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Abstract: This work is devoted to the analysis of well-posedness and stabilization properties of both
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rigorously investigate the effects of the elastic subgrade on the dynamic behavior of the systems and
consider the influence of viscous damping mechanisms acting on the angular rotation. For each model,
we establish the existence, uniqueness, and continuous dependence of solutions. Moreover, we analyze
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with elastic media.
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1. Introduction

The analysis of beam-column stability and dynamics is a fundamental aspect of structural mechanics,
relying on two primary theories: the Bernoulli—-Euler beam theory for slender members and the
Timoshenko beam theory for stockier sections. These frameworks address deformation and stress under
loads [1] but face challenges in modeling soil-structure interactions. Soil-structure interaction plays a
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crucial role in various fields of structural and foundation engineering, including the analysis of buildings,
highways, railroads, and submerged pipes.

Over the past century, numerous physical and mathematical models have been developed to approxi-
mate real soil behavior. These models are often characterized by one, two, or more parameters. One of
the earliest and most influential models for soil-structure interaction was introduced by Emil Winkler
in 1867. This model represents the soil as a series of independent, linear elastic springs that provide
resistance proportional to beam deflection. The simplicity of this approach, often called the Winkler
model or Winkler foundation, has made it widely popular among engineers, especially for analyzing
settlement and designing foundations. Winkler’s key assumption is that the soil reaction at any point
depends solely on the local deflection and is independent of neighboring points, effectively modeling the
soil as a series of uncoupled springs. Moreover, the Winkler model uses a single parameter to describe
soil stiffness and is commonly used to model soil behavior despite its simplest form of elastic foundation.
Timoshenko and Gere studied simply supported uniform beams coupled with the Winkler foundation. In
Refs [2-5], they investigated free vibration and stability of beams coupled with the Winkler foundation.

Many researchers have sought to refine and extend the Winkler model, which is widely used
for addressing soil-structure interaction challenges. These refined models go beyond the Winkler
assumption of independent vertical springs by introducing an additional parameter that reflects the
interaction between adjacent springs. Two-parameter extension models include the Pasternak model [6],
the Filonienko—Borodich model [7], and the Vlasov—Leontiev model, which introduce coupling effects
through shear or membrane interactions, offering a more realistic representation of soil behavior. Their
main characteristics and distinctions are summarized in the following Table 1.

Recent studies have addressed the analytical modeling of beams on elastic foundations, providing
insights into soil-structure interaction. Notably, Yue et al. [8] proposed two novel Vlasov models for
bending analysis of finite-length beams embedded in elastic foundations, deriving explicit analytical
solutions that capture the coupled beam—foundation behavior.

Numerous researchers have investigated the behavior of beams supported by two-parameter elastic
foundations, as documented in studies [9, 10]. Most of these works utilize finite element methods
to carry out their analyses. For instance, Naidu and Rao focused on the stability and vibrational
characteristics of Bernoulli-Euler beams resting on a modified Pasternak foundation model. Their
research explored how different boundary conditions influence buckling loads under the foundation’s
effect. Similarly, Yokoyama [11] applied finite element analysis to both Bernoulli-Euler and Timoshenko
beam theories, incorporating factors such as axial loading, foundation stiffness coefficients, transverse
shear deformation, and rotary inertia into the model.

The Timoshenko beam model, introduced in 1921, improves classical beam theories by incorporating
rotational inertia and transverse shear through a hyperbolic system, accurately capturing shear and
rotary inertia effects. This has led to increased interest in its dynamic analysis with various damping
mechanisms. Soufyane [12] investigated a Timoshenko beam system with frictional damping applied
solely to the angular deformation equation. The study demonstrated that the system achieves exponential
stability under the equal wave speeds condition. If this condition is not met, the system is only
polynomially stable, as established by Racke and Rivera [13].

A notable feature of the model is the existence of two natural frequencies, causing a physical
paradox known as the second spectrum, which was identified in later analytical studies. To address
this, Elishakoff [14] proposed a truncated version of the classical Timoshenko system. Recently,
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this truncated system has attracted significant research attention, with different damping strategies
employed to stabilize it. Almeida Juinior and Ramos [15] introduced linear frictional damping in the
transverse displacement equation and demonstrated that this damping exponentially stabilizes the system
independently of wave speed conditions. Similar stabilization results using various dissipation types
have been reported in other studies [16-20].

Table 1. Key characteristics of Winkler, Pasternak, Filonienko-Borodich, and Vlasov-
Leontiev models.

Model Parameters Physical Interpreta- Key Features Soil Interaction Type
tion

Winkler Single parameter k| Independent vertical Soil reaction propor- No coupling, springs
springs tional to local deflec- actindependently

tion; no shear interac-

tion between points

Pasternak [6] Two parameters kj, k, Vertical springs + Second parameter mod- Includes lateral shear
shear layer els shear modulus of transfer between
continuous shear layer springs
connecting springs
Filonienko [7] Borodich Two parameters kj, k, Vertical springs + elas- Second parameter mod- Coupling via elastic
tic membrane tension els tension in elas- membrane tension
tic membrane linking
spring tops
Vlasov Leontiev Two parameters ki, k, Elastic layer on rigid Incorporates bending More general interac-
base and shear effects in tion including bending

foundation response

Despite these contributions, detailed analytical studies focusing on the stability and vibration of
beams supported by elastic foundations remain relatively limited in the existing literature. Almeida
Janior et al. in their paper [21], extended beyond many previous works by rigorously analyzing the
stability and energy decay of Timoshenko beams resting on a Winkler foundation, incorporating damping
effects applied to angular rotation. The authors analyzed the decay behavior of the classical system’s
energy. They demonstrated that while exponential decay may be achieved under equal wave speed
conditions, it can fail when wave speeds differ, alongside polynomial decay rates. For the truncated
system, the manuscript showed exponential decay of energy solutions. In [22], the authors analyzed the
Timoshenko beam behavior on the Winkler elastic foundation coupled with a Kelvin-Voight damping.
Their research established that the fully viscoelastic system, where both bending moment and shear
stress exhibit damping, demonstrates analytic behavior, leading to exponential stability. In contrast,
partial viscoelastic systems are found to be polynomially stable. The study also explored cases without
a second spectrum, proving exponential stability.

In this work, we analyze the vibrational behavior of the Timoshenko beam model with initial length
L resting on a two-parameter elastic foundation, while assuming viscous damping acts only on the
angle of rotation. The Timoshenko beam is made of an isotropic homogeneous linear elastic material
characterized by the Young modulus E, shear modulus G, and Poisson ratio v. The transverse cross-
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section is doubly symmetric, with cross-sectional area A, and the second moment of the cross-sectional
area /. The beam has uniform mass density p per unit length. The shear coefficient k accounts for the
shape of the cross-section. The total transverse shear force is denoted by S (x, ¢), where ¢ € (0, ) is
the time and x € (0, L) is the distance along the center line of the beam structure, depending on the
vertical deflection ¢, and the rotation of the cross section due to bending ¥, as illustrated in Figure 1,
expressed as

S(x,1) = k(gx + ¥)(x, 1), (1.1)

where k = JGA. J represents the transverse shear factor. Additionally, the bending moment in this
model, denoted by M(x, t) (see Figure 1), is given by

M(x,t) = by (x,1), (1.2)

where b = EI.

<=

S(x, t) +dS(x, t)
X M(x,t) +dM(x,t)

M, ©) Kl
S(x,t)

“’-*'\J

[T

Figure 1. Internal forces and foundation reactions in a Timoshenko beam on a two-parameter
elastic foundation, where k; represents vertical (Winkler-type) stiffness and k, denotes soil
shear interaction linked to beam rotation.

ki@

The Timoshenko system is written as

P1eu(x, 1) = S (x,1), (13)
prtt(x’ t) = Mx(x9 t) - S(X, t) .
Substituting S (x, ) and M(x, t), we arrive
P1¢u(x, 1) = k(px + §)(x, 1) = 0, (1.4)
P2 (X, 1) = b (x, 1) + k(px + ¥)(x, 1) = 0. .

