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Abstract: This paper considers the application of the orthogonality sampling method (OSM) with
single and multiple sources for a fast identification of small objects in the limited-aperture inverse
scattering problem. First, we apply the OSM with a single source and demonstrate that the indicator
function of the OSM with a single source can be expressed by the Bessel function of order zero of the
first kind, an infinite series of Bessel functions of nonzero integer order of the first kind, the range of
the signal receiver, and the emitter location. We then explain that the objects can be identified using
the OSM with a single source; however, the identification is strongly influenced by the location of the
source and the applied frequency. To realize effective improvement, we consider the OSM with multiple
sources. Based on the identified structure of the OSM with a single source, we propose an indicator
function for the OSM with multiple sources and demonstrate that it can be expressed by the square
of the Bessel function of order zero of the first kind and an infinite series of the square of the Bessel
function of nonzero integer order of the first kind. This result shows that the locations of objects can be
uniquely identified using the designed OSM. Simulation results with experimental data provided by the
Institute Fresnel demonstrate the advantages and disadvantages of the OSM with a single source and
how the proposed OSM with multiple sources behaves.
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1. Introduction

The development of an effective and stable technique to retrieve unknown objects from a measured
scattered field or scattering parameter data is an old but interesting research subject because it is strongly
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related to modern human life, e.g., biomedical imaging [1, 2], including breast cancer detection [3,4],
through-wall imaging for defect recognition [5,6], damage detection in concrete structures [7,8], land
mine detection [9, 10], synthetic-aperture radar imaging [11–13], ground penetrating radar [14, 15], and
artificial intelligence techniques [16–19]. Note that most related algorithms are based on Newton-type
iteration schemes; thus, a good initial guess that is sufficiently close to the unknown objects must be
generated and applied at the beginning of the iteration process. We refer to [20,21] for related discussions.

Rather than iterative-based algorithms, alternative non-iterative techniques have been investigated
to retrieve unknown objects. Different studies on the bifocusing method [22–24], the direct sampling
method [25–27], the factorization method [28–30], MUltiple SIgnal Classification (MUSIC) [31–33],
Kirchhoff and subspace migration techniques [34–36], and topological derivatives [37–39] have shown
that, although complete information of the objects, e.g., material properties, cannot be retrieved, these
are very effective techniques to identify the existence, location, and outline shape of objects.

The orthogonality sampling method (OSM) is a non-iterative imaging technique for both the inverse
scattering problem and microwave imaging. Since its initial proposal by Potthast [40], the OSM
has been applied to various inverse scattering problems, for example, imaging of unknown objects
with multi-frequency OSM [41], detection of crack-like objects in limited-aperture inverse acoustic
problems [42], and retrieval of three-dimensional arbitrary shaped objects [43]. Throughout these
studies, it is confirmed that the OSM is a very fast, stable, and effective imaging technique in various
inverse scattering problems. However, most of these studies performed numerical simulations to
demonstrate the effectiveness of the OSM on synthetic data. In other studies [44, 45], the OSM was
applied to real-world inverse scattering problems using an experimental database produced by the
Institute Fresnel, France [46, 47]. The OSM has demonstrated both applicability and robustness for the
retrieval of a set of small objects from experimental data. However, an appropriate mathematical theory
that explains certain phenomena such as 1O why the imaging performance significantly depends on the
source location, 2O why the use of low and high frequencies is inappropriate for retrieving multiple
objects, and 3O why the locations of the objects can be uniquely identified using multiple sources as
well as an alternative technique to improve imaging performance has not yet been established.

In this paper, we consider the application of the OSM to identify a set of objects from experimental
data. First, we introduce the traditional indicator function for the OSM with a single source and reveal
its mathematical structure by establishing a relationship with the Bessel function of order zero of the
first kind, an infinite series of Bessel functions of nonzero integer order of the first kind, the range of the
signal receiver, and the emitter location. Based on this structure, we explain some intrinsic properties of
the OSM and provide theoretical answers to the above mentioned unexplained phenomena. Then, we
present the results of a simulation performed on experimental data to demonstrate the theoretical result
and fundamental limitation of object detection.

We then consider the OSM with multiple sources to improve the imaging performance for proper
detection of objects. Here, instead of the traditional indicator function with multiple sources introduced
in a previous study [40], we propose a new indicator function of the OSM. To demonstrate the applica-
bility, effectiveness, and improvement of the proposed indicator function and its unique determination of
small objects, we show that it can be expressed by the square of the Bessel function of order zero of the
first kind and an infinite series of the square of the Bessel function of nonzero integer order of the first
kind. We then present simulation results to support the established structure and the discovered certain
properties of the proposed indicator function, and we compare the imaging and detection performance.
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The remainder of this paper is organized as follows: In Section 2, we briefly survey the direct
scattering problem in the presence of a set of small objects, and we introduce the traditional indicator
function of the OSM. In Section 3, the mathematical structure of the indicator function with a single
source is investigated by establishing a relationship with an infinite series of Bessel functions, a range
of receivers, and the emitter location. Then, in Section 4, simulation results obtained on the synthetic
data and Fresnel experimental database are presented to confirm the theoretical result and examine
the influence of the emitter location and the frequencies at operation. In Section 5, we introduce
the traditional indicator function and propose another indicator function with multiple sources. We
also establish the mathematical structure and discuss some of the intrinsic properties of the proposed
indicator function. In Section 6, we present relevant simulation results with synthetic and Fresnel
experimental database. Finally, the paper is concluded in Section 7, including a summary of potential
future research perspectives.

