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1. Introduction

In this paper, we investigate the stability and instability of standing waves to the following
Schrodinger-Choquard equation with mixed fractional Laplacians

{ 104 — (=AM = a(=D)"y + (I * [l 2y = 0, (1, x) € R* X RY,

(0, x) = Yo(x) € H'(RY), xeRV, (1.1)

where  : R x R¥Y — C is a complex valued function, N > 2s;,a = 1,0 < s, < s; < 1 and

l+5<p< NN_ E‘;l , I, : R¥N — R is the Riesz potential defined by

r(5)

[(§)ms 203N

Io(x) =

a € (0, N), I' denotes the Gamma function. The fractional Laplacian (—A)* is defined by 7 ((—A)’u)(¢) =
I€13*F (u)(&) for & € RN, where F represents the Fourier transform.

In the case a = 0, equation (1.1) simplifies to the standard Schrodinger-Choquard equation. It
describes various physical phenomena, such as Hartree-Fock theory, nonrelativistic quantum theory,
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and the space-fractional quantum mechanics, see [1-4] for a more comprehensive introduction. In the
case a # 0, equation (1.1) naturally arises in the description of the diffusion of biological populations
within an ecological niche. In ecology, the biological population density ultimately satisfies an equation
involving mixed fractional Laplacians, see [5] for more related physical backgrounds. Recently, there
has been increasing attention in extending the results established for the classical fractional Schrodinger
equation to the mixed fractional Schrodinger equation, see [6—8]. Furthermore, there also has been
increasing attention in extending the methods developed for Schrédinger equation to other dispersive
wave equations, see [9, 10].

The fractional Schrodinger-Choquard equations have been widely studied during the past few
decades, see [11-14]. Equation (1.1) enjoys a class of special solutions known as standing waves,
namely solutions of the form ¥(z, x) = e*“’u(x), where w € R represents the frequency, and u € H*'(R")
is a non-trivial solution to the following elliptic equation:

(=A)"'u + (=A)2u + wu — (I, * |ul”)u”u = 0. (1.2)

When studying the elliptic equation (1.2), there are two distinct approaches with respect to the
frequency w. The first approach is to fix the frequency w € R, in which case solutions to equation (1.1)
can be obtained by searching critical points of the action functional S ,(x) on H*'(R"), where

1 s 1 s w 1
So(u) = EII(—A)%ulliZ + EII(—A)%ulliz + Ellulliz "2, LN Lo * lul”)luldx. (1.3)

In this case, particular attention should be given to least action solutions.
On the other hand, ones can study solutions of equation (1.2) having prescribed L>-norm. Namely,
for every ¢ > 0, solutions satisfy the constraint

Si(e) = {ue LPRY) : |lull}, = c). (1.4)

Physically, solutions obtained in this manner are referred as normalized solutions, which formally can
be obtained by searching for the critical points of the energy functional E(u) restricted on S (c), where

1 51 1 5 1
E(u) = EII(—A)Tulliz + EII(—A)TulliZ "3 fRN (Lo * lul)luldx. (1.5)

In this case, the frequency w € R can no longer be imposed arbitrarily but instead appears as a Lagrange
multiplier associated with the constraint S ;(c). Moreover, this approach proves to be significant even
from the purely mathematical aspect, as it provides deeper insights into the properties of the stationary
solutions for (1.1), such as their stability and instability, which was already obvious in the seminal
works of T. Cazenave and P.-L. Lions in [15].

Definition 1.1. (Ground state) A function u,, € A, is called a ground state for (1.2) if it is a minimizer
of S ,(u) over the set of ‘A, where A, denote the set of non-trivial solutions of (1.2). The set of ground
state is dedoted by G,,. In particular

Go =y € Ay, Su(uy) <S,(v), foranyve A}

For the evolutional equation (1.1), one of the key problems is to investigate the stability of standing
waves, which is defined as follows.
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Definition 1.2. The set M is said to be orbitally stable, if any € > 0, there exists 6 > 0 such that for any
initial data  satisfying

inf |lo — ullgs <6,

ueM

the corresponding solutions y(t) of (1.1) satisfy that
inf [l4(1) = ullg <e.

Remark 1.3. In view of Definition 1.2, to investigate the orbital stability of standing waves, it is
important to show that the solutions of equation (1.1) exist globally, at least for the initial data v
sufficiently close to the set M.

For equation (1.1), Bahri et al. in [7] investigated the half-wave-Schrodinger equation related to
(1.1) with s; = % and s, = 1. When 1+ § < p < A],\i ;‘;l Chergui in [8] studied the blow-up solutions for
equation (1.1). However, to the best of our knowledge, there are no any results regarding the stability or
instability of standing waves for equation (1.1). Therefore, the main goal of this paper is to study the
stability and instability of standing waves for equation (1.1).

We firstly consider the existence and stability of standing waves in the L2-subcritical case. When
l+5<p<l+ %, for any ¢ > 0, it follows easily that the energy functional E(u) restricted on S (c)
is bounded from below. Therefore, we can obtain the existence of normalized solutions for equation
(1.1) by studying the following global minimization problem:

vi(c) = inf E(u). (1.6)
uesS 1(c)
Let M denote the set of all minimizers of energy functional E(«) on S (c), defined as
M:={ueS(c): E(u) =y (c)}

Obviously, for any u € M, there exists a Lagrange multiplier w such that (1, w) € H*'(R") X R solves
equation (1.2). Based on this, we establish the existence of standing waves for equation (1.1).
Our first results are as follows:

a+2s

Theorem 1.4. Let N > 251, 0 < 5 < 51 < l. Assume that 1 + § <p <1+ =

(1.2)-(1.4) possesses a ground state u. € S (c) satisfying E(u.) = yi(c).

, then for any ¢ > 0,

By applying the approach developed by T. Cazenave and P.-L. Lions in [15], we can obtain the
orbital stability of standing waves for equation (1.1).

‘”1352, then for any ¢ > 0,

Theorem 1.5. Let N > 2, % <sy<s; <l Assumethat1 + 3 <p<1+

the set M is orbitally stable.

