0
= f f o, (@)e" MO TEN " [9(0) + &(21, 2, - . ., 2,)|dOdt
0 0

00 00 n n—1
_ f f 1@ TS [000) + £z 2, 2 M
0 0

o1
T, et
_ fo ¢ (n fo pn(H)T(m) ~ [n(O)+§(z1,z2,...,z,,)]d9)dt
_ f IQ(O[(0) + Ez1, 2o, - 20)]dE. (3.5)
0

fm e VST(¢)dsG,y() = foo foo nt”_le‘“t)”T(t”)e_kF(g,1)(5‘),fe(z,s, I)S)ds)dgdt
0 o Jo 0
00 00 00 S
:f f f npn(H)e_(Mg)T(t")e_”gt”_1F g‘,l)(g),f e(z, s,ns)ds)dﬁdgdt
f f f mon( @ 1( gn)_F 6 0(s), f e(z. 5 9,)ds |dodsdt
_ t (t Y\ (t — o)t
- fo e fo fo MO~ | F(e. (6, fo e(z. 5, 9,)ds Jdods |dt

- f e-“[ f (t—g)”“Qn(t—g)F(g,I)(g), f e(z,s,o»ds)dg]dt. (3.6)
0 0 0
Similarly,
fo ¢S T(¢)dgBGs (1) = fo e‘“[ fo (t—g)"‘lonu—g)sv(g)]dt. (3.7)

Thus, from (3.5), (3.6), and (3.7), we obtain Eq. (3.3);

L(y(2)) = LIL™' () « K )(©)[1(0) + £(21, 22, - .-, 2)]

+ (R, F(5:066), fo ez, 9.)d5))(6) + BLK, *¥)(s).

Using inverse of Laplace transform, we get the mild solution of the system (1.1) — (1.2)

9(2) =8,4(2)[v(0) + £(z1, 22, ..., )] + j(; Ky(z = ©)v()ds

+ f Kn(z_g)F(s‘,r)(g), f e(Z’S,I)S)dS)dg,
0 0

where S, (z) = Igfl_")K,,(z), K,(z) = 277'Q,(2). O
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Definition 3.3. The mild solution of the Cauchy problem (1.1) — (1.2), is a function v(z) € C(I',Y),
that satisfies

1(z) =S,(2)[1(0) + &(z1, 2, ..., Z,) ] + j; K,(z - ¢)v(s)ds (3.8)
+ f K, (z —g‘)F(g‘,t)(g‘), f e(z. . r)s)ds)dg, zel.
0 0

Lemma 3.4. [39] For any fixed z > 0, Q,(2), K,(z), and S, [(z) are linear operators, and for any
peyY

Q.|| < L'z |y,

K,(2)v|| < L'z |yll, ||S,.(2)v|| < L7z %47y,

where
K@) _, (@)
Ta®) T -n)+n9)

Lemma 3.5. [39] Let {T(z)},-0 be equicontinuous, then {Q,(z)},-0, {K;(2)}z50, and {S, /(2)}-0 are the
strongly continuous, i.e., forany vy € Y and z, > z; > 0,

’

[Qu(z2)n = Qy(z1)v|| = 0, ||K;(z2) = Ky(z1)v|| = O
||S,,,é«(zz)1) - Sn,((zl)t)|| — 0, as z; - z;.

Lemma 3.6. [40] Let I be a compact real interval, and Ppy .v1(Y) is the set of all nonempty, bounded,
convex, and closed subset of Y. Let F be the L'-Caratheodory multivalued map, measurable to z for
eachy €Y, us.c. toy foreachz € C(1,Y), the set

Sy = { FeL'(.Y): f(z) € F(z,t)z, f “ ez, t)s)ds), ze I}, (3.9)
0

is nonempty. Let E be the linear continuous function from L'(I,Y) to C, then
EoSr:C—-C. p—>EoSr®m) =ZE(Sk, (3.10)

is closed graph operator in C x C.

Lemma 3.7. [41][Bohnenblust — Karlin fixed — point theorem] Let D be a nonempty subset of Y which
is bounded, closed, and convex. Suppose that F : D — 2Y\{0} is upper semicontinuous with closed,
convex values such that F(D) C D and F(D) is compact, then F has a fixed point.

4. Approximate controllability

We will use some hypotheses as

(H,) {T(z), z > 0} is a semigroup generated by the almost sectorial operators A such that ||T(z)|| <
Myz"~! for some My > 0 and |laR(a, TY)| < 1, V@ > 0.
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(Hy) Let F : T XD, XY = Ppieva(Y) be measurable to z for every ny € Y, u.s.c. toy foreach z € 7
and for every y € (;

Spy = {f e LNT.Y): f(z) € F(z, D2, fo o(z, s,l)s)ds), ze I},

is nonempty.

(H3) Forze I,F(z,-,") : Dy XY = Ppacva(Y), e(z, s,+) : D, — Y are continuous and for every y € X,
F(-, 1, fe(z, s,v,)ds): I — Y and e(-,-,1,) : I X I — Y are strongly measurable.

(H4) There exists a non — decreasing function ¢* : R* — (0,00) and Lzp(-) € L'(J’,R) such that
|F(z.y1,72)|| < Lep@W* (yills, + lIyall) for all (z,71,72) € T x B, X Y.

(Hs) There exists a constant Ey > O st: |le(z, s, Y)Il < Eo(1 + |lyllp,) forall (z, s,y) € I X I X D,

(Hg) The continuous function & : D) — D, and Z,(£) > 0 are so that

n

< > E@lla = bls,

k=0

€1, az, a3, a,) = E(by, by, b, . .., by)

for every a,, b, € D, and take P, = sup{||{(ar, az,as,...,a,)ll : aj € Dy}

Before; prove the non-linear control system (1.1) — (1.2), we first look at the linear control system;

{Dgf 0(z) € An(z) + (V)(2), z € I’ = (0, b] @

I, ™" "n(0) = vo,
where B : U — Y is the linear bounded operator, v € L>(Z, U).
Consider, the terms:
b
T = f (b —¢)""'Q,(b - ¢)BB*Q;,(b — s)d,
0
R(a, T = (al +TY)~', a >0,

B* and Q;; are the adjoint of B and Q,. Ig is linear and bounded.
Moreover, for every a@ > 0, and y; € Y, set

W(z) = B'Q;(b — 2)R(a, T)P(y()),

where

S

b
P(() =91 = S, (b)[vo + EMZ1, 122, ..,02Z,)] - j; (b—-¢)"'Q,b-9¢F (g, g, fo e(s, s, ns)dS)dr;-

Theorem 4.1. Assume (H;) — (Hg) holds, then the Hilfer fractional differential system (1.1) — (1.2) has
a solution on I , provided;

1-{+nl-nd *k bn(Zﬁ_l)(LlMB)z _ *k
b [M + i) 1~ M7

<1,
P
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where
nd

no

M** — L/lb—1+{—n§+7]l9(l)0 + P) + L,LF’P(b)

and 1(0) € D(A%) with 6 > 1 - 9.
Proof. Consider the operator ¥ : ©’, — 2%, defined

¥1(2) + €0z, Vzy5 - - -5 D2, )(2), (—00,0],
P(1(z)) = Z“““‘"ﬁ[Sng(Z)[D(O) +EWz V200 02)] + [ (Z = 9)TIQ(z — §) (4.2)

XF(g.0e, [} el 5.0,)ds)ds + [z = 9710,z - (o] z € 0,1
For ¥, € ©,,, we define ¥

P(z) = ¥1(2) + €Wz 0z, - - - 0,),  Z € (—00,0],
Sﬂ,zeta(z)[n(o) + f(l)zl, Dzysenns I)Zn)(())], zel,

then ¥ € D, Lety, = [y, + @z], oo < z < b. It can be easily shown that y satisfies (3.8) if and only if
y satisfies yo and

Wz) = fo (z-¢)"'Qyz - )F (9, (s + W), fo e(s, s, ys + @s)dS)dg
+ fo (z - ¢)"'Q,(z — §)BB*Q;(d — §)R(c, 13)[1)1 = S5 (B)[M(0) + Wz, Vzy5 - -+ Vz,)]

b r
- f (b - r)”_lQn(b - r)F(r, vy, + ¥, e(r,s,ys + ‘I’s)ds)dr].
0 0
Assume; D)) ={ye D], :yo € D,}. Yy e D;
Iylls =llyolls,, + supflly()ll : 0 < ¢ < b}
=sup{|ly(s)ll : 0 < ¢ < b}.

Therefore, (D!, || - ||) is a Banach space.
For P > 0, choose Dp = {y € D, : |yll, < P}, then Dp C D]/ is uniformly bounded, y € Dp, from
Lemma 2.3

Vz + Wellg, < |Vellp, * |\PZ oy
< l(P L P]) F ¥l + I, Days s Dol
=P,

Consider the operator ® : D7 — 2%, defined as
0, z € (—0,0],
O0@) =1 (@ =6/ - 9F(s 36+ T [ el 5.3, + Fo)ds s
+ [H(z- 9z - )v(z)ds, zeT.
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Now, prove that @ has a fixed point.
Step:1 For every y € D)/, O(y) is convex.

Consider ¢, ¥, € {¥y(z)} and fi, f> € Sk, such that z € 7. We know that

z - S —
v :z‘--“"{-"ﬂ[ f (z-¢)y'Q,(z - g)F,-(g, ye + P, f (g, 5,ys + Ts)ds)dc
0 0
+ f (Z - g)n_lQn(Z - g)BB*Q;(b - g‘)R(a, 3:8)[1)1 - Sn,{(b)[l)o + é‘:(l)zl’ Dzysevvs I)zy,)]
0

b r
— f (b - r)"_lQ,](b - r)Fi(r, v+ ¥, e(r,s,ys + ‘I’S)ds)dr”, i=1,2.
0 0
Let 0 < y <1, then for each z € 7, we get
x¥n + (1 = x)a(z)

= zl—“"f-"ﬁ[ f (z - ¢)"'Q,(z - §)BB'Q; (b - O)R(a, zi;)[m = SB[ + £z, Vsss 1 02)]
0

b Z
_ fo (b= Qb = i + (1 - ) fldr] + fo (z— &',z - e + (1 - flds].

