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1. Introduction

Magnetohydrodynamics (MHD) concerns the study of the interaction between magnetic fields and
electrically conducting fluids, which has been widely applied to astrophysics, geophysics, and plasma
physics in practice, see [1-5] and the references therein. The governing equations of the motion of a
planar magnetohydrodynamic compressible flow in the Lagrange variables read as follows:

Vi = Uy, (1.1)

1 Uy
u + (P + Elblz)x = (,u—) ; (1.2)
V /x

w,—b, = (AWT) , (1.3)
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vb);, —w, = (vlﬁ) , (1.4)

1%

2 2 b2 1
(€+u + WP + v |)+(M(P+—|b|2)—w~b)
2 t 2 X

(uux w-w, b-b, Hx)
=|u +4 +v +xk—] .
v v v v/,

(1.5)

Here, + > 0 is time and x € Q denotes the Lagrange mass coordinate. The unknown functions
v>0,u,weR: beR%e>0,0>0,and P are the specific volume of the gas, longitudinal velocity,
transverse velocity, transverse magnetic field, internal energy, absolute temperature, and pressure,
respectively. u and A are the viscosities of the flow, v is the magnetic diffusivity of the magnetic field,
and « is the heat conductivity. According to the Stefan-Boltzmann radiative law (see [6]), the pressure
P(v, 0) and the internal energy e(v, 0) satisty

RO a6
Pv,0) = — + %, e =c,0+avd, (1.6)
v
where R > 0 is the perfect gas constant, a > 0 is the Stefan-Boltzmann constant, and ¢, > 0 is the
specific heat at constant volume. In this paper, we assume that A and v are positive constants, and that
U, k satisfy
p=i+ v, k=it (1.7)
with constants fi;,k > 0, fi; >0, >0, and g > 0.
Let Q = (0, +00). The system (1.1)—(1.7) is supplemented with the initial condition

(v, u, 6, b, W)(x,0) = (vo, uo, 6o, bo, Wo)(x), x € Q, (1.8)
and the far-field and boundary conditions:
u@0,=0, 6.0,1)=0, b,(0,7)=w(0,7)=0,

lim (v,u,6,b,w)=1(1,0,1,0,0), >0,

X—+00

(1.9)

where the Neumann boundary condition assumed on the transverse magnetic field indicates that the
magnetic field does not change on the boundary.

There is a large amount of literature on the studies of global existence and large time behavior of
solutions to the compressible MHD system. In the special case where w = b = 0, system (1.1)—(1.5)
reduces to the Navier-Stokes equations, which have been studied extensively in [7-14] (the ideal gas,
a = 01n (1.6)), [15-18] (the radiative gas, a > 0 in (1.6)), and the references therein.

For ideal compressible MHD flows (i.e., a = 0 in (1.6)), Kazhikhov [19] (see also Amosov and
Zlotnik [20]) obtained the global existence of strong solutions with large initial data and constant
coefficients. For non-degenerate heat-conductivity, there are many important results on the global
solutions with large initial data, see [8, 10—12,21] and the references therein. More precisely, Chen
and Wang [9] established the existence and uniqueness for a global strong solution for ¢ > 2 and Fan
et al. [10] obtained the global weak solution when g > 1. Considering the nonlinear viscosity and
degenerate heat-conductivity (1.7), Hu and Ju [21] obtained global strong solutions with the initial data
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vo € H' and (ug, 6y, Wy, by) € H?> when @ = 0 and 8 > 0, which was improved by Huang et al. [22]
and Cao et al. [23] with more general initial data (v, uo, 6y, Wo, bg) € H' in bounded domains and
unbounded ones, respectively, for @ > 0 and g > 0.

Regarding radiative MHD flows (i.e., a > 0 in (1.6)), for the initial-boundary value problem in
bounded domains, Zhang and Xie [24] proved the existence of global smooth solutions when the heat
conductivity satisfies

0 < C'1+6")<k»,60) <C+69 (1.10)

with g > % This result was subsequently improved by Qin et al. [25], who relaxed the exponent to g > 2,
and further extended by Qin and Yao [26] to g > 0. In particular, [25] also addressed the large-time
asymptotic behavior of strong solutions. For nonlinear viscosity and degenerate heat-conductivity (1.7),
Wang et al. [27] and Xiao and Lu [28] obtained global smooth solutions in bounded domains for @ > 0
and 8 > 1, and unbouned domains for @ > 0 and 8 > 0. However, the methods used in [24-27] rely
heavily on the boundedness of the domain and cannot be adapted directly to the case of unbounded
domains, and it should be mentioned here that the boundary condition equipped on the transverse
magnetic field b is the Dirichlet one [28].