Next, we focus on studying the existence of standing waves for (1.1) in the L-supercritical case
1+ %2“ <p< Iév_—g‘s’l It follows easily that the energy functional E(u) restricted on S ;(c) is unbounded
from below. Therefore, the approach used in Theorem 1.4 cannot be applied to establish the existence of
standing waves for equation (1.1). In this case, the existence is typically proven using the mountain pass

argument developed by Jeanjean in [16], also see [17] and [18]. However, inspired by the work of Feng
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et al. in [19], here we adopt a simpler method to establish the existence of standing waves, which avoids
applying the mountain pass argument. Instead, we consider the following local minimization problem:

Y2(c) = igf( , E(u), (1.7)
where the S,(c¢) is defined as
So(c) :={ueSi(c): Ou) = 0}, (1.8)
and
dE(u,))
0() = —==|1=1
s 2 Np-1)-a
= sill(=) 7 ully, + s2ll(-A) T ull}, — (pr (Lo * |ul?)ulPdx. (1.9)
RN

Here Q(u) = 0 is the Pohozaev identity related to (1.2) and (1.4). Let M, denote the set of all minimizers
of E on S,(c), defined as
M. :={u € Sa(c) : E(u) = y2(c)}.

Our second result is as follows:

2s N 2
Theorem 1.6. Let N > 25, 0< s, <51 <1, 1+ 521 <p< N_E‘;. Assume that N(p’_’ﬁ_a > 1, then for

any ¢ > 0, (1.2)-(1.4) possesses a ground state u. € S (c) satisfying E(u.) = y»(c).

Remark 1.7. In the proof of this Theorem, it is essential to notice the following two points: (i) scaling
function g(4) = E(u,) has a unique critical point of maximum on (0, c0); (i7) function y,(c) is strictly
decreasing. The first point guarantees the existence of minimizers, while the second ensures that the
minimizers we find indeed satisfy the constraint S (c).

Finally, we show that the strong instability of standing waves in the L>-supercritical case. To
the best of our knowledge, the usual method for establishing the strong instability of normalized
ground state standing waves of the classical NLS (¢ = 0, s; = 1) is to obtain the key estimate
Q1)) < 2(E(yo) — E(u.)). Subsequently, it follows from the virial identity that

d2
EIIW(I)H@ = 80W(1) < 16(E(Yo) — E(u)) <0,

where the Q(¥(?)) is defined as (1.9). This implies that the corresponding solution (¢) for equation
(1.1) with a = 0, s; = 1 blows up in finite time.
However, for equation (1.1), it follows from Lemma 2.3 that

%Mww(r)] < 40 (1) + Ce(ll(=8) TYDl, + I(=1) T y()I}2) + ox(1),
where € > 0, og(1) — 0 as R — . Since ||(—A)X71¢ﬁ(t)||i2 + ||(—A)S72w(t)||i2 may be unbounded, there
exist some essential difficulties for discussing the strong instability of normalized ground state standing
waves between the classical NLS (a = 0, s; = 1) and the equation (1.1). In this paper, we will propose
some new ideas to overcome these difficulties.

Our final result is as follows:
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Theorem 1.8. Let N > 2, % < $ <8 < landc > 0. For each u. € M., the standing waves
W(t,x) = e“u, of (1.1), where w € R is the Lagrange multiplier, is strongly unstable in the following
sense: for any € > 0, there exists Yo € H* such that ||y — ul|lgs1 < € and the corresponding solution

(1) of (1.1) with initial data Wy blows up in finite time.

Remark 1.9. In Theorem 1.8, we show that the strong instability of normalized ground state standing
waves. Moreover, by applying the similar approach, ones can establish the strong instability of ground
state (least action solutions) standing waves.

This paper is organized as follows. In Section 2, we recall some preliminaries, including the
generalized Gagliardo—Nirenberg inequality, the profile decomposition of bounded sequences in H*(RY)
and other related results. In Section 3, we prove the existence and orbital stability of standing waves in
the L2-subcritical case. In Section 4, we establish the existence of standing waves in the L?-supercritical
case. Finally, in Section 5, we show that the normalized ground state standing waves are strongly
unstable.

Notations: Throughout the paper, we use the following notations. For 0 < s < 1, the fractional Sobolev
space is defined by

H'RY) = {ue L’(RY): f (1 + €7 aE)Pdx < oo,
RN

endowed with the norm

leall s rvy = Muall 2y + el sy

(o) —uP , \*
1SRNy = ——dxd )
e = [, [ MR  dvay

and

2. Preliminaries

In this section, we recall some preliminaries that will be used later in our proof. Firstly, we review
the local well-posedness for the Cauchy problem (1.1), which has been established in [8].
Lemma 2.1. Assume N > 2, % < s <s <1, max(N—-4s,0) <a<Nand2 <p<1+ Icf,t—éssll
Let (qj, 1) := (N;fjé’_a, %),]’ = 1,2. Then for all Y € Hrsjld(RN) there exists Tyay := Thax(|[Wollgs) > 0
and a unique maximal solution ¢ € C([0, T ), H,) d(RN )) to the problem (1.1) which satisfies the

alternative: either T, = 00 01 Tppy, < 0 and lir%l(ll(—A)%lg[/(t)lli2 + ||(—A)S72w(t)||iz) = oo. Furthermore,
t—>T*

forall 0 <t < T, the solution satisfies the mass and energy conservation laws:

IOl = Ioll7.,

and

E@W(1)) = E(o).

In addition, to obtain the strong instability of normalized ground state standing waves related to (1.1),
the following Lemmas are essential.
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Lemma 2.2. [8] Let N > 2, % <sp<s;<landp>1+ 251% Let uy € H‘;C‘ld(RN) be such that
E(uy) # 0and u € CT*(Hf;d(RN)) be the maximal solution of (1.1) with initial datum . If there exist

R >0, ty>0and C > 0 such that
!
Myplu()] < —C f (=) T u(IE + I=A)F us)IP) ds,
To

holds for any t > ty. Then u(t) cannot exist globally in time, equivalently T* < co.

Lemma 2.3. [8] Let N > 2, % < <si<L0<a<Nand1+ 5 <p< 1\]/\3;1 Assume that

e CT(H:; d(RN )) is the solution of equation (1.1) with initial data ¥. Then

d
& Mysly (0] < 20Np = N = )E (o)

a+2s
N

~2N(p-1- =D) @I, + =D y@)I%)

(I+€))(p-1- 1)

+ C(R22 4 RV =0 A Tull,, ), 2.1y

where R > 0 and € > 0 small enough.