We know that S g, is convex. x fi + (1 — x)f> € Sp,.
Therefore;

xn + (1 =)o € Oy(z2).

Hence @ is convex.
Step 2: To prove P > 0O such that ®(Dp) C Dp. It is enough to show that there exists y, € Dp, but
D(y,) ¢ Dpie,||Oy,)(2)ll = supflly(2)ll, : ¥, € P(y,)} = p. Assume; for every y € Dp(I), we can get

P < || D(y,)(2)l

< sup Z1=¢tnd—nd

fo z(z - ¢)"'Qy(z = )F (s*, Yo + P, fo g e(s, 5, ys + @s)dS)ds*
+ fOZ(Z - ¢)"'Q,(z — §)BB*Q;(b — §)R(a, IS)[m = 8,D)[V(0) + €Wz, 2y, - - -5 D2,)
_ ﬁb(b - r)”‘lQ,](b - r)F(r, v, + ¥, Or e(r,s,ys + @s)ds)dr]dgH
< bl_“”{_”ﬂ[sup fz(z o
0
+ ~foz(z -~ g)z”ﬂ""lL’zMéé[t)l — sup

b
- f b-rr'
0

< bl—§+)7§—r]19|:M** +

Qn(z - S')

—_— g —_—
HF(S" (.YS‘ + \PS‘)’ f €(§, S, ys + lIIS))
0

i

Sn,((b)[r)(o) - g(t)zl ) t)229 ceey I)Zn)]

Qn(b - I")

F(r,yr + @r,f 6(7‘, S, ys + @r)ds)
0

br](Zﬂ—l)( L MB)Z

a(n2d - 1))

s

(r)l _ Lub—1+§—n§+m9[n0 + Pm] _ M**)]
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where

b
M = L/LFp(b)—ﬁlﬁ*(P’ + bEy(1 + P’))
n

Dividing, P both sides, we get a contradiction to our assumption. Therefore, ®(Dp) C Dp.
Step 3: Show; the equicontinuous of ®(y) in D;/(1).
Consider 0 < z; < z; < b and there exists F' € S ,,, we get

Hlﬁ(Zz) —y(z1)

<

Z) — S —
; = '719 (22— )"'Q,(z2 - g‘)F(g‘, ve + ¥, f e(s, 8, y; + ‘Ps)ds)dg
0 0
z5
+ f (z2 - )"'Q,(z2 - g)y(g)dg]
0
Z] - S —
- z}‘“’”’""ﬂ[ (21 = §/710,(21 = (5.7 + T, f e(s, 5,ys + \Ps))dg
0 0

+ f 21(21 —¢)"'Q,(zs — §)Y(§)d§]H
0

IA

Z — S —
Z;—é“m(—nﬂf (zy — S.)n—lQn(Zz _ S')F(S', ye + ¥, e(s, s, ys + ‘I’s)ds)dg‘
0 0

Z) - S —
+z) e f (22— 6)"'Qy(z2 — g)F(g, ys + e, f e(s, 8, Y5 + ‘Ps)ds)dg
Z1 0

Z| - S —
z) e f (z1 — )" Q(z1 - g)F(g, ¥e + Yo f e(s, s, ys + ‘Ps)ds)dgu
0 0

z)
+ Zé—{*—’?(”ﬂf (z — g)n_lQn(Zz - ¢)Bv(¢)dg
0
3}
1 Z;—{H]{—Tlﬂf (z — g)”_lQn(Zz - 9)v(e)ds
1 —{+nl- nﬂf (zy =) Qn(zl g)V(g‘)dS‘H
1=+n{—m9

z, f (22— §)"'Qy(z2 — §)F (5‘, ye + P, e(g, 5,5 + P,)ds dg”

Z]

IA

+

z;—§+77§—7719 f (zp — g)”_lQ,,(zz - g‘)F(g‘, Yo + @g, f 6(5', S, ¥s + @A)ds)dg
0 0

Z1 = N p
} {+nd— m?f (Z] _ g.)7]—1077(22 — g)F(g,yg + \Pg,f e(g’ S, ¥s + lPs)dé’)dg”
0 0

+

Z| - S —
zi_ﬂng_"ﬂ f (z1 - ¢)"'Q(22 - S‘)F(S', ye + ¥, f e(s, s, ys + ‘Ps)ds)dg
0 0

Z1 b : o
_ Z}_“'lﬁ_nﬂf (z) — S')n_lQn(Zl - g‘)F(g‘, ym + ¥, e(s, 5, ys + lPS)ds)dg“
. 0

—+

Z;—{H](—’Yﬂf (zo — g)']_lQn(Zg - S')Y(S‘)dgH

Z]
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Z]
+ HZ;_M{_W f (22 = ©)"7'Qy(22 = §)V(6)ds
0
Z]
-2 [ - 0 - Bt
0

+

Z]
Z | =i f (z1 - )"'Q)(2z2 — §)v(s)ds
0

Z]
_ gl f (z1 — §)'Q,(z) - g)\_/(g)d§H
0

11:

Zo - S —
zé‘“"g_"ﬂ f (22— §)"'Q, (22 - g)F(g‘, yo + Ve, | els,s,yc + ‘Pg)ds)dg‘H
Z] 0

<L

Z)
z, f (22 = )" Lip(©) (P + bEo(1 + P’))dg'
Z)

Integrating z, -z, = I, = 0;

12:

Z1 7 ° o
zy f (20— )" Q22 — O)F (§ Yo+ Ve | elsy s ys+ TS)dS)dg
; 0
Z] by B N7,
_ zi‘“n&—’lﬂf (21 =)' Q22 - g‘)F(S‘, Yot lP?’f el et \PS)ds)dgH
, 0

z|
< L/f (zy —¢) 7™
0
X Ly p(S)W* (P + bEy(1 + P'))ds,

1=Z+nl -9 -1 1=L+nd—nd -1
2, T (zy — )T — 2 T () — )1

Consider

(22— )™ Lrp(SW (P + bEy(1 + P7))

1=¢+nl—nd —1 1=¢+nl—nd -1
22577577(22_5.)77 _zlgnfﬂ(zl_g)n

< [zé“*“‘”% Gyl g T ey (g, g>-"+"ﬂ]LF,p<g>w(P' +bEN(1 + P))
< [z;—“'ﬁ—"f'(zz R LA C g)nﬁ-‘]LF,p@)w(P' + bEy(1 + P"))

< 22, 2y — Y L p(OW (P + BEo(1 + P)).

(% 22,7 () — oY Ly p(W (P’ + Eo(1 + P)))ds exists (s € (0,z1]), then by using the
Lebesgue’s dominated convergence theorem, we get

z)
f (2o — )"
0
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as z, — zj, so we conclude lim I, = 0.
Z2—7Z]

For any positive value €, we write

13:|

Z] - s T
f 2, Q20 = 6) = Quz1 = ©)](z1 — )" 'F (g Yot ¥ | elgis st ‘Ps)ds)‘k”
0 0

< f z, Q22 — ) — Quz1 = §)||(z1 = )" Lip(W(P’ + BE(1 + P'))ds
0
+ f 2, " Q(z2 = §) = Quz1 = 9)||(z1 = )" Lip(©W(P' + bEy(1 + P))dg

Z]1—€
< z) e f (z1 = )" ' Lep(@W(P' + bEy(1 + P))ds sup  [|Q)(z2 — ¢) — Qu(z1 — ¢)|
0

wel0,z;—€]

Z]
+L f 2 (25 — ) 1 (2) = )T |(2) — &) Lpp(Q)* (P + BEo(1 + P'))ds
Z1—€

Z|
z, e f (21 = )" LW (P + bEo(1 + P))dg
0

X sup ||Q,,(Z2 -¢)—Qyz - S’)”
c€[0,z1—€]

Z]
+2L f 2 2y — T L p(W (P + DEo(1 + P'))d.
Z|1—€

From Theorem 3.5 and lim /; = 0, we obtain /3 — 0 independently of y € D//(Z) as z; — z;, € — 0.

Zy—7Z]

14:

Zl-conind f (22— )" Qn(Zz—S‘)V(S‘)CkH

1- —nd 5 _
< Z) e o lv@dg]'

1, tends to zero as z, — Z;.
“ 1 0 1 0
—{+nl— — —(+nl— —
Is = H f Z1EHE (5 _ gyt _ I 5 ol (2, — g)y(g)”
0
Z]
’ 1- —n - 1- 1 - -
< L'Mp f 2, (2g — )1 = 2 T () — )17 (20 — €)M W(6)ds
0

Is =

Z| nﬁf (z1 - ¢)" Q22— ¢) — Q)(z) - 1)]V(§)d§H

< Mpz, o f (z1 — &) ' W(s)ds sup
0

Q (22 —¢) — Qz1 - g)“.

Similar, proof of I, and /3, obtain /5 and /s tends zero.

Therefore, |W(z;) — ¥(z;)|| — O independently of € W(y) as z; — z;. This implies that
{Wy(z) : y € D;(1)} 1s equicontinuous on 7.