2. Direct scattering problem and orthogonality sampling method

Let Ω be a two-dimensional homogeneous region, let Ds ⊂ Ω, s = 1, 2, . . . , S be a two-dimensional
small object with smooth boundary ∂Ds, and let D be the collection of Ds. In this paper, we assume
that all Ds are well-separated and Ω is a subset of the interior of an anechoic chamber such that the
background conductivity, permeability, and permittivity values are set to σ0 ≈ 0, µ0 = 4π × 10−7 H/m,
and ε0 = 8.854 × 10−12 F/m, respectively. Refer to the literature for additional details [48]. Here,
each Ds and Ω is characterized by the dielectric permittivity value at the given angular frequency
ω = 2π f . Let εs and ε0 be the permittivity values of Ds and Ω, respectively, and let kb = ω

√
ε0µ0 be

the background wavenumber and λ > 0 denote the wavelength. Given the above, we introduce the
following piecewise constant:

ε(r) =

{
εs for r ∈ Ds,

ε0 for r ∈ Ω\D.

We denote am and bm,n as the location of the mth emitter Am, m = 1, 2, . . . ,M and corresponding
nth receiver Bm,n, n = 1, 2, . . . ,N, respectively. Following the literature [46], all am and bm,n are located
outside Ω and can be expressed as follows:

am = |am|(cosϑm, sinϑm) = |am|ϑm with |am| ≡ |a| = 0.72 m, ϑm =
2(m − 1)π

M

and

bm,n = |bm,n|(cos θm,n, sin θm,n) = |bm,n|θm,n with |bm,n| ≡ |b| = 0.76 m, θm,n = ϑm +
π

3
+

4(n − 1)π
3(N − 1)

,

respectively. Here, ϑm ∈ S
1 and θm,n ∈ S

1
m, where S1 denotes the unit circle centered at the origin, and

S1
m =

{
(cos θ, sin θ) : ϑm +

π

3
≤ θ ≤ ϑm +

5π
3

}
⊂ S1.

For an illustration, refer to Figure 1. Accordingly, the incident field generated by a fixed-point source
Am is given by

uinc(r, am) = G(r, am) = −
i
4

H(1)
0 (kb|r − am|), r ∈ Ω,
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where H(1)
0 denotes the Hankel function of order zero of the first kind. We denote by u(·, r) the

time-harmonic total field in the presence of D, which satisfies

4u(·, r) + ω2µ0ε(r)u(·, r) = 0 for r ∈ Ω

with the transmission condition u(·, r)
∣∣∣
−
− u(·, r)

∣∣∣
+

= 0 on ∂Ds, s = 1, 2, . . . , S . Here, the time harmonic
e−iωt is assumed.

Let uscat(bm,n, am) denote the scattered field measured at Bm,n due to the incident field uinc(r, am).
Then, uscat can be represented as a single-layer potential involving an unknown density function ϕ [49]:

uscat(bm,n, am) = u(bm,n, r) − uinc(r, am) =

∫
D

G(bm,n, r)ϕ(r, am)dr.

Note that the closed form of the density function ϕ(r, am) is unknown; thus, it is inappropriate to employ
uscat(bm,n, am) directly to design the indicator function of the OSM. Due to this reason, we use the
following integral equation formula [50], which is the key formula to design and analyze the structure
of the indicator function.

π

3
4π
3

ϑm

Am

Bm,1

Bm,N

Am′

Bm′,1

Bm′,N

emitter
receiver

Figure 1. Receiver arrangements corresponding to the emitter location.

Remark 2.1 (Born approximation and integral equation formula). Let diam(Ds) denote the diameter of
Ds. If the following condition holds for all s = 1, 2, . . . , S ,(√

εs

ε0
− 1

)
diam(Ds) <

λ

2
, (2.1)

then the application of the Born approximation is valid [51]. Then, uscat can be represented as follows:

uscat(bm,n, am) = k2
b

∫
D

(
ε(r) − ε0

ε0µ0

)
G(bm,n, r)uinc(r, am)dr

= k2
b

∫
D

(
ε(r) − ε0

ε0µ0

)
G(bm,n, r)G(r, am)dr.

(2.2)
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Note that if the object is extended, the condition (2.1) is not valid. In this case, peaks of large magnitude
appear on the well-illuminated part of the object boundary in the imaging results. We refer to [52] for a
detailed discussion and Example 6.1 for a related simulation result.

Remark 2.2 (Conditions of the wavenumber). Since we assume that all Ds are well-separated, that is,
there exists a positive constant d such that for all s, s′ = 1, 2, . . . , S ,

diameter of Ds

2
� d and

2.4048
k

< d ≤ |rs − rs′ |, s , s′.

Here, 2.4048 is the first zero of the Bessel function of order zero of the first kind, J0. Furthermore, if
M,N > 4kR, good imaging results can be obtained, where R denotes the radius of the circular imaging
region (see [53]). Recently, it has been examined that if the antennas are uniformly distributed on a
circle and their number is even and greater than eight, good imaging results can be achieved (see [54]).

Based on Remarks 2.1 and 2.2, one can determine the applicable frequency range when a priori
information about the objects is available and verify that employing extremely low or high frequencies
does not necessarily lead to good imaging results.

3. Indicator function with a single source: design, analysis, and some properties

In this section, we consider the design of an indicator function with a single source. To this end, let
E(am) be the following arrangement of measurement data:

E(am) =
(
uscat(bm,1, am), uscat(bm,2, am), . . . , uscat(bm,N , am)

)
. (3.1)

Since, by applying the mean-value theorem to (2.2), it is seen that there exists rs ∈ Ds, s = 1, 2, . . . , S
such that

uscat(bm,n, am) =

S∑
s=1

k2
b area(Ds)

(
εs − ε0

ε0µ0

)
G(bm,n, rs)G(rs, am),

we can thus examine that

E(am) =

S∑
s=1

k2
b area(Ds)

(
εs − ε0

ε0µ0

)
G(rs, am)

(
G(bm,1, rs),G(bm,2, rs), . . . ,G(bm,N , rs)

)
.