The aim of the present work is to show that initial-boundary value problems (IBVP) (1.1)—(1.9) with
the Neumann boundary condition on b in the half-line admit global strong solutions for large initial data.
The key is to obtain the uniform upper and lower bounds of the density and temperature. Compared with
the problem in the bounded domain [26,27] and the ideal gas [23,29], the current study faces additional
challenges that arise from the unbounded domain Q and the fourth-order radiative term in (1.6). For the
uniform bounds of the density, using the techniques introduced by Kazhikhov [19] with localization
strategies due to Jiang [30,31], we derive a crucial local representation for v (see (2.6)), see Lemma
2.3 for details. For the upper and lower bounds of the temperature, we adapt methodologies from Li et
al. [13] and Liang and Li [7], as presented in Lemma 2.4. In order to overcome the difficulty caused by
the fourth-order radiative term (see (2.50)), we test the temperature equation (2.4) with (8 — 2)7 and
then obtain the estimates of (6 — 2), € L*(0, T; L}(Q)) (see (2.57) in Lemma 2.6), which is crucial to
obtain the upper bound of the temperature. Our result is stated as follows:

Theorem 1.1. Let @ > 0 and B > 0. Assume that the initial data (vy, ug, 6y, bg, Wo) satisfies
(vo — 1, 1,00 — 1,bg, Wo) € H'(Q), in£v0(x) > 0, inéeg(x) >0, (1.11)
XE XE

and are compatible with the boundary condition (1.9). Then the IBVP (1.1)—(1.9) admits a unique
global strong solution (v, u, 0,b, w) satisfying

v—1,u, 6§ —1,b,w e L0, T; H(Q)),
v, € L=(0,T; L*(Q)) N L*(0,T; H(Q)), (1.12)
uta 01‘9 bt7 wt’ uxx’ gxxa bxx’ Wxx € LZ(Q X (07 T))

Moreover, there exist some positive constant C, depending only on the data, and T such that for any

(x,1) e Qx[0,T],
Cl<vx,n<C, C'<oxr<C. (1.13)

Remark 1.1. The Neumann boundary condition applied to the transverse magnetic field (see (1.9))
characterizes the continuity and smoothness of the magnetic field across the boundary, thereby preventing
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abrupt variations or extraneous surface currents. This formulation not only aligns more closely with
physical principles in many practical contexts but also contributes to enhanced stability of the solution
compared to the conventional Dirichlet boundary condition.

Remark 1.2. Theorem 1.1 can be regarded as a natural extension of both [26] (« = 8 =0) and [27]
(e >0, B> 1) for the IBVP in bounded domains to the problem with general coefficients (« > 0, 5 > 0)
in unbounded domains.

Remark 1.3. The large-time behavior of the solution obtained in Theorem 1.1 is still unknown and the
global existence of the solution to the IBVP on bounded domains with the Neumann boundary condition
on b is also unsolved now. Both issues will be addressed in future work.

In the next section, we give details of the proof.
2. Proof of Theorem 1.1

We first state the following local existence lemma which can be obtained by using the Banach fixed
point theorem on a small time interval (see [32-34]).

Lemma 2.1. Under the assumptions of Theorem 1.1, there exists a small time Ty > 0 depending on
initial data such that the IBVP (1.1)—(1.9) has a unique strong solution (v, u, 6, b, w) with positive v(x, t)
and 0(x, t) satisfying (1.12).

Then, after obtaining some necessary a priori estimates (see (2.5), (2.26), (2.35), (2.68), and (2.69)
below) where the constants depend only on the problem data, one can continue the local solution
obtained by Lemma 2.1 to the whole interval [0, 7] for any T > 0, which completes the proof of
Theorem 1.1.

Next, without loss of generality, we assume that iy =k =Ad=v=R=c¢,=a=1and i, = a. We
first derive the following basic energy estimates.

Lemma 2.2. It holds that for any (x,t) € Q x [0, T],

T
sup E(f) + f W(s)ds < E(0), @.1)
0<t<T 0
where ) ) )
b 1
E@) - f (” * 'W|2 +vbl® F() + F(O) + 3900 - 12(36% + 20 + 1)) dx,
Q
with
F(s)=s—logs—1, foranys>0, (2.2)
and 98 2 2 2 2
6 + |w,|° + |b,
W) 2 f EO Rl E el LA PP (2.3)
Q V92 VH

Proof. We begin by rewriting (1.5) using (1.1)—(1.4) and (1.6) as

s+ (Wi + by (¥
B % v )

0 4
0, + 4v6°0, + (— + §9“) U, (2.4)
\%
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Multiplying (1.1) by 1 —v~!, (1.2) by u, (1.3) by w, (1.4) by b, and (2.4) by 1 — 67!, and summing the
results, yields

2 2 4 b2 1
(u + Wl + vibl” F() + F(0) + Zv(0 - 1)2(36% + 26 + 1))

2 t
uu? + [wo* + b > 662
+ +
vo v6?
. ‘we+b-b,+(1-61H0, 6 6 -4 b}
_ [t A W W, +( ) ——+—+u)u+w-b '
v v 3 2 .
Integrating the above equality over Q X [0, T'] and applying (1.9), we derive (2.1). O

By making a slight modification to the method of Kazhikhov [19], we are able to prove the lower
and upper bounds of v.