Step 4: The relatively compact of V(z) = {¥/(z) : z € O(¥(z)), z € D, (L)} in Y.
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For a € (0, z) and g > 0, consider the operator ¥(z) on D,,(7)

Vou(Z) = 21—£+n§—nﬂ[ Lz_a(z - s.)Tl—lQn(z - g)F(g, ye + @C, I)g e(s, s,y + @S)ds)dg
+ fo - 9oz - Bues]
—zen] [ [ a0z - oy Tz - 50)
q
X F(g, Yo + @g, f: e(s,s,ys + @s)ds)dﬁdg

+ fo f nepnw)(z—g)’?-‘T«z—c)'?@Bv(g)d@dg]
q

Z—q 00
= nz' " (og) f f 60,(0)(z — &)
0 q

S

xT((z-¢)"9— a”q)[F(g, Ve + @C, e(s,s,ys + @S)ds) + Bv(g)]dedg.
0

Hence V, 4(z) = {(¥(2))eq : Zz € D,,(1)} is precompact in Y, for every a € (0, z) and g > 0 due to the
compactness of 7' (a"q). For every z € D,,(1), we get

v - vt

<

Z q
nz! e f f 60,0)(z — "' T((z - 5)"0)
0 0
—— g‘ —_—
Ao+ %, f els. 5.y, + T,)ds ) + Bv(g)]dedgH
0

+

nz! L f Z f (2= ¢/ 6p, 0T (2 - 570)
Z—x q R g R
[F(g, ye + 'Y, f e(s,s,ys + ‘Ps)) + Bv(g)]d@dgH
0
< nMozl—<+n£—nﬂ( f ’ f ' Opy(O)(z — )" (z — )" g
0 0
X [Lep(W" (P’ + bEy(1 + P')) + My|[|dods
. f f (2~ &y (O)(z — 6" 10 Ll (P + bE(1 + ) + Myl
z—a Jq
< nMozl—“"é“-"”( f (2 = &V [Lp()W (P’ + bEo(1 + P') + Mylvll]ds f 7 0,(0)d0
0 0

+ [ 2= )" [Lep(@W (P’ + bEy(1 + P)) + Mylvll]lds f 61’,0,7(9)519)
0

Z—a

—0asa— 0,9 —0.

Thus, V, ,(2z) = {44(2) : z € D};(1)} is arbitrary and is closed to V(z) = {¢/(z) : z € D}/(J)}. Hence,
{Y(z) : z € Dp(7)} is relatively compact. Therefore, the continuity of /(z) and relative compactnes of
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W(z) : z € D))(1)} imply that (z) is completely continuous.
Step S: Closed graph of ®.

Lety, — y.as k — oo, Yy (z) € ®(y;) and ¥, — ¥, as k — oo, to prove that . € O(y,). Since
Y € O(yy), then there exists a function Fy € S g,, such that

Yi(z) = zl‘“”g‘”ﬂ[ ﬁ (z - ¢)"'Q)(z — §)Fi(s)ds + fo (z-¢)"'Q,(z - ©)BB*Q(b - )

b
% R(a, zz>(m 8, (BHO) + EWz, Vs 02)] f (b - Qb - r)Fk(r)dr)dg]-
0

We prove there exists an F, € S, ;
Vu(z) = Zl‘“”g‘"ﬂ[ f (z - 9)"'Q,(z — ©)F.()ds + f (z - ¢)"'Q)(z — ©)BB*Q(d — ©)
0 0

b
X R(a, Ié)(m = Sp.D)H(O0) + €Wz, V25 -+ -5 02,)] = f (b-r)""'Q,b-rF *(r)dr)dg]-
0

Clearly,

Yi(z) — zl‘“"»“”ﬂ[ f (z - ¢)"'Qy(z - §)BB'Q}(d — §)R(, 18)(131 - S,¢()
0
[1(0) + €Wz, s - - - r)z,,)])] - [z*(Z) — zl‘“”{‘”ﬂ[f (z—¢)"'Qy(z - $)BB'Q;(d — 5)
0

X R(a, T = Sye)00) + £ 02 nz,)])]]]' S 0asn - oo.

Now, we consider = : L'(7,Y) — X as

E(F)(z) = j; (z = 9)"'Qy(z = §)F(s)ds + fo (z - ¢)""'Q,(z - ©)BB"R(0, T))

X fo b(b — r)7'Q,(b — r)Fi(r)dr.
From Lemma 3.6, (E o S f,) is a closed graph operator. Thus, from =, we obtain
[t//k(Z) — gl fo Z(z - ¢)"'Q(z - §)BB*Q;(b - ©)
X R T)(01 = Sy BINO) + 0z vz 02)]) | € ES )
since F, — F,, from Lemma 3.6 that
[lﬁ*(Z) — gl fo Z(Z - ¢)"'Q(z - §)BB*Q;(b - ©)

x R(a. TIS)(m — 8, B[HO) + £z, 0. ,nzn)])] € E(Sr,).

Hence O is closed graph.

From Step 1 - 5 along with the Arzela — Ascoli theorem, we find out that ® is compact and upper
semi-continuous with closed convex values. Therefore, by Lemma 3.7, ®@ has a fixed point, which is the
mild solution of (1.1) — (1.2). O
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Definition 4.2. [36] The system (1.1) — (1.2) is called approximately controllable on I Y v € Y, there
is some control v € L>(I,U), R(b,1) = Y, where R(b, 1) = {n(b,v);v € L*(Z,U),n(0,v) = vo}; which
is the reachable set of system (1.1) — (1.2) with the initial value v at the terminal time b.

Theorem 4.3. Assume (H,) — (Hg) hold and the function F is uniformly bounded. Assume that
the corresponding linear equation (4.1) is approximately controllable on I. Then (1.1) — (1.2) is
approximately controllable on 1.

Proof. Let y®(-) be a fixed point of ¥ in Bp(J). By using (4.1), any fixed point of ¥ is the mild solution
of (1.1) — (1.2). Further, by Dunford - Pettis Theorem, we can use there is a subsequence {F“(s)} that
converges weakly to F(¢) in L'(Z,Y). Y a > 0, then there exists F* € S f.,;

9(2) =S (@)D + €Wy Va5 02)] + fo 2- o,z - F (5.2, fo s, 2)ds s
- fo (2 - o0,z - BB (b - R(@, TP (2)ds,
where
Ve(z) = B*Q(b — 2)R(a, THP()*)(2),
and
POY") =1 = Sy (B)Do + €021, D -+ D] — fo b= o - NF (1o, fo e s, 2)ds

(I - TYR(a, TY)) = aR(a, T}), we obtain

b S
D) = Sy (B0 + EWayr Ve 2 0] + f (b= 0y (d - (5.5, f el 5,07)ds ds
0 0
b
+ f (b —¢)"'Q,(b - $)BB*Q,(b — ¢§)R(a, )P (b))ds
0
b S
= SpD)o + W25 V2,55 V] + f (b—¢)"'Qub - ¢)F “(g, e, f e(s, s, r)‘s’)dS)dg
0 0
+ T0R(a, T5)P(H™)

b S
= S e(B)[Do + €z, Vs - Vo] + f (b= 77106 - F(s: 2, f el 5,u)ds)ds
0 0

+ P(n") — aR(a, T)PH)
=1, — aR(a, THPW®), forall F € S,

Moreover, by using Hypothesis, ||[F*(¢)|| < Lgp, where Lgp < oo a constant. Consequently, the sequence
{F%(s)} has subsequence defined as {F“(¢)}; weakly converges to, say F(s).

b S
W= D — Sn,gy(b)[l)() + ‘f(l)zl ) 1)22’ ) 1’)Zy,] - f (b - g)n_lQn(b - g)F(g’ I)g‘a f 6(5', S, I)g)ds)dg
0 0
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and

1P - i < fo (b= oy Qb - LF(s) — Fods|

The compactness of the operator Q,(z), z > 0 is deduced and the uniform boundness of F“(¢) such that
dsome F(¢) e L(Z,Y)as a — 0F,

Q,(b = )F(s) = Q,(b - )F(s).

Hence for every z € [0, b], we get ||P(n®) — ¢|| — 0. Besides, by approximate controllability of system
(4.1), we obtain aR(«, E’é) — 0 as @ — 07 in the strong topology. Thus, we obtain that « — 07,

Iy (®) = vill = ||eR(@, TH)PO")|
< |laR(@, T)s| + [|leR(@, T)|[|[PO™) - o
< |ler(@, Ts|| + [|(PO™) - §)|| - 0.

As aresult, system (1.1) — (1.2) is approximately controllable on /. O

5. Neutral systems

Neutral systems, which involve delay terms in their equations, have indeed gained significant
attention across various domains of applied mathematics due to their relevance in modeling real-world
phenomena. These systems are particularly crucial in scenarios where the past history of the system
influences its present behavior, such as in heat flow, wave propagation, and visco-elasticity.

In the context of differential equations, neutral systems can be challenging to analyze but offer
valuable insights into dynamic processes. Understanding and effectively dealing with neutral systems
require a thorough grasp of both ordinary and delay differential equations, as well as techniques specific
to neutral systems.

Consider the Hilfer fractional neutral differential inclusions of the forms;

Dgf[t)(z) - K(z,1,))] € An(z) + v(z) + F(z, gz, fz e(z, s, I)Z)dS), zel =(0,b], (5.1)
0

I"ON(0) = £ + £z, Days - -5 D2,) € LD, DY), 2z € (—00,0], (5.2)

where K : 7 X D,, — Y is an appropriate function.

Proposition 5.1. [5] Suppose that 0 <n <1, 0 < g < 1, and for all vy € D(A), then there exists a
kg > 0 such that

anr(z - CI)

a%Q, (20| < Z0C(1 +7(1 = g))

|, 0 <z < b.

Consider the following hypotheses;

Communications in Analysis and Mechanics Volume 18, Issue 2, 329-365.



347

(H7) The function K : 7 X D,, — Y is continuous and 4 g > 0, 0 < g < 1 such that K € D(A?) for any
neY, zel, AYK(.,p)is strongly measurable, then 3 M,, > 0, M/, > O such that y,,y, € Y and
A?K(z, -) satisfy the following:

89K (2, y1(2)) - A"K (2, v2(2))|| < M lly1(2) = 22l
87K (z, n(2))|| < M, (1 + IDllo,)-
Take ||A™9|| = M, and ||A'9|| < M.