Furthermore, the following compactness lemma plays a significant role in our discussion.

Lemma 24. [20]Let N >1,0<s<1,0<p<
satisfies that

Ngs- Let {u,} be a bounded sequence in H*(R") and

lim inf ||u,||zp+> > m,
n—oo

for some m > 0. Then, there exists a sequence {x,} in RN and u € H*(RM)\{0} such that up to a
subsequence,
un(- + x,) — u # 0 weakly in H'(RM).

In this paper, we shall frequently use the following generalized Gagliardo-Nirenberg inequality in
H*(RY), which has been provided in [21].

Lemma 2.5. Let 0 < s < land 1 + & < p < 2%, then for all u € H*(RY),

N-2s’
5 NP-N-a N+a—Np+2sp
Uy # PP dx < Copll(=)Full ,* Null, ©
RN
where the optimal constant C is given by
Np-N-a
2sp 2sp—Np+N+a) * 2-2p
Copt = ”Q”Lz ’
2sp—Np+ N+« Np—-N -«
where Q is the ground state of the elliptic equation:
(=AYu + u — (I * [ulP)|ul”u = 0. (2.2)

Next, we recall the profile decomposition of bounded sequences in H*(R") that has been established
in [21,22].
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Lemma 2.6. Let N >23,0<s<land1+ 5 <p< 1{;’:’;, if {u,}7, is a bounded sequence in HS(RY),
then there exists a subsequence of {u,}," , C H SRN) (still denoted by {u,,) - 1) a family { x,} of sequence
in RY and a sequence (U’ )2, in H S(RN) such that

(i) for every k # j, ||x* — xf;ll — 00, S N — 00,

(ii) for every | > 1 and every x € RN, we have

i
u,(x) = Z Uj(x - x{;) + tfl,
=1

with sup ||t llze = 0 asl — oo foreveryge (2

n—oo

N 2S) Moreover,

I
letall7> = Z 1112, + lItliZs + o), (2.3)

=1
[[CNE [ Z 1A U + I=8)2 1,17 + o(1), (2.4)

=

! /
[ 1 Y vl = xpmn Y, vl - s
RV =1 J=1
l
=) f Ly * [U/C = xDIOUIC = x)lPdax + o(D), (2.5)
=1 VR

where o(1) = 0,(1) > 0as n — .
Next, we also require the following Brézis-Lieb Lemma.
Lemma 2.7. [23] Let N > 1, suppose that f, — f almost everywhere and {f,} is a bounded sequence
in H'(RN), then
lim (411, = £, = £I2, = I£1,) = 0

n—o0

hm( f (L * |tta] it x — f Ly * |ty — ity — P dx — f (Ia*|u|">|u|f’dx):0.
RN RN RN

Finally, we recall the Hardy-Littlewood-Sobolev inequality, which also plays an important role in
our proofs.

Lemma 2.8. (Hardy-Littlewood-Sobolev inequality [24]) Let N > 3, @ € (0,N) and p,q > 1 be
constants such that
1 N-a 1
+—-=2.
p N ¢

Assume that u € LP(RY) and v € LY(RY). Then there exists a constant C(N, a, p) independent of u, v

such that V)
ux)v
| f oy dedy < COV, . plls s
RN

x =y
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Remark 2.9. By the Hardy-Littlewood-Sobolev inequality and Sobolev embedding theorem, we can
obtain the following inequality

2Np 1+2 2
f (Lo * [l dx < C:( f jul = dx) < lull 2,
N

R RN

a N+a

forany g e[l + 5,55

], C1 > 0 is a constant depending only on N, a, p.
3. L*-Subcritical case

In this section, we solve the minimization problem (1.6) and prove Theorem 1.4 by utilizing the
profile decomposition of bounded sequences in H*(R"). The proof is divided into four steps.
Proof of Theorem 1.4. Step 1. Firstly, we prove that the minimization problem (1.6) is well defined,
namely, y;(c) > —co. Indeed, using the generalized Gagliardo —Nirenberg inequality and (1.5), we
derive that

1 st 1 5 1
E(u) = §||(—A) 2 ull?, + E”(‘A)zzulliz "2 LN (Lo * |ul”)ul”dx

Np-N-a N+a—Np+2s|p

1 S 1 52 CO S B 51
2 08l + SR ul - Z2 - .l

1 s 1 5 s Np}N—n
= 5l=8) ull?, + 5||(—A)5u||iz ~C(p, 51, N, @, Oll(=A) 2 ul] , " (3.1)
When 1+ % <p<1+ %, applying the Young inequality with €, (3.1) implies that
1 s K
E(u) > En(—A)%uuiz — (=M ul?, - Ci(p, 51, N, @, ¢, €). (3.2)

Thus, y,(c) > —co.
It follows from (3.2) that the energy functional E(u) restricted on S(c) is bounded from below,
which implies that minimization problem (1.6) is well-defined. Moreover, we consider the scaling

u(x) = /l% u(Ax),

where A € (0, 1). Consequently,

251 257 Np—-N-«

> I=A)Z ull?, + 7||(—A>%2u||iz -

E(uy) = f Lo * lul”)luldx. (3.3)

2p R

Combining (3.2) and (3.3), we conclude that —co < y;(c) < 0.
Step 2. Let {u,} ", be a minimizing sequence for (1.6), thatis, lim E(u,) = y;(c). From the definition
of y(c) and (3.2), we obtain

1 s
(5 =MDl <@ + 1 +Ci(p.51. N, v ).
which implies that the minimizing sequence {u,}*, is bounded in H*'(R").
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Step 3. We claim that

1
Tlim [l 77, > 0
If not, assume that lim ||u,,||‘ZJ;1l = 0, it follows from Lemma 2.8 and Remark 2.9 that
n—oo

lim Ly * | |)|u,)Pdx = 0.
RN

n—oo

Thus,
. 1 s 1 2
7@ = lim E,) = S8 wl; + 187w, = 0.
which contradicts y(c) < 0.