Lemma 2.3. There exists a positive constant C such that
C™' <v(x,0) <C, (2.5)

where (and in what follows) C denotes a generic positive constant depending only on T, a, 3, ||(vo —
1, up, 6o — 1, bo, Wo)llm1 (@) in£ vo(x), and in£ Go(x).
X€E X€

Proof. First, for any x € Q, denoting N = [x], we can obtain the following representation of v:

(5. = Da(e. DY o) {_}[1 ff 0+ 2ve* + Lvb? ) 2.6)
v(x,t) = X, t Hexp{v® + |, .
VDIV P o Dy(x, DY y(0) exp(v-7)
where
Dy (x,1) = vo(x) exp{—v,*} exp { f (u(y, 1) - uo(y))dy},
N
and
!
Yy(t) = exp {f o (N, s)ds} , o= puy P— %|b|2.
0 1%
In fact,
o ¢ 1
=(1 v, ==+ =|-=b],
o = (logv—v™), (V 3) 2||
and integrating the equation u, = o, over [N, x] X [0, f] , we obtain
X !
f (u(y,t) — up)dy =logv —v™* —logvy + v,* — H(x, 1) — f o(N, s)ds,
N 0
which leads to
v(x,1) = Dy(x, )Yy (2) exp{v “}exp {H(x, 1)}, (2.7)

where ) o
6 1
H(x,1) = -+ — + —|b[*|ds.
(x, 1) j;(v+3+2||)s
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From expression (2.7), we deduce

6+ %v¢94 + %vIbl2 6+ %v@“ + %vlbl2 (2.8)
T v - Dy(x,0Yy(0) exp{v=)exp (H)’ '
which implies
L0+ Lyt + Lypf?
exp{H} =1+ 3 2 dr. (2.9)
pi) fo D (x, 1) Yy () explv]
Substituting this result back into (2.7) yields (2.6).
Observing that
x N+1 1/2 N+1 1/2
f (u(y, 1) — up(y)) dy| < ( f uzdy) + ( f ugdy) <C,
N N N
we have
C' <Dy(x,f)<C, x€[N,N +1], (2.10)
where in what follows, C is a constant independent of N.
Next, it follows from (2.1) that
N+1
f (F(v) + F(0))dx < E(0). (2.11)
N
An application of Jensen’s inequality to (2.11) yields
N+1 N+1
a; < f vix,)dx < ay, a; < f 0(x,Hdx < as, (2.12)
N N

where 0 < @) < @, are two roots of F(s) = E(0). Furthermore, inequality (2.11) implies that for any
t > 0, there exists some by(t) € [N, N + 1] such that

(v—=1logv—-1+6-1log6—1)(bn(),t) < E),

from which we deduce
a; < v(by(0),t) <@y, a; <0(by(t),t) < as. (2.13)

We proceed to estimate Yy. On the one hand, integrating (2.6) over the interval [N, N + 1] and
combining this with (2.12) and (2.10), we obtain

1
— >C. 2.14
a0 19
On the other hand, it follows from (2.12) that
fN+1 V()1 e ydx > oL (2.15)
N {3} = 2
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Then, multiplying (2.6) by +2-1 _« and integrating over [N, N + 1], we apply (2.10) and (2.15) to
Yn() V>

obtain

1 C
<

N+1
Y - m(r)fN RS i

c N+1D . . f6+%v64+%vlb|2d 4
< .1 “ Sen
- fN v DeR T g +fo Dy ¥y )

! 1 N+1 1 1
<C+C f f (9 +—vo* + —vlblz)dxdf.
o Yn(T) Jy 3 2

O-172+0-1D"<CO-1)*BF+20+1),

Noticing that

one can obtain after using (2.1) that

fv(9—1)2dx+fv(9—1)4dxsc,
Q Q

which together with (2.12) implies that

N+1 N+1
f vO*dx = w0 -1+ 1)*dx
N

N

IA

N+1 N+1

C vdx + C f v(@ — 1)*dxdx
N N

C.