Definition 5.2. A continuous function v : (—oo, b] — Y is said to be a mild solution of (5.1) — (5.2); that
0(2) = 8,(2)[é + EWz)s Vays - -+ 20)(0) = KO, 10) | + K(2,1,) + f (z — ¢)"'AQ,(z — YK (s, ne)ds
0

+ fo (z-¢)"'Q,(z - §)¥(s)ds + fo (z—¢)"Q,(z - ¢)F (g, Ve, j; e(s, s, us)dS)dc-

Theorem 5.3. Suppose (H) — (H7) holds, then the Hilfer fractional differential system (5.1) — (5.2) has
a solution on I provided;

|
;[bl‘“”{‘””[MM;V(l FPOM™ M+

bn(Zﬁ—l)(L/MB)Z
an(29 - 1))

(I)l _ L,,b_1+(—7]é'+7]l9[1)0 + Pm] — MM;(I + P’)M*** _ M**)] < 1’

and 0 >1-19.

Proof. Consider the operator ¥ : ©/, — 2%, defined as

¥i(z), (-0, 0],

S (€0 + €1z, 0z, ., 2)(0) — K0, 10)] + K(z, 1)
+ [ (z = 9)'AQy(z — 9K (s, vo)ds + ['(z — §)7'Qu(z — §)¥(s)ds
+ j(‘)z(z —¢)'Q,(z - g)F(g, e, fog e(s, s, us)ds)dg, zel.

P(y(2)) =

For ¥, € ©,,, we define N7

¥ Yi(@), z € (—0,0],
Y(z) =
{SU,{(Z)SO + g(I)Zl’ I)Zz5 e ey I)Zn)’ Z € I,

then ¥ € D, Lety, = [y, + @Z], oo < z < b, v fulfills from a simple standpoint from (5.2) if and only
if y satisfies y, and

¥(2) = = S, (2)K(©0,10) + K(z,v, + ) + f (z — &) AQ,(z — YK (s, ve + P )ds
0

+ f (z = ¢)""'Qy(z - ©)BB'Q;(b - §)R(a, 538)[1)1 = 55 (B)0(0) + £(vz,, V255 - - D2,)
0
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b —_
+K(0,90)] = Kb, yp + ) — f (b — AQ(b — NK(r,y, +¥))dr
0

b 7
_ f (b—ry"! F(r, v+ ¥, f e(r, s,ys + ‘I’r)dS)dr](G)dc
0 0

S

+ f (z-¢)"'Q,(z - ¢)F (g, Ve + ¥, | els, s,y + @S)ds)dg.
0 0

We define the operator @ : D7 — 2%
0, z € (=00,0],
=8, 2K, 10) + K(z,v, + ;) + [ (z - ¢)"'AQ,(z — 9K (5. v + Po)ds
+ [*(z - )'Q,(z - BBQ (b~ 9)R(, zg>[m = S, D)) + EWyy 00,1 12)
P =0 100,001 - Kb,y +Fy) = [0 - Ay — Ky, +F)dr
- ﬁ)b(b - r)n_lF(ra Yr + @ra J(;r e(r’ S, Vs + @F)ds)dr:l(g)dg
+ foz(z —¢)'Q,(z - g)F(g, Ve + @g, fog e(s, s,y + @S)ds)dg, zel.

Now, we prove ® has a fixed point.
Step 1: For every y € D, ®(y) is convex.

Consider ¢y, ¢, € {¥y(z)} and fi, f> € Sk, such that z € 7. We know that
@i = =Sy (KO0, 90) + K(z, v, + F,) + fo (2 - 9RQ (2 - YK(s. v, + P
+ foz(z - 6)"'Q,(z - §)BB*Q(b - ¢)R(a, zé)(m = S D)[WO0) + €z, D2y, - -+, D2,)
+ K(0,90)] - K(b,y, + ¥) - fo b(b — )" AQy(b = K (r.y, + ¥,)dr
- fo b(b - r)”‘lﬁ(r)dr)(g)dg + fo (- )",z — ) fils)ds.
Take y € [0, 1] then each of z € 7, we can get

xe1+ (1= x)ea(2)
_ zl—éw“—m?[ — 82K, 99) + K(z,v, + ¥,)

+ fo (2 €0,z ~ BB'Q)b ~ IR, )11 — Sy B)0 + £, s,
b
— 8, (YK (O, 09) + Kb, vy + Fy) - fo b= 0, = Dl fi + (= fldr)

+ fo (z-9)"'Q(z-¢)xfi + (1 —)()fz]dc]-
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We know that S r, is convex. So, xfi + (1 —x)f> € Sr,.
Therefore,

xer + (1= x)pr € Py(z);

Hence ® is convex.

Step 2: To prove P > 0 such that ®(Dp) C Dp; it is enough to show that there exists y, € Dp, but
O(y,) ¢ Dp ie., [9,) (@) = sup{ll(@)lly : ¥, € D(y,)} = p. Assume, for every y € Dp(I);

P < |lo0(2))||

< sup Z 1=¢+ng—nd

- 8,(2)K 0, 190) + K(z,y, + F,)
+ f (z-¢)"'AQ,(z - )K(s,y. + ‘f’g)ds*
0
+ f (z-¢)"'Q,(z - $)BB'Q, (b — §)R(a, ZS)[m - 8,/(D)[v0) + Wy, 0z, - .-, z,)
0
b
+ K (©0,n0)] — K(b,y, +¥p) — f (b = rAQ,(b —rK(r,y, +¥,)dr
0
b . r .
- f (b= F(rye+ 9, f e(r, 5., + Bo)ds r|(6)ds
0 0
V4 - S —
+ f (z-¢)"PQ,(z - §)F (g, e+ Ve, | els, s,y + ‘I’s)dS)dgu
0 0

" f 2oyt
0

iz -9

< bl—{+77§—7719[ S,.:(2)K (0, no)

+ H?((z,yz + @Z)

A9, (z - g)H

x ||A“%K (s, v + ¥,)

ds + Supf (z-¢)""
0
—_— g —_—
X ”F(g’ (y§ + \Ps‘)’f €(§', Says + \Ps))
0

Z 1
+ f (z - g)”‘lL’zM;‘;—[t)l — sup
o a

i

Si],((b)[t)(o) - f(f)zl ) I)Zz& ceey I)Zn)]

b
+ f b-rr!
0

’F(s, vy + ¥, f e(s,r,y, + @r)dr)
0

+ 1S (YK (0, o)

_ j;b(b — ) dr]dg]

< bl_“n{_nﬁ[MM‘:}(l n P/)(Lub—1+§—77§+7719 +1+ K]_quM) + M
ql'(1 + nq)

(I)l _ L//b—l+{—7]{+77‘ﬂ[r)0 + Pm] — MM‘;,(I + P/)

+ ”(K(b, vy + @b)

A'9Q,(b - P)||[|A%K (b, y, + P,)

dg

Qn(b - I")

bn(Zﬁ—l)(L/MB)Z
an(29 - 1))

X (L//b—1+_(—n_(+nz9 +1+ Kl_qbon) _ M**)]
gl'(1 +nq)

bn(Zﬁ—l)(L/M )2
< bl—“’%’-"ﬁ[MM;V(l +POYM™ £ M+ B
a(n2d -1))
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X (01 — L"p ey 4 Pl - MM (1 + PYM™ — M)

where M** = (L”b‘“g‘”{ RS P LRSS ) Dividing both sides by P, we obtained a contradiction.

qU'(1+nq)
Thus ® is bounded.
Step 3: Next, we need to show that equicontinuous of ©.

Fory € Dp(L),and 0 < z; < z, < b, we have

[@v(z2) — P (z)))

= z;‘“’"’“‘”‘?[ — 8, (2)K(0,10) + K (22, vz, + Pay) + f (22— ¢)"'AQ (22 — §)
0

X K(s,ys + Po)ds + j; 22(22 - )"'Qy(z2 — ©)V(§)ds

+ fo 22(22 - )" V(22 - §)F (g, ve + P, Og e(5, 8,5 + @s)dS)dg]

_ zi{ﬂy{nﬁ[ — 8, (z)K©0,90) + K(z1,y,, + Py,) + fo 21(21 -¢)"'AQ,(z1 - )
X K (s, ys + Po)ds + fo (21 - Q2 - 9v()ds

yA - G -
; f (1 - 90y 2r - F (5.3, + T, f €6, 5,y +Ts)ds)dg]ﬂ
0 0

<[z TS, H(22) — 2, TS, ((21)] K (0, vo)
oK o (2 + Forl) — 2Kz (L + P D)
+ ||y fo i (2 — ¢)"7'AQ, (22 — ©)K (s, [ys + P, )ds
. fo Zl(zl — )" 'AQ,(z2 — 9K (s, [ys + ‘?g])dgn
+ ||z fo 21(21 — ¢V AQ, (22 - YK (s, [ys + Fl)ds
— g, e j; Zl(21 - ¢)"'AQ,(z1 — 9K (s, [y, + ‘?g])dgn
e [C - oraae - okes. e+ aa]
2
e [Cm o - or(sa T [ ts s - Bashas
-z j; (21— 90z - OF (s*, yo + ¥, fo els syt @“)ds)dg”
+ ’ z, e £21(Zl —9)'Qy(22 — F (s, ys + P, fog e(s. 5.ys + ¥,)ds)ds
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+ z;—ﬁn(—m‘? fzz(zz ~§)71Q,(zs - g)F(g‘, Yo + @g, j: e(s, 8,5 + ‘?S)ds)dgH

2
+ z§‘4+”5"7ﬁ( j; (2 )"1Qy(22 — )V($)ds ~ fo (- Q21 = §)V(s)ds )H
N (Z;—Gn{—nﬁ fo 2y — Z\=cmem j; " - g)"‘l)Q,,(zl - s*)y(s*)ds*H

2
1- —n _
e [ - oriee - v
zi

IA
=~

I = [Zé_“n{_nﬂsn,g(zz) - Zi_“n{_nﬂsn,g(zl)]w((), Do)

b

by the strong continuous of S, /(z) and (3.5), we obtain /; tends to zero as z, — z;.