With this, we design the indicator function of the OSM to test the orthogonality relation between
uscat(bm,n, am) and G(bm,n, ·). To this end, we introduce the following test vector: for each r′ ∈ Ω,

G(r′) =
(
G(bm,1, r′),G(bm,2, r′), . . . ,G(bm,N , r′)

)
, (3.2)

and introduce the corresponding indicator function

FOSM(r′, am) = |E(am) ·G(r′)| =

∣∣∣∣∣∣∣
N∑

n=1

uscat(bm,n, r)G(bm,n, r′)

∣∣∣∣∣∣∣ .
Then, the map of FOSM(r′, am) will contain large magnitude peaks at r′ ∈ Ds; thus, it will be possible to
recognize the existence or outline shape of Ds, s = 1, 2, . . . , S .
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Remark 3.1 (Comparison with direct sampling method). The imaging function of the direct sampling
method is defined as

FDSM(r′, am) =

∣∣∣∣∣∣ E(am)
||E(am)||

·
G(r′)
||G(r′)||

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
N∑

n=1

uscat(bm,n, r)G(bm,n, r′)
||E(am)||||G(r′)||

∣∣∣∣∣∣∣ , (3.3)

where ||E(am)|| = (E(am) ·E(am))1/2. Hence, we can examine that the orthogonality sampling method has
some similarities with the direct sampling method. We refer to [43, 55] for related studies and Example
4.5 for the related simulation result.

To determine the feasibility and some properties of the FOSM(r′, am), we derive the following result.

Theorem 3.1. Let ϑm = (cosϑm, sinϑm), θm,n = (cos θm,n, sin θm,n), θ = (cos θ, sin θ), and r′ − r =

|r′ − r|(cos φ, sin φ). Then, for sufficiently large N and f that satisfy the conditions in Remark 2.2,
FOSM(r′, am) can be represented as follows:

FOSM(r′, am) ≈

∣∣∣∣∣∣ Nkb

8|b|π

∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, am)

[
J0(kb|r′ − r|) +

3
π
E(r′, r, am)

]
dr

∣∣∣∣∣∣ , (3.4)

where Jp denotes the Bessel function of order p and

E(r′, r, am) =

∞∑
p=1

(−i)p

p
Jp(kb|r′ − r|) cos

(
p(ϑm − φ)

)
sin

(
2p
3
π

)
. (3.5)

Proof. Since 4kb|r − bm,n| � 1 for n = 1, 2, · · · ,N and

|bm,n − r| =
√
|bm,n|

2 − 2bm,n · r + |r|2 = |bm,n| − θm,n · r + O
(

1
|bm,n|

)
,

the following asymptotic form holds (see [56, Section 9.2] for instance):

H(1)
0 (kb|bm,n − r|) ≈

√
2

πkb|bm,n − r|
ei(kb |bm,n−r|−(π/4)) ≈

(1 − i)√
kb|bm,n|π

eikb(|bm,n |−θm,n·r). (3.6)

Thus, uscat can be expressed as

uscat(bm,n, am) ≈ −
k2

b(1 + i)eikb |bm,n |

4
√

kb|bm,n|π

∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, am)e−ikbθm,n·rdr,

from which we can evaluate
N∑

n=1

uscat(bm,n, am)G(bm,n, r′)

≈ −

N∑
n=1

k2
b(1 + i)eikb |bm,n |

4
√

kb|bm,n|π

∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, am)e−ikbθm,n·rdr

 (−1 + i)e−ikb |bm,n |

4
√

kb|bm,n|π
eikbθm,n·r′

=
kb

8|b|π

∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, am)

 N∑
n=1

eikbθm,n·(r′−r)

 dr.
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Since the following relation holds uniformly (see [57] for derivation):

1
β − α

∫ β

α

eix cos(θ−φ)dθ = J0(x) +
4

β − α

∞∑
p=1

ip

p
Jp(x) cos

p(β + α − 2φ)
2

sin
p(β − α)

2
, (3.7)

by letting θ · (r′ − r) = |r′ − r| cos(θ − φ) and 4θ = (θm,N − θm,1)/N = 4π/3N, we can derive

N∑
n=1

eikbθm,n·(r′−r) =
N

N4θ

N∑
n=1

eikbθm,n·(r′−r)4θ ≈
3N
4π

∫
S1

m

eikbθ·(r′−r)dθ =
3N
4π

∫ ϑm+5π/6

ϑm+π/6
eikb |r′−r| cos(θ−φ)dθ

≈ N

J0(kb|r′ − r|) +
3
π

∞∑
p=1

(−i)p

p
Jp(kb|r′ − r|) cos

(
p(ϑm − φ)

)
sin

(
2p
3
π

) .
Hence,

N∑
n=1

uscat(bm,n, am)G(bm,n, r′) ≈
Nkb

8|b|π

∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, am)

[
J0(kb|r′ − r|) +

3
π
E(r′, r, am)

]
dr

and (3.4) can be obtained. �

Based on Theorem 3.1, we can examine some properties of the indicator function.

Remark 3.2 (Availability and limitation of object detection). Since J0(0) = 1 and Jp(0) = 0 for
p = 1, 2, . . ., we can examine that J0(kb|r′ − r|) = 1 and E(r′, r, am) = 0 when r′ = r ∈ D. Thus,
FOSM(r′, am) is expected to exhibit peaks of magnitudes Nkb

8|b|π

(
εs−ε0
ε0µ0

)
|G(r′, am)| area(Ds) at the r′ ∈ Ds

sought. This means that the imaging performance of the FOSM(r′, am) will be strongly dependent on the
position of the emitterAm because FOSM(rs, am) ∝ |G(rs, am)|. Moreover, if one applies an extremely
high frequency, then the value of |G(r, am)J0(kb|r′ − r|)| will be negligible because |J0(kb|r′ − r|)| ≤ 1 and

|G(r, am)| =

∣∣∣∣∣∣∣ (1 − i)eikb |bm,n |√
kb|bm,n|π

e−ikbθm,n·rs

∣∣∣∣∣∣∣ −→ 0 as f −→ ∞.

Thus, the effect of J0(kb|r′ − r|) becomes negligible so that it will be unable to distinguish between
unknown objects and several artifacts in the map of FOSM(r′, am). This means that the application of an
extremely high frequency does not guarantee the detection of an unknown object.