The elastic foundation is modeled using a two-parameter approach, characterized by the vertical
foundation modulus k; (also known as the Winkler parameter), which characterizes the vertical stiffness
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of the foundation, and the horizontal foundation modulus k,, which introduces an additional parameter
to account for the shear interaction within the soil that the Winkler model does not capture. When
k, = 0, this model simplifies to the traditional Winkler model. The foundation’s response is captured
through two reactions: the vertical ground reaction, which is proportional to the vertical displacement
of the beam, and given by k;¢, and the horizontal reaction, which is proportional to the horizontal
displacement of the beam’s extreme fibers, and given by k,i.

Timoshenko beam X

Shear layer NENLNINENI NI NENS NLNENFNLNENS NFNENF NS NENZ K,

Winkler Spring K

N

N L Vd

Figure 2. Timoshenko beam resting on a two-parameter elastic foundation, where k; represents
vertical stiffness (Winkler), and k, represents the shear layer stiffness along the beam.

The transverse and rotational equilibrium equations are as follows :

pl(ptt(x’ t) - k(()ox + l/’)x(x7 t) + kl‘P(X, t) = O’
P2Yu(x, 1) = b (X, 1) + k(@ + Y)(x, 1) + kotp(x, 1) = 0.

Introducing damping on the rotational angle in the classical Timoshenko beam model with a
two-parameter elastic foundation (1.5) effectively prevents the blow-up of the second phase velocity at
low wave numbers, making the model more physically realistic. Alternatively, a truncated version of the
model simplifies analysis by reducing to a single-phase velocity, removing the requirement for equal
wave speed assumptions while ensuring exponential energy decay solutions.

(1.5)

Our proposal relies on the study of the well-posedness and stabilization properties of the classical
and truncated Timoshenko systems resting on a two-parameter elastic foundation, subject to the viscous
damping effect acting on the angular rotation. The layout of this paper is as follows.

e In Section 2, we study the well-posedness of the classical Timoshenko system resting on a two-
parameter elastic foundation coupled with viscous damping acting on angle rotation (2.1). In order
to do this, we use the semigroup theory.

e In Section (3), we demonstrate the conditions that lead to a lack of exponential decay of the
classical Timoshenko system. We use the well-known Gearhart—Herbst—Priiss—Huang theorem for
dissipative systems.

e In Section (4), we establish exponential decay under non-equal wave speeds.

e In Section (5), we examine the polynomial decay behavior and ascertain the optimality of the
decay rate.

e In Section (6), we focus on the truncated system (6.1), also coupled with viscous damping on
angle rotation.
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e In Section (7), we prove well-posedness using the Faedo—Galerkin method.

e In Section (8), we demonstrate exponential decay for energy solutions via the energy method,
removing the requirement for equal wave speed assumptions.

e In Section (9), we present the main conclusions of the study.

2. Semigroup framework

In this section, we are concerned with the existence and uniqueness of a solution for the dissipative
Timoshenko-type system given by

P1Pu — k(@x + ¥)x + kip =0, 2.1
o — wax + k(‘px + lﬁ) + k2¢ + i, = 0 '
where u > 0 characterizes the coefficient of viscous damping due to internal friction forces.
Consider the initial conditions demonstrated by
SD(X7 0) = QDO(-X), SDt(-x’ 0) = QDl(X), lp(x9 O) = WO(X), wt(-x7 0) = wl(x)’ X € (09 L)a (22)

and consider the mixed boundary conditions where we use the Dirichlet condition on ¢ and the Neumann
condition on i given by

©(0,1) = (L, 1) =0, y(0,1) = ¢y (L, ) =0,Vt > 0. (2.3)

The system (2.1)—(2.3) has a dissipative nature. In that direction, the respective energy is defined by

1 L
E():= 5 f o1l + kg + YR + KilgP + ool + bl + kalyP] dx, Ve >0, (2.4)
0

from where we have a first result.

Lemma 2.1. The energy E(t) (2.6) of the system (2.1) — (2.3) satisfies the energy dissipation law given
by

d L
ZE@W) = —u f W Pdx, t> 0. (2.5)
dt 0

Proof. Indeed, multiply (2.1), by ¢, and (2.1), by ¢, then integrate over (0, L). We derive

L

L L
L1 f updx — k (ox + ¥)xprdx + ky f wpdx = 0,
’ ° 0 (2.6)

L L L L L
oo [ wwas=b [wewdx sk v owaeio [ wwdxen [ wpdx=0
0 0 0 0 0

Now, using integration by parts over (0, L), taking into account the boundary conditions (2.3), then
adding up Egs (2.6),; and (2.6),, after applying basic identities, we get

~ - 2 T Fz = e 2 - _ 2
Mfm w5 f|¢x+w|dx+ f|| o+ flw, o flwxdx uf P,

2.7)
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and this leads to the dissipation law given by

—E(t)——ﬂf Widx, (2.8)

where the energy is represented as follows:
L k L k L L b L
E@) = &f lpil*dx + —f lpr + YPdx + —2f |¢I2dX+&f WP dx + —f W lPdx. (29)
2 Jo 2 Jo 2 Jo 2 Jo 2 Jo
O

We now turn our attention to investigating the system’s well-posedness. By defining the auxiliary
variables z = ¢, and y = ,, the system can be reformulated as an abstract evolution equation of the form

d
—U(t) = AU(1),
dt © © (2.10)
Ut =0) = Uy,
where U = (¢, z,¢,y)" and Uy = (@, @1, %0, ¥1)! € H. The operator A is expressed by
' k
k 1
A X + y— =
AU = ¢ ://b) ¥ . @.11)
t
pﬁzwxx - p%((px + l//) - f,—ilﬂ - p%'vbl
Now we consider the Hilbert space H defined by
H := Hy(0,L) x L*(0,L) x H!(0, L) x L*(0, L),
induced with the inner product as defined below:
1 L L L L
<Z1,Z2> 325(/01 f 212dx+k | (1x+Y1)(@ox +P2)dx + k f P1dx +P2f yiyadx
0 0 0 0 (2.12)

L L
+ bf Y1 Wo.dx + ky f lﬁllﬂ_zdx),
0 0

where Z; = (p.z1,¥1,y1)" and Z, = (¢2, 22, Y2, )T, and the norm is given by
1Zll3, = {Z1, Z1).
We consider the spaces L*(0, L), H!(0, L) and H*(0, L) as given below:

L20,L) := {g € L*(0, L); fo " g(x)dx = 0},
H!:= H'(0,L)n L*0, L),
HZ(0,L) := {g € H*(0, L)|g«(0) = g«(L) = 0}-
The maximal domain of the operator A is given by
D(A) :={Z e H;p € H)(0,L) N H*0,L);z € Hy(0,L);y € H'(0,L) n HX0,L);y € H(0, L)}.

Note that D(A) is dense in H. The upcoming lemmas will help us prove that our system is well posed.
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Lemma 2.2. The operator A satisfies the dissipating property, i.e., for all Z € H
Re(AZ,Z)4; < 0.

Proof. From (2.12), for all Z = (¢, z, ¥, y) € H, we have

p1 (F(k ki k [t ke (*
(AZ,Z)y == f (—(sox + ), — —go)zdx + f (Ze + V(s + )dx + = f 2pdx
2 Jo \p1 P 2 Jo 2 Jo

Lib k k b (t k, (-
+ 2 (—% - —(pe )~ Y- ﬁm) ydx + 5 f yidx + f wdx. (2.13)
0 \P2 P2 P2 P2 2 Jo 0

2 2
L
= —yf Yrdx <0,
0

ensuring the dissipative nature of A in space H. O
The upcoming lemma helps us to show the maximality of the operator I — ‘A.

Lemma 2.3. The operator I — A is surjective.