12:

By (H;7), we obtain I, tends to zero as z, — z;.
1 9 “ T
I = sz_““_m f (22 — ¢)"'AQ,(z2 — 9)K(s, ¥, + Y. )ds
0
Z1 e
— g, e f (21 — €)' AQ,(22 — ©)K (s, Y, + ‘Pg)dgu
0
Z1 —
< H( fo z, (2~ " 2 (2 - g)n_l)AQn(ZZ — KIS,y + ‘Pg)dg"

zZ|
\—z4ni—nd 1 A—ceni-nd 1
= H(f Zy EM (2 — )T - Z Tz = o) )
0

AK (s, y. + @g)

ds

X HAI‘an(Zz — §)”
< M;V/q_qnf(l +q)
- qI'(I +nq)

zi
— 1- - — 1- —nd —
X H(f (22— §)"4 D[z, (zy — )1 — 2T () — ) ]])dgu-
0

(1+P)

L —>0asz, » z;.

14:’

Z1 o
z}_mg_nﬂf (z1 — ¢)"'AQy(z2 — ©)K (s, ys + ¥)ds
0

z§_§+"§_nﬂ7((zz, (Z;—Gn{—nﬂ[yzz + \Pzz])) _ Z}—{Hlé—nﬂq((zl’ (Zi_§+”§_nﬂ[y21 + lIJZl]))H
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Z1 o
_ gl j(; (z1 — §)"'AQ)(z1 — K (s, ys + ‘Pg)‘k”

S ‘

Z| ¢ f (z1 = ¢)"'[Q)(2z2 — ¢) — Q)(z1 — §)|AK (S, Y, + @g)dgn
0

< MoM.,(1 + P')

Z}—§+n{—nﬂf (z —¢)"! [Q)(z2 — ¢) = Qy(z1 — S‘)]dS‘”-
0

Since Q,(z) is uniformly continuous in the operator norm topology, we obtain I, — 0 as z, — z;.

Z) -
Is = “2;_“”{_”’9 f (22— )" 'AQ (22 — )K (s, s + ‘I’g)a’gn

Z]

)
< pl-¢tng-—nd (z, — g)fl—l
Z]

I(1+¢q)
ql'(1 +ng)

Al_qu](Z2 - S') Aq%(g9 Vs + @§) dg

Z)
< M, ki-gn (1+ P’)bl_“"g_"ﬂf (z, — ¢)M ' dg.
Z]

Integrating and z, — z; = I5 = 0.
From similar proof of equicontinuous in step 3, (4.1), we obtain I — I, is zero. Therefore, @ is
equicontinuous on 7.
Step 4: Prove that V(z) = {Y(z) : z € D(y(z2)), z € D,,(I)} is relatively compact in Y
For a € (0, z) and ¢ > 0, assume y(z) is the operator on D,,(J)
Vaa(2) = 27500 = 8, @IKO, 90) + K(z. v, + To)
+ fo H(Z — &) AQ,(z — YK (5. ys + F)ds + fO Z_a(z —¢)"'Q,)(z — §)V(6)ds
+ fo 29Tz - 9F(s.s + e fo "e(s. 5,3, + s )
- zl—éwé-m’[ — 8, /2)K(0,90) + K(z.y, + F,)
+A fo a fq i 0P, (O)(z — V"' T((z - §VOYK (5. y, + ¥o)ds
s fo fq )z 9 Tz ~ 0 (5.3, + e fo els. 5,3+ ) dods
+ fo fq )z - 97 Tz ~ sV OBY(6)dods]|
= 2] 8, @K 00 + Ky + T+ a7 @) [ [ apyoz - o
q
XT((z-¢)"0—-a"q)[AK(s,y. + @g) + F(g, Yo + @g, OC e(s, s,y + @g)) + Bv(g)]d@dg‘].

Hence V, 9(z) = {(¥(2))oy : z € D,(I)}is precompact in Y for all @ € (0,z) and g > O due to the
compactness of T'(a’q). For every y € D,,(1), we get
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Hlﬁ(Z) ~Vaq(2)

nz! e fo ’ fo ' 00, (0)(z — §)"'T((z - 6)"0)

<

—_— —_— g —_—
[A‘K(g‘, ye + o) + F(g, ye + 'Y, f e(s,s,ys + ‘Ps)ds) + Bv(g)]d@d;‘”
0

+

pz!-Crn f f (z =)' 9p,)(OT (2 = 5)"6)
Z-a vq
— I ¢ P
|86y + B+ s+ Py [ elsisn +F9)+ Bv(g)]dedgH
0

z g
< nMozl‘“"f—"ﬂ( f f 60, (0)(z - §)" (z = )"
0 0
X [MoM{(1 + P") + Lrp(s)W"(P" + DEy(1 + P)) + Mglv||]dOds

+ f Z f (2= ", 6)(z - 5”6
2 Jg
X [MoMiy(1 -+ POLep(s 3 (P + BEo(1 + P') + Mylvl]ds)
< nM0z1*4+’lé’*'7ﬁ( fo z(z — &) [MoM)(1 + P) + Lrp(s)* (P + bEo(1 + P"))
+ Mpglvll]ds fo q 6’ p,(0)d6 + f z (z = )" [MoMy(1 + P)
+ Lrp(S) (P" + DEo(1 + P)) + Mglvlllds fo i Gﬂpn(G)dG)
< nMozl-“"é’—"ﬁ( fo Z(z — )" [MoM) (1 + P') + L. p(s)* (P’ + bEy(1 + P'))

q
+ Mp|vlllds f 6’ p,(6)d6
0

N ra-9 (=
F(l—ﬁﬁ) zZ—a
—0asa—0,g - 0.

(z — )" [MoMy(1 + P) + L ()" (P' + bEo(1 + P')) + MB||v||]dg)

Therefore, we conclude ¥(z) is completely continuous.
Step 5: ® has closed graph.

Consider ¢, — y. as k — oo, Yy (z) € ®(y), and ¥, — Y. as k — oo, we need to prove that

. € O(y.). Since Y € O(y;) then there exists a function Fy € S f,, such that

Yi(z) = zl‘“”{‘”ﬁ[ — S, (K0, 10) + K(z,y, + P,) + f (z - ¢)"'8Q,(z — K (s, ys + P)ds
0
+ fo (z - ¢)"'Q)(z — §)Fi(s)ds + fo (z-¢)"'Q,(z - ©)BB*Q(d — ¢)

b
% R(a, zg)(m = 8, (B[DO0) + Mgy, Va1 — fo b - ryr'Q,b - r)Fk(r)dr)dg]-
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We can prove, there exists F, € Sg,,,
V.(z) = zl‘“”"‘”ﬁ[ = S, (2)K(0, 90) + Kz, y, + V) + f (z - §)"'AQ(z — K5y, + Fo)ds
0
+ f (z - §)"'Q)(z — §)F.(s)ds + f (z-¢)"'Q,(z - ¢)BB*Q(d — ¢)
0 0

b
% R(a, zf;)(m — Sy D)D) + £y Vg 15 fo (b— Qb - r)F*(r)dr)dg]-

Clearly,

(@) = 2] - S, @YK O, 00) + Kz, v, + T + fo (2 - o A0,z - K5 s + Ty
- fo (2 - ¢/ Q,(z - IBB'Q(d — ©)R(e (01 = SO + EWp vz 02
- |e@ - 2] - 8, @K .90 + K2y, + o)
+ fo Z(z — ¢)'AQ,(z - YK (s, ys + Po)ds + fo Z(Z - 6)"'Q,(z — §)BB*Q;(d — ©)
X R(@ 301 = Sy cBINO) + £z, vz n)])]]]” - 0asn — oo,

Now, we consider an operator = : L'I,Y)—> X
E(F)(z) = f (z - ¢)"'Qy(z — §)F(¢))ds + f (z - ¢)""'Q,(z — §)BB*R(0, T})
0 0

b
X f (b= r)"'Q,(b = r)Fi(r)dr.
0

Lemma 3.6, (Z o S ) is closed graph operator. So by referring =, we have

[wk(z) — gl f (z-¢)"'Q)(z - )BBQ(b - ©)
0
X R@ )01 = SpeBO) + £ vz 02| € S 1)
Since F; — F,, from Lemma 3.6 that
[z*(z) - zl‘“"g‘”ﬂ( f (z-¢)"'Q,(z — )BB*Q(d — &)
0
X R (01 = SpcB)[DO) + £ vz ]) € ES 1),
Hence O is closed graph.
From Step 1 - 5 in conjunction with the Arzela—Ascoli theorem, we conclude that @ is a compact
multivalued map, upper semicontinuous with closed convex values. Therefore, by Lemma 3.7 the

operator @ has a fixed point, which is the mild solution of the problem (5.1) — (5.2). |
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Theorem 5.4. If the hypotheses (H,) — (H7) are satisfied and a multivalued function F is uniformly
bounded. Moreover, suppose that linear Eq. (4.1) is approximately controllable on I, then (5.1) — (5.2)
is approximately controllable on 1.