Step 4. From Lemma 2.4 and Lemma 2.6, there exists a weakly convergent subsequence (still
denoted by {u,}) such that

—ZU(x Xy + 1, (3.4)
and llim sup||f,llze = 0 for every g € (2, 7 2 ). Then
1
Ew,) = E( ) Ul(x = x))) + E(t}) + 0,,(1). (3.5)
i=1

Let Ufj =r;U J(x - xﬁ), where r; = i U‘Jﬁ # 0. Substituting UJ into the energy functional E(u) yields
that

. 1 sp . 1 5 . 1 . )
EWU)) = -0 UL + I8 ULIR - — f (I * UL IDU? [P dx

2 ) 22 p Jan
= EII(—A) 2r U/ (x = x)Il. + EII(—A) r U/ (x = x)II»
2p (I * |r]UJ(x x])lp)lr]Uf(x x])lpdx
o 1 2o
= r?(—u(—A) TV + S5 2 UG,
1 2 _ r2p
2pf (I, = U/ U Pdx) + - 2 f (I, = U/ PU1Pdx
—r2E(Uf)+ f I, = U’ ") U’ |Pdx, (3.6)
which implies
EWU) rr-d o
EW) = —" + [ @ wmvirax 37
r; 2p RN
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)
Noting that ||”t\,ﬁ’”2 ||i2 = ¢, therefore
nllf

‘/Eﬂ \/_l \['l

E - 2 2 - 2 2
(Ilt’IIL )= ”( o 1231122 I + ”( o #3112 I
RNV
— ]d P
f ( ”tl”L | )|||t’IILz|

5 1
( =AY IR, + —||(—A>zr,ﬁ||iz—5 fR )
¢ (o

2plltilliz 2p||rz||2§

||tl||2

)f (Lo * 16,7l 1P dx
RN

(Voyr
|| || 2p||ﬂ|| 2p||tl||

)f I * |61t P dx.
By (3.8), we obtain that

2117, ct p-1 1
E(t,) = E(\l/_ )+ (— =~ 5) f L =PI dx
c el 2pli |5 2p" Jew

IIIIII ct!
P (\/—

c e

el

~).

From the definition of y,(c), it follows that

l

EUL) 2 yi(0), E(”ﬂ” ) 2 71(0).
’ ?
By (3.5) and (3.7), it follows that
I
E(u,) = E( Y Ul(x = x)) + E(8}) + 0,(1)
j=1
L (EUY) r""z -1 — IR, et
Z( f (L 0PN dx) + =L V) 4 oniD).
< 2p RN ¢ 12,1l
l .
Meanwhile, since the series ), ||U||;> is convergent, then there exist a j; > 0 such that
j=1
ot
f = .
R T
Therefore,
2p-2 2p-2
| r 1 1 p-1
inf -2 = inf(L— — — E—T

21 2p = 2p 2p :Z(”Ujl”ig—z

(3.8)

(3.9)

(3.10)
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Let n,l — oo, then (3.10) can be estimated by

! < 1 3.11
> + —(———— - 1). :
y1(¢) = y1(c) 2p(||Uj1||i[2)_2 ) (3.11)
Meanwhile,
lim E(u,) = y(c). (3.12)

Combining (3.11) with (3.12), we obtain

1 !
2p\[jus |

Since p > 1 + £, then we have ||U/' IIi2 > ¢, which implies that (3.4) reduces to a single term U/, Thus,
u, = UM(x—x))+ 2, and |IU"|}, = c.

Namely
2 1112 e
luall;, = WU and I, — 0 (n — o0).

In order to show that 31_)190 ||(—A)571u,,||i2 = ||(—A)S71 U’ ”22’ by (2.4) and (3.5), we note that

1 o 1 P 1 , ,
E(u,) = 5||(—A>21 Uiz + 511 TUN2, - % fR o+ [UM)UT Pdx

+ §||(—A) 2117, + E||(—A) T, — ) (Lo = |51 Ple)! 1Pdx + 0,(1)

. 1 s1 1 2 s
= EU") + EII(—A)W{JII@ + EII(—A) 2 0[7 + oa(1). (3.13)
It follows from the definition of y;(c) that

EU”) = yi(c) = lim E(uy),

lim (=) 2 12, = Tim [[(=A) % |2, = 0,
and
. s Lo
lim [[(-8) Y12, = -2 U
Therefore, from (2.3)-(2.5), it follows that E(U’') = vy;(c), which implies that the infimum of the
variational problem (1.6) is attained at U/!. This completes the proof.
Next, we provide the proof of Theorem 1.5.
Proof of Theorem 1.5. Let y/(¢) = y(z, -). Firstly, we claim thatif 1+ & <p <1+ % for all ¢ > 0O,
the solution y(f) of equation (1.1) is bounded in H*!(R") for all . From Lemma 2.1, we deduce that the
solution ¥ (?) of (1.1) exists globally in time.
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a+2sy

Ifl+y<p<l+=

, it follows from the conservation laws of mass and energy that

1 51 s
E(po) = EW()) 2 EII(—A)Tl//(t)IIiz = ell(=2) 2y ll;, = Ci(p, 51, N, @, ¢, €)

for all ¢ > 0. Therefore, ¥(f) is bounded in H*'(R").
Secondly, based on above result, we conclude that the solution /(f) of (1.1) exists globally. By
contradiction, there exists € > 0 and a sequence of initial data {i{} such that

. " 1
inf 15— ullis <~
and there exists a sequence {t,} C R, the corresponding solutions ,(¢,) of cauchy problem (1.1) satisfy
inf [y, (,) — ullgs = €. (3.14)
ue M
It follows from the conservation laws of energy and mass that

(I, = WGl = llull, = ¢ (n — o), (3.15)

E@Wn(ty)) = EWp) = E) = yi1(c) (n — o). (3.16)

By (3.16), it is evident that {¢,,(¢,)} is also a minimizing sequence of (1.6). Therefore, from Theorem
1.4, there exists a minimizer v such that

ln(t,) = Vllgs — 0 (n — o0),

which contradicts (3.14). This completes the proof.
4. L’-Supercritical case

Let u € H*'(RY), noting that p > 1 + %2‘“ as Np — N —a > 2s;, we conclude from (3.3) that
E(u)) » —o0 as 1 — oo. Therefore, the energy functional E(u) restricted on S;(c) is unbounded
from below in the L2-supercritical case. In order to obtain the existence of standing waves in the
L?-supercritical case, the following lemmas are required to proceed.