IA

Then using the above estimates and (2.1), (2.16) becomes

1 |
<C+ Cf —dr,
Yy(1) o Yn(7)

which together with the Gronwall’s inequality and (2.14) implies

Cl <Yy <C.
Combining this with (2.6) and (2.10), it follows that for (x,¢) € [N,N + 1] X [0, T],
"0
Cl'<vix,t)<CH+ Cf (— +6" + |b|2)vdz

0o \V

!
sc+cf v sup (1+6"+bl)dr.
0  xe[NN+1]

Then, direct calculations combining with (2.19) deduce that

+4
f (9%) dx
by (1) X
N+l g8z \!/? [ N+l 172
< C(f > xdx) (f v94dx)
N 6°v N

< CWV2(p),

0% (x,0) - 67 (by(0.1)| =

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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which together with (2.13) yields that for any 7 > 0,

sup (1 +6") < C+CW(@).

xX€[N,N+1]

Furthermore, it follows from (2.1) and (2.18) that

supbl* < C f Ib - b,|dx
Q

xeQ
|bx|2 2 2
<C dx+C | vbl*dx+C | (6 - 1)vb|°dx
o Vo Q Q

b |2 1/2 1/2
<C )‘9 dx + C + Csup|b| ( f v( - 1)2dx) ( f vlblzdx)
Q Q

Q VvV xeQ

b, 1
b dx+C+§sup|b|2,

Q VvV xeQ

<C

which implies

b,
suplbIZSCfl Civc<ewn+c
) vO

xeQ)

Substituting (2.22) and (2.24) into (2.21), we obtain
t
vix,t) < C + Cf (1 + W(1)) vdt,
0

which together with Gronwall’s inequality and (2.1) yields that

sup v(x,t) < C.
(x.)EINN+1]X[0.T]

(2.22)

(2.23)

(2.24)

(2.25)

This combined with (2.21) and the fact that C is independent of N gives (2.5). The proof of Lemma 2.3

is finished.
To proceed, we are in a position to establish a lower bound on the temperature 6.

Lemma 2.4. There exists a positive constant C such that for any (x,t) € Q x [0, T],
0(x,t) > C'.
Proof. First, denoting

@>2)t) ={xeQ|0(x,1)>2},
@<1/2)(1) ={xeQ|6(x,1) <1/2},

it follows from (2.1) that

E(O)zf (9—10g9—1)dx+f (6 —log 0 — 1)dx
(6<1/2)(1) @>2)(1)

> (log2 - 1/2)|(6 < 1/2)()| + (1 —1log 2) |(6 > 2)(1)I,

O

(2.26)
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which shows that for any ¢ € [0, T'],

(6 < 1/2)()]+ (8 > 2)(2)| < C. (2.27)

For any p > 0, we multiply (2.4) by 6°w?, where w £ (§~! — 2),.. Integrating the result over Q and
using (2.5), we find that

6 Wp+3 + iwp+2+ MWP‘H dx
p+4 p+3 p+2 p+1
put; +|wA2++b ) wr

dx

+L
=<,
305

It follows from (2.27) that

i 1 WP+4+LWP+3+£WP+2+MWP+1 dx
dt Jo\p +4 p+3 p+2 p+1

qulé?_lw”dx+Cf|uxlwp+ldx
Q

|, |6~ w”dx+Cf

Q

f(9_3wp + 0w’ + st”+2) dx.
Q

X

(ka2 + W+ b ) wr
+f d
Q

v6°

1
— f "dx+C f ([(9—1 —2) + 2w’ + PP + 95w1’+2) dx (2.28)
2 o V&° 6<1/2)

1 p
_fum; dx +Cf (wp+wp+3)dx
2 Jq VO (6<1/2)

1 2
—f il dx+C+fw”+4dx.
2 o

Integrating (2.28) over (0, T) and then combining with Gronwall’s inequality, we have

pl 1 f wPHdx < CeCPHY), (2.29)
Q
which implies
1
+a
(i4f}wuﬁ e (230)
p Q

where the positive constant C is independent of p. Finally, passing to the limit as p — oo in (2.30), we
conclude that

sup [[(67" =2),,.., < C.
OStspT ” +||L @
This establishes the desired estimate (2.26) and completes the proof of Lemma 2.4. O
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Lemma 2.5. There exists a positive constant C such that

T
f f (2 + b + w.?) dxdr < C. 2.31)
0 Q

Proof. First, adding (1.2) multiplied by u, (1.3) multiplied by w, and (1.4) multiplied by b together,
and integrating the resultant equality over €2, one deduces from (2.24) and (2.5) that