Remark 3.3 (Detection of multiple objects). Here, we assume that there exist two objects, D1 and D2,
located at r1 and r2, respectively. Then, the following relation must be satisfied to distinguish the objects
through the map of FOSM(r′, am):

|r1 − r2| >
2.4048

k
. (3.8)

In Section 4, the scattered field data were generated in the presence of two circular dielectric objects
centered at r1 = 0.045 m and r2 = −0.045 m, i.e., |r1 − r2| = 0.09 m. If f = 1 GHz, then 2.4048/k =

0.1147 m because k = 20.9585. As a result, the two objects cannot be distinguished through the map
of FOSM(r′, am) because k does not satisfy the relation (3.8). If f ≥ 2 GHz, then D1 and D2 can be
distinguished because k satisfies the relation (3.8). Thus, the application of a low frequency does not
guarantee the detection of unknown objects using the OSM with a single source.
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Remark 3.4 (Effect of the factor E(r′, r, am)). Owing to (3.5), the factor E(r′, r, am) does not contribute
to the identification of objects because E(r′, r, am) = 0 when r′ = r ∈ D on the basis of the fact that
Jp(0) = 0 for p = 1, 2, . . ., and it disturbs the identification process by generating several artifacts due
to the oscillating property of Jp. To examine the influence of E(r′, r, am), we consider the following
quantity:

D1(x) =

∣∣∣∣∣J0(kb|x|) +
3
π

106∑
p=1

(−i)p

p
Jp(kb|x|) sin

(
2p
3
π

) ∣∣∣∣∣.
This is a one-dimensional version of |J0(kb|r − r′|) + 3

π
E(r′, r, am)| for am = (1, 0), i.e., ϑm = 0 and

r = (0, 0). Since |J0(kb|x|)| ≤ D1(x), and by comparing the oscillatory properties of J0(kb|x|) andD1(x),
we can say that the maps of FOSM(r′, am) will contain several artifacts with large magnitudes, which will
disturb the recognition of the existence of objects. We refer to Figure 2.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

1.2
|J0(kb|x|)|
D1(x)

Figure 2. Plots of |J0(kb|x|)| andD1(x) for −1 ≤ x ≤ 1 and f = 2 GHz.

4. Simulation results with synthetic and Fresnel experimental database

Here, we present simulation results obtained using synthetic and Fresnel experimental database [46].
Here, the emitters and receivers were placed on circles centered at the origin with radii |am| = 0.72 m
and |bm,n| = 0.76 m, respectively, and the imaging region Ω was selected as a square (−0.1 m, 0.1 m) ×
(−0.1 m, 0.1 m) to satisfy the relation 4kb|r − am|, 4kb|r − bm,n| � 1 for m = 1, 2, . . . ,M(= 36) and
n = 1, 2, . . . ,N(= 49). In addition, the range of the receivers was restricted from 60° to 300°, with a
step size of 4θ = 5° based on the location of each emitter (see Figure 1 for an illustration).

For the simulation results with synthetic data, we selected circular objects comprised of three filled
dielectric cylinders Ds, s = 1, 2, 3 with a circular cross section of radius r1 = 0.015 m, r2 = 0.020 m,
and r3 = 0.010 m and permittivity ε1 = 4ε0, ε2 = 5ε0, and ε3 = 5ε0 centered at r1 = (0.000 m, 0.045 m),
r2 = (0.060 m,−0.045 m), and r3 = (−0.060 m,−0.045 m). With this setting, the measurement data
were generated by using the Feldberechnung für Körper mit beliebiger Oberfläche (FEKO).

For the simulation results with Fresnel database, we selected objects comprised of two filled dielectric
cylinders D1 and D2 with a circular cross section of radius 0.015 m and permittivity εs = (3 ± 0.3)ε0
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centered at r1 = (0.045 m, 0.010 m) and r2 = (−0.045 m, 0), respectively*.
With this setting, we generated the imaging results of FOSM(r′, am) with m = 1, 10, and 25. Refer to

Figure 3 for antenna arrangements. On average, all the numerical experiments were completed within
1.38 seconds.

Ω

emitter
receiver

(a) Receiver arrangement forA1

Ω

emitter
receiver

(b) Receiver arrangement forA10

Ω

emitter
receiver

(c) Receiver arrangement forA25

Figure 3. Illustration of the antenna arrangement corresponding to emittersA1,A10, andA25,
as well as the imaging region Ω.

Figure 4. (Example 4.1) Maps of FOSM(r′, a1). White circles describe ∂Ds.

*In the literature [46], r1 = (0.045 m, 0) was given; however, in several previous results [23, 27, 58, 59], the accurate location of D1

appeared to be r1 = (0.045 m, 0.010 m).
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Example 4.1 (Imaging results with synthetic data for a1). Figure 4 shows the maps of FOSM(r′, a1)
with a1 = 0.72 m(cos 0°, sin 0°) at several frequencies. Following the imaging results, it seems be
possible to recognize the existence of three objects, but their exact locations and shapes cannot be
identified when f = 2 GHz. Moreover, it is impossible to recognize the existence of the objects when
f = 1, 3, 4, 6, 8 GHz.

Example 4.2 (Imaging results with synthetic data for a10). Figure 5 shows the maps of FOSM(r′, a10)
with a10 = 0.72 m(cos 90°, sin 90°) at several frequencies. In contrast to the results shown in Figure
4, it is possible to recognize the existence of the three objects when f = 2, 3 GHz, but their accurate
locations and outline shapes cannot be retrieved. Similar to the results shown in Figure 4, it remains
impossible to recognize them when f = 1 GHz and f ≥ 4 GHz.

Figure 5. (Example 4.2) Maps of FOSM(r′, a10). White circles describe ∂Ds.

Example 4.3 (Imaging results with synthetic data for a25). Figure 6 shows the maps of FOSM(r′, a25)
with a25 = 0.72 m(cos 240°, sin 240°) at several frequencies. Similar to the results presented in Figure 4,
the existence of the three objects can be recognized when f = 2 GHz, but their locations and outline
shapes cannot be retrieved. Nonetheless, it is still impossible to recognize the objects when f = 1 GHz
and f ≥ 3 GHz.