Proof. Consider F = (fi, f2, f3, f2) € H. We have to find U(t) = (¢,z,¥,y) € D(A) satisfying the
following equation:

- AU(t) = F. (2.14)
As a direct result, we have
z=—fi,
k(px + ) — kip = —p1 f2, 2.15)
y=-f

wax - k(SDx + lﬁ) - kZ‘p My = _p2f4-
Substituting (2.15); by (2.15),, we get

k(ox + ¥ — ki = —p1 f>,
DYy — k(ox + ) — kot = —pa fa — ufs.

Multiplying (2.16), by @ € H,(0, L) and (2.16) by ¢ € H!(0, L), then integrating over (0, L), we get

L L L
kf (¢x + ¥)pdx — ki f ppdx = —p; f fr@dx,
L 5 L B 0 L B 0 L B OL B
b f vodidx - k f (61 + Widx - ks f wiidx = —ps f fulidx - p f fidx.
0 0 0 0 0

Adding up the two equations, we get

E(e, ), (@,0)) = K(@,¥), (2.18)
where & is a bilinear form defined over V x V, where V = (H,(0, L), H}(0, L)), given by

(2.16)

2.17)

L L L L
E 1), (@, 0) = k fo (60 + W)@ + D)dx + ki fo oidx + b fo wdx + ks fo wiidx,
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and K is a continuous functional defined over V and given by

L L L
K@.9) = pi f fgdx+ ps f fulidx + f filidx.
0 0 0

Note that & is continuous over its domain. Now, let us show coercivity. It is noted that the space V is
endowed with the following norm:

G, I == Nlll® + Nl + A + Nl

Now, we have

L L L L
E(p, ¥), (. ¥) = k f (px + ¥)2dx + ki f ¢’dx+b f Yidx + ky f yidx
0 0 0 0

k L k L L L L
z—f ¢§dx+—f ¢2dx+k1f ¢2dx+bf ¢§dx+k2f Wldx,
2 0 2 0 0 0 0

El@, ), (9, 1)) = allip, WIIT,
where @ = min{k, ki, k,, b}. Now, by the Lax—Milgram theorem, there exists a unique solution (¢, ) € V

satisfying the following equation:

E(@, ), (@, 1) = K(@, ), V(. ) € V. (2.19)
We consider the test function as following (¢, 0) with ¢; € D(0, L) and (0, ;) with ¢, € D(0, L), from

where (¢, ) is a weak solution of (2.15). Moreover, we have

k
Prx = _wx + zlgp - p_klf2 € L2(07 L)a

SO

o= Ko+ Ry P2 20D (2.20)
xx_b‘px b ky p 4 0.

Also, we have z = —f; € H}(0,L) and y = —f3 € H}(0, L), then U(t) € D(A).

Since D(A) is dense in H, then applying the Lumer—Phillips theorem, A generates a Cy-semigroups of
contractions over the space 4. Now, we have the well-posedness result of our system treated in the
next theorem.

Theorem 2.4. The problem (2.1) has only one weak solution. Whenever the initial data U, =
(@0, ¢1, %o, 1) belongs to the space H, then

U € C([0, co[, H). (2.21)

System (2.1) also has a strong solution. Whenever the initial data Uy = (g, ¢1, Yo, 1) belongs to the
domain of A, then
U € C ([0, oo[, D(A)) N C" ([0, o[, H). (2.22)

O

In the following section, we investigate the limitations of the decay properties of the system, showing,
in particular, that exponential decay does not occur under general parameter settings.
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3. Lack of exponential decay

In this section, we will start by showing that the semigroup S (¢) associated with the system (2.1) is not
exponentially stable as long as condition (3.3) is satisfied, with the help of the Gearhart—Herbst—Priiss—
Huang theorem for dissipative systems; see [23]. Physically, the second condition in (3.3) identifies a
critical case related to the interaction between the two deformation fields of the beam resting on the
elastic foundation, in which the coupling between them becomes unbalanced. When this mismatch
occurs, certain frequencies fail to dissipate energy efficiently. Instead of exponential decay, energy may
persist, reflect, or oscillate within the system, slowing the return to equilibrium.

Theorem 3.1. The Cy-semigroup of contractions S (t) defined on a Hilbert space H is exponentially
stable if and only if we have
iR C p(A), (3.1)

and we have
lim sup [|GAI = A) || gy < 00. (3.2)

|A] >0

The main result of this section is given by the upcoming theorem.

Theorem 3.2. The semigroup S (t) associated with the system (2.1) is not exponentially stable, whenever
we consider

k b
—_ i —,

P1 P2
Kpr
bpy — kps’
Proof. Our proof will be based on showing that (3.2) does not hold. In other words, we will show that
there exist a sequence of numbers (4,),en C iR and a sequence of data (F,),ey € H, with ||F,|lg < oo
such that the norm of the resolvent operator [|(1,/ — A)~! |l ) tends to infinity as n — oo, with the

resolvent equation

(3.3)
ki #

U, — AU, = F,. (3.4)

Now, rewriting the resolvent equation related to our system (2.1) in terms of the components of
U, = ("2 ¢" y")! and F, = (fi, fa, f3, f)", we have

/lngon - Zn = ,flv
017" = k(@ + "), + kig" = p1fa, (3.5)
/ln')bn - yn = fS,

Aup2y" = by + k(@ +§") + k" + py” = pa fa.

If we choose F, in way such that f; = f3 = 0, so we have 4,¢" = 7" and A,y" = y", and we can rewrite
(3.5), and (3.5), as the following:

201" = k(@ + Y™, + k1" = p1 fo,
Lo — by + k(@ + ") + k" + ud = pafi

Due to (2.3), we choose ¢" and ¢ as the following:

(3.6)

¢" = Asin(B,x) and ¢" = Bcos(5,x),
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as well as
fr=p;'sinB,x) and f; = p;' cos(B,x).
The choice of U, and F, solves the system (6.9) if A and B satisfy

(L1 + KB} + kA + kB,B = 1,

3.7
kB,A + (A2 + b2 + k + ky + ud,)B = 1. S

Now, we take
Ay = i+(k/p1)Bn, Vn €N,
and we consider 8, = nr/L, where i is the unit imaginary number. Substituting 4, in system (3.7), we

get
(o + kB2 +k)A+B,B=1,

3.8
BrA + (A,py + BB+ k + ky + pd,)B = 1. (38)
After solving system (3.8), we obtain A as given below:
2 .
N % (bpy — kpa) + & (iu ykpr — ki) + k + Ky
= — )
B [ky (b1 — kpa) = K2p1] + & (i k1B, + ko1 + apy )
Taking k| # %, and under all the considered conditions, we have
N bp1 — kpa
ki(bpy — kps) — k*py
Moreover, from (3.5),, we have
Z'(x) = 9" (%)
= A,A sin($3,,x).
Integrating over (0, L) and using the fact that
L 1 L
f sin(B,x)*dx = 3 f (1 — cos(2B,x))dx
0 0
. L
_ L _sin@B0) (3.9)

4B

0

|~ N

we get

2
ﬁ_: (bp1 — kp») + fj—’l’ (ip vVko1 — kpl) +k+k
%21 [k1(bpr = kpo) = R2pi] + 5t (ivt ko + ki + kapr)

Ay

Sl

L
f 2" (x)Pdx =
0

2
2p1 " ﬁ—?[kl(bpl — kp2) — K*p1] + ]pc—i (iﬂ Vko1Bn + kpy + k2p1)

Communications in Analysis and Mechanics Volume 18, Issue 2, 296-328.



307

Taking into consideration the equal speed limits assumption where we have p—kl * p%, we get

- Lk bp1 — kp> 2
7" (x)[Pdx ~ —p2 — +00. (3.10)
fo 20" (b — ko) — B2y

Therefore, we get

. 2 : ny2
r}l_)n‘;lo ||Un||fH 2 Y}I_{E)HZ ||L2(O,L) — ©0.