1 24 b, +|w,|?
—( f (u2+v|b|2+|w|2)dx) + f pat bl + Wl”
2 Q ¢ Q Vv

0 1
=f—uxdx+—f84uxdxdx
oV 3

Q
:f(9_1)uxdx—f—(v_1)dex+1f((9—1)+1)4uxdx
Q Vv Q v 3 Ja

1 2 (2.32)
< cf(a— 1)2dx+Cf(v— 1)2dx+cf(9— 1)8dx+—f“ *dx
Q Q Q 4Ja v
4 1 ("
<C+Csup@ +1) | @-1D'dx+ - dx
xeQ Q 4 o Vv
PR Y 717
<C+Csupb” + — dx.
xeQ 4Ja v
Next, observing that
sup @+ < Csup|d — 1|** + C < cf 10— 110, dx + C,
xeQ xeQ Q
which together with Holder’s inequality yields that
1/2 1/2
sup 6+ < c( f = 1|8+ﬁdx) ( f eg—zeﬁdx) +C
xeQ Q Q
1/2 1/2 172
< c(supe‘”ﬁ + 1) ( f = 1)4dx) ( f 93—29§dx) +C (2.33)
xeQ) Q Q
1
< —supd"F+C+C f 6 - 1)*dx f 6*26%dx,
xeQ Q Q
it follows from (2.18), (2.1), (2.5), and (2.26) that
T T
f sup 6*dt + f f 10 — 113 dxdt
0 xeQ 0 Ja
T T
< f sup@*Pdr+C | (sup8*P +1) f 0 — 1)*dxdt
0 xeQ 0 xeQ Q (2.34)
T
<C+C f f 6202 dxdt
0 Jo
<C.
Hence, the combination of (2.32) with (2.34), (2.1), and (2.5) gives directly (2.31), and thus com-
pletes the proof of Lemma 2.5. O

Next, we will prove the estimates on the L¥((0, T'); L*)-norm of (vy, uy, by, Wy).
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Lemma 2.6. There exists a positive constant C such that

sup f (0=2)8 +@=2)} +v2+ 1 + b + W, ) dx

0<t<T

(2.35)
f f (€°(0 - 2)862 + v?) dxdr < C.
Proof. First, using (1.1), we can reformulate equation (1.2) as follows:
M 6, 0 4
(B ) =2 = Sve+ 200+ b b, (2.36)
1 VoV 3

Multiplying (2.36) by M _ u and integrating over Q yields:
v

1d UV 2
2dt ( ”) dx+

Huvx MV,
fg 2 +fg( (2.37)
HVx —u)6*0.dx + HVx —ulb-b.dx
S L) f ( -

é11+12+13+l4.

A direct application of the a priori estimates (2.5), (2.1), (2.26), and (2.24) yields the subsequent
series of estimates. A direct calculation gives the control:

6v? Ou? 6v
I szﬂ Sdx+C | Zdr<e f”—dx+0sup9 (2.38)
Q Q

v Q VU V3 xeQ

For I,, we obtain:

0,
fz=f i [ e
Q
—192 9—19/% 5
3 +C —dx+Csup6 | udx (2.39)
Q VvV Q Q VvV xeQ Q
Sef’u3xd +Cf9 '6%dx + Csup 6.
oV Q xeQ

The estimate for /3 proceeds as follows:

4 ( ubv.6, 4
L=< f B VaPx ax — f ud0,dx
3, 3

<eg f xdx+C we@dx + C f 6°¢’dx + C f u’dx (2.40)
Q

J; Q
sz 3xd +Cf992dx+C
Q

Vv

<eg
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Finally, I, is bounded by:

I4=fuvxb-bxdx—fub-bxdx
oV Q
9 2
<¢ f £ :deC f wé ' blb,*dx + C f Iblb,*dx + C f wldx
Q V Q o

ov
<e ”—3dx + Csup b f Ib,[2dx + C

oV xeQ

0 2
<s | £ :de+c(f |bx|2dx) +Cf|bx|2dx+C.
Q Vv Q Q

Submitting (2.38)—(2.41) into (2.37), integrating over [0, T'], and then selecting a sufficiently small
and using (2.31), we obtain

T T T 2
sup f vidx + f f vidxdt < C +C f f 6°¢*dxdt + C f ( f |bx|2dx) dt, (2.42)
0<t<T JQ 0 Q 0 Q 0 Q

where we have used . )
f KV < — f (“Vx) dx+C. (2.43)
o V 4 Q \%

Next, integration by parts together with (1.1) gives

. 1 1
—fu,(“” ) dx = _(f “”xcz) f—v“ W) =K 5. (2.44)
Q VvV /x 2 o Vv ‘ 2 Q V2

Multiplying (1.2) by ( *) and integrating the resultant equality over Q, it follows from (2.44), (2.5),
(2.26), (2.45), and (2.24) that