Example 4.4 (Imaging results with Fresnel database for a1). Figure 7 shows the maps of FOSM(r′, a1)
with a1 = 0.72 m(cos 0°, sin 0°) at several frequencies. Based on the simulation results, it is impossible
to recognize the objects through the map of FOSM(r′, a1) when f ≤ 2 GHz and f ≥ 6 GHz. Fortunately,
peaks of large magnitudes appear at r1 and r2; thus, we can recognize the existence of the two objects.
However, their outline shape cannot be determined.
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Figure 6. (Example 4.3) Maps of FOSM(r′, a25). White circles describe ∂Ds.

Figure 7. (Example 4.4) Maps of FOSM(r′, a1). White circles describe ∂Ds.

Figure 8 shows the maps of FOSM(r′, a1) at several frequencies when the measured scattered-field
data were contaminated with 15 dB white Gaussian random noise. Compared with the results in
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Figure 7, the imaging results appear very similar, indicating that the OSM with single source is
robust to random noise.

Figure 8. (Example 4.4) Maps of FOSM(r′, a1) with noisy data. White circles describe ∂Ds.

Figure 9. (Example 4.5) Maps of FDSM(r′, a1). White circles describe ∂Ds.
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Example 4.5 (Comparison with direct sampling method). Here, we consider the imaging results obtained
using the direct sampling method. Figure 9 presents the maps of FDSM(r′, a1) defined in (3.3) at several
frequencies. Compared with the imaging results in Figure 7, they appear almost identical, except for
slight differences in the residual artifacts and the values of FOSM(r′, a1) and FDSM(r′, a1).

Example 4.6 (Imaging results with Fresnel database for a10). Figure 10 shows the maps of FOSM(r′, a10)
with a10 = 0.72 m(cos 90°, sin 90°) at several frequencies. In contrast to the results shown in Figure
7, here, it is possible to recognize the existence of the two objects at f = 2 GHz; however, it remains
impossible to recognize them when f = 1 GHz and f ≥ 6 GHz. In addition, it appears to be difficult to
recognize the existence of the objects when f = 4 GHz due to the appearance of two artifacts with large
magnitudes.

Figure 10. (Example 4.6) Maps of FOSM(r′, a10). White circles describe ∂Ds.

Example 4.7 (Imaging results with Fresnel database for a25). Figure 11 shows the maps of FOSM(r′, a25)
with a25 = 0.72 m(cos 240°, sin 240°) at several frequencies. In contrast to the results presented in
Figures 7 and 10, the existence of the two objects can be recognized when f = 2 GHz, and a large-
magnitude peak only appeares when r′ ∈ D1 and when f = 3, 4 GHz. Nonetheless, it is still impossible
to recognize the objects when f = 1 GHz and f ≥ 6 GHz.

According to the simulation results with synthetic and Fresenel experimental database, as well as
Remarks 3.2 and 3.3, we conclude that the imaging performance of the OSM with a single source is
strongly dependent on the operated frequency and the location of the emitter. Thus, designing another
indicator function for the OSM is necessary to improve the imaging performance.
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Figure 11. (Example 4.7) Maps of FOSM(r′, a25). White circles describe ∂Ds.

5. Indicator function with multiple sources: design, analysis, and some properties

Following several previous studies [57, 60, 61], it has been confirmed that the application of multiple
sources and/or frequencies improves the imaging performance. Following the literatures [40,44], we can
examine several simulation results for the improvement of the multi-frequency OSM. Here, we consider
the single-frequency OSM with multiple sources for a proper identification of objects. In addition, in
reference to another study [40], the following indicator function with multiple sources can be used: for
each r′ ∈ Ω,

FOSMM(r′) =

M∑
m=1

FOSM(r′, am).

Although we can obtain a good result using the map of FOSMM(r′), we introduce a new indicator
function to obtain a better result (see [62, 63] also). To this end, we denote F(r′) as the following
arrangement:

F(r′) =
(
Φ(r′, a1),Φ(r′, a2), . . . ,Φ(r′, aN)

)
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=
Nkb

8|b|π



∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, a1)

[
J0(k|r′ − r|) +

3
π
E(r′, r, a1)

]
dr∫

D

(
ε(r) − ε0

ε0µ0

)
G(r, a2)

[
J0(k|r′ − r|) +

3
π
E(r′, r, a2)

]
dr

...∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, am)

[
J0(k|r′ − r|) +

3
π
E(r′, r, am)

]
dr



T

,

where Φ(r′, am) satisfies FOSM(r′, am) = |Φ(r′, am)|. Then, based on the structure of the F(r′), it appears
natural to test the orthogonality relation between Φ(r′, am) and G(·, am). Thus, by introducing a test
vector

H(r′) =
(
G(r′, a1),G(r′, a2), . . . ,G(r′, aM)

)
, r′ ∈ Ω,

the following indicator function with multiple sources can be introduced:

FMOSM(r′) = |F(r′) ·H(r′)| =

∣∣∣∣∣∣∣
M∑

m=1

Φ(r′, am)G(r′, am)

∣∣∣∣∣∣∣ .
Then, the map of FMOSM(r′) will contain large-magnitude peaks at r′ ∈ Ds; thus, it will be possible to
recognize the existence or outline shape of Ds, s = 1, 2, . . . , S . Here, to discover the feasibility and
some properties of the FMOSM(r′), we derive the following.

Theorem 5.1. Let ϑ = (cosϑ, sinϑ), ϑm = (cosϑm, sinϑm), and r′ − r = |r′ − r|(cos φ, sin φ). Then, for
sufficiently large M, N, and f that satisfy the conditions in Remark 2.2, FMOSM(r′) can be represented
as follows:

FMOSM(r′) ≈
∣∣∣∣∣∣ MN
4|a||b|π2

∫
D

(
ε(r) − ε0

ε0µ0

) (
J0(kb|r′ − r|)2 +

3
π
M(r′, r)

)
dr

∣∣∣∣∣∣ , (5.1)

where

M(r′, r) =

∞∑
p=1

ip

p
Jp(kb|r′ − r|)2 sin

(
2p
3
π

)
.