Lemmad.l. Let0O< s, <s; <1, N>2s;, 1+ % <p< NN_;ffl, then for any u € S (c), there exists a

Ay > 0, such that u,, € S»(c) and E(u,,) = nﬁlag( E(uy). Moreover, function A — E(u,) is concave on
>
[y, 00).

Proof. Indeed, from (3.3), it follows that for any u € §(c),

dE(u,) . o . 5
= SR T Ul + AT ull
Np-1)-
NP D2 g f (Lo * |ul”)lul” dx, 4.1)
2p RN
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and
O(uy) = sl/lzslll(_A)%u”iz + Sz/lZ”II(—A)%ZuIIiz

S Me= D= e f (L * Jul?)lul”dx.
2p RN

Combining (4.1) with (4.2), we obtain that

dE(uy) _ 1
i1 O(uy).

Noting that p > 1 + %2“ as N(p — 1) — a > 2sy, there exists a 4, > 0 such that

O(u,,) = 0.
From (4.3) and (4.4), it follows that u,, € S,(c) and
dlzl(;”) soa<a, YEW) o0

This implies that
E(I/l/lu) = 1’5133( E(uﬁ).

(4.2)

(4.3)

4.4)

Now, we are ready to show that the function 4 — E(u,) is concave on [4,, +0). It follows from

(4.1) that

d*E(uy) - 3 - %
T = 512 = DRl + 5222 = DA-0) Fulf,

_Wp-DH-a)WNp-D-a-1 np-1o-

(Lo * lul”)|ul”dx.
2p RN

Let A = wA,, then, (4.5) can be rewritten as
d’E (uy)
da?
= 51251 = DA 2(=A) Tl + 52255 — DAZT2wP (=) T ul,

_ (N(p - 1) - a)(N(p - 1) —a - ]‘)AN(I)—])—Q/—ZWN(I)—])—Q—Z

(Lo lul”)lulPdx

2p RN
1 s K
= @8 = DA I=A)Z 2, + 52255 — W20 2,22)|(=A) F w2,
_WNp-D-aWNp-1)-a

2p R
Finally, using the fact that Q(u,,) = 0, we consequently obtain that

d*E(uy)

e <

for any w > 1. This completes the proof.

— l)ﬂuN(p—l)—awN(p—l)—a—Zsl f (Ia * |M|p)|ulde).
N

4.5)

(4.6)
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N+a
N-2s1’

Lemma4.2. Let 0 < s, < sy < I, N > 25y, 1 + 220 < p <
c — y,(c) is non-increasing.

then for any u € S (c), function

Proof. To prove this Lemma, it suffices to show that y,(c;) > y»(c;) holds for any 0 < ¢; < ¢;. By the
definition of y,(c), there exists u; € S»(cy) such that E(u;) < y2(cy) + 5 for any € > 0. Moreover, from
Lemma 4.1, we also have rﬂlagc E((u)y)) = E(uy).

>

Since Cy(RY) is dense in H*'(RY), there exists u} € Cy(RY) and suppu’  B(0, 1) such that

it — wyllgsr = o(k). 4.7)
This implies that
||(—A)S71M]f||iz = ||(—A)S71M1||iz + o(k), (4.8)
||(—A)%M1||iz = ||(—A)S72u1||iz + o(k), 4.9)
and
f (L, * b)) 1P dx = f Ly * ")y [Pdx + o(k). (4.10)
RN RN

Define uf := (c; - ||u’;||§2)%ﬁ, where v* € Cy([RY) and supp* < B(0,1 + 2)\B(0,3). Let
L

gt = uk + (uf),, where A € (0,1) and (uf), = A% ug(Ax). It follows that

‘f|em?ﬁﬁu:j‘mﬂﬂwﬁu%»Wm
RN RN

N f I(=A) 7w, Pdx (k, A — 07), 4.11)
]RN
f I(—A)%gﬁlzdx — f I(—A)%ullzdx (k,A — 0"), (4.12)
RN RN
and
fN (I, * 185"k Pdx — fN (Lo * |ug|P)|ug|Pdx (k, A — 0F). (4.13)
R R

Combining (4.11)-(4.13), we consequently obtain that E(g’jl) — E(u)ask, A — 0*.
Therefore, we obtain

7a(cz) < max E(g9)0

SQ%Emm»+§
=Ewo+§
=v,(cy) + €. 4.14)
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By the arbitrariness of €, we conclude that y,(c,) < y»(c;). This completes the proof.
Let

~ 1
E(u) = E(u) - ﬁQ(u)

(p-D
= E_L AT R l_# A2
=G~ v DIEW L + G - oI Pl
_Np-N-a-2s g0 Np-N-a-2s 2 0
= WD I(=A)2 ull7, + XNp-D-a) I(=A) ull7.. (4.15)

Next, to address the minimization problem (1.7), we consider the following related minimization
problem:

Y2(c) = inf{E(u) cu€Si(c), Ow) <0} (4.16)

Lemmad.3. Let0< s < sy < |, N> 2s;, 1+ 220 < p < NN_;C:] then for any ¢ > 0, y5(c) := inf{Eu) :
u € Si(c), Q) =0} =y2(0).

Proof. Firstly, from the definition of y,(c) and y,(c), it is evident to see that y,(c) < y»(c). From
(4.2), we observe that Q(u,) is continuous with respect to A. In addition, for any u € S(c) Q(u) < 0.
Therefore, there exists a 4y € (0, 1) such that Q(u,,) = 0. Meanwhile, by the definition of E(u), it
follows that y,(c) < E(u 1) < E(u). Finally, taking the infimum over u, we have y,(c) < y,(c). This
completes the proof.

at2s; N+a 2psy .
Lemma 44. Let 0 < 5, <5y < I, N> 25, 1+ =+ <p< Neasr- Assume that Yoo 1, if
u. € S1(c) and satisfies with the equation

(=AY u + (—A)2u + wu = (I, * [ul”)|ul’*u, 4.17)
then w > 0.