Finally, we conclude that the second assertion (3.2) of Theorem does not hold, and thus our system (2.1)
is not exponentially stable under condition (3.3). m|

4. Exponential decay

In this section, we will show the exponential stability of our system under a particular relationship
between the parameters of the system. The assumption of the coefficients given by
k b
- == 4.1)
P P2

plays a crucial role in achieving our results. To proceed, we present the theorem that articulates our
main finding.

Theorem 4.1. The semigroup associated with system (2.1) is exponentially stable under the above
condition

k b
—=— 4.2)
P1 P2
To establish this result, we consider the resolvent equation given by
Ap—z = fi,
Ap12 — k(g + ), + ki1 = ,
1 (ox +y) 19 = p1fa 43)
W —-y=f,
Ap2y = Dy + k(px + ) + Koty + py = pa fa.
Multiplying (4.3) by U = (¢,z,¥,y)" € D(A), taking the real part, and using (2.13), we get
L
f Wrdx < Ul Fll (4.4)
0

We proceed by formulating the following technical lemma, which is essential for the proof of the
main theorem.

Lemma 4.2. The imaginary axis iR is included in the resolvent set of the operator A, i.e.,
p(A) D iR. 4.5)

Proof. Due to the regularity property of A, as A has a compact resolvent, the compactness of the
resolvent guarantees a discrete spectrum. So in order to prove (4.5), it suffices to demonstrate the
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L
injectivity of A — A. Therefore, from (4.4) and the fact that F = 0, we have f w,zdx = 0, so we

0

guarantee that ¥, = y = 0. Now, substitute this value of y in Eq (4.3);, and we get ¢ = 0. Using (4.3),,
we get ¢, = 0, and applying Poincaré inequality, we get ¢ = 0. Substituting the deduced result in (4.3),,
we guarantee that z = 0. So, the desired result of injectivity is obtained where we have U = 0. O

The upcoming lemmas are critical in demonstrating the exponential stability of the system.

Lemma 4.3. Based on the stated conditions, the required inequality holds consistently:

L 1 C
f Gdx < —UIE, + AUl Flls (4.6)
. 1 B

for |A| large enough, and C is a positive constant.

Proof. Multiply (4.3), by @, then after integrating over (0, L), we get

L L
1] f @*dx < |zllgldx + f |filleldx.
0 0

Using Young’s inequality for € = |4|, our equation becomes

”'fL| Pdx < — fLQd +fL|f|| d
— XS — zax X.
2 Jy ¥ 20 J, o e

Using Schwarz’s inequality, we get

t 2 1 2 C
¢ dx < S ||Ul3 + S Ulll [l
0 A |1

So, the desired result is obtained. O
We now establish the following lemma.

Lemma 4.4. Based on the stated conditions, the required inequality holds consistently:

L L L L
2 3k 2 ke, 2 2
P1 |lz|°dx < 2P (px +¥)dx + - P | "dx + ki ¢ dx + Cl|\U|| || F | 4.7)
0 0 0 0

for || large enough, and C is a positive constant.

Proof. Multiply (4.3), by &, then after integrating over (0, L), we get

L L L L
dor [tk [ opdxki [ Gdx=pi [ pdx
0 0 0 0

L
Let I; := Ap; f z@dx. From (4.3); we have ¢ = (1/4)z + (1/4)f1. Substituting it in /;, we get
0

L L L L L L
o f 2dx = —py f fidx + k f (o + WYdx—k f (60 + W)idx + K, f Fdx - p, f fipdx.
0 0 0 0 0 0
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Now, using Poincaré’s inequality, we get

L L L L L L
2 3k 2 ke 2 2 rs ~
pr | Zdx< > P (ox + ) dx + > P W.l'dx+ki | ¢dx—p1 | zfidx=p1 | frpdx.
0 0 0 0 0 0

Using Cauchy—Schwarz’s inequality, we get

- 2 3k - 2 key - 2 - 2
o1 Z7dx < 5P (px +¥)dx + = P | “dx + k @ dx + Cl|\ U\l F 9«
0 0 0 0

So, the desired result is obtained. O
We now establish the following lemma.
Lemma 4.5. Based on the stated conditions, the required inequality holds consistently:
k L L L c kZ L
x f (@ut9)dx < Ab (& - ’2) f Uzdx+C, f Gdx+(e+ 22 f W2dx+CUlIl| Fllye. (4.8)
2 Jo kK blJ 0 k 0

Proof. Multiply Eq (4.3), by (¢, + ¥), then after integrating over (0, L), we get

L L L L L
Ap f YB.dx + Aps f whdx + b f Ua(px + ). dx + k f (@s + ¥)dx + ky f Y(gx + Y)dx
0 0 0 0 0 (49)

L L
o fo @ 7 9)dx = pa fo Flon T D

Now, let us consider I, I3, and I, as given below:

L
L= ﬂpzf ydx,
0

L
I = ﬂpzf ygxdx,
0

L
I = bf V(o +¥), dx.
0

Then we substitute ¢ given (4.3); into I, and we get

L L _
L =—p f ydx—p, f yfsdx.
0 0

Moreover, we replace y given by (4.3); and &, given by (4.3), into I3, and we arrive at

I L
13 = —pzf yzxd-x —PZ‘f yfl,xd'x
0 0

L L L
- Jps f v zdx - s f Frzdx - ps f VFidx.
0 0 0
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On the other hand, replace in 4 the term (¢, + ), given by (4.3),, then we arrive at

L L L
I4 = _/U)pl f t//dex + @ f lr//x@dx - @ f l//xfde.
kJo k- Jo k- Jo

Finally, by substituting /,, I3, and I, into (4.9), the following result is obtained:

L L L L
k f (o4 0 dx = =D — Is — I — o f W T Ddx — f KT s +p2 [ il D
0

L L
—szydx"‘/)zf yfadx — Pz/lf %de*‘l?zf f%xzdx+[)2f yfixdx

/lbpl f lﬁdex— _f lﬂx‘de"‘ el f wfodx_kZI lﬁ(‘ﬁx + lﬂ)dx
0 0

—H fo Y(px + ¥)dx + p; fo falo, + ¥)dx.

Performing the necessary simplifications, we arrive at

L Pl bkl
kf (@ + ¥)dx = /lb — - = f W zdx +p2f yidx — f U pdx
0

f Y(px + )dx + ps f yfudﬂ— f Ui fodx + ps f frxzdx
0 0

L L
+ 02 f yfadx + p, f Jalox + ¥)dx — ky l//(%c + yY)dx.
0 0 0

Then, using Young’s inequality, we get

k (L 0 L k2 L
Ef(gax+¢/)2dx3/lb —1—— f wxzdx+( 2+—)f 2a’x+C€‘f (pzdx+(8+ﬂ)f zﬁidx
0 0
+P2f yflxdx+_f l//xfzdx'i'/?zf fode"‘sz }’f3dx+sz fulpx + W)dx.
0

Finally, using Cauchy—Schwarz’s inequality and estimating (4.4), the desired result is obtained. O
We now establish the following lemma.

Lemma 4.6. Based on the stated conditions, the required inequality holds consistently

b L k2C L
3 f Wxldx < Tp f (x + ¥)’dx + CIUNI#lIF iy, (4.10)
0 0

where ¢, > 0 is Poincaré’s constant.