1 2 2
_(f””xd) f(“”")dx
2 vV Jx
<Cf|ux| dx + — f(“”) dx

+C f 6°0°dx + C f 0*dx + C f 6*v2dx + C f Ib|*[b,|*dx

Q Q Q Q
2 2
2 2 1 HUx 6 2
< Csuplu,|~+C wdx| +— ( )dx+C 0°0.dx
xeQ Q 4 Jo\ v /x Q

+Csup6? f vidx + C sup |b? f b, [*dx.
xeQ Q xeQ Q
supu> < C sup( ux) C ((,uux) ) dx
xeQ xeQ v

ol [ ([0
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(2.41)

Observing the fact that:

(2.45)
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we finally have

2 2
(f 'uuxdx) +f(,uux) dx
1% o) 1%
> uy\?
Cf 2dx+C(fu§dx) +—f('u x) dx+Cf969§dx
Q Q 2Ja\ v )y Q
2
+ C sup 6 f vidx + C f |bx|2dx+C( f |bx|2dx) .
xeQ Q Q Q

Collecting the results of (2.46), (2.5), and (2.31) together, we derive

T 2
fuidx+f f(,uux) dxdt
Q 0 o\ V /x
T T 2
<C+C f f 6°6>dxdt + C f ( f |bx|2dx) dt
0 Ja 0 \Jao
T
+Cf (sup62+fu§dx+ 1)f(vi+u§)dxdt.
0 xeQ Q Q
Furthermore, in view of (2.42), inequality (2.47) implies that
T 2
f(v +u )dx+f f((ﬂux) +v§)dxdt
Q 0 le) vV /x
T T 2
<C+C f f 0°0°dxdt + C f ( f |bx|2dx) dt
0 Ja 0 \Ja
T
+Cf (sup92+fu§dx+ 1)f(vi+u§)dxdt.
0 x€eQ Q Q

It follows from (2.1), (2.5), and (2.26) that

| =

T T T
f f 6~°¢°dxdt < C f f 6720%dxdt < C f f v 10202 dxdt < C.
0 Q 0 Q 0 Q

Then for the second term on the right-hand side of (2.48), one has

T T
f f 6°¢>dxdt < C f f (8 —2), +2)° Pdxdt
0 Q 0 Q
T T
<C f f (0 —2)°Hdxdt + C f f 6>dxdt
0 Q 0 Q
T
<C f f 6% — 2)° 6*dxdt
+C f f 0~°0°dxdt + - f f 6°6>dxdt
Q

T
<c+ & f f (6 - 2)° Pdxdr + = f f 0°6>dxd.
2 0 0 Q

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
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Thus, combining (2.48) with (2.50) leads to

T 2
f(v +u)dx+f f((,uux) +v)2€)dxdt
Q 0 Ja vV /x
T T 2
<C+C f f 66 — 2)°02dxdt + C f ( f |bx|2dx) dt (2.51)
0 Q
+Cf (sup92 f 2dx+1)f v + 12%) dxt.
xeQ Q

To estimate the second term on the right-hand side of (2.51), we multiply (2.4) by (6 — 2)” and
integrate over €2, which yields

d

1 4v 12v 16v
- fg ((g + 4v) 0-2)% + ﬁ(49 ) ?(9 -2)!0 4 T(9 - 2)3) dx

f O -2)8 92
+7 | T gy
Q v

11 u; + |bx|2 +[w,[* 7
<C |ux| (0 22 +(@-2) )dx (6-2).dx

<C f luPdx + C f 0-2dx+C f = 2)‘5dx (2.52)
+ Csup [(12 + Iby* + Iw.?) (0 - 2)3 | f 0 —2)*dx
xeQ
SC+Cf|ux|2dx+C(sup94+1)[(9—2)1+Idx
Q xeQ Q
+Csup (12 + b, + (W) (0 - 2)3
xeQ

due to (2.5) and the following estimate:

f(e —2)dx = f (0 —2)*dx < Cf O@-D*dx+C<C (2.53)
Q (6>2)

(6>2)

owing to (2.18) and (2.27). Similarly to the proof of (2.45), we have

1/2 b 2
SUPbe|2+sup|wxlzsC( bza’x) [ (7) )

by Sl
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The straight calculations together with (2.5), (2.45), and (2.54) imply that
sup [ (u? + b, + [w,l?) (0 - 2)3

xeQ

1/2
SC(f ZdX) (f ('“L‘X)de) sup(6 — 2)°
xeQ
1/
+C flbxlzdx [ (%)
+c( f |wx|2dx) ( vx
dx+sf( )‘ dx+8
Q