Proof. Indeed, multiplying (4.17) by u. and x - Vu,, respectively, and integrating by parts, we have the
following Pohozaev identity

Np-1)-a

st 2
sill(=A) 2 ucll2, + sall(=A) T w2, = >
14 RN

(Lo * lucl)ucl dx. (4.18)
Moreover, multiplying (4.17) by u. and integrating by parts yields that

I=A)F uclZs + 1=8)F welZy + wllulZ, = fRN Lo * luel”)lucl dx. (4.19)
From (4.18) and (4.19), it follows that

2 312 2 02
wllull7, = f Uy * Jucl)uclPdx = I(=A) 2 ucll;, — I(=A) T ull;,
RN

2psy SLn 2psy 2 0
=P Ay FulR - —P2 cayEa,
Np-1) —a”( )2 ucllys Np-1) —a”( ) ucllys
A F s = =) F I
2ps; S 2ps, 25
= (— DA Ul + (e — DA P ] 4.20
(N(p “D-a M(=A) 2 w7, (N(p “h-a M=) 2w l7, (4.20)
Therefore, if N(21_9 2— > 1, then w > 0.
p--a
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N+a
N-2s1"

Lemma4.5. Let0 < s, <51 <1, N>2s, 1+ _ft+]3S1 <p<
point of Els, ) is a critical point of Els, ().

Then for any ¢ > 0, each critical

Proof. Let u, is a critical point of Els, ), then there exist w;, w, such that E'(u.) + w0 (u.) + wou. = 0,

where

E () = (=N u + (=A)2ue — (I * |ue|))|ue"ue.,

O (ue) = 251(=A)" e + 285(=8) "1t = (N(p = 1) = @)Uy * el lutel e

Then

E (1) + w10 (ue) + wytte = (1 + 201 51)(=A) " e + (1 + 2w, 55)(—A)2u,

— (1 + o1 (N(p = 1) = ) * luclPluel”ue + w)u

=0.
Multiplying (4.23) by u. and integrating by parts yields that
E'(ue) + w1 Q' (u) + wate = 0,

where

E' ) = (=D w2, + I(=A) T ull?, - f o el d.

R

Q' () = 2s1ll(=8) 7 w2, + 250l(=8) F
-Np-D-a fRN Lo * |ucl”)lucl"dx.
Multiplying (4.23) by x - Vu, and integrating by parts yields that
E*(ue) + 01 Q (1) + wate = 0,
where

Bl N —2s 2
I(=A)Z ul?, + Tzn(—mf )

N +
< f (I * lucP)luclPdx,
2p RN

and

Q% (ue) = 1N = 2sDI(=A) F |2, + 55N = 25)II(=A) % e |2,
N+ -1D-a)
2p RN

(Lo * lue|”)lucl dx.

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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Since %El(uc) — E*(u.) = O(u,) = 0, it follows that

N
wi(50' () = 0*(w)) = 0.
By contradiction, assume that

_(N(p-1D-a)
2p

25(=A) P uclZ: + 2530I(-A) F w2, f (Lo * lucl”)lucl’dx = 0, (4.28)
RN

it follows from Q(u) = 0 and (4.28) that

SN = 1) = (=D Fu s + 5:(N(p = 1) = )lI(=A) F e,
_(Np-D-ar

(Lo * lucl”)lucldx. (4.29)
2p RN

From (4.29), we have

0> 283 = siN(p = D) = aDl=A) s = (:(N(p = 1) = @) = 25DlI(-A) F el > 0,
which is a contradiction, namely, w; = 0. Therefore, each critical point of Els, is a critical point of
Els, ().

Lemma 4.6. Let 0 < s, < 51 <1, N > 25,. Assume that 1 + % <p< Af’_g‘jl then it follows that
() 72(0) > 0, ~
(ii) there exists u € Sz(llulliz), such that 0 < ||u||i2 < cand E(u) = E(u) = y,(c) = y2(c).

Proof. (i) It follows from Lemma 2.5 and Q(u) < 0O that

Mf (L, * [ul?)|ul’dx
2p RN

5 Np-N-a N+a-Np+2syp
22 5 s
<ClE=MFul,* full,

Np=N-a N+a-Np+2syp

sill(=A) 7 ull;, + sall(=A) T ully, <

=CACN Ul (4.30)

which implies that

20 s R NeaoNprdep
ll(=A) 2 ull, < Cll(=A)Zull ,* ¢ 2 . 4.31)
Namely,
Np-N-a-2spp
5 NlJ;N—(y_ SZC 5

I(=A)? u”L2 : > C—* > 0. (4.32)

From (4.32) and the definition of y,(c), we conclude that y,(c) > 0.

(i1) Let {u,} >, be a minimizing sequence of (4.16). That is, there exists a sequence {u,} ., C §(c)
and Q(u,) < 0 such that E(u,,) — ¥,2(c) = y2(c) as n — oo. Moreover, by (4.15), we observe that {u,} is
bounded in H*'(RV).
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Next, we claim that

lim lualP*L > 0. (4.33)

Lp+!

p+1

I = 0. From Remark 2.9, we have

Suppose, by contradiction, that lim ||u,||
n—o00

lim Ly * |t |P) P dx = 0. (4.34)

n—o JoN

It follows from (4.30) and (4.34) that lim ||(—A)S72un|| 12 = 0, which contradicts (4.32).

Thus, we deduce from Lemma 2.4 that there exists a subsequence (still denoted by {u,} > ) {u,}>, C
S1(0), {x,}°2, < RN and u € H*'(RY)\{0} such that

Up(- + x,) — u # 0 weakly in H*'(R"). (4.35)

Applying Lemma 2.7, we deduce that

O(u,) — O(u, —u) — Q(u) — 0, (4.36)
E(u,) — E(u, — u) — E(u) — 0, (4.37)
||un||iz — |, — ulliz - IIMIIiz - 0. (4.38)

By (4.38), we have 0 < ||u||i2 < c¢. We now proceed to prove that Q(u) < 0 by excluding the other
possibilities.
Case 1. If Q(u) > 0, ||u||i2 < ¢, it follows from Q(u,) < 0 and (4.36) that Q(u, —u) < 0asn — oo.