Proof. Following (3.4), we obtain the following:

M∑
m=1

Φ(r′, am)G(r′, am)

≈

M∑
m=1

[
Nkb

8|b|π

∫
D

(
ε(r) − ε0

ε0µ0

)
G(r, am)

(
J0(kb|r′ − r|) +

3
π
E(r′, r, am)

)
dr

]
G(r′, am)

=
Nkb

8|b|π

∫
D

(
ε(r) − ε0

ε0µ0

) M∑
m=1

[
G(r, am)G(r′, am)

(
J0(kb|r′ − r|) +

3
π
E(r′, r, am)

)]
dr.

Communications in Analysis and Mechanics Volume 18, Issue 1, 142–171.



157

Since M is sufficiently large, by letting 4ϑ = (ϑM − ϑ1)/M = 2π/M and applying (3.6) and (3.7), it
yields

M∑
m=1

G(r, am)G(r′, am) =
M

M4ϑ

M∑
m=1

2
kb|am|π

eikbϑm·(r′−r)4ϑ

≈
2M

kb|a|π(2π)

∫
S1

eikbϑ·(r′−r)dϑ

=
2M

kb|a|π

(
1

2π

∫ 2π

0
eikb |r′−r| cos(ϑ−φ)dϑ

)
≈

2M
kb|a|π

J0(kb|r′ − r|)

(5.2)

and
M∑

m=1

G(r, am)G(am, r) cos
(
p(ϑm − φ)

)
≈

2M
kb|a|π(2π)

∫ 2π

0
cos

(
p(ϑ − φ)

)
eikb |r′−r| cos(ϑ−φ)dϑ

≈
M

kb|a|π2

∫ 2π

0
cos

(
p(ϑ − φ)

)(
J0(kb|r′ − r|) + 2

∞∑
q=1

iqJq(kb|r′ − r|) cos
(
q(ϑ − φ)

))
dϑ

=
2Mip

kb|a|π
Jp(kb|r′ − r|).

(5.3)

In addition, based on (5.2) and (5.3), we can examine that

M∑
m=1

G(r, am)G(am, r)
[
J0(kb|r′ − r|) +

3
π
E(r′, r, am)

]

≈
2M

kb|a|π

J0(kb|r′ − r|)2 +
3
π

∞∑
p=1

ip

p
Jp(kb|r′ − r|)2 sin

(
2p
3
π

)
and immediately derive (5.1). �

According to Theorem 5.1, we can examine some properties of the indicator function FMOSM(r′).
Remark 5.1 (Availability of object detection). Similar to Remark 3.2, the resulting plot of the indicator
function FMOSM(r′) is expected to exhibit peaks of magnitudes 2

3|a||b|

(
εs−ε0
ε0µ0

)
area(Ds) at the r′ = r ∈ Ds

sought. Note that opposite to the single source case, the imaging performance is independent of the
emitters’ and receivers’ locations; thus, it will be possible to recognize the existence or outline shape of
the objects through the map of FMOSM(r′).
Remark 5.2 (Effect of the factorM(r′, r)). Similar to the OSM with a single source, the factorM(r′, r)
of (5.1) will generate some artifacts. Moreover, it does not contribute to the identification of objects;
however, it fortunately does not disturb object detection. To examine the influence of theM(r′, r), we
consider the following quantity:

D2(x) =

∣∣∣∣∣∣∣∣J0(kb|x|)2 +
3
π

106∑
p=1

ip

p
Jp(kb|x|)2 sin

(
2p
3
π

)∣∣∣∣∣∣∣∣ .
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Note that this is a one-dimensional version of |J0(kb|r′ − r|)2 + 3
π
M(r′, r)| for r = (0, 0). In contrast

to Remark 3.4, we can say that althoughM(r′, r) generates some artifacts, it successfully cancels out
certain artifacts generated by the factor J0(kb|r′−r|)2. Therefore, we can conclude that the factorM(r′, r)
contributes to making the background cleaner and, correspondingly, improving the reconstruction. Refer
to Figure 12.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
J0(kb|x|)2

D2(x)

Figure 12. Plots of J0(kb|x|)2 andD2(x) for −1 ≤ x ≤ 1 and f = 2 GHz.

Remark 5.3 (Comparing imaging performance with a single source OSM). Here, we compare the
imaging performance of the OSM with single and multiple sources. By referring to the 1D plots of
FOSM(r′, a1) and FMOSM(r′) for r′ = (x, 0) with −1 ≤ x ≤ 1 in Figure 13, we conclude that the FMOSM(r′)
yields better quality images due to less oscillation than FOSM(r′, am). A more detailed description is
given as follows: Since E(r′, r, am) andM(r′, r) are uniformly convergent, for each ε > 0, there exists a
natural number P = P(ε) such that∣∣∣∣∣∣∣E(r′, r, am) −

P∑
p=1

(−i)p

p
Jp(kb|r′ − r|) cos

(
p(ϑm − φ)

)
sin

(
2p
3
π

)∣∣∣∣∣∣∣ < ε
and ∣∣∣∣∣∣∣M(r′, r) −

P∑
p=1

ip

p
Jp(kb|r′ − r|)2 sin

(
2p
3
π

)∣∣∣∣∣∣∣ < ε.
Suppose that r′ is not close to r such that kb|r′ − r| � 1/4. Then, since the following asymptotic

form holds:

Jp(kb|r′ − r|) ≈
√

2
kbπ|r′ − r|

cos
(
kb|r′ − r| −

pπ
2
−
π

4
+ O

(
1

kb|r′ − r|

))
,

applying the Euler–Maclaurin formula yields

|E(r′, r, am)| ≤

∣∣∣∣∣∣∣
P∑

p=1

(−i)p

p

√
2

kbπ|r′ − r|
cos

(
kb|r′ − r| −

pπ
2
−
π

4
+ O

(
1

kb|r′ − r|

))
sin

(
2p
3
π

)∣∣∣∣∣∣∣
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≤

√
3

2kbπ|r′ − r|

P∑
p=1

1
p

=

√
3

2kbπ|r′ − r|

(
ln P + γ +

1
2P
− cp

)