Proof. Let 1?(-) be a fixed point of ¥ in Bp(Z). Theorem 5.3, any fixed point of ¥ is the mild solution
of (5.1) — (5.2). Further results on Dunford—Pettis Theorem, we conclude there is a subsequence {F“(s)}
that converges weakly to F(¢) in L'(Z, Y). for all & > O then, there exists F* € S Fus

9%(2) =8 ,£(2) W0 + EWzys Vays - - -5 Dz, + K(0,00) + K(z,97)] + f (z - &) 'AQy(z — YK (s, v])ds
0
z ¢
+ f (z-¢)"'Qz - 9F (9 D f e(s, s, I)Z)dS)dg
0 0

+ fo (z - §)"'Q,(z - §)BB*Q)(d — §)R(a, TH)P(h*(2))ds,
where
V¥(z) = B'Q;(b — 2)R(a, T)P*)(2),

and

b
P(") =9, =S, (D)[vo + £Mz,5 V2, - - ., Dz, + K(0,19)] = K (b, n]) - f (b—¢)"'AQ,(b-¢)
0

b r
X K(s,ve)ds — f (b—r)""'Q,(b - r)F”‘(r, ne, f e(r, s, I)ﬁ,’)ds)dr.
0 0

(I - TR(e, T})) = aR(a, T}), we obtain
b
D) = S (B[00 + EWay Vg 2 03] + KO, 00) + K (b, 0% + f (b— ) AQ, (b~ ©)
0
b S
X K(s,v0)ds + f (b-¢)"'Qb - ¢)F "(c, D, f e(s, s, I)‘;))dg
0 0
b
+ f (b—¢)"'Q, b - §)BB*Q,(b — §)R(a, TP (b))ds
0
b
= 8,00 + €Wz, V2, ...,z + K(0,09)] + K(b,n]) + f (b—¢)"'AQ,(b —¢)
0
b S
X 7((9‘7 I)Z)dg + f (b - g)n_lQn(b - g)Fa(g’ Ug’ f 6(5', s, D(;))dg + Z:SR(Q’, zS)P(DQ)
0 0
b
= 8D + €Mz, V2,5 - - -1 Dz + KO, up)] + K (b, 0]) + f (b - ¢)"'AQ,(b — ©)K (s, vilpha)ds
0

b s
+ f (b-¢)"'Qb - oF “(g, e, f e(s, s, uf)dS)Ck + P(n") — aR(a, T)P()™)
0 0
=1, — aR(a, lg)P(l)“), forall F € Sg,.

Moreover, there exists a constant Lgp < oo st: ||F*(¢)|| < Lrp. Consequently, the sequence {F“(¢)} has
subsequence still denoted by {F*(¢)}; weakly converges to, say F(s).
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b
W =9 — Sn,((b)[l)o + g(t)Z], 1)227 ) 1)Z,,) + «(Oa 1’)0)] - «(b’ I')1) - f (b - g)n_lAQn(b - g)
0

b S
X K(s,ve)ds — fo (b-¢)""'Q,b-¢F (5‘, Vs, fo e(s, s, I)g)dS)dg

and

b
PO = W] = |[7b. 2 — Ko, )| + H fo (b — &' AQ,(b — K (b, v — Kb, v1)]

b
fo (b -t - IF(s) - F(g)]dg“.

+ |

From (H) first two terms of the above equation become zero. The compactness of the operator
Q,(z), z > 0 is deduced and the uniform boundness of the F*(s), there exists some F(g) € LT,Y) such
asa — 07,

Q,(b - ) F(s) = Qu(b — 9 F(s).

Hence, for every z € [0, b], we get ||[P(n*) — ¢|| — 0. Besides, by approximate controllability of (4.1),
we can get aR(a, flg) — 0 as a converges to 0" in the strong topology. As a result, we obtain @ — 07;

[9°®) = 04| = [|aR(e, THPO)||
< [ler(@, TH)s]| + [ler(@, T)[[[(PO" — o
< [leR(e, Ts|| + [|[(POM - ¢)f| = 0.

As aresult, System (5.1) — (5.2) is approximately controllable on /. O
6. Example

6.1. Example

Consider the following Hilfer fractional neutral integro-differential inclusion of the form

Déf [p(z,‘r) - 1 a6, 7p(z, a)de] e Zp(z,7) + W(z,7)

+‘T(z, f_ooo (s — z)o(s, T)ds, foz f_ooo e1(s, 7, r — 5)0(o(r, T))drds) z € (0,b], T €[0,n], 6.1)

(1-$H1-0) _ "
10+ p(oa T) - ¢(Z, T) + Zk:O Mk p(zk + T)a TE [0’ ﬂ-]’

p(z,0) = p(z,m) = 0, z €[0,0],

1. . . . -H-o . .
where Dgf is the Hilfer fractional derivative of order ‘7‘ and type ¢, 1 (1+ 7170 4s the R-L integral of order

%(1 - {),B(z,a), T, and e, are the required functions. To change the framework into abstract structure,
let U = Y = L?[0, 7] and A be an almost sectorial operator defined by At = % with the domain

D(A) = {p € Y : p,, pzz are absolutely continuous in Y, such that p(z,0) = p(z, ) = O}.
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We need to verify the condition ||aR(al + Zg)_lll <1; fora>0.LetB: U — L*([0, x]) be defined
as

(BU2))(T) = WB(z, 7),
BV = ) (ben(v,en),
k=1

where 0 < 7 < 7.

Q‘;(z):;1 f ™My (DT (27 7d7),
0

4 & ©
Qi (z)y = 72 f TM%(T)exp(_kZZ%T)dTO),ek)ek
k=1 v0
We have

b
I = f (b —¢)""'Q,(b - ¢)BB*Q;,(b — ¢)d,
0
R(a,T) = (al +TY)~!, a >0,

B* and Q), are the adjoint of B and Q, respectively, also Zg be the linear bounded operator.
We have to prove that;

(b— )" "'B*Q,(b - s)n=0= 1 =0.

Indeed, observe that

[Se]

4 4 4
(b= 9""BQb - 90 = (b= )1 Y (b, ez (DM (@exp( - Kz T)dr(v, e)
k=1

=(b- s)i—l‘; D @M:(@exp( - KzIT)dr(b, e)v, &) = 0
k=1
= (n,e,) =0

:t):()’

provided that (v, e;) = foﬂ B(z,T)er(r)dt # 0 for k = 1,2,3,---. Therefore, the corresponding linear

system is approximately controllable provided that fon B(z,7)er(t)dt # 0. Because of the compactness
of the semigroup 7'(z) and function e satisfied the conditions. So, for every y € ¥, a(al + ZS)(I)) -0
as @ — 0" is strong topology. Thus, we conclude that the system (6.1) satisfy condition in (H).

Now for any y € Y = L*[0, x], T € [0, 7], we define the function F;

Z 0 z 0
F(z, Y, f e(z, s, I)S)ds) = 'Y’(z, f (s — z)o(s, T)ds, f f ei(s,t,r — 5)0O(o(r, T))drds),
0 —oo 0 J-oo

where

0
e(z,s,9,)(7) = f ei(s,7,r — 5)®(o(r, 7))dr.

[Se]

Consider the following:
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(i) The function ypsilon(-, -, -) is continuous and measurable in [0, b] X D,, X L*[0, 7] and uniformly
bounded.

(ii) (-, ) is continuous in [0, b] X [0, 7] x L*([0, ]).

(iii) e(:,-,-) is continuous and measurable in [0, b] X [0, 7] X D,, and e;(s, T, 7) = 0, f_ooo ei(s, 7, r)ydr =
k1(s,T) < 0.

(iv) The function ®(-) is continuous and 0 < @(p(r)(1)) < Q( f_ooo e>||o(s, Hll;2ds), Q : [0, 00) — (0, 00)
is an increasing and continuous function.

(v) % is continuous and measurable mapping in [0, b] X D,,, defined by K (z,1,) = f a0, 1)p(z,0)do.

(vi) Fix the nolocal conditions, &(1z,, Vz,, - - -5 Uz,) = 2o Mk p(zi + 7), T € [0, 7], is the continuous
function.

Now we take 6(v)(1) = 6(v, 7); (v, T) € (—00,0] X [0, 7], then we verify the following:

0
e(z,6)(1) = f e1(z,7,v)0(8(1))dv

o0

- T 0 2 %
— le(z. )1, = fo ([ etrveemar)al

(o)

| f(’ ( fi, e f : ezs||5(s)(-)||L2ds)dv)2dT];
R o
[ ([ eemn)ar] et ot

= ’f” (k1 (z, T))sz
L Jo
= k" (2)Q(19]l2,,)-

IA

IA

"1 + 16l1s,)

Therefore we observe,

0 V4 0
|F(z,-,.)|L2 = 'T(z,[ ga(s)g(s,r)ds,ﬁ I el(S,T,V)®(5(V)(T))dVdT)

< [j: (T(z,[: w(s)o(s, T)ds, foz [i e(s, T, V)G)(é(s)(-))ds)dv)zdr

<1 + € @)

1
2

where M* = Lgp(z) and ¢, Q are an increasing functions in Hypotheses (H,) and (Hs). Thus we conclude
that the system (6.1) satisfied the hypotheses (H,) — (H7).

Therefore, fractional system (6.1) written as the nonlinear Cauchy problem (5.1) — (5.2). Clearly,
F(.,-,-) is uniformly bounded. Then the hypotheses (H;) — (H-) are satisfied. On the other hand, linear
system corresponding to (6.1) is approximately controllable and Theorem 4.1 hold. Therefore, all
conditions of the Theorem 4.3 are satisfied. So, the Hilfer fractional differential inclusion (5.1) — (5.2) is
approximately controllable on [0, b].

6.2. Numerical study

In this section we studied numerical results of the Hilfer fractional system (1.1); consider the
following problem.
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Normal vs Hilfer derivative of f(t) = elsint

——
0 -
_2(} .
[1¥]
2 -40 A
m
=
18}
Z
)
S 60
[
[1¥]
a
_80 _
—100 7 —— classical derivative
Hilfer denvative (n=0.53, {=0.5)

0 1 2 3 4 5
Time t

Figure 1. Fractional derivative vs normal derivative.