+C(e) f %+ [byl” + |, |*) dx sup(6 2)6

xeQ

2 1/2
dx) sup(f — Z)i
xXeQ

12
x) sup(6 — 2)3

xeQ
x)
V /x

2

<e& dx

It follows from (2.53) that

sup(f —2)° < C f (0 —2)310,ldx
Q

e 1/2 1/2
< c( f 6 — 2)idx) ( f (9—2)39§dx) (2.55)
< C(f(@ 2) 92dx) ,

sup [ (u? + b, + Iw, ) (0 — 2)}

J

and thus we have

dx (2.56)

2
sz d +sf dx+sf (&)
Q le) V /x
2
+nf(0—2)i9§dx+€(f (ui+|bx|2+|wx|2)dx) .
Q Q

With the substitution of (2.56) into (2.52) and a sufficiently small choice of n, the estimates (2.5) and
(2.26) lead to

T
f (0-2)%+@- 2)”)dx+ f f 60 - 2)S62dxdt
0

d dt+Cf (sup6’4+1)f(9 )M dxdt (2.57)

xeQ

+C fo ( fg (ux+|bx| +|Wx|2)dx) dr.

In order to estimate the third term on the right-hand side of (2.51), using (1.4) and (1.1), we have

b, + 2 Wa (E) vl (2.58)

v 1% 1%

<C+e¢
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Adding (2.58) multiplied by (%)x and (1.3) multiplied by (%)x together, integrating the resultant

equality over Q gives
1 bx2 2
—(fl | x+f|w|dx)+fv ( ) dx+f
2 Q
<C f b, Pluddx + C f bPuldx + C f w,Pdx
2
b, 1 A\ P
+Cf|wx| |ux|dx+Cf|bx|2dx+ f ( ) dx + - f(w_) dx
4 Q vV /x

SC(sup |ux|+1) f (Ibsl” + Iw.*) dx + C sup [b[? f wldx
Q Q Q Q

SRS SRR ]
— v — —

4 Q Vi VvV /x

1
dx + Z L
Then it follows from (2.45), (2.5), and (2.24) that
2
(bx) dx+f (wx)
v/, VvV /x
+C+ c( f (Il + 1w, ) ) ( f b, *dx + 1) f wodx (2.59)
Q

%( Ib;cl2 |Wx|2 ) f
() L)

Q

< [ (5)

1

A

f b + w,l?) dx+fo[(E) +‘(&) ’
o Jall\Vv/, vV /x
2
dxdt+C+C f ' ( f (lbx|2+|wx|2)dx) dt (2.60)
Q

0

C f ( f lbxlzdx+1) f uldxdt.
0 Q Q

Now, adding (2.57) multiplied by C, = C; + 1 with C; defined in (2.51) and (2.60) to (2.51), one
obtains, after choosing & suitably small, that

dx.

2
dx

dx,

and thus )

]dxdt

<eg

f (0-2)%+ (- 2)1+v§+u§+|bx|2+|wx|2)dx
b,\ |’ w
ff( i R 2+ 0P(60-2)%60 ‘(_x) +( x)
v/ vV /x

§C+Cf (sup94 f(u§+|bx|2+|wx|2)dx+ 1)
0 xeQ) Q

: f (v§ +ul+ (0 -2)M + b J* + |wx|2)dxdt.
Q

2
]dxdt
(2.61)
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Combining this with Gronwall’s inequality, (2.31), and (2.34), we have
f (0=2)8 +@=2)} +v2+12 + b + W) dx
Q

N fo ' fg ((u:t)z 02+ PO — 208 + ('%) . (=)

which completes the proof.

2
)dxdt <C,

Lemma 2.7. There exists a positive constant C such that

T
2 2 2 2 2 2
f f (12, + bl + Wl + 17 + by + W) dxdr
0 Q

T
+ f sup (2 + ut + b, + byt + w2 + [w,|*) dr < C.
0 xeQ

Proof. First, it follows from (2.35), (2.45), and (2.54) that

T
f sup (12 + 1l + b, + byt + W, + lw,f*) dr < C.
0

xeQ
Then by observing that
Uxx bxx Wix Uy bx W,
B2 (%) (3
v v v vV Jx v/, v /x
- ’ bx X xVx
+,u v,u(v))”C v+wv’
V2 V2 V2

and using (2.5), (2.62), and (2.63), we obtain:

T
f f (12, + Dbl® + Iwil?) dxdt
0 Q
T 2 2
se [ L)1)
0 Q V X V x v X
T
+ f sup (122 + [b, + [w, ) f V2dxdt
0 Q

xeQ
<C.