Proof. Multiply Eq (4.3), by ¥, then after integrating by parts over (0, L), we obtain

L L L L
A0, f ydx + b f Yidx + k f (O + Y)dx + ky f Wrdx + f ydx = p, f fagdx. (4.11)
0 0 0
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Replace i as given by (4.3); in Eq (4.11), and we get

L L L L L L
f Vdx = ps f Vdx+ps f Vidx—k f (or+ W)Idx—k; f Pdx—p f yidx+p; f fudx.
0 0 0 0 0 0

Using the inequalities of Young and Poincaré, we have

L L
fwidx<(p2+gy)f yidx + ke f(gox+w)2dx+ flﬂzdx+p2fyf3dx—k2f Wdx.
0 0

Then, setting € = ¢, /b and utilizing Eq (4.4), the conclusion naturally follows. O

We now return to the main theorem of this section and proceed to prove it by leveraging the lemmas
we have just established.
Proof of Theorem (4.1). We can conclude after summing the inequalities from Lemmas (4.3)—(4.6)
that for sufficiently small € > 0, we have
1UI3, < lelll - -

b f St w W

By selecting |4] sufficiently large and utilizing the fact that (4.2) is satisfied, we can deduce the existence
of a positive constant M such that

P11 P2

(4.12)

Ul < MI|F |3

This controls the solution by bounding it. Under the assumptions of Priiss’s theorem, this typically
translates to exponential decay and thus the desired result.

5. Polynomial energy decay with optimality analysis

In this section, we show that the solution to the system described by Eqs (2.1) gradually decreases
to zero over time at a polynomial rate, provided the wave propagation speed condition in Eq (4.2) is
not met.

Theorem 5.1. The Cy-semigroup generated by the system (2.1) exhibits the following decay behavior:

IS (O Upll < 7||U0||D(?l) (5.1)

Proof. Assuming k/p, # b/p,, we can substitute (4.3), and (4.3); in (4.12). After some calculations,
we obtain the following result:

L
U113, < Csl/llzf WPdx + &llUllz, + CNUlwlIFllz + mIIUIIHIIFllw + |/HZIIUIIZ
0

Use (4.4), then perform algebraic manipulation to isolate ||U ||(2H on one side, eventually obtaining by
A large enough
U3, < CIAPIIFII3,.- (5.2)

This can be expressed as
1AL = Al gy < CIAP.

As a result, using Borichev and Tomilov’s theorem (see Theorem 2.4 in [24]), we show that the solution
gradually fades over time, following a slow polynomial pattern of #~!/? as time goes to infinity. O
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Now, we aim to establish that the polynomial decay rate derived in the previous section is
indeed optimal.

Theorem 5.2. The polynomial decay rate established in the previous theorem is optimal.

Proof. We proceed by contradiction, assuming that the decay rate can be improved to 75 for some
0 > 0. Under this assumption, we have

1
|29

(AL = A) | gy < C, (5.3)

which corresponds to
1

|/1|2—6

for F € H and |1| large. Now, we can construct a sequence, (4,),en C IR, (U,)uen € D(A), and
(Fn)nEN C 7'{, such that

WUl < ClIF |9

Ul = 1A PIFA,-
Consequently, it follows that

1

|/umﬂ(/lnl —A) Mg = ClAP ™ = 00, asn — oo.

Nevertheless, this is impossible due to the constraint imposed by inequality (5.3), thus concluding
the proof.

To clarify the optimality argument for the decay rates, we note that prior numerical studies provide
supporting evidence for the expected decay behavior. In particular, Chebbi and Hamouda [25] developed
a discretizations scheme combining finite element and finite difference methods for linear and nonlinear
damped Timoshenko systems. Their simulations reproduced key properties of discrete energy, including
positivity, conservation, and polynomial decay rates. The observed polynomial decay trends are
consistent with the theoretical predictions presented here, providing numerical confirmation of the
general decay behavior. m|

6. Truncated version

Here, we extend the work of Almeida Junior et al. [21] by considering a modified Timoshenko—
Ehrenfest model in the second spectrum-free case, which includes additional physical effects. Specifi-
cally, we introduce a stiffness term ki in the equation for transverse displacement. ki represents the
foundation’s resistance to horizontal shear deformation, complementing the vertical support provided by
ky. By including this term, the model accounts for the way the foundation opposes rotational or bending-
induced shear, leading to a more realistic depiction of the beam’s deformation, energy dissipation, and
stability behavior.

The system is described by

6.1)

P1¢u — k(ox + ) + ki =0,
—P2Prx — bw,vx + k(()ox + lﬁ) + ka + /Jwt = O’
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with the appropriate initial conditions
@(x, 0) = @o(x), ¢i(x,0) = @1(x), Y(x,0) = o, ¥ x € (0,L), (6.2)
accompanied by Dirichlet—-Neumann boundary conditions,
@(0,1) = o(L,t) = ¢, (0,1) = (L, 1) =0, YVt > 0. (6.3)

We define the functional energy of the solution of our system as

8(0—(— kip 2) f o Pdx + = f oy + WPdx + — f \odx
» 02 f uldx + 22 f ouldx+ 2 f wPdx+ 22 f widx.
0 2 0 2 0

From this, we obtain the dissipative nature of our energy, stated below.

(6.4)

Lemma 6.1. It is established that the energy &(t) of the system (6.1) adheres to a dissipation law, as
shown by the following equation:

d L
ZE&W) = —u f W dx, Yt > 0. (6.5)
dt o

Proof. Multiplying Eq (6.1), by ¢, using the boundary conditions (6.3), we get
plying Eq 1 Oy ¢ g y g

5 dtf |90t|2dx+kf (Q0x+l//)‘ptxdx+_f lpl’dx = 0. (6.6)

Similarly, for (6.1),, we have

L
P f e+ 25 f Vdx + k f (oo + W + 2 f Vdx + i f Pdx=0.  (6.7)

Using Eq (6.1),, we can replace ¢, in Eq (6.7) with ¢, = %‘(pm — Qpx + %cpl, which allows us to rewrite
Eq (6.7) as the following:

P1P2 Pz 1 P2 a ba 2
ok dtf o tt| K dtf (% tl + f|90tx| x+ fo ["dx

(6.8)
—ZE fo lyPdx + k fo (@x + YWidx = —p fo VARES
By adding Egs (6.6) and (6.8), we arrive at the desired result. O
Remark 6.2. Multiply (6.1), by k, then differentiate by x, and we establish
— Pak e = kb o + K2 (01 + ) + kot + pkip, = 0. (6.9)

Now, multiply (6.1), by &, then sum it with (6.9), we derive

Plk%z - kaSDttxx - bkwxxx + ka‘px + /Jkth + kleD =0.
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Eq (6.1), provides kif rx = P1@uxx — kprxxx + k1¢rx. Substituting this expression into the previous
equation yields

Plk‘Pn - (bpl + kpZ)‘pltxx + bk‘pxxxx - bklgoxx + ka‘vl’x + ﬂklr//tx + kk](,D =0.

Now, we can reformulate the system to be written as

P1Pn = k(@x +¥)x + ki = 0,
By + bk — by @y + kkotyr, + pkiyy, + kkyp = 0,
and the compatibility condition

B (k(SDOx + wO)x - kl‘PO) = _plkaDOxxxx + plkaQDO)cx - plkawOX - plﬂkwlx - Plkkls%-

Now, we can define ¢, at t = 0 as follows:

1
¢u(x,0) := o (k(px +¥)x — k1)

= —B ! (bk@orcxx — bkipor: + kkoo, + ki + kki o) .

(6.10)

Consequently, E£(0) makes sense.
7. Well-posedness

This section establishes the existence and uniqueness of a weak solution to the system (6.1). The
proof employs the standard Faedo—Galerkin method combined with a priori estimates, followed by
passage to the limit via compactness techniques. A similar approach was taken by Ramos et al. [26].
The analysis will be conducted within an appropriate Hilbert space framework. Consider

H = Hy(0,L) x Hy(0,L) x H!(0.L) x LX(0, L), (7.1)
and we define the Hilbert space H, as
H, = (H*(0,L) N H(0, L)) x (H*(0, L) N H5(0, L)) x H2(0,L) x H}(0, L). (7.2)
Furthermore, H! and H? are defined as
H!(0,L) = H'(0,L) N LX0,L), H*0,L) = H*0,L)n H(0, L), (7.3)

where

L
L?(0,L) = {u e L*(0,L); f u(x)dx = 0}. (7.4)
0

We start by stating a clear and rigorous characterization of what constitutes a weak solution for the
system described by Eqgs (6.1).
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Definition 7.1. Given the initial data Uy = (@9, ¢1,¥o) € H, a function U = (¢, ¢, ) € C([0,T]; H) is
said to be a weak solution of (6.1) if, for almost everywhere ¢ € [0, T],

P1 %(%’Z) +k(py + ¥, 20) + ki(p,2) =0,
Pz%(%, Vo) + bW, vy) + k(o + 0, v) + koy(W,v) + u(y,v) = 0, (7.5)
pz%(%,yx) + DWWy v2) + k(@i + Wi y) + kaWs, y) + 1y y) = 0.