Let ¢; = ¢ — ||ull},. Then, we have |lu, — ull}, = ¢, as n — co. Define v, = ‘”/?(_”:”;”), so that v, € S (c,)
n L2

and
5] 52 N - 1 -
Qwa:smevam;+@M—M2mﬁr~lﬁzf—fif(@*wwmwmm
RN
= li—ayt YU T D a3 el — )

112 n
e — ull?, et et — w2,
N - 1 - n n
S “f(hﬂvaw RIRECIDIR
2p RN ”un - ” ” u, — ”Lz
<0. (4.39)

Therefore, it follows from the definition of y,(c) that E (V) = y2(c,) and E (u, — u) > y5(c,). By the fact
that the function y,(c) is non-increasing and (4.37), we obtain

E(u) = E(uy,) — E(u, — u) + o(1)
<ya(c) = y2(c2) + o(1)
= ¥2(c) = y2(c2) + 0(1)
<0, (4.40)

which leads to a contradiction.
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Case 2. If Q(u) > O, |lull?, = c. It follows from (4.38) that u, — u in L*(R"). By Sobolev
embedding, we have u, — u in LY(RN) for every g € [2, %). From (4.36) and Q(u) > O, it
is evident to see that Q(u, — u) < 0. Specifically, s/[I(~A)7 (u, — I, + s2ll(=A) % (u, — W), <

N(p-1)—-«a 2N
2p > N-27

it follows that |[(=A)7 (u,, — w)|l?, = 0 as n — co. Therefore, u, — u in H*'(R") and Q(u, — u) — 0
as n — oo. Furthermore, by (4.36), we obtain Q(u,) > 0, which is impossible. Therefore, we have
0< ||u||i2 <cand Q(u) <0.

Since y,(c) is non-increasing, it follows that

fRN (I, * |u, — u|P)|u, — ulPdx — 0. Meanwhile, since u, — u in LY(R") for any g € [2

72(©) < Va(llul}) < Ew).
By the weak lower semicontinuity of norm, we have

E(u) < limE(u,) = 75(c).

Then E(u) = 75(c).
Finally, we claim that Q(u) = 0. Assume, by contradiction, that Q(u#) < 0, it follows from the
continuity of Q(u,) that there exists a 4y € (0, 1) such that Q(u,,) = 0. Therefore, we can conclude that

¥2(0) < Tallull) < E(uy) < E(u) = ¥(c),
which is a contradiction. The claim follows.

2
N+ = Agsume that —2L2

a+2s)
Lemma 4.7. Let 0 < 5, <5y <1, N> 25, 1 + =52+ < p < No2s: No—1ra

function ¢ — y,(c) is strictly decreasing on (0, +o0).

> 1, then

Proof. Suppose, by contradiction, that there exist ¢, c3 such that
Y2(¢) > ya(c2), ¢ € (0,¢2) and yx(c) = ya(c3), ¢ € (¢2,¢3).
Since ¢3 > 0, it follows from Lemma 4.6 that there exists v € § 2(||v||iz) such that 0 < ||v||i2 < c¢3 and
E(V) = y5(c3). Obviously, v is a local minimizer on set H := {v € H*'(RY) : Q(v) = 0}. Therefore, there
exists a Lagrange multiplier wy € R such that

EM+ w0 () =0 in(H'RY)".

From Lemma 4.4, we have w, = 0. This implies that E'(v) = 0. Then, multiplying E'(v) = 0 by v and
integrating by parts yields that

I=A) VIR, + 1I(=A) F I, - f o WP dx = 0. (4.41)
R

On the other hand, from Lemma 4.6, v is also a minimizer of the following minimization problem

Yo(IVI.) == inf{E@) : v € S1(IVI[;.), O(v) = 0}.
Therefore, there exist Lagrange multipliers w;, w; € R such that

E0)+w0W+wyv=0 in(H"RY))".
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Similarly, from Lemma 4.4, we have w; = 0. This implies that E'(v) + w,v = 0. Then, multiplying
E'(v) + w,v = 0 by v and integrating by parts yields that

=AY VIR, + lI(-8) v, - fN (Lo * PI)VIPdx + anlVllz, = 0. (4.42)
R

Combining (4.41) with (4.42), we have cuzllvlli2 = 0. It follows from w, > 0 that v = 0, which is a
contradiction. This completes the proof.

a+2s) N+a 2pss
Lemma 4.8. Let 0 < 5, < 5y < 1, N > 25, 1 + =+ < p < Nods Assume that Noha 1

and function ¢ v+ 7»(c) is strictly decreasing, then there exists a minimizer u € S,(c) such that
E(u) = E(u) = y2(c) = 2(0).

Proof. Based on the results of Lemma 4.6, it suffices to show that ||u||%2 = c. If not, assume by
contradiction that ||u||i2 < c¢. By (4.37) and the fact that y,(c) is non-increasing, we obtain that

E(u, —u) = E(u,) — E(u) + o(1)
=%(c) — E(u) + o(1)
<¥a(e) = Yalllul?) + o(1)
= y2(0) = ya(llull?,) + o(1)
<0, (4.43)

which is a contradiction. Therefore, ||u||i2 = c¢. Namely, there exists a u € S,(c) such that E(u) = y,(c).
Finally, we prove Theorem 1.5.

Proof of Theorem 1.6. From Lemma 4.8, it follows that there exists a u € S,(c) such that E(u) = y,(c).

Moreover, from Lemma 4.5, we deduce that each critical point of Elg, is a critical point of Elg, .

Thus, there exists a u € S(c) such that u is the solution of minimization problem (1.7). Furthermore,

there exists a w, € R such that (w,, u) solves the equation (1.2). This completes the proof.