≤

√
3

2kbπ|r′ − r|

(
ln P + γ +

1
2P

)

and

|M(r′, r)| ≈

∣∣∣∣∣∣∣
P∑

p=1

ip

p
2

kbπ|r′ − r|
cos2

(
kb|r′ − r| −

pπ
2
−
π

4
+ O

(
1

kb|r′ − r|

))
sin

(
2p
3
π

)∣∣∣∣∣∣∣
≤

√
3

kbπ|r′ − r|

P∑
p=1

1
p
≤

√
3

kb|r′ − r|

(
ln P + γ +

1
2P

)
,

where cp satisfies 0 ≤ cp ≤ (8p2)−1 and γ = 0.577215665 . . . denotes the Euler–Mascheroni constant.
Therefore, since (kb|r′ − r|)−1 � O(1), we can say that the values of E(r′, r, am) and M(r′, r) are
negligible if the search point is far away from the object.

Now, assume that r′ is close to r such that 0 < kb|r′ − r| �
√

P + 1. In this case, based on the
asymptotic form of the Bessel function

Jp(kb|r′ − r|) ≈
1

Γ(p + 1)

(
kb|r′ − r|

2

)p

,

we can examine that

|E(r′, r, am)| ≈

∣∣∣∣∣∣∣
P∑

p=1

(−i)p

pΓ(p + 1)

(
kb|r′ − r|

2

)p

cos
(
p(ϑm − φ)

)
sin

(
2p
3
π

)∣∣∣∣∣∣∣ ≤
P∑

p=1

(kb|r′ − r|)p

p2pΓ(p + 1)
:=

P∑
p=1

ap

and

|M(r′, r)| ≈

∣∣∣∣∣∣∣
P∑

p=1

ip

pΓ(p + 1)2

(
kb|r′ − r|

2

)2p

cos
(
p(ϑm − φ)

)
sin

(
2p
3
π

)∣∣∣∣∣∣∣ ≤
P∑

p=1

(kb|r′ − r|)2p

p22pΓ(p + 1)2 :=
P∑

p=1

bp,

where Γ(p) = (p − 1)! denotes the Gamma function. Since

lim
p→∞

bp

ap
= lim

p→∞

(kb|r′ − r|)p

2pΓ(p + 1)
� lim

p→∞

(
√

P + 1)p

2pΓ(p + 1)
= 0,

it is possible to say that the factorM(r′, r) generates fewer artifacts than E(r′, r, am) becauseM(r′, r)
has a smaller amplitude than E(r′, r, am). We refer to Figures 2 and 12 for the 1D plots of D1(x) and
D2(x), respectively.
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Figure 13. 1D plots of FOSM(r′, a1) and FMOSM(r′) for r = (0, 0) and r′ = (x, 0), −1 ≤ x ≤ 1,
at f = 2 GHz.

Remark 5.4 (Unique identification of the objects). Following Theorem 5.1 and Remarks 5.1 and 5.3,
the value of FMOSM(r′) will reach its local maxima when r′ ∈ D. Hence, small objects can be uniquely
identified through the map of FMOSM(r′).

6. Simulation results with synthetic and Fresnel experimental database

In this section, we exhibit some numerical simulation results with synthetic and Fresnel experimental
database. Note that the simulation configuration is same as that described in Section 4, except the range
of emitters is 0° to 350° with a step size of 10°. To compare the accuracy of the imaging results, we
evaluated the Jaccard index, which measures the similarity between two finite sets A and B. Refer
to [64]. It is defined as

J
[
A, B

]
(%) =

|A ∩ B|
|A ∪ B|

× 100%.

Here, the Jaccard index is calculated by comparing

A =

{
F(r′) if F(r′) ≥ ζ

0 if F(r′) < ζ and B =
|ε(r′) − ε0|

max
r∈Ω
|ε(r′) − ε0|

,

where ζ denotes the threshold such that 0 ≤ ζ ≤ 1 and F(r′) is either FOSMM(r′) or FMOSM(r′). In this
case, performing all the numerical experiments took approximately 4.35 seconds, which is about three
times longer than in the single source case.

Example 6.1 (Imaging results with synthetic data). Figure 14 shows the maps of FOSMM(r′), FMOSM(r′),
and the Jaccard index at f = 1, 2 GHz. Although the existence of D2 can be recognized, it is impossible
to identify D1 and D3 through the maps of FOSMM(r′) and FMOSM(r′) at f = 1 GHz. Fortunately, in
contrast to the single source case, the existence and location of the three objects can be retrieved
successfully at f = 2 GHz. Let us notice that, based on the evaluated Jaccard index and appearance
of several artifacts, the imaging performance of FMOSM(r′) is better than that of FOSM(r′). A similar
phenomenon can be examined in the imaging results shown in Figures 15 and 16 at f = 3, 4, 6 GHz.
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Figure 14. (Example 6.1) Maps of FOSMM(r′) (left column) and FMOSM(r′) (middle column),
as well as the Jaccard index versus the threshold (right column) at f = 1, 2 GHz.

Figure 15. (Example 6.1) Maps of FOSMM(r′) (left column) and FMOSM(r′) (middle column),
as well as the Jaccard index versus the threshold (right column) at f = 3, 4 GHz.
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In contrast to the previous results, it is possible to recognize the existence of three objects, but
peaks of large magnitudes have appeared along the boundaries of the objects. Refer to Remark 2.1.
Thus, similar to Remark 3.2, applying an extremely high frequency seems inappropriate to retrieve
unknown objects.

Figure 16. (Example 6.1) Maps of FOSMM(r′) (left column) and FMOSM(r′) (middle column),
as well as the Jaccard index versus the threshold (right column) at f = 6, 8 GHz.