D |p(z. 1) - Cysin(o(z, T))] € Lp(z,7) +WB(z.7)
+C175= (sin(o(z, 1)) + Cy " sin(p(z, 1))dr), z € (0,b], 7 € [0,7],

1+e72

31
1;°p(0,7) = §(2,7) + Yoo My p(zi + 1), T € [0, 7],
p(z,0) = p(z,m) =0, z € [0,b],

(6.2)

71
where D;"* is the Hilfer fractional differential equation of order % and type % Let the almost sectorial

operator defined as A(1(z)) = 822(722’7), where p((z), 7) is an absolutely continuous function. The almost

sectorial operators generate the semigroup T(z). We define the following functions:
K(z,1n;) = Cosin(p(z, 7))

F(z,l)z, f Z e(z,s,t)z)ds)zCl " (sin(p(z. 1) + C, f " sin(p(z, 7))dx)
0 0

l1+e
V(z) = B(z,7)
é‘:(nzp s e s nzn) = Z M; p(zk + T)9
k=0

where Cy, C,, and M, are the constants. We obtain the following:
I'(1/2) ” I'(1/2)

= Kp——, =K==
I'(7/26) I'(19/26)

’
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Take b = 1,9 = 1/2, and appropriate constants values, we obtained

) ‘ b I'(1/2) I'(1/2)
M = L'b 1m0 (5o + P+ L' Ly p(b)— = Kk} ———— + K’
(o +P) F.p( )7719 K1 ['(19/26) KOF(7/26)
then
s br](219—l)(L/MB)2 oo
[M + a1~ M7l
<1,
P
and
1 L' Mg)?
_[[MM;V(l FPOM 4 4 M
P a(n(29 - 1))

(m L' [yo + Pl = MM(1 + PYM™ — M)] <1

02\ 9*\7 .
(8_7'%) sin(p(z, 71)) — (8_75) sin(o(z, 72))
< M, |lp(t1) — p(m)l,

49K (z, v(2))|| < M| sin(o(z, 1)|| < M,

49K (2, 71(2)) — A1 (2, 72(2)|| < Co

From the example we have verified the hypothesis, therefore the system (6.2) is approximate controllable.
Remark: The exponential term leads the classical derivative to rise quickly, whereas the Hilfer

derivative exhibits memory effects, which result in smoother behaviour, a slower growth rate, and a

significant departure from the classical derivative as ¢ increases. Figure 1 makes this very evident.

6.3. Filter system

This section looks at the Hilfer fractional differential equation-based initial value problem and shows
the potential benefits of fractional derivatives with regard to another function. Examine the system’s
mild solution (1.1);

0(2) = 8,0(2)[é0 + £z, 92, - -+, 22)(0) = K(0,90)] + K(z,v,) + f (z — ¢)""'AQ,(z — §)K(s, v,)ds

0

+ fo (z—¢)"'Q,(z — §)v(s)ds + fo (z— )" Q,(z - ¢)F (g, Vg, fo e(s, s, us)ds)dg.

We propose the digital filter system corresponding to the mild solution in Figure 2, the foundation of
each signal processing application is a digital filter. These days, a lot of biomedical signals pertaining to
the human body are obtained for a variety of informative feature extractions. In general, the majority of
the signals indicated have low frequencies by nature. These signals provide information on a variety of
diseases and ailments for which accuracy is crucial. Any digital signal processing filtering system’s
effectiveness depends on its capacity to reject noise.

Figure 2 describes the following:
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Figure 2. Filter system model.
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n(z) &1

The product modulator 1 accepts the input 7(z), and K(-) produces the output K(zo, 7).

The product modulator 2 accepts the input K(-, 7,), and A and gives out put AK(:).

The product modulator 3 accepts the input Q”\{,(z —¢), and AK(-, -) produces the output ,(z — ¢)AK(-).
The product modulator 4 accepts the input v(z) and B, produces the output Bv(z).

The product modulator 5 accepts the input Q,(z — ¢), and Bv(z), give the output BQ@(p, v(p)
The product modulator 6 accepts the input 77(z) and e(-), give the output e(-, 17,) over the period
0, 2).

7. The integrator exicute the input F(- - -), and f e(-,1n,), the product modulator 7 produces the output

F(z, ., foz e(z, s, ns)ds) over the period of time (0, z), ¥ z € [0, b].

AN O e

8. The product modulator 8 accepts the input Q,(p, 9), and F(Z, ., fo “e(z, s, ns)ds) gives the output

Qﬂ(p’ g‘)F(Z’ TIZ’ \foz e(Z9 S’ Us)ds)
9. The product modulator 9 accepts [y + (V2,5 Dz, - - - » 2,)(0) — K(0,77(0))], and S, (o, 0) at time

p =0, produces S, £(0, 0)[§o + (V2,5 z,, - - -, 2,)(0) — K(O, n(0))].
10. The integrators exicute the value:

Sn,g(z)[fo + ‘f(nzl ) I)zz’ ey Zn)(o) - 7((0’ I)0)] + 7((2, I)z) + ‘f(; (Z - g)n_lAQn(z - §)7<(§, I)g)dg

z Z S
- fo (z - ¢)"'Q)(z - §)v(s)ds + fo (z-¢)"PQ(z - )F (9, Ve, fo e(s, s, us)dS)dc-

produces the integral value over the period p. Finally, we turn all output from the integrators to
summer network and output of 1y(p) is obtained; it is bounded and approximately controllable.
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7. Conclusions

We established the sufficient conditions for approximate controllability of Hilfer fractional neutral dif-
ferential equations with infinite delay via almost sectorial operator in this study. Firstly, we evaluate the
mild solution of the system by Laplace transform method. Next, we proved approximate controllability
of Hilfer fractional diffeential systems, then extended to neutral term of system. The major conclusions
are established by applying the results and ideas belonging to almost sectorial operators, fractional
calculus, measure of noncompactness and fixed - point method. Finally, to explain the principle, we
offered three applications have to explained our results via theoretical, numerical and filter system. In
the future, we will study the exact controllability of Hilfer fractional differential system with infinite
delay via almost sectorial operators using the fixed - point method.

Use of Generative-Al tools declaration
The author declares he has not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

The author is grateful to the reviewers of this article who provided insightful comments and advice
that allowed us to revise and improve the content of the paper.

Contflict of interest

This work does not have any conflicts of interest.

References

1. R. P. Agarwal, V. Lakshmikanthan, J. J. Nieto, On the concept of solution for frac-
tional differential equations with uncertainty, Nonlinear Anal., 72 (2010), 2859-2862.
https://doi.org/10.1016/j.na.2009.11.029

2. K. S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential
equations, New York: John Wiley and Sons, 1993.

3. L. Podlubny, Fractional differential equations, San Diego: Academic Press, 1999.

4. A. Pazy, Semigroups of linear operators and applications to partial differential equations, New
York: Springer, 1983. https://doi.org/10.1007/978-1-4612-5561-1

5. Y. Zhou, Basic theory of fractional differential equations, Singapore: World Scientific, 2014.
https://doi.org/10.1142/9069

6. C. Ravichandran, D. Baleanu, On the controllability of fractional functional integro-differential
systems with an infinite delay in Banach spaces, Adv. Differ. Equ., 2013 (2013), 291.
https://doi.org/10.1186/1687-1847-2013-291

7. S. Hussain, M. Sarwar, K. S. Nisar, K. Shah, Controllability of fractional differential evolution
equation of order y € (1,2) with nonlocal conditions, AIMS Math., 8 (2023), 14188—-14206.
https://doi.org/10.3934/math.2023726

Communications in Analysis and Mechanics Volume 18, Issue 2, 329-365.


http://dx.doi.org/https://doi.org/10.1016/j.na.2009.11.029
http://dx.doi.org/https://doi.org/10.1007/978-1-4612-5561-1
http://dx.doi.org/https://doi.org/10.1142/9069
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2013-291
http://dx.doi.org/https://doi.org/10.3934/math.2023726

363

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. M. Sher, K. Shah, Z. A. Khan, Study of time fractional order problems with proportional

delay and controllability term via fixed point approach. AIMS Math., 6 (2021), 5387-5396.
https://doi.org/10.3934/math.2021317

K. Shah, M. Sher, A. Ali, T. Abdeljawad, On degree theory for non-monotone
type fractional order delay differential equations. AIMS Math., 7 (2022), 9479-9492.
https://doi.org/10.3934/math.2022526

M. Mohan Raja, V. Vijayakumar, R. Udhayakumar, A new approach on the approximate control-
lability of fractional evolution inclusion of order 1 < r < 2 with infinite delay, Chaos Solitons
Fract., 141 (2020), 1-13. https://doi.org/10.1016/j.chaos.2020.110343

K. Balachandran, R. Sakthivel, Controllability of integro-differential systems in Banach spaces,
Appl. Math. Comput., 118 (2001), 63-71. https://doi.org/10.1016/S0096-3003(00)00040-0

V. Vijayakumar, R. Udhayakumar, Results on approximate controllability for non-densely defined
Hilfer fractional differential system with infinite delay, Chaos Solitons Fract., 139 (2020), 1-11.
https://doi.org/10.1016/j.chaos.2020.110019

S. Moonsuwan, G. Rahmat, U. A. Khan, M. Y. Kamran, K. Shah, Hyers-Ulam stability, exponential
stability, and relative controllability of non-singular delay difference equations, Complexity, 2022
(2022), 8911621. https://doi.org/10.1155/2022/8911621

R. Hilfer, Application of fractional calculus in physics, Singapore: World Scientific, 2000.
https://doi.org/10.1142/3779