Vz,y € H\(0,L), v € H\(0, L), and

(©(0), ¢:(0), ¥(0), ¥(0)) = (@0, @1, Yo, Y1). (7.6)

Theorem 7.2. The system (6.1) has a unique weak solution if the initial data of this system U, =
(@0, 1, W0, Y1) belongs to the space H, and this solution has the following regularity:

¢ € L™(0,T; Hy(0, L)),
¢ € L0, T; Hy(0, L)),
¥ € L*0,T; H)(0, L)),
Y, € L*(0,T; L*(0, L)).

(7.7)

Furthermore, the solution U = (@, ¢,, ¥, ;) exhibits a continuous dependence on the initial data within
the space H.

Theorem 7.3. The system (6.1) has a unique stronger weak solution if the initial data of this system
Uy = (@0, @1, Yo, Y1) belongs to the space Hy, and this solution has the following regularity:

@ € L™(0,T; H0,L) N H)(0, L)),
@, € L™(0,T; H*0,L) n H)(0, L)),
¥ € L*(0,T; HX(0, L)),
¥, € L*(0,T; H (0, L)).

(7.8)

The solution U = (@, ¢, ¥, ¥,) exhibits continuous dependence on the initial data within the space H,.

Proof. The proof is established using the Faedo—Galerkin method. We provide only a brief overview of
the six main steps.

First Step. Estimated solution. Let Uy = (¢o,¢1,%9) € H. Let {Wj}j'il and {,uj}j.’;l be or-
thonormal bases for H*(0,L) N Hé(O, L) and H!(0, L), respectively, as both basis are orthonormal
in L*(0,L). Let H, = span{wi,w, ...,w,} and V,, = {u;, 1, ....u,} for any integer n € N. Now, let’s

introduce
n

Y0 = D apwi(x), and ¥ (6,0 = > b0,
j=1

J=1
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two approximate solutions that satisfy the approximated problem

P1(@y.2) + k(P + ¥, z2) + ki(¢",2) =0,
P2 Vi) + bW, vi) + k(@ + ", v) + ko (", v) + Yy, v) = 0, (7.9)
P2 i) + bW, vo) + k(g + ", y) + ko (U], y) + u@y,,y) =0

for all z € H,, and v,y € V, with initial conditions

(©"(0), 7 (0),¥"(0), ¥7(0)) = (¢, @1 s Y1) (7.10)

satisfying
(5, @1, W0, ¥1) = (o, @1, 0, ¥1) strongly in H. (7.11)

Using the standard theory of ordinary differential equations, system (6.1) possesses a local solution on
the maximal interval [0, #,), with O < 7, < T for every n € N.

Second Step. A priori estimate.

Letz = ¢}, y = ¢}, and v = ¢/. Now substitute them in system (7.9), and we obtain

o1(@, @) + k(@ + ¥, @) + ki (¢", ¢]) = 0

P2 Prps i) + bW ) + k(@ + 47 0 + ko GB7, ) + (7, 7)) = 0
Taking into consideration from Eq (6.1), that
k
l//tx = %‘Pm — Pixx T Il‘ﬁz, (713)

system (7.12) becomes

PP @) + k(@ +¥", @) + ki (0", @) = 0

p1p p
— (6 + P2l ) + b = ) + WL L) + K+ ) + ka0 + ) =
(7. 14)
which is equivalent to
d L
—E"(1) +#f ll*dx = 0, (7.15)
dt 0
where the estimated energy E"(¢) is defined by
k b k
E'(1) = ( . 1pz) I+ S+ 071+ S+ 22+ 2P+ S+ I (7.16)
Now, integrating from O to ¢ < 7,, we obtain from the choice of the initial data that
t L
E"(t) + u f f W Pdxds < K (7.17)
0o Jo

for all € [0, T] and for every n € N, where K > 0. As a result, approximate solutions are established
over the entire interval [0, T'].
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Third step. Passing to the limit. From (7.17) and the definition of E"(¢), we obtain

{¢"} is bounded in L™(0, T; Hy(0, L)),
{¢'} is bounded in L*(0, T; Hy(0, L)),
{y"} is bounded in L*(0,T}; Hi (0, L)),

{¥""} is bounded in L*(0,T; L*(0, L)).

We can extract a subsequence from {¢"} and {¢"}, still denoted by {¢"} and {"}, and ensuring consistency

in notation, such that
¢" — ¢ weakly starin L*(0,T; H(])(O, L)),

¢ — ¢, weakly starin L¥(0,T; Hé(O, L)),
Y" —  weakly starin L*(0,T; H.(0, L)),
Y" —  weakly in L*(0,T;L*(0, L)).
Consequently, the aforementioned limits enable us to take the limit in the approximate problem (6.1),
resulting in a weak solution that satisfies
¢ € L™(0,T; Hy(0, L)),
¢ € L¥(0,T; Hy(0, L)),
¥ € L*(0,T; H,(0, L)),
Y, € L*(0,T; L3(0, L)).

Fourth Step. Initial data. Given that
H)(0,L) c L*(0,L) c H'(0, L),

where H™! is the dual of H}(0, L), by using the Aubin-Lions lemma, we obtain that L~(0, T; H}(0, L))
is compactly embedded in C(0, T'; L*(0, L)), and this implies that

¢" — ¢ strongly in C([0, T1; L*(0, L)),

. , (7.18)
¢, — ¢, strongly in C([0, T]; L“(0, L)).

Consequently,
(¢(0), ¢:(0)) = (g0, ¢1).
In a similar way, we can get that
¥(0) = yo.
Now, we multiply (7.9); by a test function
neH0,L), nO0)=1, n(T)=0

and integrate the result over [0, T'] to obtain

T T T T T
s f W, yond+b f W, yondx+k f WoAw", Ytk f W -0, y)—p f W yndx = 0.
0 0 0 0 0
(7.19)
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Taking the limit as » tends to infinity, we obtain

T T T T T
P fo (s yOmdic+b fo (Woes vk fo (Wt y)ndx ks fo W Indx—pa(r1, ¥) f (W yndx = 0.

0
(7.20)
On the other hand, multiplying (7.5); by i and integrating the result over [0, T'], we obtain

T T T T T
P2 fo (Wut> yndx+b fo Wix> yoOmdx+k fo Wi+, y)ndx+k, fo W, y)ndx—u(0), y)—u fo (W1, y)ndx = 0.

(7.21)
Combining (7.19) and (7.21), we conclude the following:

¥i(0) = ¢

Fifth step. Stronger solutions. Assume the initial conditions in the approximate scheme (6.1)
satisfy

(o, 1, ¥0) € Hi and (gp, ¢}, ¥5) = (@0, @1, o) strongly in H. (7.22)
Now, let z = =} ., y = —¢,.. and v = =7, . After substituting them in system (7.12), we obtain
d L
—F"(f) + u f " *dx = 0, (7.23)
dt 0
where
n P1 k1p2 n2 k n n 2 kl n2 , P1P2 noe, P2 n o2 b n 2 k2 ni2
F'(t) == +—— + = +Y)lT + = +—= + = + = + = .
(0 ( Y )Il%xll 2||(90x Ol > lll T il > ll@tll 2IIlﬁmll > 2l
(7.24)
Integrating (7.23) from O to ¢ < ¢,, we obtain from the choice of the initial data
t L
F'(r) +,uf f W, [Pdxdx < K, (7.25)
0o Jo

for all t € [0, T], and for every n € N, where K; > 0. From (7.25), we deduce that

{¢"} is bounded in L(0,T; H*(0, L) N Hy(0, L)),
{¢!'} is bounded in L¥(0, T; H*(0, L) N Hy(0, L)),
{y"} is bounded in L>(0,T; H>(0, L)),
{¢/"} is bounded in L*(0,T; H!(0, L)).