2
]dxdt

Next, we rewrite the momentum equation (1.2) as

X 0}( 9)(5 4
u,:(“”) F 220, b b,
v Ix Vv v 3

(2.62)

(2.63)

(2.64)

(2.65)

Communications in Analysis and Mechanics Volume 18, Issue 2, 273-295.



290

The combination of (2.62), (2.50), (2.63), (2.34), and (2.24) gives

T T it \2
f f wldxdt < C f f ((—)‘) +0 + (07 + 696 + |b|2|bx|2) dxdt
0 Jo 0 Jo VvV /x

T
<C+C suszfvidxdt
0 xeQ Q (2.66)
T T 1 2
+C f f 66 - 2)°0*dxdt + C f ( f |bx|2dx) dt
0 Q 0 0
<C.
Moreover, from (2.58), (1.3), (2.5), and (2.62), it follows that
T
f f (I + [w,?) dxdt
0 Q
T T
<C f sup |bl* | wldxdt + f f (Iw.[* + b, [>)dxdt + C .67
0 xeQ Q 0 Q

<C.

Therefore, the collection of (2.63), (2.66), and (2.67) directly gives (2.62), and thus the proof of
Lemma 2.7 is complete. O

Lastly, we are going to establish the higher-order estimates for 6 and thereby deduce the upper bound
of 6.

Lemma 2.8. There exists a positive constant C such that

T
sup f 62dx + f f (67 + 62,) dxdt < C, (2.68)
Q 0 Q

0<t<T

and for all (x,t) € Q x [0, T],

O(x,1) < C. (2.69)

Proof. First, multiplying (2.4) by 6°6, , integrating the resultant equality over Q, and using (2.5) and
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(2.26), we have

2
%( f (989’” ) f (1 + 6°)0 dx
S f (939x)2“x f (9+404)980,uxdx
o\V

‘fw@@w+mﬁ+mﬁ)
N
Q

v

(6°6.)°

dx

< Csup |uyl
x€Q Q

+C f (@ + 6)Puldx + C f ¢ (uj+|bx|4+|wx|4)dx
Q Q

0,

(6°6,) d

1
dx + = f (1 + 4v6>)0?dx
2 Ja

< C(sup lu|* + 1)
Q

xeQ

1
= f (1 + 4v6)67dx
2 Ja

+ Csup (1 + 0 + 0% +ul + b + wal“) f(ui + b7+ whdx,
Q

xeQ

where we have used the following fact:
Gﬁex
JornlBe) = 5
%
d

_1( @@2)_1 W@%
2

2

due to integration by parts. It follows from (2.27), (2.26), and (2.53) that:

2+23 5+5
sup (67 + )

<Csup((0-27% +(©-237)+C
xeQ

<cf(9 2)1* )0, |dx+Cf(0 2)410,ldx + C

< Csupg'*# P10, ]dx + Csup 6 f 0 —2)22P10,)dx + C
(60>2)

xeQ (6>2) x€Q

p(92+2'8+6'5+'8)+C(1+ = 2)d)f( dx+C
xeQ (6>2)

6°6,)*
sup (6% + 6°F) +cf( ) dx + C,
xeQ Q Vv

I\JI_‘ l\)l'—‘

(2.70)

(2.71)
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and together with (2.35) and (2.70) leads to

2
( f (&6, dx) + f (1 + 4v6*)0*dx
o Vv ! Q

6°6,)?
SC(supqu|2+ 1)f( ) dx + Csup (1 +uf+ [byf* + [w,f*).
Q

xXeQ % x€Q

(2.72)

Thus, by virtue of Gronwall’s inequality, (2.72), and (2.62), we obtain

T
sup fQ (6°6.) dx+ fo fg ¢ Pdxdr < C, (2.73)

0<t<T

which combined with (2.71) implies that (2.69). In addition, as a direct result of (2.26) and (2.73), we

have ,
sup f 6%dx + f f 67dxdt < C. (2.74)
0<t<T JQ 0 Q

Lastly, from (2.4), it follows that

0°0,.  po'6; . P0.v, i+ b+ |w,[
v v V2 v
N (30 + 4v8*)u,
3v

which together with (2.5), (2.26), (2.69), (2.74), and (2.35) gives

T T
f f 62 dxdt < C f f (6 + 622 + ut + 2 + bt + wol* + 67) dxdt
0 Q 0 Q
T

<C+C f sup (93 +u> + b > + Ilez)dt
0

xeQ

T 1 T
<C+C f f 0*dxdt + — f f 6% dxdt.
0 Q 2 0 Q

Combining this with (2.74) yields (2.68) and completes the proof of Lemma 2.8. O
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