H. Gu, J. J. Trujillo, Existence of integral solution for evolution equation with Hilfer fractional
derivative, Appl. Math. Comput., 257 (2015), 344-354. https://doi.org/10.1016/j.amc.2014.10.083

M. Yang, Q. Wang, Existence of mild solutions for a class of Hilfer fractional evolution equations
with nonlocal conditions, Fract. Calc. Appl. Anal., 20 (2017), 679-705. https://doi.org/10.1515/fca-
2017-0036

A. Jaiswal, D. Bahuguna, Hilfer fractional differential equations with almost sectorial operators,
Differ. Equ. Dyn. Syst., 31 (2023), 301-317. https://doi.org/10.1007/s12591-020-00514-y

P. Bedi, A. Kumar, T. Abdeljawad, Z. A. khan, A. Khan, Existence and approximate controllability
of Hilfer fractional evolution equations with almost sectorial operators, Adv. Differ. Equ., 2020
(2020), 615. https://doi.org/10.1186/s13662-020-03074-1

C. S. Varun Bose, R. Udhayakumar, A note on the existence of Hilfer fractional differential
inclusions with almost sectorial operators, Math. Methods Appl. Sci., 45 (2022), 2530-2541.
https://doi.org/10.1002/mma.7938

C.S. Varun Bose, R. Udhayakumar, A. M. Elshenhab, M. Sathish Kumar, Jong-Suk Ro, Discussion
on the approximate controllability of Hilfer fractional neutral integro-differential inclusions via al-
most sectorial operator, Fractal Fract., 6 (2022), 607. https://doi.org/10.3390/fractalfract6 100607

C. S. Varun Bose, R. Udhayakumar, Analysis on the controllability of Hilfer fractional neutral
differential equation with almost sectorial operators and infinite delay via measure of noncompact-
ness, Qualit. Theory Dyn. Syst., 22 (2022), 22. https://doi.org/10.1007/s12346-022-00719-2

Communications in Analysis and Mechanics Volume 18, Issue 2, 329-365.


http://dx.doi.org/https://doi.org/10.3934/math.2021317
http://dx.doi.org/https://doi.org/10.3934/math.2022526
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.110343
http://dx.doi.org/https://doi.org/10.1016/S0096-3003(00)00040-0
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.110019
http://dx.doi.org/https://doi.org/10.1155/2022/8911621
http://dx.doi.org/https://doi.org/10.1142/3779
http://dx.doi.org/https://doi.org/10.1016/j.amc.2014.10.083
http://dx.doi.org/https://doi.org/10.1515/fca-2017-0036
http://dx.doi.org/https://doi.org/10.1515/fca-2017-0036
http://dx.doi.org/https://doi.org/10.1007/s12591-020-00514-y
http://dx.doi.org/https://doi.org/10.1186/s13662-020-03074-1
http://dx.doi.org/https://doi.org/10.1002/mma.7938
http://dx.doi.org/https://doi.org/10.3390/fractalfract6100607
http://dx.doi.org/https://doi.org/10.1007/s12346-022-00719-2

364

22

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

. H. M. Ahmed, Controllability of impulsive neutral stochastic differential equations
with fractional Brownian motion, IMA J. Math. Control. Inf., 32 (2015), 781-794.
https://doi.org/10.1093/imamci/dnu019

A. M. Sayed Ahmed, Hamdy M. Ahmed, N. S. Elmki Abdalla, A. Abd-Elmonem, E. M. Mo-
hamed, Approximate controllability of Sobolev-type Atangana-Baleanu fractional differen-
tial inclusions with noise effect and Poisson jumps, AIMS Math., 8 (2023), 25288-25310.
https://doi.org/10.3934/math.20231290

Hamby M. Ahmed, M. A. Ragusa, Nonlocal controllability of Sobolev-type conformable fractional
stochastic evolution inclusions with Clarke subdifferential, Bull. Malays. Math. Sci. Soc., 45
(2022), 3239-3253. https://doi.org/10.1007/s40840-022-01377-y

R George, S. M. Aydogan, F. M. Sakar, M. Ghaderi, S. Razapour, A study on the existence of
numerical and analytical solution for fractional integrodifferential equations in Hilfer type with
simulation, AIMS Math., 8 (2023), 10665—-10684. https://doi.org/10.3934/math.2023541

K. Muthuselvan, B. Sundaravadivoo, K. S. Nisar, F. S. Alshammari, A numerical computa-
tional technique for solving controllability of impulsive Hilfer fractional integro-differential
equation with order 4 € (1,2), Partial Differ. Equ. Appl. Math., 11 (2024), 100778.
https://doi.org/10.1016/j.padiff.2024.100778

S. A. Jose, R. Raja, J. Cao, R. P. Agarwal, J. Anuwat, A fractional derivative approach to
infectious disease dynamics: modeling and optimal control strategies, Modelig Earth Systems and
Environment, 11 (2025), 229. https://doi.org/10.1007/s40808-025-02394-z .

B. Khaminsou, C. Thaiprayoon, W. Sudsutad, S. A. Jose, Qualitative analysis of a proportional
Caputo fractional Pantograph differential equation with mixed nonlocal conditions, Nonlinear
Funct. Anal. Appl., 26 (2021), 197-223. https://doi.org/10.22771/nfaa.2021.26.01.14

C. Dineshkumar, J. Hoon Jeong, Y. Hoon Joo, Exponential Behavior and Optimal Control Analysis
for a Class of Fractional Stochastic Hemivariational Inequalities of Order r € (1, 2) With Poisson
Jumps, Math. Meth. Appl. Sci., 48 (2025), 8961-8974. https://doi.org/10.1002/mma.10767

K. Nandhaprasadh, S. Sivasankar, R. Udhayakumar, Partial approximate controllability of Hilfer
fractional stochastic differential system with nonlocal conditions, Complex Anal. Oper. Theory, 19
(2025), 116. https://doi.org/10.1007/s11785-025-01740-4

Y. K. Chang, Controllability of impulsive differential systems with infinite delay in Banach spaces,
Chaos Soliton Fract., 33 (2007), 1601-1609. https://doi.org/10.1016/j.chaos.2006.03.006

J. K. Hale, J. Kato, Phase space for retarded equations with infinite delay. Funkcialaj Ekvacioj, 21
(1978), 11-41. https://doi.org/10.1007/BFb0064317

Y. Hino, S. Murakami, T. Naito, Functional differential equations with infinite delay, Springer-
Verlag, 1991. https://doi.org/10.1007/BFb0084432

H. Fan, X. Kang, Approximate controllability for semilinear second-order neu-
tral evolution equations with infinite delay, Int. J. Control, 96 (2022), 2329-2340.
https://doi.org/10.1080/00207179.2022.2092556

Communications in Analysis and Mechanics Volume 18, Issue 2, 329-365.


http://dx.doi.org/https://doi.org/10.1093/imamci/dnu019
http://dx.doi.org/https://doi.org/10.3934/math.20231290
http://dx.doi.org/https://doi.org/10.1007/s40840-022-01377-y
http://dx.doi.org/https://doi.org/10.3934/math.2023541
http://dx.doi.org/https://doi.org/10.1016/j.padiff.2024.100778
http://dx.doi.org/https://doi.org/10.1007/s40808-025-02394-z
http://dx.doi.org/https://doi.org/10.22771/nfaa.2021.26.01.14
http://dx.doi.org/https://doi.org/10.1002/mma.10767
http://dx.doi.org/https://doi.org/10.1007/s11785-025-01740-4
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2006.03.006
http://dx.doi.org/https://doi.org/10.1007/BFb0064317
http://dx.doi.org/https://doi.org/10.1007/BFb0084432
http://dx.doi.org/https://doi.org/10.1080/00207179.2022.2092556

365

35.

36.

37.

38.

39.

F. Periago, B. Straub, A functional calculus for almost sectorial operators and applications to
abstract evolution equations, J. Evol. Equ., 2 (2002), 41-62. https://doi.org/10.1007/S00028-002-
8079-9

M. Yang, Q. R. Wang Approximate controllability of Hilfer fractional differential in-
clusions with nonlocal conditions, Math. Methods Appl. Sci., 40 (2017), 1126-1138.
https://doi.org/10.1002/mma.4040

K. Deimling, Multivalued differential equations, Berlin, New York: De Gruyter, 1992.
https://doi.org/10.1515/9783110874228

K. M. Furati, M. D. Kassim, N. E. Tatar,  Existence and uniqueness for a prob-
lem involving Hilfer factional derivative, Comput. Math. Appl., 64 (2012), 1616—-1626.
https://doi.org/10.1016/j.camwa.2012.01.009

M. Zhou, C. Li, Y. Zhou, Existence of mild solutions for Hilfer fractional evolution equations
with almost sectorial operators, Axiom., 11 (2022), 144. https://doi.org/10.3390/axioms11040144

40. J. R. Wang, Y. Zhou, Existence and controllability results for fractional semilin-
ear differential inclusion, Nonlinear Anal. Real World Appl., 12 (2011), 3642-3653.
https://doi.org/10.1016/j.nonrwa.2011.06.021

41. H. F. Bohnenblust, S. Karlin, On a theorem of Ville, In: Contributions to the Theory of Games,
Princeton University Press, 1 (1950), 155-160.

] ©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

% AIMS PI’CSS terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

Communications in Analysis and Mechanics Volume 18, Issue 2, 329-365.


http://dx.doi.org/https://doi.org/10.1007/S00028-002-8079-9
http://dx.doi.org/https://doi.org/10.1007/S00028-002-8079-9
http://dx.doi.org/https://doi.org/10.1002/mma.4040
http://dx.doi.org/https://doi.org/10.1515/9783110874228
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2012.01.009
http://dx.doi.org/https://doi.org/10.3390/axioms11040144
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2011.06.021
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Mild solution
	Approximate controllability
	Neutral systems
	Example
	Example
	Numerical study
	Filter system

	Conclusions