We can extract a subsequence from {¢"} and {¢"}, still denoted by {¢"} and {"}, and ensuring consistency
1n notation, such that

¢" — ¢ weakly star L=(0,T; H*(0, L) N Hy(0, L)),
@' — ¢, weakly star L*(0, T; H*(0, L) N Hy(0, L)),
Y" — ¢ weakly star L0, T; H?(0,L)),

" — ¢, weaklyin L*(0,T;H!(0,L)).
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Consequently, the aforementioned limits enable us to take the limit in the approximate problem (6.1),
resulting in a weak solution that satisfies

@ € L¥(0,T; H*(0, L) N Hy(0, L)),
@, € L™(0,T; H*(0,L) n H}(0, L)),
¥ € L¥(0,T; HX(0, L)),
¥, € L*(0,T; H\(0, L)).

Sixth step. Continuous dependence on initial data. First, consider the case of stronger solutions. Let

U(t) = (‘10’ ‘10[7 ¢)7
V() = (@, 0, %)
represent two strong solutions to the system (6.1) with initial data
U(O) = (900’ ("J8 l//O) € 7_{1,

V(0) = (1, §2. o) € H,.

Now, define the difference variables
(@,0,%) =U() - V.
These differences satisfy the following governing equations:

P19, — k(O +¥), + 5@ =0,

(7.26)
0¥y — DY¥ i + k((D +¥)+ kY +u¥, =0,

with initial data (®(0), ®,(0), ¥(0)) = U(0) — V(0). Now, multiply (7.26), by @, and (7.26), by ¥,, then
in the result over (0, L), we arrive at

—E@) = - ¥, |%dx, (7.27)

where E(7) is the energy corresponding to U(f) — V(¢) defined by

A k b k
E() := (3 ;’ZZ)IICDIII Sl +¥? il ||<D|| MII%II ”(Dtx”2+§”lpx”2+52”\11”2- (7.28)

Integrating over (0, L), we obtain that there exist a positive constant K, such that, for any ¢ € [0, T'],
E(t) < K E(0). (7.29)

This implies that the stronger weak solution depends continuously on the initial data, which in turn
means that the stronger weak solution of problem (6.1) is unique. Furthermore, weak solutions are
essentially limits of stronger weak solutions, so by employing density arguments, we establish the
continuous dependence and uniqueness of weak solutions. O
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8. Exponential decay

In this section, we establish the exponential stability of the truncated Timoshenko model. No
restrictions are imposed on the physical parameters of the system. The proof relies on the energy method
combined with suitable multiplier techniques. The main result is presented in the following theorem.

Theorem 8.1. The energy &(t) of the system (6.1), given by (6.4), decays exponentially as time tends to
infinity under the following conditions
ki < k*p>/(2c,bpy),

kibc), kfb (8.1)
2 —.
ky < ( k + 2 )

Then there exists two positive constants M and n such that
E@) < MEW0)e™, VYt > 0. (8.2)
Initially, we establish the following functional:
L
F (1) :=—py f Prpdx. (8.3)
0

Lemma 8.2. Let U(t) = (¢, ¥) be a solution of system (6.1). Then we have

d L L L L
ST < ) f (o Pdx + 26,k f W Pdx + (&) f o + wlkdx + x f oltdy,  (84)
0 0 0 0

where c, is Poincaré’s constant, and c(g) = ﬁ + 2ke.

Proof. Multiplying (6.1); by ¢, while considering the boundary conditions (6.3), and using integration
by parts over (0, L), we get a new form of the equation

L L L
pPi f Pupdx + k f (px + Y)pxdx + ki f lpldx = 0. (8.5)
0 0 0

Utilizing the identity ¢, = %(cp,g@) — |¢4|, then applying Young’s inequality, we derive

d L L k L L L
-l [ egan)<p [ ePare oo [Clecrufdrrek [ ebdxek [ lebdx 36
dt 0 0 4e 0 0 0

for £ > 0. Additionally, we have

L L L
f lp.ldx < 2[ o + Yldx + 2¢, f o Pdx, (8.7)
0 0 0

where ¢, is a positive Poincaré’s constant. Now, substitute the inequality (8.7) in (8.6), and the last one
can be expressed as

d L L L k L L
- d_<p1 f <p,(,0dx) < —-pi f o dx + 2scpkf W dx + (4— + 2k8) f oy + WlPdx + ki f lp2dx.
t 0 0 0 € 0 0 8.8)
Consequently, this completes the proof of the lemma. O
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Now, we proceed to introduce the second functional

k
G0 = pr f oo+ - f i+ 220 " g 89)
0

Lemma 8.3. Let U(t) = (¢, ¥) be a solution of system (6.1), then we have

—Q( ) < — @f lpul*dx — —f W dx + (1 + —)sz lprl*dx
—bp f o + wlPdx — ky f W *dx.
0 0

Proof. Multiplying (6.1), by ¢, while considering the boundary conditions (6.3) and using integration
by parts over (0, L), we get

(8.10)

L L L L d L
ps f putredx + b f WP + f (62 + W) + ko f wldx+ 24 f Wldx=0. @&.11)
0 0 0 0 2dt J

Using Eq (6.1),, we get ¥, = Zg, — @ + %cp. Now, replacing ¥, in Eq (8.11), we get the following:

d L k L
o (Pz f Praprdx + = f W 2dx +pzk1 sotcde) 02 f lpnPdx + 2122 1]52 f lpul*dx

+b f wPdx + k f (oo + wppdx - 22 f ePdx+ f witdx = 0.
0 0

Using Poincaré and Young’s inequalities, we get

d k L
: (Pz f Pl + 1 f WPdx + 22 f tsodx)<—p—1p2 f (gl - ( ”) [ wiax
t k 0 2&,] Jo

L [
+(1+J)pz f ouldx + 2 f (o + wPdx — ks f WPdx.
k 0 2 0 0

(8.12)

(8.13)
Now, take &, = 2, and we derive
d L ) P2k 1,02 2 2
77 \P2 %xsoxdx + le dx+ = zsodx < -— I%I dx -3 It//x |"dx
0 (8.14)
1
+(1 + 7”)p2 f afd+ 02 f oy + wldx — ko f wPdx.
0 0 0
Consequently, this completes the proof of the lemma. m|
Now, we proceed to introduce the third functional
L bp, kibp,
H() == —p> sotx(sox +)dx - == zxtﬁdx ~ R %sodx (8.15)
0
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Lemma 8.4. Let U(t) = (¢, ¥) be a solution of system (6.1), then we have

d o2 (Y . ky ka ) klbcp kb sz 5
—H(t) < - Ci = Jdx— =+ =  + Wldx - - = d
G0 <=2 [ lafiar-(Z+3) [ hersuiar- (2 o
L
+Cf Wil dx,
0

with ki < Kp2/2bpic,), ks < 2(

(8.16)

klh(,p

Ccp 2 2
k2 )’ Ck1 =1- 2l ]: andc = bZ(% +Pb_2) /(2p2)+ g_k

K22

Proof. Multiplying (6.1), by (¢, + ¥), while considering the boundary conditions (6.3), and using
integration by parts over (0, L), we get

L L L L L
on f (@t dx+b f Voot f o+ Pdx ks f o ti)dxu f Uilpwtudx = 0
0 0 0 0 0

(8.17)
Using Young’s inequality, we get
L L L k(L £2 (L
-2 [ entrwrders [ utporonderte [ uerndn <=3 [ leorutaees [Ciopax
0 0 0 2 Jo 2k Jo (8.18)