5. Normalized ground state standing waves

In this section, we mainly consider the strong instability of the normalized ground state standing
waves for equation (1.1) in the L*>-supercritical case. Our result is as follows.
Proof of Theorem 1.8. For any ¢ > 0, let u. € M, and define the set

Q:={ue H'"R"): E(u) < E@.), lull}, = llucll},, Q) <0},

Let y(1) = y(t,-). Firstly, letting vy = ul(x) = A2 u.(Ax), with A < 1. From Lemma 4.1, it follows
that ¥y € Q and ¥y — u. in H*'(R") as 1 — 1*. Therefore, the set Q contains the elements that are
arbitrarily close to u. in H*'(R"). Next, let y(¢) is the solution of equation (1.1) with initial data v,
and T, 1s the maximal time of existence. Now, we prove that ¥(¢) € Q for all 7 € [0, 7,,,,). From the
conservation laws of energy and mass, we have

IOl = holl7: = lluellys, (5.1

E((1) = E(Yo) < E(u). (5.2)
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We claim that Q(y(¢)) < 0. Indeed, if not, from the definition of y,(c), there exists a #, € [0, T,,,) such
that E(Y(ty)) > E(u.) = y»(c), which contradicts E((t)) < E(u.). Consequently, the solution y(t) of
(1.1) with initial data i, belongs to . To complete the proof of the Theorem, it suffices to show that
the solution ¥ (¢) blows up in finite time. We now divide the remaining into three steps.

Step 1. We claim that there exists 8 > 0 such that Q(y¥/(¢)) < —Bforall t € [0, T},.,). Since Q¥ (r) < 0,
it follows from Lemma 4.6 and energy conservation that

— 1 1
E(u.) = y2(c) = y2(c) < E(W(1)) — mQ(W(f)) < E(Yo) - 2—SIQ(¢(I)),

which implies that
QW (1) < 2s1(EWo) — E(u)).

Set B = 251(E(u.) — E(¢0)), the claim follows.
Step 2. We prove that there exists C; > 0 such that

d ‘) 5
7 Murly (D] < —Cil=M) T Y@, + 1= Z g (DI[7.), (5.3)

for any ¢ € [0, T,,,,). Before going further studying, we claim that ||(—A)S7'1ﬂ(t)||%2 + ||(—A)3721//(t)||%2 > 0.
Suppose, by contradiction, that there exists a sequence {t;} C [0, T,,,,) such that ||(—A)5711ﬁ(tk)||%2 +
I=A) 2 y(#)I2, — 0 as k — co. Therefore, it follows that [|(~A)? ¢(#)|I2, — 0 as k — co. From Lemma
2.5, we obtain that ]11_{2 fRN Iy = W(t)P)l(t)lPdx = 0, which implies that E(Y(t;)) — 0 as k — oo.
However, this is impossible. Therefore, the claim follows. From Lemma 2.3, it follows that

d
—Myrlp(D] < 2(Np — N — @)E(¥o)

dt
a+2s s 5
“2N(p-1-— DA T @I, + II-A)Fw@)l2)
(+e)(p-1-)
+CR? 4 ROTOTR-0) Yol ). (5.4)

Noticing that 1 + ©524 < p < 2t follows that

' (te))p-1-)
—(N-1- -2 R - s
ROy g,

¢ a
2o -+eD)P-1-F) o5 (N-1-¢p)

< Cell=-M) Y|P, + € TR R B (5.5)

Therefore, (5.4) can be rewritten as

d
ZMwR[z//(t)] <2(Np—N — @)E(y)

a+ 2s

_IN(p-1-
(p N

=AY YOI, + I=A) Zy()I,)

a
251 =(1+e)(p-1- ) 25 (N-1-¢])

+ Cell—A YOI, + CR> + € Tar=f R i)
<2(Np - N - 0)EWy)
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+2s
—2N(p—1—“ il

)-8 IR, +1I-A) Fy()I%)
+ CZE(”(_A)%l//(I)”Lz + =8 2

2s1—(l+€)(p— l*N) 25 (N-1-¢])

+C(R—2S2 + E_WR 251 —-1-€] )

Let
2(Np — N — a)|E(Wo)| + 1

0= 2
N(p_l a+ Sl)

We now discuss the issue from two cases:
Case 1. If [[(=A) T y)I2, + (- YD, < 6, then

d 51 5
7 Murl (D] < 4QW(1) + Cre(ll(=D) 2 y@lI7, + I=A) 2 Y(@)II7)

21 -1 8) g (vo1gp)

+C(R_232 +e eI R 24 )

- -2
2s1=(1+€)(p-1 N) 251 (N-1-¢])

<40W(0) + Cre6 + C(R™> + € Taw =B R 2wa ),

Then for sufficiently small € and for sufficiently large R > 1, (5.7) can be estimated by

d
Z Murlb(D] < =28 < —(II( AMFYOIE +II-A) Ty,

Case 2. If [(-A) Ty (DI, + I(=A) 2y (@), > 6, then

d a+2s a+2s
T Mulw()] < SN(p— 1 - L—1-N(p-1- ‘

)0

- N(p 2+ I=A) Ty dl2)

+ Ce(l(=A) YOI, + (=M w(dI)
251 ~(1+e))(p—1- N) 251 (N-1-¢7)

+C(R—252 +6_ (1+€ep)(p- 1—7) R 251 —-1-€] )
a + 2S1

“1-N(p-1-

+ Cze(ll(—A)%t//(t)lle =R Tl
251 ~(1+e)(p-1-F) 251 (N-1-¢])

+ C(R—2S2 + G_WR_ 2s1—-1-¢; )_

Then for sufficiently small € and for sufficiently large R > 1, we obtain that

28y =(te)(p-1-f) 24y (N-1-ep)

-1 +C(R_2S2 +e reDo-1-F) R 2574 )< 0,

and there exists a constant C5 > 0 such that

+
N(p_l_a S1

) — Cae 2 Cs.

YA w2 + 1A F 2

(5.6)

(5.7)

(5.8)

(5.9)

Communications in Analysis and Mechanics Volume 18, Issue 1, 117-141.



139

Therefore,

d s. )
T MurlY(D] < ~C3(I(=D) 2 gDl + I=A) T Y()II7.). (5.10)

It follows from (5.8) and (5.10) that (5.3) holds.
Step 3. Suppose T, = oo. Integrating (5.3) over time, we conclude that there exists a t* > 0 such
that Myg[¥(2)] < O for any ¢ > ¢*. Therefore, we can obtain that

t § 5
Myrly(0)] < =C» f (=) T YOI, + I=A) T (9)I%,)ds.
p
Applying Lemma 2.2, it follows that y/(#) blows up in finite time. This completes the proof.
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