Example 6.2 (Imaging results with Fresnel database). Figure 17 shows the maps ofFOSMM(r′), FMOSM(r′),
and the Jaccard index at f = 1, 2 GHz. As with the imaging result with the single source, it is impossible
to recognize two objects through the maps of FOSMM(r′) and FMOSM(r′) at f = 1 GHz. Fortunately, in
contrast to the single source case, the location and outline shape of the two objects can be retrieved
successfully at f = 2 GHz. Although the imaging quality of FOSMM(r′) and FMOSM(r′) appears to be
similar, based on the evaluated Jaccard index, the imaging performance of FMOSM(r′) is slightly better
than that of FOSM(r′). Note that a similar phenomenon can be observed in the imaging results shown in
Figure 18 at f = 3, 4 GHz.

Opposite to the imaging results with a single source, it is possible to recognize the existence of
two objects at f = 6, 8 GHz (refer to Figure 19). However, the imaging quality appears to be poorer
than that shown in Figure 18, as peaks of large magnitudes have appeared along the boundaries of the
objects. Refer to Remark 2.1. Thus, similar to Remark 3.2, applying an extremely high frequency seems
inappropriate to retrieve unknown objects.

Figure 20 shows the maps of FMOSM(r′) at several frequencies when the measured scattered-field
data were contaminated with 15 dB white Gaussian random noise. Similar to the imaging with a single
source, a comparison of the results in Figures 17, 18, and 19 shows that the imaging results are very
similar, indicating that the OSM with multiple sources is robust to random noise.
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Figure 17. (Example 6.2) Maps of FOSMM(r′) (left column) and FMOSM(r′) (middle column),
as well as the Jaccard index versus the threshold (right column) at f = 1, 2 GHz.

Figure 18. (Example 6.2) Maps of FOSMM(r′) (left column) and FMOSM(r′) (middle column),
as well as the Jaccard index versus the threshold (right column) at f = 3, 4 GHz.
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Figure 19. (Example 6.2) Maps of FOSMM(r′) (left column) and FMOSM(r′) (middle column),
as well as the Jaccard index versus the threshold (right column) at f = 6, 8 GHz.

Figure 20. (Example 6.2) Maps of FMOSM(r′) with noisy data.
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Figure 21. (Example 6.3) Maps of FOSMP(r′, ρ) with ρ = 2 (left column), ρ = 3 (middle
columm), and ρ = 5 (right column) at f = 2, 4, 8 GHz.

Example 6.3 (Imaging results with multiple sources: further result). For the final example, we consider
the following indicator function with multiple sources, incorporating the power of ρ (see [62]): for each
r′ ∈ Ω,

FOSMP(r′, ρ) =
(
FMOSM(r′)

)ρ
=

∣∣∣∣∣∣∣
M∑

m=1

Φ(r′, am)G(r′, am)

∣∣∣∣∣∣∣
ρ

.

Then, based on Theorem 5.1, we immediately observe that

FOSMP(r′, ρ) =

∣∣∣∣∣∣ MN
4|a||b|π2

∫
D

(
ε(r) − ε0

ε0µ0

) (
J0(kb|r′ − r|)2 +

3
π
M(r′, r)

)
dr

∣∣∣∣∣∣ρ ,
whereM(r′, r) is defined in (5.1). Notice that, referring Remark 5.2, we have∣∣∣∣∣J0(kb|r′ − r|)2 +

3
π
M(r′, r)

∣∣∣∣∣ρ =

 1 if r′ ∈ D,

aρ if r′ ∈ Ω\D,
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where a ∈ R satisfies 0 < a < 1. Since aρ −→ 0 as ρ −→ +∞, we expect that several artifacts in the
map of FOSMP(r′, ρ) can be mitigated when ρ is sufficiently large.

Figure 21 shows the maps of FOSMP(r′, ρ) with various ρ and frequencies of operation. By comparing
the results in Figures 17 18, and 19, it is very easy to recognize the existence and outline shapes of the
objects because several artifacts were mitigated when ρ = 3, 5.

Remark 6.1. Let us emphasize that the objects D1 and D2 are almost identical. Thus, several artifacts can
be successfully eliminated for sufficiently large ρ. However, if the material property (size, permittivity,
or conductivity) of an object (say D1) is smaller than another one (say D2), the value of FOSMP(r′, ρ) on
D1 becomes extremely smaller than the one on D2 so that it will be very hard to identify the existence
and location of D1.

7. Conclusion

This paper has considered the application of the OSM with a single source to identify the existence
and outline shape of small dielectric objects from real-world experimental data. Thanks to the asymptotic
expansion formula for the scattered field data in the presence of small objects, we derived an accurate
relationship between the indicator function and an infinite series of the Bessel function of the first kind.
Based on this derived relationship, we investigated various properties of the indicator function, including
its applicability and limitations. In addition, we have verified the theoretical results with experimental
data at various frequencies.

To improve the imaging performance of the OSM, we collected scattered field data with multiple
sources and proposed a new indicator function. Through careful analysis, we have demonstrated that
the imaging performance of the proposed indicator function is independent of the emitter location and
outperforms the traditional OSM with single and multiple sources. We have demonstrated, as confirmed
in Remarks 2.1 and 2.2, that it is possible to identify small objects uniquely if the applied frequency is
not extremely low or high. However, as demonstrated in Example 6.3, increasing the power ρ reduces
unexpected artifacts, but it becomes difficult to image small-size/low-dielectric-constant objects.

In this study, we considered the application of the OSM using transverse magnetic polarized waves
included in the 2D Fresnel experimental dataset. Application and analysis of the OSM using transverse
electric polarized waves will be the forthcoming work. Furthermore, an extension to the 3D Fresnel
experimental database [47, 65] will be an interesting and remarkable research topic. It should be noted
that good imaging results can be obtained using the designed MOSM. Therefore, it is expected that
this can be further applied to identify unknown objects from sparse data in future studies. Finally, this
study concerned the application of the OSM in the frequency-domain inverse scattering problem. Based
on recent studies [66, 67], we believe that the approach considered in this study can be adapted to the
time-domain sampling method, and this will also be an interesting topic for future research.
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