From (6.1),, we get (¢, + ¥), = %go,, + %go, which allows us to reformulate the preceding inequality as

L b
—P2 f Cux(@x + ¥)dx + % sanwxdx +— f oY dx + ky f Yo +Y)dx < — = f o, + wlrdx
0

2 L
+ B f g, 2dx.
0

2k
(8.19)
In addition, ¢, (¢, + ) can be expressed as ¢, (¢x + ) = d%[gom(gox + )] — @ (@y + ¥),. From this we
derive

d L L 5 L bpl L k L 5
—Pza Gi(px +P)dx < — ps Isotxl dx — py sozxwtdx + = sonxwdx - = | lp+yldx
0
klb 5
v wwxdx + = I% |“dx — k> w(sox +y)dx.
(8.20)
Now, utilizing the identity ¢, = %((p,xl//) — @i, we derive
d P2 -
——1p2 <pzx(<px +)dx + — sotxwdx —02 |‘Ptx| dx — b(— + —) Pufdx
dt k b 8.21)

- f |sox+w|2dx—17 f o + 1o f o~ I f (g, + V).
0 0

Using (6.1);, we get ¢, = oy — @u + %(p. Now, replace ¢, in Eq (8.21), and using Young and
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Poincaré’s inequalities, we derive

L b L k b L L k L
—%(Pz f sotx(sox+w)dX+ﬂ f Prxfdx — lkf : f %sodX)S—& f lrl*dx — = f s + Y Pdx
0
k b kibc k2b
”” f o 2dx —( —L+ ) f |¢|2dx+(b2(’;; = <2p2>+—) f W 2dx — ks f (g, + Y)dx.

(8.22)

Now, use the identity

L L L
ko f (62 + W)dx = —ky f oo+ yPdx + ks f (62 + W), (8.23)
0 0 0

Through the use of Young’s inequality, we get

dt

kibpy (" kibe
« 2L [ - (% e S2) [ (2 (2 + 2 s+ ) [
ky g 2 ky - 2
—Efo lox + ¥l dX+3f0 ll"dx.
Through the use of Poincaré’s inequality, we derive
d 2kib, t ky k\ (" kibc, ki b k
S <~ (1 . %)’2 f (ol - (—2 + —) f (g + wPdx —( LI —2) f (oPdx
0

(bz(; + = /(2pz)+ —)f Wi Pdx,

d t b kibpr (" - k("
——(p» f sotx(90x+¢/)dx+% sotxt//d + lkf 1 f %sodx)s—& f lpinl?dx — = f lpx + YPdx
0

(8.24)

(8.25)
with ky < K0/ (2bp[2) and ks < 2 (klbfp ; ) Finally, we get
d 02 L 9 2 2 k] bCp kzb k2 2
d—ﬂ‘{(l) <- CkIE |l "dx — 5 |<Px + Yl dx - 3 - |<P| dx
0 (8.26)
+ Cf [ dx,
0
where Cy, = 1 — Zk;(fg ;C” and C = b? (% + %)2 /(207) + ’2‘—2 Therefore, we finish the proof. O

Now, we want to prove our main theorem. For this purpose, we introduce the Lyapunov functional £
defined by
L) := NE®) + F (1) + N,G(1) + N3H(1), (8.27)

where Ny, N,, and N; are positive constants to be determined, and the functionals ¥, G, and H referenced
here are defined in prior lemmas.

Lemma 8.5. There exist oy > 0 and ay > 0 such that

a16(t) < L(t) < axE(t) Vi > 0. (8.28)
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Proof. From (8.27), we have
L(t) - NIS([) = 7:(1) + Nzg(t) + N37‘((l)

t L M - 2 P2k L
= —p1 f eipdx + Nop f Grxpxdx + Ny = ly|“dx + Np—— f ipdx
0 0 2 0 k 0

L L
b kib,
— N3p, f P + p)dx — N3—']f1 f Pipdx — N3 lkf 1 f Pipdx.
0 0

Now utilizing Poincaré and Young’s inequalities, we derive

02k k b
1L() - N\ E(D) S(%+N2 21 el 1) f o 2dx

2k 3ok2
PiCp P2 pakicy klbplcp)fL 5
+ + No— + N + N lo|~dx
2 Ty TRk Yok ),
b
+ Nz% + N3— + N3 pl)f | ,xlzdx
+ +N3 ) f ly|*dx

+Ng— f o, + yl*dx.

We proceed by using equality (8.7), then we derive

k kb
|L<z)—N18<r>|s(%+sz2 1 ”’1) f o Pdx

2 Y

b
+{N2 N ’2 e ‘) f o dx

2
b kic kibpic L
’u+Nz il "‘Plcp"‘1\72/024‘szzk1 L+ N 1;;1 p)f l|*dx
0

TNy Ny

kic kibp;c L
+ N3% + P1Cp +N2p2 +N2p2kl L +N3 ! kil p)f |cpx +lﬂ|2dx.
0

Therefore, there exist Ny > 0 such that
|L(t) — N1E(1)] < No&E(t) Vit > 0.
By choosing @y = Ny — Ny, @, = Ny + Ny, and N; > Ny, the desired result is accomplished. O
It follows from Lemmas (8.2), (8.3), and (8.4) that

d L kic
GL0 <=p [ loPax- L2 f (gl - [ck1N3—2(1 T)Nz 22 f (ol

2
_( 48Cp ) f |¢x zdx ((k b klZCp _ —)N3 _ )f |(,D|2dx (829)

((1+%)Ng—%Nz—zc(8)) f (p. + Wldx = (uNy = CNy) f P
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Now, we proceed to fix the constants carefully. Selecting

3 b
B dke,’

(8.30)

we obtain

d L kic L
GL0 <=p [ loPax- L2 f (el — ol f wPdx — [y s - 2(1+%)N2]p2—2 NS
0

° b kibc,
(N, -1 2 fwx dx—((k2+ - ——)Ng—kl)f P

-((1 ’“Z)Ng—kﬁzvz—zc(s)) f (s + UPdx — (uN, — CNy) f .

k b
(8.31)
Now, we select N, such that
N2 > 1,
kic,\ .. [cle) ke, B 2kib  2bc, k\'
N3 > max{z(l + T)ckl Na, (T N (U k™ | S+ = - © l
Ny > (C/p)Ns3.
It is now evident that there exists a positive constant 8 such that
d
510 < B8, Vi 20, (8.32)

where &(1) is the energy defined for our system. As a consequence from equivalence relation between
&E(t) and L(t) given by lemma (8.5), we conclude that

d
ELU) < -nL(@),

where n = aﬁz Now, integrating the preceding inequality across the interval (0, 7), we derive
L(t) < L(0)e™.

Furthermore, the equivalence in Lemma (8.5) gives the desired result
E(r) < ME0)e™,

with M = a,/a,. Consequently, this completes the proof of our theorem.

9. Conclusion

In this work, we extended previous studies on the Timoshenko beam model by analyzing the system
resting on a two-parameter elastic foundation and incorporating a viscous damping mechanism acting
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solely on the angle of rotation. We treated both the classical and the truncated models and conducted a
thorough investigation of their stability behavior.

For the classical model, we established the well-posedness and proved that the system is not
exponentially stable under the parameter conditions (3.3). However, under the specific condition of
equal wave propagation speeds, we demonstrated exponential stability using semigroup theory and
resolvent estimates. When this condition is not met, the system exhibits optimal polynomial decay.

We then turned our attention to the truncated system, and it was studied under the second spectrum—
free case. We established the well-posedness, then we proved exponential decay without the need for
wave speed matching.

This work builds upon and extends the contributions of Almeida Junior by not only modifying the
structural formulation but also analyzing the model under more general and realistic spectral conditions.
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